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Abstract: In the thesis we investigate and classify critical phenomena in the extended

Dicke model (EDM) which describes the interaction between two-level atoms and a

single-mode bosonic field (schematic model for cavity quantum electrodynamics). The

model belongs to the class of so-called finite models, which keep the number of degrees

of freedom f constant independently on the size of the system N . The important

property of these systems is that the thermodynamic limit N → ∞ coincides with the

classical limit ℏ → 0. This allows us to study various quantum critical phenomena,

in particular the ground-state quantum phase transitions (QPTs) and the excited-state

quantum phase transitions (ESQPTs), by means of semiclassical methods.

Using the semiclassical approach we identify and classify the QPTs and ESQPTs in

various settings of the EDM and make a link to thermal phase transitions. We study the

entanglement properties of both the ground state and the excited states as a function of

the atom-field interaction strength. In the integrable version of the EDM we make a link

between the ESQPT and monodromy, and discuss its effect on classical dynamics. The

fate of monodromy under a non-integrable perturbation is observed. The dynamical

consequences of the ESQPTs are examined using quantum quenches. The influence of

the ESQPTs on quench dynamics is shown to depend on the quench protocol, type of

the ESQPT and on the degree of chaoticity in the system.
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Introduction

Phase transitions belong to the class of physical phenomena which are a part of an

every-day life experience. If an ice cube is thrown into a glass of water at the room tem-

perature, it starts melting due to the increasing thermal fluctuations of the molecules.

When these fluctuations become sufficiently strong, the molecules can break free from

the crystalline lattice, hence the phase becomes liquid. To highlight the fact that the

transition is governed by the temperature T , one often uses an explicit term thermal

phase transition (TPT).

Quantum phase transitions (QPTs) are, however, not governed by the temperature

as they affect only the ground state of a quantum system at T = 0 K. As the thermal

movement is not present anymore, these are the quantum fluctuations (determined by

Heisenberg uncertainties) which are responsible for the phase transition. We usually

consider parameter-dependent Hamiltonians of the linear typeH(λ) = H0+λV where

a tunable (non-thermal) parameter λ controls the strength of a perturbation V to a

free Hamiltonian H0. For some systems there exists a certain critical value λc for

which the energy of the ground state changes abruptly. This change becomes truly

non-analytic in the thermodynamic (infinite-size) limit of the system. We say that the

system undergoes a QPT at λ = λc and apart from the eigenenergy, it affects various

properties of the ground state.

In so-called finite systems, where the number of degrees of freedom f is indepen-

dent on the system’s size, the mean-field description becomes exact in thermodynamic

limit. A QPT is associated with a sudden structural change of the mean field where

a new global minimum is formed. Various stationary points may also appear in the

region of excitation energies. These give rise to the excited-state quantum phase tran-

sitions (ESQPTs) where the (smoothed) energy dependence of the observables changes

abruptly and the level density ρ(E) has a singularity in (f − 1)st energy derivative.

The aim of the PhD. thesis is to put the author’s main publications (Refs. [1, 2, 3])

into a broader context of current knowledge of quantum critical phenomena in many-

body systems and to summarize the main results. The information in the thesis is

intended to be rather dense but hopefully clear with references to the relevant literature.

The structure of the thesis is as follows: In Chapter 1 we introduce a concept

of ground-state QPTs and ESQPTs. The following Chapter 2 contains a detailed de-

scription of the Extended Dicke model showing multiple ESQPTs whose effects on the

system’s properties are further discussed in Chapter 3. Some more technical parts are

presented in Appendices in order to keep the fluency of the main text. We also enclose

the reprints of the author’s significant articles.
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Chapter 1
Criticality in many-body quantum

systems

1.1 Quantum phase transitions

1.1.1 General features

Consider a many-body system described by the Hamiltonian H({λi}) depending on

some control parameters {λi}. A quantum phase transition (QPT) occurs when a

smooth variance of these parameters leads to a sudden change of the properties of

the ground state [4, 5, 6]. The abruptness of the change becomes truly non-analytic

in thermodynamic limit N → ∞ where N denotes the number of particles. Suppose

Eg.s.(λ) is the energy of the ground state as it evolves with a control parameter λ (for

simplicity we consider here only one such parameter). An Ehrenfest classification can

be used in context of QPTs: first order phase transitions have discontinuity if the first

derivative of Eg.s.(λ) with respect to the control parameter, second order phase transi-

tions have singularity in the second derivative etc. In the case of a divergence in the

k-th derivative (instead of discontinuity) the transition has no Ehrenfest classification.

1.1.2 QPTs in condensed matter physics

The best studied systems with QPTs are the spin models of magnetization in condensed

matter physics. One such archetypal example is the Ising model in transverse field

[7, 8]

HTI = −Γ
∑

i

σi
z − J

∑

⟨ij⟩
σi
xσ

j
x (1.1)

where {σi
x, σ

i
y, σ

i
z} are the Pauli matrices acting on the spin site i, the symbol ⟨i, j⟩ in

the summation indicates the nearest-neighbor interaction in the spin chain, J and Γ are

real parameters.

The original Ising model with Γ = 0 shows a TPT from magnetic order (all spins

aligned) to disorder where the total magnetization is zero. The magnetic order at T = 0
can also be broken by adding the the transverse field while the temperature remains

unchanged. If the strength of the external field reaches the critical value Γc = J , the

QPT takes place.
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1.1.3 QPTs in nuclear and atomic physics

In nuclear physics, QPTs have been discussed in context of equilibrium shapes of nuclei

[9]. However, one has to keep in mind that nuclei are strictly finite objects composed

of several nucleons so QPTs appear only as precursors. The relevant Interacting Boson

Model (IBM) [10] is based on the dynamical algebra U(6) composed by a scalar boson

s and five-component (spin 2) boson d where the components are marked as dm, m =
(−2,−1, 0, 1, 2). The Hamiltonian reads as

HIBM = η(d† · d)− 1− η

N
Q(2)

m ·Q(2)
m , Q(2)

m ≡ d†ms+ s†dm + χd† · d (1.2)

where η ∈ [0, 1] is the control parameter, N = s†s +
∑

m d
†
mdm is the conserved total

number of bosons, Q
(2)
m is a quadrupole operator depending on χ ∈

[

−
√
7
2
,
√
7
2

]

. The

model describes shape transitions in the isotopic chains of some even-even nuclei (the

bosons in the model are the pairs of the nucleons) where the neutron number acts as a

control parameter [11].

A similar type of an algebraic model with lower dynamical algebras are relevant for

molecular and atomic physics [12, 13]. We mention the simplest U(2)-based Lipkin-

Meshkov-Glick (LMG) [14] where the d bosons are pseudoscalars. After a proper

energy shift and considering χ = 0, we can employ Schwinger mapping and rewrite

the Hamiltonian using collective pseudospin operators as

HLMG = −hJz −
γ

N
J2
x , Jx =

1

2
(d†s+ s†d), Jz =

1

2
(d†d− s†s), (1.3)

where the new parameters are h = η, γ = 4(1 − η). LMG model can be also obtained

from the Ising model (1.1) by considering infinite spin-spin interaction.

In the next Chapter we will describe in detail the Dicke model of superradiance

[15] widely used in quantum optics and atomic physics.

1.1.4 Finite models

We will refer to a class of models as finite if the number of degrees of freedom f stays

constant when increasing the size of the system, i.e., when approaching the thermo-

dynamic limit [16]. Such models exhibit long-range interactions and describe some

collective properties of the system.

A unique feature of these models is that the thermodynamic limit N → ∞ where

N is the size parameter (mostly the number of particles in the system) coincides with

the classical limit. Indeed, the Hamiltonian of the model can be generally defined in

terms of operators H(Gi) forming a certain dynamical algebra [Gi,Gj] = fijkGk where

fijk is its structure constant. After scaling the Hamiltonian with N it can be rewritten

using the operators gi = Gi/N
κ (where κ > 0) satisfying H/N = H(gi). In the limit

N → ∞ the commutation relation of the rescaled operators vanishes [gi, gj] → 0. Now

we can identify system’s Planck constant with N−1. By making the system larger, the

‘quantumness’ is being suppressed and we approach the classical limit with commuting

variables.

1.1.5 Mean-field description

It is known that for collective (finite) models the mean field predicts a QPT exactly

[9, 17]. This approach supposes that individual particles act independently on each

6





1.2.2 Stationary points of the classical Hamiltonian

We suppose that Hcl is a smooth function. Further we define 2f -dimensional vector

x = (q,p) and rewrite (1.5) using substitution formula for delta function

ρcl(E, λ) =

(
1

2π

)f ∫
δ(x0 − x)

|∇2fHcl(x0, λ)|
d2fx (1.6)

where x0 satisfies Hcl(x0, λ) = E and ∇2f is 2f -dimensional gradient.

From Eq. (1.6) we see that whenever the classical Hamiltonian has a stationary

point |∇2fHcl(x0, λ)| = 0, the level density shows a singularity. These singularities in

level density always appear in (f−1)st energy derivative and are referred to as excited-

state quantum phase transitions (ESQPTs) [18, 19, 20, 21, 22, 23, 24]. In quantum

spectra of f = 1 systems with finiteN , the precursors of ESQPTs can be traced directly

from the level dynamics (the singularity appears already in the zeroth derivative of the

level density). In Fig. 1.1) the examples are sketched. Similarly as in the case of

QPTs, the ESQPTs are fully pronounced only in the infinite-size limit N → ∞ as then

ρ̄→ ρcl.
ESQPTs induced by non-degenerate (locally quadratic) stationary points are classi-

fied with a pair of numbers (f, r) - number of degrees of freedom of the system and

the number of negative Hessian eigenvalues of the stationary point [24]. The inequality

r ≤ 2f must hold, however in common systems we usually have r ≤ f .

1.2.3 Related concepts

The theory of the ESQPTs is rather general and does not assume any concrete physi-

cal system. In crystals the divergence in the density of states is known as Van Hove

singularity [25] and it can be observed for example in twisted graphene layers [26].

In molecular physics, the term quantum monodromy is used as an analog of an ES-

QPT [27, 28, 29, 30, 31]. In highly excited spectra of some quasi-linear molecules one

can recognize a transition from rotational to vibrational motion in a so-called quantum

energy-momentum map which indicates a structural change between bent and linear

conformations. We will come back to this topic in Chapter 3 where we will provide a

more detailed description.

In f = 1 classical dynamics a similar concept to the ESQPT is called the separa-

trix [32, 33]. It is the trajectory which separates bound and unbound types of motion in

the configuration space. A simple example is a pendulum where the increasing energy

leads to the swings along the whole circle. The separatrix corresponds to the motion

with the precise energy of the local maximum of the classical potential (the unstable

equilibrium).
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Chapter 2
Extended Dicke model

2.1 The Hamiltonian

Consider an ensemble of N two-level atoms with transition energy ω0 interacting with

a monochromatic light (with energy ω) in a cavity. We assume that the atomic con-

densate is localized in a small volume compared to the wavelength of light, therefore

the dipole approximation can be employed (assumption that all atoms have the same

phase when interacting with the field). The atoms can be represented as a chain of

spin-1
2

sites with a spin-flip frequency ω0. We define the collective pseudospin oper-

ators Jα =
∑

i
1
2
σi
α where index i = 1, 2 . . . N runs through individual spin sites, σi

α

is the Pauli matrix at site i with α = {+,−, z}. The collective ladder operators are

defined as J± =
∑

i σ
i
± where σi

± operator flips the i-th atom.

The respective Hamiltonian of an extended Dicke model (EDM) can then be written

in the form [1, 15, 34, 35]

H(λ, δ) = ω b†b+ ω0Jz +
λ√
N
[b†J− + bJ+ + δ(b†J+ + bJ−)] , (2.1)

where b, b† are the annihilation and creation operators of light quanta and λ, δ are

tunable parameters. The former, λ, controls the overall strength of the interaction. Its

values range from λ = 0 to, in principle, λ → ∞. The role of parameter δ ∈ [0, 1]
is discussed below. A comment on the numerical solution of (2.1) can be found in

Appendix A.

2.2 Conserved quantities

The Hamiltonian conserves the squared pseudospin J2 = J2
x+J

2
y+J

2
z with eigenvalues

j(j + 1) where j is integer for N even and half-integer for N odd. The full Hilbert

space of atoms HA spans dimension 2N . However the dynamics can be separately

examined in different J2 conserving subspaces Hj,l
A (we call these single-j subspaces).

So we can decompose the full Hilbert space [1, 36, 37, 38]

HA = ⊕
N
2

j=0or 1

2

(

⊕Rj

l=1Hj,l
A

)

, Rj =
N !(2j+1)

(N
2
+j + 1)!(N

2
−j)! , (2.2)

9



where superscript l denotes how many replicas of the given single-j subspace exist in

the decomposition (their number is Rj) which is given by the exchange symmetry of

the atomic components.

In a general single-j subspace, 2j atoms can be independently excited while the

remaining N − 2j act only as the ‘observers’ and compensate each other (have total

spin equal to zero). In most cases the subspace of maximal 2j = N is considered as

this captures the maximal collectivity of the atomic response (no ‘observers’). In the

thesis we will consider this subspace if not explicitly stated otherwise.

The Hamiltonian also has a parity symmetry for any values of the parameters

[H(λ, δ),Π] = 0 where Π = eiπ(b
†b+Jz+j).

2.3 Limit regimes

2.3.1 Dicke model

If we fix parameter δ = 1, the Hamiltonian (2.1) takes the form of the original Dicke

model [15]

HD(λ) = ω b†b+ω0Jz+
λ√
N
(J++J−)(b+b

†) = ω b†b+ω0Jz+
2λJx√
N

(b+b†) , (2.3)

where we used identity Jx = 1
2
(J++J−). The model was proposed to describe dynamic

superradiance [39, 40], i.e., non-exponential coherent decay ofN radiators with a peak

of maximal intensity ∝ N2, see Appendix B. The related phenomena have also been

described in nuclei and other mesoscopic systems, see Refs. [41, 42, 43, 44].

Later a TPT [37, 38] and QPT [45] were described in the model. When increasing

either temperature or the coupling strength, the system enters the superradiant phase

where the ground state acquires macroscopic excitations of both field and the atoms

(sometimes referred to as a superradiant phase transition).

There are two analytically solvable limits of the model. The trivial one λ = 0
and the ultra-strong limit λ → ∞. In the latter limit the Hamiltonian (2.3) can be

transformed to the form with decoupled atomic and field variables (see Appendix C)

Hλ→∞
2 = ωb†b− (2λ)2

ωN
J2
z . (2.4)

Note that Hamiltonian (2.4) gives rise to twofold degenerate states with ±m which are

the eigenvalues of Jz.

2.3.2 Tavis-Cummings model

Rotating wave approximation

By taking δ = 0, the so-called counter-rotating terms b†J+, bJ− in the interaction

part of (2.1) disappear and the Hamiltonian takes the form of the Tavis-Cummings

model [46]

HTC(λ) = ω b†b+ ω0Jz +
λ√
N
(bJ+ + b†J−) . (2.5)

10



This Hamiltonian is obtained by the rotating wave approximation (RWA) of the full

Dicke model (2.3). In RWA the fast oscillating terms are neglected as they average

to zero over time. Indeed, when transformed to interaction picture HD → HI
D the

evolution of the operators is given by the free part of (2.3) H0 = ωb†b + ω0Jz. For

example the annihilation operator b evolves in the interaction picture as

db

dt
= i[H0, b] = iω[b†b, b] = −iωb⇒ b(t) = b(0)e−iωt . (2.6)

Similarly we can obtain

b†(t) = b†(0)eiωt, J−(t) = J−(0)e
−iω0t, J+(t) = J+(0)e

iω0t . (2.7)

The counter-rotating terms oscillate with frequency ω + ω0 while the terms b†J− and

bJ+ have frequency ±∆ω where we set ∆ω ≡ ω−ω0. Therefore in the nearly resonant

regimes ω ≈ ω0 and for small values of λ, the fast evolution of the counter-rotating

terms can be neglected compared to the slow evolution of the remaining terms. If we

move back to the Schrödinger picture, we arrive at (2.5).

M -subspaces

The Tavis-Cummings Hamiltonian acquires additional symmetry which effectively re-

duces the number of degrees of freedom to f = 1 (unlike any other δ ̸= 0 case where

f = 2). Indeed, the operator M = b†b + Jz + j does commute with the Hamiltonian

(2.5) [HTC,M] = 0.

One can express M in the eigenbasis |m,n⟩ of the λ = 0 limit where m is the

pseudo-spin z-projection and n denotes the total number of photons. We then obtain

M = n+m+ j = n+ n⋆ , (2.8)

where M are the eigenvalues of M and n⋆ = m+ j denotes the total number of exci-

tations in the atomic subsystem. So in the Tavis-Cummings limit δ = 0 the respective

Hilbert space splits into mutually non-interacting subspaces due to the symmetry (2.8).

These are numbered by M (let us note that M takes values of integer numbers or zero)

and the dynamics can be studied separately in any M -subspace whose dimension is

d = min (M + 1, N + 1) [1, 2].

2.4 Semiclassical form of the Hamiltonian

2.4.1 Full model

The semiclassical form of EDM Hamiltonian can be written as [35]

Hcl(λ, δ) = ω
p2+x2

2
+ω0jz +λ

√

j

√

1− j2z
j2

[

(1+δ)x cosϕ− (1−δ)p sinϕ
]

, (2.9)

which is obtained from (2.1) by the mapping

(Jx, Jy, Jz) ↦→ j(sin θ cosϕ, sin θ sinϕ,− cos θ),

(b, b†) ↦→ 1√
2

(
x+ ip, x− ip

)
, (2.10)

where (ϕ, θ) and (x, p) are the canonically conjugate variables associated with the

atoms and the photons respectively. The z-projection of the pseudo-spin jz in (2.9) is

measured from the south pole of the Bloch sphere, so jz = −j cos θ.
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2.4.2 Tavis-Cummings limit

In the Tavis-Cummings limit δ = 0, one degree of freedom can be effectively taken

away by means of the following canonical transformation [1, 2]

⎛

⎜
⎜
⎝

x
p
ϕ
jz

⎞

⎟
⎟
⎠

↦→

⎛

⎜
⎜
⎝

x′ = x cosϕ− p sinϕ
p′ = p cosϕ+ x sinϕ
ϕ′ = ϕ+ jz + (p2+x2)/2
M ′ = jz + (p2+x2)/2

⎞

⎟
⎟
⎠
. (2.11)

Considering the classical form of (2.8) we obtain M ′ = M − j. By inserting the new

set of variable into Eq. (2.9) we obtain

HTC
cl = (ω−ω0)

p′2+x′2

2
+ ω0M

′ + λx′




√1

j

[

j2 −
(

M ′− p′2+x′2

2

)2
]

. (2.12)

2.5 Phase transitions

2.5.1 TPTs

In order to obtain standard thermodynamics in the sense of converging canonical and

microcanonical description, one has to consider the all-j Hilbert space HA from (2.2)

within which the thermodynamic limit implies also f → ∞ [47]. A TPT to the su-

perradiant phase can be then found in the model. The phase diagram in the plane

λ × Temperature can be found in Ref. [1], see also Appendix B. A recent results on

the connection between thermodynamical properties and the ESQPT in the Dicke model

can be found in Refs. [48, 49].

2.5.2 QPTs

Now we return to the single-j subspace with N = 2j where the number of degrees

of freedom is fixed for any size of the system. If the coupling in the EDM reaches the

critical value [1]

λc(δ) =

√
ωω0

1 + δ
, (2.13)

a QPT takes place. Indeed, for λ < λc the expectation values (strictly in thermo-

dynamic limit) in the ground state are ⟨b†b⟩g.s. = 0, ⟨Jz⟩g.s. = −j. This is the

state with no photons and all atoms deexcited. However, for λ > λc we obtain

⟨b†b⟩g.s. > 0, ⟨Jz⟩g.s. > −j which shows that this superradiant ground state ener-

getically favors non-zero excitations of both the atoms and the field [45].

The energy of the ground state as a function of the coupling parameter λ evolves

according to the formula (see Appendix D)

Eg.s.

ω0j
=

{
−1 for λ ∈ [0, λc) ,

−1
2

(
λ2
c

λ2 +
λ2

λ2
c

)

for λ ∈ [λc,∞) ,
(2.14)
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2.5.3 ESQPTs

Computation of the level density

In order to detect ESQPTs we need to find stationary points of the classical Hamiltonian

(2.9). This is performed in Appendix D. Here we show how to visualize the stationary

points on the energy landscape on the pseudospin Bloch sphere.

We employ the following transformation of the field variables

(
x
p

)

↦→

⎛

⎝
X = x+ (1+δ)λ

ω

√
j
√

1− j2z
j2
cosϕ

P = p− (1−δ)λ
ω

√
j
√

1− j2z
j2
sinϕ

⎞

⎠ . (2.15)

by which means we obtain the Hamiltonian with separated variables

H ′
cl = ω

X2 + P 2

2
+ ω0jz −

λ2

ω

j2 − j2z
2j

(
1 + 2δ cos 2ϕ+ δ2

)

  

hcl(ϕ,jz)

. (2.16)

Due to the fact that the transformation (2.15) is volume-preserving (though not canon-

ical) we can compute the level density using the new variables without changing the

form of (1.5)

ρ(E) =
1

(2π)2

∫

δ(E −H ′
cl) dX dP dϕ djz

=
1

(2π)2

∫

δ
(

E − ω

2
(X2 + P 2)− hcl(ϕ, jz)

)

dX dP dϕ djz. (2.17)

The shifted atomic variables can be integrated using the polar coordinatesX = R cosφ,

P = R sinφ (they have the form of a simple oscillator with a constant level density)

ρ(E) =
1

(2π)2

∫

δ
(

E − ω

2
R2 − hcl(ϕ, jz)

)

R dR dφ dϕ djz (2.18)

=
1

2πω

∫

δ(R−R0) dR dϕ djz (2.19)

where R0 = 1
ω
2
√

E − hcl(ϕ, jz). Such R0 apparently exists only if E > hcl(ϕ, jz).
Therefore we can write

ρ(E) =
1

(2π)2

∫

Θ(E − hcl(ϕ, jz))dϕ djz, (2.20)

where Θ is the Heaviside step function.

One can interpret the expression for level density (2.20) in the following way: The

function hcl(ϕ, jz) sets energy landscape on the Bloch sphere (which changes with λ).

The level density at energy E corresponds to the area of the sphere reachable with the

given energy. It must also contain all information on the ESQPTs. By examining the

stationary points of hcl(ϕ, jz) we can identify critical energies for different types of

ESQPTs according to their (f, r) classification [24].
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There are also ESQPTs of the type (f, r) = (2, 2) giving rise to a jump discontinuity

in the first derivative of ρ(E). Their borderlines are

Ec2

ω0j
= −1 for λ ∈ [λ0,∞) , (2.23)

Ec3

ω0j
= +1 for λ ∈ [0,∞) . (2.24)

For details see Appendix D.

2.5.4 Quantum phases

A natural question is whether there exist suitable order parameters to distinguish indi-

vidual phases in the plane λ × E. In contrast to QPTs, simple order parameter which

would be zero in one phase and abruptly become non-zero when crossing an ESQPT

cannot be generally found. However, different phases show qualitatively different en-

ergy dependence of smoothed observables (see Ref. [1]).

Different quantum phases can also be distinguished by different averaged slopes of

the energy levels in the λ×E plane. Feynman-Hellmann theorem dEi/dλ = ⟨dH/dλ⟩i
connects the slope of i-th energy level and the expectation value of the full Hamiltonian

differentiated according to λ in the respective eigenstates. In our case H = H0 + λV
where H0 is the non-interacting part of the Hamiltonian and V is the interaction, we

can write
dEi

dλ
= ⟨V ⟩ = Ei − ω0⟨Jz⟩i − ω⟨n⟩i

λ
. (2.25)

In Fig. 2.2 we present the average slope of the levels computed according to (2.25).

The piecewise fits show that the average slope of the levels changes from one phase to

another.

The reason for calling the phases D, TC, N and S is related to the fact that the

smoothed observables follow specific trends. For instance in the D phase this trend

is very similar to that of superradiant states (below the ESQPT energy) in a standard

Dicke model with δ = 1, similarly for the TC phase. For a detailed explanation see

Ref. [1].

2.6 Critical subspace of Tavis-Cummings model

Within a single-M subspace where M = 2j a QPT and an ESQPT can be found, how-

ever this time in the effectively f = 1 system. In Fig. 2.3, panel (a) the evolution of

energy levels in the plane λ × E is depicted. In panel (b) the level density (not the

energy derivative this time) for fixed λ = 1.5 is plotted as a function of energy. We

observe a logarithmic divergence at E/(ω0j) = 1 as a signature of an ESQPT. Sim-

ilarly, in panel (c) we show that at the same energy the observable corresponding to

mean excitation ⟨Jz⟩ forms a cusp. This dependence also motivated calling the phase

below the ESQPT as A atomic (along with the growing excitation energy the number of

excitations in the atomic ensemble grows) and the phase above as F field (the number

of photons grows with excitation energy) [2].
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The nature of the ESQPT can be revealed from the respective classical Hamiltonian

HTC
cl from (2.12) . The minimum of the Hamiltonian is always obtained for p′ = 0,

we therefore focus on the evolution of the function HTC
cl (x′, p′ ≡ 0) with the control

parameter λ, see panels (d)–(f). We observe that the original minimum becomes a sta-

tionary point for certain critical value of coupling. Supposing the detuning hierarchy1

ω > ω0, the critical coupling reads as

λ̄c =
ω − ω0

2
. (2.26)

The ESQPT energy borderline then reads as

Ec4

ω0j
= +1 for λ ∈ [λ̄c,∞) . (2.27)

The evolution of the lowest state in the critical subspace can be expressed as follows

(see Appendix D)

El.s.

ω0j
=

{
+1 λ ≤ λ̄c ,

+1− 4
ω0
g(λ)

[

λ
√

1− g(λ)− λ̄c

]

λ > λ̄c ,
(2.28)

g(λ) = 2
3
− 2

9

(
λ̄c

λ

)2 − 2
9
λ̄c

λ

√
(
λ̄c

λ

)2
+ 3 .

2.7 Experimental relevance

Even though we use the EDM as a purely theoretical ‘playground’ well equipped to

study ESQPTs and related phenomena, a natural question comes to one’s mind about

its experimental relevance. The progress in manipulation of cold atoms in optical

cavities apparently opens new possibilities of simulations of various complex quan-

tum systems. A tremendous success was achived [50, 51] by realizing the Dicke-like

superradiant QPT which had been shown to be unrealistic in the original simple atom-

field setting due to neglecting the diabatic term ∝ (b + b†)2 in the Hamiltonian [52].

The relevant commentary on adaptation of the current experimental setup into more

general EDM can be found in [53]. A recent experimental paper [54] shows the real

measurements on the system with tunable counter-rotating terms in the EDM.

1The inverse hierarchy ω < ω0 can be mapped onto the system with ω > ω0, see Ref. [2].
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Chapter 3
ESQPT-related effects in EDM

3.1 Monodromy

3.1.1 Energy-momentum map of Tavis-Cummings model

We have briefly mentioned quantum monodromy at the end of Chapter 1 as an equiva-

lent concept to the ESQPT, used in molecular spectroscopy. However, the equivalence

is not absolute because unlike ESQPTs, monodromy is well-defined only in integrable

systems.

It can be recognized in a so-called energy-momentum map which is, in a broader

sense, a lattice plot of two observables in the system’s eigenstates plotted against each

other (like energy vs. momentum). Such plots are also known as Peres lattices [55].

For an integrable system, the lattice is regular but may show some local defects.

One can search for monodromy in the Tavis-Cummings regime of the EDM as the

integral of motion M from (2.8) makes the full system integrable. In Fig. 3.1 we

present the energy-momentum map1 for the Tavis-Cummings (δ = 0) Hamiltonian

with N = 40 atoms [2, 56].

3.1.2 Monodromy point

With a naked eye one can identify a point defect in the lattice in Fig. 3.1 (monodromy

point highlighted by a red dot). It has coordinates (40,−1) and coincides with the

critical energy (2.24) and the critical subspace M = 2j. The presence of such a defect

does not allow us to define a global set of smoothly varying quantum numbers for the

entire spectrum (which is often used as a definition of quantum monodromy [27]).

Indeed, the lattice can be indexed by two quantum numbers: M and k which is a

principal quantum in any M -subspace defined by Bohr-Sommerfeld quantization rule

∮

Ek

p dq = kh, (3.1)

where we have used the explicit form with the Planck constant h, Ek marks the energy

of the k-th state in the M -subspace. If we connect the points with the same low k (for

example k = 1 and k = 2) we obtain smooth curves. However, if we want to connect

the points with high k (for example k = 38 and k = 39), the curves have different

1The energy axis is slightly modified by observable M in order to obtain more lucid lattice.
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Figure 3.1: The energy-momentum map for the Tavis-Cummings model (δ = 0) with

parameters j = 20, ω = ω0 = 1 and λ = 2.5. The monodromy point is highlighted

by a red dot. The highlighted chains of points correspond to the eigenstates with the

same principal quantum number k. Two examples of the transformation of an ele-

mentary cell along a closed curve are shown. In the left bottom corner a non-trivial

transformation of the initial cell after encircling the monodromy point is sketched.

shapes and have a pike. It means that the quantum number k does not smoothly vary

in the lattice.

The same effect is captured when an elementary cell of the lattice is transformed

along any closed loop around the monodromy point. One finds that after closing the

loop, the original cell is not transformed into itself (that is where the name monodromy

comes from as it translates as ’once around‘).

3.1.3 Physical interpretation of quantum monodromy

The states below and above the critical energy have different physical interpretation.

For example in the case of the water molecule [28], the energy-momentum map shows

a quadratic dependence of energy on the momentum below the critical energy and a

linear dependence above. This marks a transition from the bent shape (with rotational

type of excitations) to the linear (with vibrational type of excitations). These two

dependences correspond to different effective dynamical symmetries governing the

two segments of the spectrum [57, 58].

In the Tavis-Cummings model, the symmetry-based interpretation of the mon-

odromy was not yet given. Nevertheless, it is clear that the motion below the criti-

cal energy is bound in a limited part of the Bloch sphere which represents the sys-

tem’s phase space. In contrast, the motion above the critical energy explores the whole
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sphere, so the corresponding states are unbound in this sense.

3.1.4 Semiclassical viewpoint

In Ref. [2] it is argued that the system’s classical dynamics resembles the one of a

spherical pendulum (swings on a sphere). Indeed, the evolution of the atomic ensemble

is given by a pseudospin trajectory on the Bloch sphere with conserved value M . The

point of an unstable equilibrium in the north pole gives rise to the focus-focus type of

monodromy (the same as a spherical pendulum shows [59, 60]).

In the Tavis-Cummings model, the critical trajectories passing through this unsta-

ble equilibrium show a specific time evolution. In the vicinity of the north pole, the

motion becomes infinitely slow. For λ > λc, the maximal speed is achieved close to

the equator and slows down again when it reaches the south pole area. One can com-

pute the photon rate related to these trajectories where an analog of a superradiance in

a closed system can be observed. For the fully excited ensemble the rate is small, then

forms a peak at maximal intensity when the system is half-deexcited and then becomes

slow again. For details see Ref. [2].

3.1.5 Fate of monodromy under non-integrable perturbation

If we now slightly break the integrability with δ > 0 we can observe the decay of

monodromy in the Peres lattice2. The regular pattern in the lattice starts breaking and

one of the most sensitive areas is at the monodromy point. At the classical level, the

critical trajectories become chaotic as the first ones even with a very small perturbation.

See Ref. [2] for details.

3.2 Bipartite entanglement

3.2.1 Entanglement entropy

A general eigenstate |Φ⟩ of any composite Hilbert space H = Hl ⊗Hr (‘l’ for left, ‘r’

for right) can be written in a suitable basis as

|Φ⟩ =
d∑

i=1

√
ρi|ϕl

i⟩|ϕr
i⟩, d = min (dimHl, dimHr), (3.2)

where ρi are the common eigenvalues of the reduced density matrices obtained by

partial traces over the complementary subspace ρl = Trr|Φ⟩⟨Φ| or ρr = Trl|Φ⟩⟨Φ|.
Two subsystems are entangled if the formula (3.2) (called the Schmidt decomposi-

tion [61, 62]) contains at least two terms.

It is quantified via entanglement entropy

S
(
ρr
)
= S

(
ρl
)
= −

d∑

i=1

ρi log ρi (3.3)

which takes values between zero (factorized states) to d (maximally entangled states).

2Energy-momentum map like in Fig. 3.1 but M is no more a conserved quantum number, so we

consider the average value in the given eigenstate ⟨M⟩.
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3.2.2 Entanglement of formation

Any statistical mixture on H can be described by a density matrix

ρ =
dimH∑

j=1

pj |Φj⟩⟨Φj|
  

≡ρj

(3.4)

where pj’s are the probabilities of finding the system in the pure states |Φj⟩’s forming

an arbitrary (not necessarily orthonormal) basis on H. In the case of mixed states, the

entanglement entropy (3.3) may be non-zero even in the case of the mixture of the pure

states. Because the density matrix is not uniquely defined (depends on the selection

of the basis states {|Φj⟩}), a minimizing over all possible decompositions (3.4) must

be employed in the definition of a proper entanglement measure. Indeed, a so-called

entanglement of formation is defined as [63, 64]

Ef (ρ) = inf

dimH∑

j=1

pjS(ρj). (3.5)

3.2.3 Concurrence

Pure states

A direct implementation of formula (3.5) is a computationally difficult task. However,

in the case of two qubits we can bypass this problem by defining a new measure of

entanglement called concurrence [65, 66]. Let |ϕ⟩ be an arbitrary pure state of a pair

of qubits. Then concurrence C(ϕ) is defined as

C(ϕ) =
⏐
⏐
⏐⟨ϕ|ϕ̃⟩

⏐
⏐
⏐ , |ϕ̃⟩ ≡ (σy ⊗ σy)|ϕ∗⟩, (3.6)

where σy is the respective Pauli matrix and the star symbol denotes complex conjuga-

tion. So it computes the overlap between the state |ϕ⟩ and its spin-flipped conjugate

state.

For example, a general state3 |ϕ⟩ = α|00⟩+β|01⟩+γ|10⟩+δ|11⟩ can be factorized

only if the coefficients satisfy αδ = βγ. On the other hand, the maximally entangled

states are those with α = δ = 0, |β| = |γ|. The concurrence is expressed as C(ϕ) =
2 |αδ − βγ| and it changes from zero (factorized states) to unity (maximally entangled

states).

Mixed states

Nice property of concurrence is that it can be used for mixed states of qubits without

a need to minimize some quantity with respect to multiple basis options. Let ϱ be a

density matrix of the pair of qubits. We define a spin-flipped complex conjugate matrix

ϱ̃ = (σy ⊗ σy)ϱ
∗(σy ⊗ σy). Let {λ1, λ2, λ3, λ4} be a set of the real positive eigenvalues

of the matrix ϱϱ̃ ordered as λ1 > λ2 > λ3 > λ4. Then, concurrence of the given

mixture is computed as [65, 66, 67]

C(ϱ) = max{0,
√

λ1 −
√

λ2 −
√

λ3 −
√

λ4}. (3.7)

3The state |0⟩ has 1/2 projection and the state |1⟩ has −1/2 projection.
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(f, r) = (2, 1). The inset shows, that the localization is also very good (N = 3.6), but

it can be numerically shown that the atom-field entanglement does not fall to zero in

this case (see Ref. [1]). There is another ESQPT of the type (f, r) = (2, 2) at energy

Ec/ω0j = +1 in the spectrum (the one between N and S phases) where no obvious

effect on entanglement was observed in Fig. 3.2.

It demonstrates that the type of the ESQPT generally cannot be the only criterion

for the localization (hence the anomaly of entanglement). However, as we have just

discussed, the type of the singularity matters (compare the effects of (f, r) = (2, 2)
and (f, r) = (2, 1) ESQPTs at Ec/ω0j = −1).

3.3 Quantum quench dynamics

3.3.1 Non-adiabatic dynamics and ESQPTs

In this section we focus on some dynamical manifestations of ESQPTs. We prepare

the system in an eigenstate Hi|ψi⟩ = Ei|ψi⟩ where Hi is the EDM Hamiltonian for

some initial value of the coupling parameter λi. Quantum quench is a rapid, highly

non-adiabatic change of the Hamiltonian Hi → Hf (in our case we consider λi →
λf) [77, 78]. So the initial state further evolves with the new Hamiltonian as |ψf(t)⟩ =
e−iHf t|ψi⟩.

Quench dynamics and its relation to the ESQPTs in similar systems has been studied

in [79, 80, 81, 82]. In Ref. [3] an attempt to unify the description of the ESQPT-induced

effects with respect to various quench protocols was performed within the framework

of the EDM.

3.3.2 Survival probability

We can monitor the evolution using the survival probability

P (t) = |⟨ψi|ψf(t)⟩|2 =
⏐
⏐⟨ψi|e−iHf t|ψi⟩

⏐
⏐
2
. (3.9)

After inserting the basis of the final states |ϕfl⟩ we can write

P (t) =
∑

l

|sl|4

  

N−1

+2
∑

l

∑

l′(<l)

|sl|2 |sl′ |2 cos[(El−El′)t], (3.10)

where sl ≡ ⟨ψi|ϕfl⟩ and N−1 is the inverse participation ratio, cf. (3.8). From (3.10)

one can directly see that for sufficiently long time the survival probability oscillates

around the mean value given as N−1 (we call it a saturation regime).

3.3.3 Strength function

The energy distribution of the initial state in the final eigenbasis is called a strength

function (or sometimes local density of states)

S(E) =
∑

l

|sl|2 δ(E − Efl) , (3.11)
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where Efl are the final eigenenergies. It is connected with survival probability via a

squared Fourier transform

P (t) =

⏐
⏐
⏐
⏐
⏐

∑

l

|sl|2 e−iEflt

⏐
⏐
⏐
⏐
⏐

2

=

⏐
⏐
⏐
⏐
⏐

∫
∑

l

|sl|2 e−iEtδ(E − Efl)dE

⏐
⏐
⏐
⏐
⏐

2

=

⏐
⏐
⏐
⏐

∫

e−iEtS(E)dE

⏐
⏐
⏐
⏐

2

. (3.12)

So in principle, all information on the decay must be encoded in properties of the

strength function. In [3] a detailed discussion on which properties of the strength

function affect different phases of the decay.

3.3.4 Autocorrelation function

We define the autocorrelation function of the energy distribution S(E)

C(E) =

∫

dE ′S(E ′)S(E ′ + E) =

∫
∑

ll′

|sl|2 |sl′ |2 δ(E ′ − Efl)δ(E
′ + E − Efl′)dE

′

=
∑

ll′

|sl|2 |sl′ |2 δ(ωll′ + E), (3.13)

where we have denoted ωll′ = Efl −Efl′ . The survival probability can be expressed as

P (t) =

⏐
⏐
⏐
⏐
⏐

∑

l

|sl|2 e−iEflt

⏐
⏐
⏐
⏐
⏐

2

=
∑

ll′

|sl|2 |sl′ |2 e−iωll′ t

=

∫

e+iEtC(E)dE, (3.14)

so it is linked to the autocorrelation function via a direct Fourier transform.

A valuable insight into the decay can then be obtained by studying the properties

of C(E). For example, from the formula (3.14) one can deduce that if the values |sl|
are sharply centered around an energy region where ωll′ ≪ 1 the time evolution will

be very slow. On the contrary, if the strength function has equally large contributions

|sl| at large energy distances ωll′ then the decay will be significantly faster.

3.3.5 Quench protocols in the phase diagram

We will provide a few examples of the quenches which are visibly affected by the

presence of an ESQPT. The quench protocols will be visualized with arrows in the

quantum phase diagram connecting the initial state with the centroid of the strength

function in the final eigenbasis.

Let us denote Hi = H0 + λiV , Hf = H0 + λfV where H0 is the free part of the

EDM and V is the interaction. One can combine these expression as Hf = Hi +∆λV
with ∆λ ≡ λf −λi. By taking the average of this equation in the initial state we obtain

⟨Hf⟩i = Ei +∆λ⟨V ⟩i = Ei +∆λ
dEi

dλ
(λ), (3.15)
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a general stationary point after λi → λf . The particle remains at rest until any small

perturbation makes it fall from this unstable equilibrium. In a strictly finite system the

quantum fluctuations always cause the survival probability to deviate from unity. Fig-

ure 3.4, however, demonstrates that different types of stationary points (ESQPTs) may

induce different degree of stabilization against the quantum fluctuations at medium and

long time scales.

3.3.7 Quenches from the superradiant ground state

Suppression of the 1/t modulated decay at medium time scales

Another quench protocol employed takes the superradiant ground state as the initial

one and the final value of coupling is chosen as λf < λi. There exists a critical quench

when the strength function is centered at the ESQPT energy.

Figure 3.5: A quench of the initial superradiant λi > λc ground state within the EDM

with δ = 0.3 (panels a–c) and δ = 1 (panels d–f). For δ = 0.3 the initial coupling

is λi = 6, for δ = 1 we considered λi = 4. Power-law dependence ∝ 1/t is plotted

in the survival probability plots as a red dashed line. The survival probability and the

respective strength function is plotted (with the ESQPT critical energy marked). The

final values of λf are written in the individual panels. Other parameters of the model

are ω = ω0 = 1, j = 20. Taken from Ref. [3].

In Fig. 3.5 we show the survival probability and the strength function for several

quenches within δ = 0.3 and δ = 1 EDM. For δ = 0.3 we can see that the strength

functions have a rather regular pattern and the survival probability shows decaying

oscillations at the medium time scale. The oscillations decay as ∝ 1/t in panels (a)

and (c), however in panel (b) this dependence is suppressed. This is due to the fact that

the ESQPT between TC and D phases of the type (f, r) = (2, 1) causes a splitting of

the strength function and different energy sampling of it in both quantum phases (see

below and Refs. [3, 83, 84] for details).

Obviously, the (f, r) = (2, 2) ESQPT between D and N phases (panel a) has no

effect on the strength function. In the δ = 0.3 model the strength functions form a
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rather regular Gaussian shape where many of the final eigenstates do not contribute.

One can show (for example using Peres lattices as in Ref. [3]) that in such cases mostly

the regular final eigenstates contribute to the strength function. As we observe in panels

(a)–(c) of Fig. 3.5 the singularity of the full spectrum may not be captured. From the

results presented we anticipate that the ESQPT type (f, r) = (2, 2) induces no effect

when it is in the semi-regular part of the spectrum, however the type (f, r) = (2, 1)
does.

ESQPT-related effects versus chaos

The right panel of Fig. 3.5 depicts the same quench protocol in the δ = 1 modle.

This time the (f, r) = (2, 1) ESQPT forms a borderline between D and N phases. The

effect of a sudden suppression of the power-law decay of oscillations is not observed.

The reason can be anticipated from the complex structure of the respective strength

functions (compared to the δ = 0.3 case). One can show that strength function in

δ = 1 case lies in a chaotic part of the spectrum whereas in δ = 0.3 case it lies mostly

in a regular part. So the effect of an ESQPT competes with chaos in the spectrum.

Numerical experiments: Artificial examples of Gaussian strength functions

For the δ = 0.3 case we observed in Fig. 3.5 the suppression of the power-law mod-

ulation in the decay at medium time scales (panel b). As shown in Ref. [83] this 1/t
modulation comes from two conditions: first, the Gaussian envelope of the strength

function, second, its ‘proper’ discrete approximately polynomial sampling as Efl ≈
e0 + e1l + e2l

2 where the coefficients e0, e1 satisfy e2, |e2| ≪ |e1|. It is argued in

Ref. [3] that this power-law modulation may be suppressed due to the presence of an

ESQPT as the energy sampling may differ in the energy regions on below and above

the ESQPT energy.

In Fig. 3.6 we numerically examine the cases of artificially made-up strength func-

tion which have the same Gaussian envelope but differ by their discrete structure. In

panel (a) we observe the 1/t power-law decay is obtained for the quadratic sampling

of Efl. If the level density is constant (equidistant sampling in panel b) the revivals

do not decay as 1/t but rather stay constant at the full4 survival P ≈ 1. On the other

hand, if the sampling is inconsistent (panel c) we can observe that the oscillations are

nor constant neither follow any power-law.

3.3.8 Observables

One can derive how the observables evolve after the quench. For example the average

number of photons ⟨n⟩ evolves as

⟨n⟩ = ⟨ψi|eiHf t n e−iHf t|ψi⟩ =
∑

ll′

⟨ψi|ϕfl⟩eiEflt⟨ϕfl|n|ϕfl′⟩e−iE
fl′ t⟨ϕfl′ |ψi⟩

=
∑

ll′

sls
∗
l′e

iωll′ tnll′ =
∑

l

|sl|2nll + 2
∑

l>l′

Re[sls
∗
l′e

iωll′ t]nll′ , (3.17)

4In our case, as the strength function was artificially created, the survival probability does not satisfy

exactly P (t = 0) = 1 which, however, does not qualitatively affect the decay.
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Conclusion

Since the first publications ten years ago, a general theory of ESQPTs has been well

established. ESQPTs have been identified in models from various branches of physics.

In the thesis, the Extended Dicke model as one of them was thoroughly studied. Here

we summarize the main outcomes of our work

• We showed that in order to define ‘quantum phases’ among excited states, one

has to investigate the smoothed behavior of the observables as functions of en-

ergy. Different quantum phases then have different trends of these dependences

which sharply change at the ESQPT critical energies.

• Both atom-field and atom-atom entanglement shows critical behavior in the EDM

for the ground-state QPT similarly as in the standard Dicke model (δ = 1 case).

Some ESQPTs give rise to an anomalous entanglement in excited states but not a

generic rule can be established.

• In the integrable Tavis-Cummings limit (δ = 0) we linked the ESQPT with mon-

odromy in the system. The classical trajectories at the critical energy represent

an analog of the Dicke superradiance in a closed system meaning that the photon

flux has maximal intensity for half deexcited system of the atoms. We observed

that these trajectories become chaotic as the first ones, if one breaks the integra-

bility even with a very small δ > 0.

• The dynamical consequences of the ESQPTs were studied using various quench

protocols. We showed that depending on the protocol, the initial state can be

either stabilized or, on the contrary, it can decay to the equilibrated regime much

faster. Quantum chaos in the final basis can suppress the effects of the ESQPTs on

the quench dynamics. Qualitatively similar evolution of the observables after the

quench was observed which, in a principle, provides a way to indirect detection

of the ESQPTs in the system.
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Appendix A
Convergence of the spectrum

In numerical diagonalization of the EDM Hamiltonian (2.1), the Hilbert space of the

photons, which is in principle infinite, must be truncated. So it is necessary to check

the convergence of the energy levels as the function of maximal photon number Nγ

considered in the numerics. In this Appendix we explain how the convergence of the

energy levels was tested in our numerical computations.

Suppose we compute the energy spectrumEl with a certainNγ and the spectrumE ′
l

with N ′
γ = Nγ +∆Nγ .We define a quantity measuring the difference in level spacings

of the l-th excited state

∆εl =

⏐
⏐
⏐
⏐

∆E ′
l −∆El

∆El

⏐
⏐
⏐
⏐
, ∆E ′

l = E ′
l − Egs, ∆El = El − Egs, (A.1)

where Egs is the ground-state energy computed with Nγ . One can define the precision

of the convergence by choosing a certain value εc. The spectrum is well-converged if

εl < εc for all the levels considered.

In Fig. A.1 an example of convergence of the energy levels as a function of Nγ is

depicted. We set ∆Nγ = 10 which defines the scale of the photon number variations

under which we want the spectrum to be invariant. The qualitative dependence is

the same for all the levels. After the initial period a sudden drop of ∆ε is observed

indicating that the energy has converged. Obviously, the lower-lying states converge

faster as this drop appears for smaller Nγ . Indeed, in order to get the first excited state

converged with precision ∆ε = 10−3 one needs roughly 50 photons. For the same

precision and the ninth excited state one needs more than 70 photons.

A need for the truncation sets the limitation on the numerical studies of excited

states of the EDM. In our calculations we were able to work with j = 20 and 5000
well-converged energy levels (both parities).
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Appendix B
Superradiance

B.1 Dynamic superradiance - coherent spontaneous

emission

Suppose we haveN two-level atoms, all of which are in the excited state. If these atoms

form a diluted gas and act as individual radiators, the decay follows the exponential rule

N↑(t) = Ne−
t
τ where N↑(t) is the number of excited atoms at time t and τ is a mean

lifetime. Intensity of the radiation is simply given as

I(t) = −dN↑(t)

dt
=
N

τ
e−

t
τ (B.1)

so the maximal intensity is proportional to N .

On the other hand, if we suppose N coherent radiators in the maximal excited

collective state |j = N/2,m = N/2⟩, the time evolution is different. The decay can

be monitored using the projection m(t) (equivalent to the number of excited atoms).

In the following we consider the large-N limit and quasi-continuous values of m. The

decay can be approximated as [39]

I(t) = −dm(t)

dt
=

1

τ
|⟨m− 1|J−|m⟩|2 = 1

τ

(
j +m(t)

)(
j −m(t) + 1

)
. (B.2)

Here we directly see that I ∝ N for m ≈ j, I ∝ N2 for m ≈ 0 and again I ∝ N for

m ≈ −j.
As most of the time m(t) ≫ 1 the equation (B.2) can be written as

−dm(t)

dt
=

1

τ

(
j2 −m(t)2

)
. (B.3)

Equation (B.3) can be solved using the ansatz m = j tanhχ. We obtain

−dχ
dt

=
j

τ
⇝ χ(t) =

j

τ
(t− t0), (B.4)

which can be recast as

m(t) = −N
2
tanh

(N

2

(t− t0)

τ

)

(B.5)
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where the integration constant t0 corresponds to the time of a zero projection m = 0
(half deexcited system). The respective intensity reads as

I(t) =
N2

4τ

1

cosh2
(

N
2

(t−t0)
τ

) . (B.6)

It forms a sharp peak around t ≈ t0 of the maximal intensity I ∝ N2.

B.2 Redistribution of decay widths

In Dicke superradiance all the atoms interact via a common radiation field which leads

to the non-exponential decay as shown in the previous section. An analogy to this phe-

nomenon has been described in the continuum shell model of a weakly bound quantum

system (for example nuclei far from the valley of stability). In these systems the cou-

pling between the bound states and the quasi-bound resonant states in the continuum

with non-zero widths plays a crucial role in the system’s dynamics.

The existence of so-called ‘superradiant states’ can be shown in the following sim-

ple model [41]. Suppose a two-level system which, in a suitable basis, is described by

the Hamiltonian

H =

(
e0 − iγ v
v∗ e0

)

. (B.7)

The interaction between the two levels is v, the unperturbed eigenenergies are degen-

erate e0. We now open the system and assume one of the unperturbed levels has a

width γ > 0. Due to the interaction, this decay channel is shared by both eigenstates

of (B.7). Indeed, the diagonalization of the Hamiltonian gives the eigenenergies

E± = e0 ±
√

|v|2 − γ2

4
− i

γ

2
. (B.8)

It is interesting to study the evolution of (B.8) with γ. For γ = 0 the energies are

real and the system is closed. By turning on γ > 0 the energies evolve in the complex

plane. Their real parts move towards each other because the square-root term in (B.8)

is getting smaller. For ‘critical’ γ = 2 |v| this term vanishes and the eigenvalues E±
coalesce. If we consider γ > 2 |v|, the evolution in the complex plane is qualitatively

different. The square root gives a pure imaginary number, so the real parts of E±
remain the same. However, the imaginary part of one solution becomes more stabilized

as it moves towards the real axis (long-lived state E+) whereas the other superradiant

state deviates further from the real axis (short-lived state E−). The redistribution of

the widths into a short-lived and long-lived states can be naturally generalized to larger

systems. The ‘criticality’ can be achieved by the existence of overlapping resonances

which form a common decay channel [42].

Nuclear spectroscopic data show the cases where a narrow resonance is in a close

vicinity of a wide one. For example in neutron-rich nuclei a small Pygmy resonance

can be found at the low energy end of the gigantic dipole resonance. The formation of

such structures is then naturally linked to the mechanism described above.
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B.3 Equilibrium superradiance

A TPT to the superradiant phase, where the average number of photons in the ground

state is non-zero ⟨n⟩g.s. = ⟨b†b⟩g.s. > 0, was described by Hepp and Liep in the

1970’s [37, 38]. We can re-derive the same phase transition for the EDM as well [1].

We consider Glauber coherent states

|α⟩ = e−
|α|2
2 eαb

† |0⟩ (B.9)

where |0⟩ ≡ |n = 0⟩ is the state with no photons. The partition function can be

expressed as a function of α = α′ + iα′′

Zα = TrA⟨α|e−βH |α⟩ (B.10)

where the partial trace is performed over the atomic subspace, β is the inverse tem-

perature and the Hamiltonian H of the EDM (2.1). Parameter α will serve as the order

parameter for the phase transition as ⟨n⟩α = |α|2 so its non-zero absolute value means

non-zero photon number in the system.

The EDM Hamiltonian expressed in the coherent states can be written as

Hαα =
N∑

i=1

ω0

2
σi
z+ω |α|2+ λ√

N

N∑

i=1

2σi
xα

′− λ√
N
(1−δ)

N∑

i=1

(
σi
+α

∗+σ−α
)
. (B.11)

We can rewrite (B.10) as

Zα = e−βω|α|2
N∏

i=1

TrA exp
(

−β
[ω0

2
σi
z +

λ√
N
2σi

xα
′ − λ√

N
(1− δ)

(
σi
+α

∗ + σ−α
)]

  

h: 2×2 matrix

)

.

(B.12)

If we use the explicit form of the Pauli matrices, we obtain

h =

(
ω0

2
λ√
N

[
2α′ − (1− δ)α∗]

λ√
N

[
2α′ − (1− δ)α

]
−ω

2

)

. (B.13)

The respective eigenvalues of the matrix (B.13) are

Eα± = ±
√
(ω0

2

)2
+
λ2

N

[
(1 + δ)2α′2 + (1− δ)2α′′2

]
≡= ±Eα (B.14)

so the partition function can be expressed as

Zα(β) = e−βω|α|2
(

e+βEα + e−βEα

)

. (B.15)

The free energy is linked with the partition function as Fα(β) = − 1
β

lnZα(β) and so we

obtain Fα(β) = ω |α|2 − N
β

ln
(
e+βEα + e−βEα

)
. The TPT will be studied as a structural

change of the free energy per atom

Fα̃(β)

N
= ω |α̃|2 − 1

β
ln
(
2 cosh (βEα̃)

)
(B.16)
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where the scaled order parameter α̃ = α/N is introduced and

Eα̃ =

√
(ω0

2

)2
+ λ2

[
(1 + δ)2α′2 + (1− δ)2α′′2

]
. (B.17)

We can now search for the stationary points of the scaled free energy with respect

to α̃′ and α̃′′

∂

∂α̃′
Fα̃

N
= α̃′

(

2ω − (1 + δ)2λ2

Eα̃

tanh (βEα̃)
)

≡ 0, (B.18)

∂

∂α̃′′
Fα̃

N
= α̃′′

(

2ω − (1− δ)2λ2

Eα̃

tanh (βEα̃)
)

≡ 0. (B.19)

The point (α̃′, α̃′′) = (0, 0) is always stationary and forms a thermal equilibrium for

sufficiently high temperature T = 1/β. This represents the normal ground state as

⟨n⟩α̃ = 0.

We define two special values temperatures

Tc =
ω0

2
artanh−1λ

2
c

λ2
, for λ > λc ≡

√
ωω0

1 + δ
. (B.20)

T0 =
ω0

2
artanh−1λ

2
0

λ2
, for λ > λ0 ≡

√
ωω0

1− δ
. (B.21)

If in the allowed region of the coupling strength T < Tc, a new superradiant solution

of (B.18) appears. This solution corresponds to the new global minimum of the free

energy with α̃ ̸= 0, i.e., ⟨n⟩α̃ > 0. The value of T = T0 represents a saddle point of

the free energy so crossing this value of temperature is not a real TPT. The effect of the

states associated with the saddle points of the free energy was discussed in Ref. [48].

The full thermal phase diagram in the plane λ× T is in Ref. [1].
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Appendix C
Polaron transformation

In the ultra-strong limit λ→ ∞ the interacting term in the Hamiltonian (2.3) dominates

which is equivalent to considering ω0 → 0. Note that the bosonic term ∝ ω cannot be

neglected as the number of photons can grow without restraint.

In the first step we rotate the spin variables and obtain a new Hamitonian H1 =
U1HDU

†
1 , where U = ei

π
2
Jy . By this we transform Jz → −Jx and Jx → Jz . So the

Hamiltonian now reads as

H1 = ωb†b− ω0Jx +
2λ√
N
Jz
(
a† + a

)
. (C.1)

Using the well-known relations

b =
1√
2
(x+ ip), b† =

1√
2
(x− ip), −→ b+ b† =

√
2 x, b† − b = −i

√
2 p (C.2)

we rewrite the interaction term as ∝ xJz. So the Hamiltonian represents a shifted

oscillator. Because x and Jz commute, H1 can be equivalently written as

H1 = −ω0Jx +
ω

2

(

x+
2
√
2 λ

ω
√
N
Jz

)2

+
ω

2
p2 − (2λ)2

ωN
J2
z . (C.3)

To compensate the shift in x direction we introduce an operator U2 = e−iαp (as

the momentum operator is the generator of translation) with α = 2
√
2 λ

ω
√
N
Jz. Written in

terms of creation and annihilation operators U2 = e
2λ

ω
√
N
(b†−b)Jz . The last two terms in

(C.3) remain unchanged because both p and Jz commute with U2. However the first

term does not.

We can write Jz = 1/2 (J+ + J−). Together with a commutation relation [Jz, J±] =
±J± one can easily prove Jn

z J± = J± (Jz ± 1)n. Using this, the following chain of

equalities is straightforward (we denote σ = 2λ
ω
√
N

(
b† − b

)
)

eσJzJ±e−σJz =

(

1 + σJz +
σ2

2!
σJ2

z + . . .

)

J±e−σJz = J±e±σ. (C.4)

Therefore the new Hamiltonian H2 = U2H1U
†
2 takes the form

H2 = −ω0

2

(
J+eσ + J−e−σ

)
+ ωb†b− (2λ)2

ωN
J2
z . (C.5)
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In the ultra-strong limit we neglect the first two terms as ω0 → 0 the Hamiltonian (C.5)

decouples bosonic and atomic variables so can be analytically solved.

38



Appendix D
Stationary points of the classical

Hamiltonian

D.1 General δ ̸= 0 case

Here we explicitly perform the semiclassical analysis of the EDM. The pairs (x, p) and

(ϕ ≡ tan−1 (jy/jx), jz) in (2.9) correspond to the classical coordinates and momenta

for the bosonic field and the spin system, respectively. The ESQPTs are induced by

stationary points so we write down the Hamilton’s equations and set then to zero

∂Hcl

∂p
=
∂x

∂t
= ωp− (1− δ)λ

√

j

√

1− j2z
j2

sinϕ ≡ 0, (D.1)

∂Hcl

∂x
= −∂p

∂t
= ωx+ (1 + δ)λ

√

j

√

1− j2z
j2

cosϕ ≡ 0, (D.2)

∂Hcl

∂jz
=
∂ϕ

∂t
= ω0 −

λjz

j
3

2

√

1− j2z
j2

[(1 + δ) x cosϕ− (1− δ) p sinϕ] ≡ 0, (D.3)

∂Hcl

∂ϕ
= −∂jz

∂t
= −λ

√

j

√

1− j2z
j2

[(1 + δ) x sinϕ+ (1− δ) p cosϕ] ≡ 0 . (D.4)

We substitute (D.1) and (D.2) into (D.3) and (D.4). The two resulting equations are

ω0 =
λjz

j
3

2

√

1− j2z
j2

[

(1 + δ) x cosϕ− (1− δ)2 λ
√

j

√

1− j2z
j2

sin2 ϕ
1

ω

]

, (D.5)

0 =

(

λ
√

j

√

1− j2z
j2

)

sinϕ

[

(1 + δ) x+ (1− δ)2 λ
√

j

√

1− j2z
j2

1

ω
cosϕ

]

. (D.6)

From the three terms in multiplication in (D.6) we find three solutions of the sta-

tionary points.

1. λ
√
j
√

1− j2z
j2

= 0.

This condition leads to the ‘trivial’ solution valid for any coupling and for any δ.

(xs, ps) = (0, 0), (jzs, cosϕs) = (±j, cosϕ) (D.7)
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2. sinϕ = 0.

This condition leads to the solution

(xs, ps) = ∓

⎛

⎝(1 + δ)
λ
√
j

ω

√

1−
(
λc
λ

)4

, 0

⎞

⎠

(jzs, cosϕs) =

(

−j
(
λc
λ

)2

,±1

)

, with λc =

√
ω0ω

1 + δ

(D.8)

This solutions exists only for λ > λc.

3. (1 + δ) x+ (1− δ)2 λ
√
j
√

1− j2z
j2

1
ω
cosϕ = 0.

Using (D.5) we get

ω0 = −λ
2jz (1− δ)2

jω

(
sin2 ϕ+ cos2 ϕ

)
= −λ

2jz (1− δ)2

jω
. (D.9)

So now for δ ̸= 1 we get

jzs = −j
(
λ0
λ

)2

, with λ0 =

√
ω0ω

1− δ
(D.10)

It is easy to complete the full solution.

(xs, ps) =
λ
√
j

ω

√

1−
(
λ0
λ

)4

(− (1 + δ) cosϕ, (1− δ) sinϕ) ,

(jzs, cosϕs) =

(

−j
(
λ0
λ

)2

, cosϕ

)

.

(D.11)

This solution exists for λ > λ0.

The ground state evolution (2.14) is obtained by inserting (D.7) and (D.8) back into

the Hamiltonian (2.9). Similarly, Eq. (2.21) is obtained from (D.11).

D.2 Critical M -subspace of the δ = 0 model

Here we consider the Hamiltonian (2.12) for the critical subspace M = 2j. We sup-

pose a detuning ω ≥ ω0 and denote ∆ω ≡ ω − ω0 So the classical Hamiltonian reads

as

HTC
cl (x′, p′) =

∆ω

2
(x′2 + p′2) + ω0j + λx′

⏐
⏐x′2 + p′2

⏐
⏐

√

1− x′2 + p′2

4j
. (D.12)

The stationary point related to the ground state corresponds to p′ = 0 (one can check

that dx′

dt
=

∂HTC

cl

∂p′ gives zero then). We therefore investigate structural changes of a

one-dimensional potential with λ.

In order to find the alternating minimum for some λ > 0, the interacting term in

(D.12) must be added with the negative sign. So we will restrict the analysis on the
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negative range x′ ∈ [−2
√
j, 0] where |x′| = −x′. We substitute x′ = 2

√
j sin ξ where

we consider ξ ∈ [−π/2, 0]. With this parametrization the potential takes form

HTC
cl (ξ, p′ = 0) = ω0j + 2j sin2 ξ(∆ω − 2λ cos ξ). (D.13)

We perform the first derivative

dHTC
cl

dξ
= 4j sin ξ(∆ω cos ξ − 2λ cos2 ξ + λ sin2 ξ). (D.14)

The original minimum for λ = 0 is ξ = 0 (so x′ = 0). We can check that it changes

to local maximum (from the left as we deal with x′ ≤ 0 only) by taking the second

derivative in ξ = 0

d2HTC
cl

dξ2
(ξ < 0) = 4j cos ξ(∆ω cos ξ − 2λ cos2 ξ) + terms including sin ξ. (D.15)

Obviously, the sign of the second derivative is given as sgn(∆ω − 2λ). If we increase

coupling so that it reaches the critical value λ̄ = ∆ω/2, the original minimum becomes

a maximum.

It is interesting to have a look at the behavior of the second derivative in this point

for x′ > 0 (ξ > 0). We obtain

d2HTC
cl

dξ2
(ξ > 0) = 4j cos ξ(∆ω cos ξ + 2λ cos2 ξ) + terms including sin ξ. (D.16)

So from the right, the second derivative remains positive for any λ. So after the QPT

takes place for λ = λ̄c, the original minimum becomes a sort of an ‘ inflection point’

(maximum from the left, minimum from the right). However, the Hamiltonian is non-

analytic in this point as in the vicinity of x′ = 0 it can be quadratically approximated

as ∝ sgnx′x′2.
Even though this stationary point does not fully satisfy the conditions for the clas-

sification from Ref. [24] (due to the non-analyticity), the quadratic minimum from the

left side gives rise to the logarithmic divergence in level density, see 2.3(b). So we can

classify this ESQPT as quasi (f, r) = (1, 1) type.

Let us now derive the formula for evolution of the ground state for λ > λ̄c. So

from (D.14) we obtain the condition

(∆ω cos ξ − 2λ cos2 ξ + λ sin2 ξ) = 0. (D.17)

There are two possible solutions

cos ξ± =
λ̄c
3λ

(

1±
√

1 + 3
λ2

λ̄2c

)

. (D.18)

As we are restricted onto the interval where cosine takes values between 0 and 1, the

solution with the minus sign can be disregarde. The other solution is obviously valid

only for λ > λ̄c. If it is inserted into (D.13) one obtains the analytic formula (2.28).
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Appendix E
Computation of concurrence in EDM

A general density matrix of two qubits from a multi-qubit state ϱ12 symmetric under

the exchange these two qubits can be written as [67].

ϱ12 =

⎛

⎜
⎜
⎝

v+ x∗+ x∗+ u∗

x+ w y∗ x∗−
x+ y∗ w x∗−
u x− x− v−

⎞

⎟
⎟
⎠
. (E.1)

The constituents of the matrix can be expressed via Pauli matrices of the two qubits

as

v± =
1

4
(1± 2⟨σ1z⟩+ ⟨σ1zσ2z⟩), (E.2)

x± =
1

2
(⟨σ1+⟩ ± ⟨σ1+σ2z⟩), (E.3)

w =
1

4
(1− ⟨σ1zσ2z⟩), (E.4)

y = ⟨σ1+σ2−⟩, (E.5)

u =
1

4
(⟨σ1xσ2x⟩ − ⟨σ1yσ2y⟩+ 2i⟨σ1xσ2y⟩). (E.6)

As an example we show how (E.2) can be derived. In the basis {|00⟩, |01⟩, |10⟩, |11⟩}
one can express σ1z ≡ σz ⊗ I = diag(1, 1,−1,−1). So we can write

⟨σ1z⟩ = Tr(ϱ12σ1z) = v+ + w − w − v− = v+ − v−. (E.7)

Similarly σ1zσ2z = diag(1,−1,−1, 1), so

⟨σ1zσ2z⟩ = Tr(ϱ12σ1zσ2z) = v+ − 2w + v−. (E.8)

Together with the condition Tr(ϱ12) = 1 = v+ + 2w + v− we can write

1± 2⟨σ1z⟩+ ⟨σ1zσ2z⟩ = v+ + 2w + v− ± 2v+ ∓ 2v− + v+ − 2w + v− = 4v± (E.9)

which is equivalent to (E.2).

As the pair of qubits is selected from a totally symmetric state |j,m⟩ with respect

to the exchange of any two qubits we can express the density matrix (E.1) using the

expectation values of the global operators. Indeed, the global operators can be written
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as J◦ =
∑

i
1
2
σi
◦ where i = 1, 2 . . . N = 2j indexes the spin sites (atoms) and the

symbol ◦ stands for {+,−, z} or {x, y, z}. The following identities hold

⟨σ1α⟩ =
2⟨Jα⟩
N

, α = {x, y, z}, (E.10)

⟨σ1+⟩ =
⟨J+⟩
N

, (E.11)

⟨σ1ασ2α⟩ =
4⟨J2

α⟩ −N

N(N − 1)
, (E.12)

⟨σ1xσ2y⟩ = 2⟨{Jx, Jy}⟩ (E.13)

⟨σ1+σ2z⟩ =
⟨{J+, Jz}⟩
N(N − 1)

, (E.14)

where {◦, ◦} in (E.13) and (E.14) is the anticommutator of two operators. The equali-

ties (E.10) and (E.11) are straightforward as the mean value of a single-qubit operator

is the same for all qubits. For example

⟨Jα⟩ =
1

2

N∑

i=1

⟨σiα⟩ =
N⟨σ1α⟩

2
, ⟨J+⟩ =

N∑

i=1

⟨σi+⟩ = N⟨σ1+⟩. (E.15)

The equality (E.12) can be obtained as follows

⟨J2
α⟩ = ⟨1

4

N∑

i=1

σiα

N∑

j=1

σjα⟩ =
1

4

( N∑

i=1

⟨σ2
iα⟩+

N∑

i ̸=j

⟨σiασjα⟩
)

=
1

4

(

N ⟨σ2
1α⟩

  
=1

+N(N − 1)⟨σ1ασ2α⟩
)

.

(E.16)

In a similar way (E.13) and (E.14) can be derived.

So the density matrix elements can be expressed as

v± =
N2 − 2N + 4⟨J2

z ⟩ ± 4⟨Jz⟩(N − 1)

4N(N − 1)
, (E.17)

x± =
(N − 1)⟨J+⟩ ± ⟨{J+, Jz}⟩

2N(N − 1)
, (E.18)

w =
N2 − 4⟨J2

z ⟩
4N(N − 1)

, (E.19)

y =
2⟨J2

x + J2
y ⟩ −N

2N(N − 1)
, (E.20)

u =
⟨J2

+⟩
N(N − 1)

. (E.21)

Moreover, if we consider only parity-symmetric states then ⟨J+⟩ = 0 and so x± = 0.

This means that one is able to form the matrix (E.1) in the EDM by means of the expec-

tations values of the spin collective operators ⟨Jz⟩, ⟨J2
z ⟩ and ⟨J2

+⟩. The concurrence in

the given state is then computed from the definition (3.6).
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Appendix F
Reprint: Quantum phases and

entanglement properties of an extended

Dicke model

F.1 Main Achievements

• The thermal and quantum phase diagrams for the EDM are shown.

• Multiple ESQPTs in j = N/2 case are identified.

• The way how to distinguish quantum phases in the excited spectrum is proposed.

• Atom-field and atom-atom entanglement is investigated in the excited spectrum.

Certain anomalies are detected in relation to some ESQPTs.
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tum phase transitions separate quantum phases that are charac-
terized by specific energy dependences of various observables and
by different atom–field and atom–atom entanglement properties.
We observe an approximate revival of some states from the weak
atom–field coupling limit in the strong coupling regime.

© 2017 Elsevier Inc. All rights reserved.

1. Introduction

Since its prediction in 1954 [1], the effect of superradiance has attracted a lot of theoretical and
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gas with the vacuum of a common field can create a spontaneous macroscopic excitation of both
matter and field subsystems – appears in various incarnations in diverse branches of physics [5,6].

The Dickemodel [1,7,8] of superradiance resorts to amaximal simplification of the problem to cap-
ture the main features of the superradiant transition in the most transparent way. The model shows
a thermal phase transition, analyzed and discussed in Refs. [9–12], as well as a zero-temperature
(ground-state) Quantum Phase Transition (qpt) [13–15], which was addressed experimentally and
realized with the aid of a superfluid gas in a cavity [16–18]. Recent theoretical analyses showed that
the model exhibits also a novel type of criticality—the one observed in the spectrum of excited states
[19–22]. These so-called Excited-State Quantum Phase Transitions (esqpts) affect both the density of
quantum levels as a function of energy and their flowwith varying control parameters, and are present
in a wide variety of quantum models with low numbers of degrees of freedom [23–28].

In this work, we analyze properties of a simple superradiance model interpolating between the
familiar Dicke [1] and Tavis–Cummings [7,8] Hamiltonians. A smooth crossover between both limiting
cases is achieved by a continuous variation of a model parameter, which allows one to observe the
system’s metamorphosis on the way from the fully integrable (hence at least partly understandable)
to a partially chaotic (so entirely numerical) regime. One of the aims of ourwork is to survey the phase-
transitional properties of the extended model and to investigate the nature of its quantum phases—
the domains of the excited spectrum in between the esqpt critical borderlines. A usual approach to
characterize different phases related to the ground state of a quantum system makes use of suitable
‘‘order parameters’’, i.e., expectation values of some observables. We show that an unmistakable
characterization of phases involving excited states is not achieved through the expectation values
alone but rather through their different smoothed energy dependences (trends).

The second part of our analysis is devoted to the entanglement properties of excited states across the
whole spectrum and their potential links to the esqpts and quantum phases of the model. It is known
that a continuous ground-state qpt in many models (including the present one) is characterized by a
singular growth of entanglement within the system, which can be seen as a quantum counterpart of
the diverging correlation length in continuous thermal phase transitions [29–36]. A question therefore
appears whether there exist any entanglement-related signatures of esqpts. The extended Dicke
model is rather suitable for a case study of this type since it allows one to analyze at once various
types of entanglement—that between the field and all atoms, and that between individual atoms.

The plan of the paper is as follows: Basic quantum and classical features of themodel are described
in Section 2. Thermal and quantum critical properties and a classification of thermodynamic and
quantum phases are presented in Section 3. The atom–field and atom–atom entanglement properties
are investigated in Section 4. Conclusions come in Section 5.

2. Extended Dicke model

2.1. Hamiltonian, eigensolutions, classical limit

Consider single-mode electromagnetic field with photon energy ω (polarization neglected)
interacting with an ensemble of N two-level atoms, all with the same level energies ±ω0/2. The
size of the atomic ensemble is assumed to be much smaller than the wavelength of photons (cavity
size) so that all atoms interact with the field with the same phase. If we introduce an overall
interaction strength λ and an additional interaction parameter δ (whose role will be explained later),
the Hamiltonian can be written as

H = ωbĎb + ω0

N

k=1

1
2
σ k
z + λ√

N





bĎ + b


N

k=1

1
2



σ k
+ + σ k

−


− (1 − δ)

N

k=1

1
2



bĎσ k
+ + bσ k

−




= ω bĎb + ω0Jz
  

Hfree

+ λ√
N



bĎJ− + bJ+ + δ bĎJ+ + δ bJ−


  

Hint

, (1)

where operators bĎ and b create and annihilate photons,whileσ k
• stands for the respective Paulimatrix

with subscript {+,−, z} or {x, y, z} acting in the 2-state Hilbert space of the kth atom. The part of H
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denoted as Hfree represents the free Hamiltonian of the field and atomic ensemble, while the part Hint

constitutes the atom–field interaction with a conveniently scaled strength λ/
√
N . Defining collective

quasi-spin operators J• = 

k
1
2
σ k

• for the whole atomic ensemble (which is possible due to the long
wavelength assumption),we rewrite thewholeHamiltonian in the simplified formgiven in the second
line of Eq. (1).

The interaction part of the Hamiltonian (1) contains a parameter δ. For δ = 1 we obtain the
standard Dicke Hamiltonian [1], in which the interaction is written in the dipole approximation (the
dipole operator for the kth atom is proportional toσ k

++σ k
− = 2σ k

x and the coupling strength in units of

energy is given by λ = ω0dN
1/2/ϵ0ωV

1/2, with the electric dipole moment matrix element d, vacuum
permittivity ϵ0 and cavity volume V ). This Hamiltonian is sometimes simplified by omitting the terms
bĎσ k

+ and bσ k
− that for very small λ yield negligible contributions to the transition amplitudes [7,8].

The reduced model with δ = 0, in case of N > 1 atoms called the Tavis–Cummings Hamiltonian [8],
conserves the sum of atomic and field excitation quanta and is integrable. In this work, following
Refs. [21,22], we analyze properties of an extended model across the transition between both the
above limiting cases. We assume that parameter δ in Eq. (1) varies smoothly within the interval
δ ∈ [0, 1], whose boundary values represent the Tavis–Cummings and Dicke Hamiltonians.

The Hamiltonian (1) with any parameter setting conserves the squared quasi-spin J2 = J2x + J2y + J2z
with eigenvalues j(j + 1), where j is integer for N even or half-integer for N odd [1]. The full atomic
Hilbert space HA is the span of all 2N possible configurations of atoms, but due to the conservation of

J2 the dynamics can be investigated separately in any of the single-j subspaces H
j,l
A with dimension

2j + 1. The decomposition reads as follows [8]

HA =
N

k = 1

H
k
A



C2

=
N
2

j = 0 or 1
2


Rj

l = 1

H
j,l
A



, (2)

where l enumerates replicas (their number is Rj = [N!(2j + 1)]/[(N
2

+ j + 1)!(N
2

− j)!]) of the space
with given j differing by the exchange symmetry of atomic components. In the following, we will
investigate thermodynamic properties of the model in the full atomic space HA, as well as quantum

properties in a single-j space H
j,l
A . The most natural choice in the latter case is the unique (Rj = 1)

subspace with maximal value j = N/2, which is fully symmetric under the exchange of atoms and
therefore emphasizes the collective character of the superradiance phenomenon. A general-j subspace
has a mixed exchange symmetry such that only a number N∗ = 2j ≤ N of atoms can be excited
independently, while excitations of the remaining N − N∗ atoms have to compensate each other (in
Ref. [1] the quantumnumber j is called a ‘‘cooperation number of the atomic gas’’). The reduced single-
j model has only two effective degrees of freedom f , one associated with the bosonic field, the other
with the SU(2) algebra of collective quasi-spin operators, hence f = 2 [13,14]. In contrast, in the
full (all-j) model the SU(2) algebra of Pauli matrices for each atom brings an independent degree of
freedom, so the whole atom–field system has f = N + 1.

The Tavis–Cummings Hamiltonian with δ = 0 conserves the sum M ′ = bĎb + Jz [8]. For any fixed
j, the conserved quantity can be written as

M = M ′ + j = bĎb


n

+ Jz + j
  

n∗

, (3)

where n is the number of field bosons and n∗ the number of excited atoms (taking values n∗ = m+ j ∈
[0,N∗], wherem is the Jz quantum number). The solutions of the δ = 0model are therefore restricted

to any fixed-M subspace H
j,l
M of the full Hilbert space

H = HA ⊗ HF ⊃ H
j,l
A ⊗ HF =

∞

M = 0

H
j,l
M . (4)

Quantity (3) is not conserved in δ ≠ 0 cases, but the full Hamiltonian (1) always conserves
‘‘parity’’Π = (−)M as the sum of atomic and field excitation quanta is varied only in pairs.
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Fig. 1. Spectra of quantum energies of the j = N/2 extended Dicke model as a function of λ for ω = ω0 = 1 and N = 6. The

panels correspond to (a) the Tavis–Cummings limit δ = 0, (b) intermediate regime δ = 0.3 and (c) the Dicke limit δ = 1.

Fig. 1 shows quantum spectra of Hamiltonian (1) with j = N/2 depending on the interaction
parameterλ for three different values of δ. The evolution of the ground state, namely its suddendrop to
lower energies above a certain value of λ, indicates the superradiant transition at zero temperature.
We note that the eigensolutions of the model for a given j are in general obtained by a numerical

diagonalization of Hamiltonian (1) in the space H
j,l
A ⊗ HF from Eq. (4), using the basis |m⟩j,lA ≡ |m⟩A

in H
j,l
A (withm = −j,−j+ 1, . . . ,+j) and |n⟩F in HF (with n = 0, 1, 2, . . .). Since the diagonalization

procedure requires a truncation of HF, the eigensolutions must be checked for convergence.

A general state vector for any fixed j is expressed as

|ψ⟩ =
+j

m=−j

∞

n=0

αmn|m⟩A|n⟩F, (5)

where αmn are expansion coefficients satisfying the normalization condition


m,n |αmn|2 = 1. Note
that for even- and odd-parity states, respectively, the sums in Eq. (5) go either over even or odd
values of M = n + m + j. Any vector (5) can be visualized as a wave function ψ(φ, x), where the
angle φ ∈ [0, 2π) comes from the quasi-spin representation of the atomic subsystem and variable
x ∈ (−∞,+∞) from the oscillator representation of the bosonic field. For integer j (even N), the
wave function can be obtained by substitutions (up to normalization constants) |m⟩A → eimφ and

|n⟩F → Hn(ω
1/2x)e−ωx2/2, with Hn standing for the Hermite polynomial. For half-integer j (odd N),

however, the wave function ψ(φ, x) acquires a spinorial character. A possible representation on the
interval φ ∈ [0, 2π) can be obtained by coupling an integer angular momentum j′ = j − 1/2
(the even core of N − 1 atoms) with j′′ = 1/2 (the odd atom) to the total j as in the case of
spinor spherical harmonics. This leads to a mapping of |m⟩A to a 2-valued function ∝ C±ei(m±1/2)φ ,
which is 2π-periodic, with C± denoting the corresponding Clebsch–Gordan coefficients. Examples
of squared wave functions of the j = N/2 Hamiltonian eigenstates for an even N in the medium-δ
regime are depicted in Fig. 2. They are taken at the parameter and energy values indicated by dots
in Fig. 3(d) (δ = 0.3). All eigenstates have a good parity, which means that their wave functions are
symmetric or antisymmetric under the transformation φ → (φ − π)mod 2π and x → −x.

In the following, wewill need the classical limit of themodel. It is constructed by a simple operator
to c-number mappings according to (see, e.g., Ref. [37])

(Jx, Jy, Jz) → j(sin θ cosφ, sin θ sinφ,− cos θ), (6)

(b, bĎ) → 1√
2



x + ip, x − ip


. (7)
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a

b

c

d

e

f

g

h

Fig. 2. Squared wave functions |ψ(φ, x)|2 of selected eigenvectors of the Hamiltonian (1) with N = 40, ω = ω0 = 1 for

δ = 0.3 taken at the λ × E values indicated by dots in Fig. 3(d). Panels (a)–(f), respectively, correspond to the vertical row of

points at the right of Fig. 3(d) from bottom to top [panel (a) shows the ground state], panels (g), (h) to the left pair of points.

Note that variable φ is 2π periodic.

The spherical angles φ ∈ [0, 2π) and θ ∈ [0, π] determine the orientation of the classical quasi-

spin vector j⃗ = (jx, jy, jz). Note that angle θ is measured here from the south to the north pole,
thus a fully de-excited state of atoms (jz = −j) corresponds to θ = 0 while a maximally excited
state of atoms (jz = +j) is associated with θ = π . It can be shown that the pair of variables
φ and jz = −j cos θ , respectively, represents canonically conjugate coordinate and momentum
associated with the collective states of the atomic subsystem. Similarly, quantities x ∈ (−∞,+∞)
and p ∈ (−∞,+∞) in Eq. (7) are suitable coordinate and momentum of the field subsystem. Let us
point out that while the atomic phase space for each N is finite (it is a ball with radius j), the field
phase space covers the whole plane, expressing the fact that the number of bosons is unlimited. Note
that an alternative route to the classical limit of the Dicke model was taken in Refs. [13,14].

The classical Hamiltonian resulting from application of Eqs. (6) and (7) in (1) reads as

Hcl = ω
p2 + x2

2
+ ω0jz + λ



2

N



j2 − j2z



(1 + δ)x cosφ − (1 − δ)p sinφ



(8)

(see also Ref. [22]). Since the classical limit coincides with j,N → ∞, the above expression needs an
appropriate scaling. It is achieved by introducing size-independent quantitiesHcl/2j and jz/2j together
with (x, p)/

√
2j. Their application in Eq. (8) leads to an expression for scaled energy containing an

effective coupling strength λeff ≡ λ
√
2j/N , which increases with j and reaches the bare λ for the

maximal j = N/2.
Since the parameter δ drives the system away from the integrable Tavis–Cummings limit, it is

relevant to measure the degree of chaos present at various stages of the transition to the Dicke limit.
We note that chaos in the basic and extended Dicke model was studied also in Refs. [13,14,38–40].
Classical chaos in a general Hamiltonian (8) can be quantified by a so-called regular fraction freg. It is
defined as the volume of the phase space domain filled with regular orbits relative to the total phase
space volume available at given energy E:

freg(E) =


dφ djzdx dp δ(E − Hcl) χreg


dφ djzdx dp δ(E − Hcl)
. (9)

Here, χreg(φ, jz, x, p) stands for a characteristic function defining the regular part of the phase space,
i.e., the domain where classical dynamics is regular in the sense of vanishing Lyapunov exponents
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Fig. 3. (Color online) The λ×E maps of the single-jmodelwithω = ω0 = 1 for six values of parameter δ. Tones of blue indicate

the classical regular fraction (9). The curves correspond to the ground state energy E0 (full line) and the critical esqpt energies

Ec1 (dotted), Ec2 (dashed), and Ec3 (dash-dotted) from Eqs. (29)–(31). Acronyms d (Dicke), tc (Tavis–Cummings), n (normal)

and s (saturated) indicate different ‘‘quantum phases’’ of the model (Section 3.2). Dots in panel (d) mark places where wave

functions in Fig. 2 are taken.

(χreg = 1 in the regular part and χreg = 0 in the chaotic part). The way how the regular fraction is
obtained from numerical simulation of classical dynamics is described in Ref. [41].

The evolution of the classical regular fraction for Hamiltonian (8) with δ increasing from 0 to 1 is
shown in Fig. 3. Each panel displays a map of freg for a given δ in the plane λ × E. The value of freg is
encoded into the tones of blue: the full color indicates perfectly regular areas (freg = 1) and white
completely chaotic ones (freg = 0). Not surprisingly, we observe that the degree of chaos exhibits an
overall increase with δ. However, even in the Dicke limit δ = 1 the model is not entirely chaotic. The
most chaotic domain in all δ > 0panels is thatwith parameterλ above the superradiant transition and
energy E exceeding a certain value above the ground-state E0. Besides the main trends in the depen-
dence of freg we also observe some surprising fine structures—for instance the ‘‘ribs’’ in panels (d)–(f).

2.2. Classical and quantum solutions with fixed M for δ = 0

Finding eigensolutions of Hamiltonian (1) is much simpler in the δ = 0 limit [8]. In that case,

the additional conserved quantity (3) splits the Hilbert space H
j,l
A ⊗ HF from Eq. (4) into a sum

of dynamically invariant subspaces H
j,l
M . These are spanned by states |m⟩A|n⟩F satisfying constraint

n + m = M − j and therefore have dimension d(j,M) = min{2j,M} + 1. As seen in Fig. 1(a), the
full δ = 0 spectrum is comprised of a number of mutually non-interacting (crossing each other)
spectra with different values of M . Each of these fixed-M spectra is obtained by truncation-free
diagonalization in a finite dimension. Using the unperturbed basis |i⟩ ≡ |m = −j + i⟩A|n = M − i⟩F
enumerated by i = 0, . . . ,min{2j,M}, we express the δ = 0 Hamiltonian in a single M-subspace in
the following tridiagonal form:

⟨i|H|i′⟩ = [ω(M − i)+ ω0(i − j)]
  

Ei(0)

δii′ + λ



(i + 1)(2j − i)(M − i)

N



δi(i′−1) + δ(i−1)i′


  

H ′
ii′

. (10)

Examples of single-M spectra obtained from this Hamiltonian are given in Fig. 4.
The simplest spectrum shown in Fig. 4(a) corresponds to the tuned case with ω = ω0. The

eigenvalues of the tuned Hamiltonian (10) read as Ei = E(0) + λE ′
i , where E(0) = ω(M − j) and
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Fig. 4. The j = N/2 spectrum (for N = 40) in the M = 2j subspace for the δ = 0 model with ω = ω0 = 1 (panel a),

ω = 2, ω0 = 1 (panel b) and ω = 0.5, ω0 = 1 (panel c). The wave-function entropies S of individual eigenstates in the

unperturbed basis |m⟩A|n⟩F are encoded in the varying shade of the corresponding lines.

E ′
i are eigenvalues of H ′

ii′ . Since the latter come in pairs with opposite signs (for odd dimensions there
is an additional unpaired eigenvalue E ′

i = 0), the spectrum linearly expands with increasing λ around
E(0). The full spectrum in Fig. 1(a) results just from a pile up of spectra similar to that from Fig. 4(a)
with all values ofM . Moreover, as the eigenvectors of matrix (10) with ω = ω0 coincide with those of
H ′

ii′ , they do not depend on λ. This is also verified in Fig. 4(a), where the wave-function entropy S(λ)
of individual eigenstates in the unperturbed basis is encoded in the shade of the respective line. The
constancy of S(λ) for each state confirms the absence of its structural evolution. The wave-function
entropy for a general state (5) with respect to the basis |m⟩A|n⟩F is defined by the expression

S(ψ) = − 1
ln(2j+1)



m,n

|αmn|2 ln |αmn|2 (11)

(cf. Ref. [42]), so it measures the degree of delocalization of the given state in the fixed basis. The
minimal value S = 0 is assigned to any of the basis states (no delocalization), while the maximum
S = ln d(j,M)/ ln(2j+1) is taken by a uniformly distributed superposition of all basis states (maximal
delocalization). In Section 4 we will show that Eq. (11) quantifies the atom–field entanglement
contained in the given state for δ = 0.

The spectrum of a detuned Hamiltonian with ω ≠ ω0 is less trivial. Examples of level dynamics
in a single-M subspace and the corresponding wave-function entropies for ω > ω0 and ω < ω0 are
shown in panels (b) and (c) of Fig. 4. We see that the eigenvalues are no more straight lines and that
the eigenvectors change with λ. The peculiar shapes of these spectra will be explained in Section 3.2,
here we only point out that the tuned situation is restored in an approximate sense for very large λ,

when the last term in the detuned Hamiltonian H = ω(n + Jz) − λHint/
√
N − (ω − ω0)Jz becomes

negligible. Therefore, investigating properties of themodel for large coupling strengths, one canmake
an assumption that ω ≈ ω0.

Let us finally return to the classical analysis, now focused specifically on the δ = 0 system. The
conservation of quantity M from Eq. (3) introduces particular correlations between the degrees of
freedom associated with atomic and field subsystems. As a consequence, the system with f = 2
degrees of freedom is for any fixed value of M reduced to a system with just a single effective degree
of freedom. To make this explicit, we employ a transformation






x
p
φ
jz




 →






x′ = x cosφ − p sinφ
p′ = p cosφ + x sinφ

φ′ = φ + jz + (p2 + x2)/2

M ′ = jz + (p2 + x2)/2




 , (12)



92 M. Kloc et al. / Annals of Physics 382 (2017) 85–111

whereM ′ = M − j is conserved. It can be checked that this transformation is canonical, so (x′, p′) and
(φ′,M ′) are new pairs of conjugate coordinates andmomenta. The (x′, p′) variables for eachM ′ satisfy
a constraint (x′2 +p′2)/2 ∈ [max{0,M ′ − j},M ′ + j], so they form a disc (forM ′ ≤ j) or an annulus (for
M ′ > j). The classical Tavis–Cummings (δ = 0) Hamiltonian in terms of the new variables becomes

HTC
cl = (ω − ω0)

p′2 + x′2

2
+ ω0M

′ + λ x′






2

N



j2 −


M ′ − p′2 + x′2

2

2


, (13)

which for a constant M ′ depends only on (x′, p′), so has effectively f = 1 degree of freedom. This not
only guarantees the full integrability of the δ = 0 model, but also results in some emergent critical
phenomena which will be discussed below.

3. Phases and phase transitions

3.1. Thermal phase transition

The extended Dicke Hamiltonian (1) has a complex phase structure [21,22,43]. In this section, we
analyze thermal phase transition of the full model with atomic Hilbert space (2) and the number of
degrees of freedom f = N + 1. Following the standard approach described in Ref. [9], we use the

Glauber coherent states |α⟩ ∝ eαb
Ď |0⟩, where α ≡ (α′ + iα′′) ∈ C is an eigenvalue of the b operator

and |0⟩ denotes the field vacuum. An average number of bosons ⟨n⟩α = ⟨α|bĎb|α⟩ = |α|2 in the
state |α⟩ represents an indicator of the transition from normal to superradiant phase: ⟨n⟩α = 0 in the
normal phase and ⟨n⟩α ∼ O(N) in the superradiant phase. On the way to the thermodynamic limit

N → ∞, it is convenient to perform the scaling transformation α → ᾱ = α/
√
N , so that the scaled

coherent-state variable ᾱ ≡ ᾱ′+ iᾱ′′ becomes a suitable complex order parameter of the superradiant
phase transition.

We start by introducing two special values of the atom–field coupling strength:

λc =
√
ωω0

1 + δ
, λ0 =

√
ωω0

1 − δ
. (14)

While the first onewill be shown to represent a critical strength for the occurrence of the superradiant
phase, the second valuewill turn out to be a strength atwhich a specific formof the superradiant phase
occurs for δ ∈ (0, 1). To get an equilibrium field configuration at a given temperature T (measured
in energy units), we minimize in variable ᾱ a scaled free energy Fᾱ(T )/N = −T ln Zᾱ(T )/N , where
Zᾱ(T ) = ⟨ᾱ|TrAe−H/T |ᾱ⟩ is the partition function, calculated for a given ᾱ from a partial trace of the
Hamiltonian exponential over the full atomic Hilbert space (2). For Hamiltonian (1) this procedure
yields

Zᾱ(T )

= e− ω|ᾱ|2
T TrN exp









− 1

T






1

2
ω0 λ



(1 + δ)ᾱ′ + i(1 − δ)ᾱ′′

λ


(1 + δ)ᾱ′ − i(1 − δ)ᾱ′′ 1

2
ω0














. (15)

The two eigenvalues of the matrix in the exponential are

±


ω0

2

2 + λ2


(1 + δ)2ᾱ′2 + (1 − δ)2ᾱ′′2 ≡ ±eᾱ, (16)

which leads to a simple expression of the scaled free energy:

1
N
Fᾱ(T ) = ω|ᾱ|2 − T ln



2 cosh
eᾱ
T



. (17)



M. Kloc et al. / Annals of Physics 382 (2017) 85–111 93

Stationary points of Fᾱ(T )/N can be obtained from a simple analysis. The first derivative in variable
ᾱ′ or ᾱ′′, respectively, vanishes at the points satisfying the first or second line of the following array:

ᾱ′ = 0 or 2ω eᾱ = λ2(1 − δ)2 tanh
eᾱ
T
, (18)

ᾱ′′ = 0 or 2ω eᾱ = λ2(1 + δ)2 tanh
eᾱ
T
. (19)

The point ᾱ = 0 is always a trivial solution of both lines, but additional solutions appear for λ > λc .
This coupling strength represents a critical point where the normal phase ᾱ = 0 becomes unstable
at the lowest temperatures and a new, superradiant equilibrium is created at some non-zero values
of ᾱ. The critical temperature for the superradiant transition, i.e., the upper temperature limit for the
existence of the ᾱ ≠ 0 solution in the region λ > λc , is

Tc = ω0

2
artanh−1 λ

2
c

λ2
. (20)

For T > Tc , the stable equilibrium of the system is again only the normal solution ᾱ = 0.
For δ = 0 (the Tavis–Cummings limit), both right-side conditions in Eqs. (18) and (19) become

identical and yield a solution |ᾱ| = const that grows from zero with increasing difference λ − λc .
Therefore, the superradiant minimum of the free energy forms a circle around ᾱ = 0. For δ > 0,
however, a simultaneous solution of both right-side conditions in (18) and (19) is no more possible.
The superradiant equilibrium is then represented by a pair of points on the real axis, (ᾱ′, ᾱ′′) =
(±ᾱ′

0, 0), where ᾱ′
0 > 0 solves the right-side equation in (18). If δ < 1 and λ > λ0, a pair of saddle

points appears for low temperatures on the imaginary axis, (ᾱ′, ᾱ′′) = (0,±ᾱ′′
0 ), where ᾱ′′

0 ≥ ᾱ′
0

solves the right-side equation in (19). These unstable solutions exist for temperatures below

T0 = ω0

2
artanh−1 λ

2
0

λ2
. (21)

A possibility of thermodynamic quasi-equilibrium states associated with the saddle points of free
energy (17) was recently discussed in Ref. [43].

A thermal phase diagram in the λ × T plane for δ = 0.3 is shown in Fig. 5 along with samples of
the free energy landscapes in various phases and at T = Tc . The critical temperature Tc from Eq. (20)
determines the phase transition between the superradiant and normal (acronym n) phases of the
model. The superradiant phase exists in two forms: the Tavis–Cummings phase (acronym tc) with
the saddles in the free energy landscape and the Dicke phase (acronym d) without the saddles. While
the tc phase is the only type of superradiant phase in the Tavis–Cummings limit (where λ0 → λc
and T0 → Tc), the d phase is exclusive in the Dicke limit (in which λ0 → ∞). For intermediate δ
both phases coexist, being separated by temperature T0 from Eq. (21). Let us stress that the tc → d

transition (in contrast to d → n) is not a phase transition in the standard sense since it does not affect
the global minimum of the free energy.

3.2. Ground-state and excited-state quantum phase transitions

We return now to the analysis of the extended Dicke model with the restriction to a single-
j collective subspace of atomic states. The number of relevant degrees of freedom of the single-j
model is f = 2, independently of the size parameter N , which implies that the infinite-size limit,
N → ∞, coincides with the classical limit [19,26]. Both ground-state and excited-state quantum
phase transitions can be predicted from the classical version of the model, namely from the behavior
of stationary points of the classical Hamiltonian (8). In particular, the esqpts result from singularities
(non-analyticities) in the semiclassical density of states

ϱcl(E) = ∂

∂E

1

(2π)2



dφ djzdx dpΘ(E − Hcl), (22)

where Θ(x) is the step function (Θ = 0 for x < 0 and Θ = 1 for x ≥ 0), that appear at the points
satisfying ∇Hcl = 0 (with ∇ standing for the gradient in the phase space).
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Fig. 5. Thermal phase diagram of the all-j model (ω = ω0 = 1, δ = 0.3) and sample landscapes of the scaled free energy

at the λ = 2.5 cut of the phase diagram (vertical line). The full curve in the phase diagram marks the critical temperature

Tc for the transition to the normal (n) phase, while the dotted curve indicates the temperature T0 separating the tc and

d superradiant phases (with or without saddles of free energy). The free energy landscapes in the complex-α plane are, for

selected temperatures, visualized by contour-shade plots (darker areas indicate lower values) and by the cuts along real and

imaginary axes.

It has been shown [28] that the esqpts caused by non-degenerate stationary points – those which
are locally quadratic as their Hessianmatrix of second derivatives has only non-zero eigenvalues – can
be classified by a pair of numbers (f , r), where a so-called index of the stationary point r is a number
of negative eigenvalues of the Hessian matrix. In particular, for f = 2, the first derivative of the level
density in a vicinity of a stationary-point energy Ec behaves as

∂ϱcl

∂E
∝


(−)r/2Θ(E − Ec) for r = 0, 2, 4

(−)(r+1)/2 ln |E − Ec | for r = 1, 3
(23)

hence exhibits either a jump (for r even) or a logarithmic divergence (for r odd) at the critical
energy Ec .

In the present case, the evaluation of the level density according to Eq. (22) can be simplified with
the aid of the volume-preserving substitution



x
p



→







ξ = x + (1 + δ)λ

ω



2

N



j2 − j2z


cosφ

η = p − (1 − δ)λ

ω



2

N



j2 − j2z


sinφ






, (24)

which transforms the classical Hamiltonian (8) to the form

H ′
cl = ω

η2 + ξ 2

2
+ ω0jz − λ2

ω

j2 − j2z

N



1 + 2δ cos 2φ + δ2


  

hcl(φ,jz )

(25)

with fully separated variables of the field and atomic subsystems. Although themapping (24) does not
represent a canonical transformation (so ξ, η is not a new coordinate–momentum pair—otherwise
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Fig. 6. The function hcl from Eq. (25) in the phase space of the atomic subsystem defined by spherical angles θ and φ for

ω = ω0 = 1 and δ = 0.3. Various panels correspond to the indicated values of the coupling strength λ. Each contour-shade

polar plot (with φ ≡ angle and θ ≡ radius) is accompanied by the corresponding horizontal and vertical cuts.

the model would be separable and thus fully integrable for any δ), it simplifies the analysis of the
level density. In particular, the integration in Eq. (22) over variables ξ, η, on which the transformed
Hamiltonian depends quadratically, can be performed explicitly (cf. Ref. [26], where an analogous
calculation is performed for a Hamiltonian with a quadratic kinetic term). The result is a simplified
expression

ϱcl(E) = 1

2πω



dφ djz Θ(E − hcl), (26)

in which the integration, involving function hcl(φ, jz) defined in Eq. (25), goes only over the 2-
dimensional collective phase space of the atomic subsystem—a ball with radius j. Eq. (26) is
proportional to an area of the ball region where hcl takes values less than (or equal to) the chosen
energy E, hence it can be visualized as flooding of a landscape with profile hcl on a globe. The hcl

function for selected values of λ and δ is depicted in Fig. 6.

It is clear from the expression (25) that the stationary points of Hcl in all four variables correspond
to ξ, η = 0 and φ, jz determined as stationary points of the function hcl. Since the quadratic minimum
in variables ξ, η has a null index, any stationary point of Hcl has an index r equal to that of the
corresponding stationary point of hcl. For the determination of esqpts it is therefore sufficient to find
and classify stationary points of the function hcl on a ball. Non-degenerate stationary points of hcl with
index r = 0, 1, and 2 cause, respectively, an upward jump, logarithmic divergence and a downward
jump of ∂ϱcl/∂E.

Taking into account that the effective coupling parameter λeff in the scaled classical Hamiltonian
is reduced with respect to actual λ by a factor

√
2j/N , see the text below Eq. (8), we obtain from

Eq. (14) the following j-dependent values of the critical couplings:

λc(j) =


N

2j

√
ωω0

1 + δ
, λ0(j) =



N

2j

√
ωω0

1 − δ
. (27)

These will play the roles of λc and λ0 in individual subspaces of states with fixed values of j. Note that
in the highest subspace with j = N/2 both expressions in Eq. (27) yield the bare values of critical
couplings. A straightforward analysis leads to the following conclusions:

(i) Stationary points with r = 0 represent the global minimum of both hcl and Hcl functions,
demarcating the ground state of the N → ∞ system. The minimum appears at jz = −j (φ arbitrary)
for λ < λc(j), and at jz = −jλc(j)

2/λ2, φ = 0 and π (a pair of degenerate minima) for λ ≥ λc(j). The
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Fig. 7. Energy derivative of the semiclassical level density, ∂ϱcl/∂E, for the single-j model with ω = ω0 = 1 and δ = 0.3 as a

function of λ and ε ≡ E/(ω0j). The shade diagram in the left panel was obtained from Eq. (26); darker areas represent larger

values and vice versa. Panels (a) and (b) show cuts (full curves) at (a) λ = 1 and (b) λ = 2.5 in comparison with finite-size

results (dashed curves) based on numerical diagonalization of the Hamiltonian for N = 40 and Gaussian smoothening of the

spectrum (σ = 0.04 and 0.07 for λ = 1 and 2.5, respectively). Scales in panels (a),(b) are arbitrary and not the same.

ground-state energy is given by the formula

E0(j) =







−ω0j for λ ∈ [0, λc(j)),
−1

2
ω0j


λc(j)

2

λ2
+ λ2

λc(j)2



for λ ∈ [λc(j),∞),
(28)

which exhibits a second-order qpt from normal to superradiant ground-state phase at the critical
coupling λc(j), where d2E0/dλ

2 has a discontinuity.

(ii) Stationary points with r = 1 represent saddles of hcl. They are located at jz = −j (φ arbitrary)
for λc(j) ≤ λ < λ0(j), and at jz = −jλ0(j)

2/λ2, φ = π/2 and 3π/2 for λ ≥ λ0(j). These stationary
points correspond to an esqpt (a logarithmic divergence of ∂ϱcl/∂E) at the critical energy

Ec1(j) =







−ω0j for λ ∈ [λc(j), λ0(j)),
−1

2
ω0j


λ0(j)

2

λ2
+ λ2

λ0(j)2



for λ ∈ [λ0(j),∞).
(29)

For δ → 1 we have λ0(j) → ∞ and Eq. (29) is reduced to its first line.

(iii) Stationary points with r = 2 are maxima of hcl at jz = −j (φ arbitrary) for λ ≥ λ0(j) and
at jz = +j (φ arbitrary) for λ ≥ 0. Related esqpts (downward jumps of ∂ϱcl/∂E) appear at critical
energies

Ec2(j) = −ω0j for λ ∈ [λ0(j),∞), (30)

Ec3(j) = +ω0j for λ ∈ [0,∞). (31)

The second maximum of hcl at energy (31) is the global one, so for E ≥ Ec3 the formula (26) yields a
constant (saturated) value of the level density equal to ϱcl = 2j/ω.

All esqpt critical borderlines Ec1, Ec2 and Ec3 from Eqs. (29)–(31) for various values of δ are
demarcated in Fig. 3. Their existence is numerically verified in Fig. 7, which depicts the λ × E
dependence of ∂ϱcl/∂E for j = N/2 somewhere in between the Dicke and Tavis–Cummings limits.
The shade plot was obtained through the phase-space integration in Eq. (26) and a comparison with
results obtained by a numerical diagonalization is shown in the two panels on the right. We stress
that due to the f = 2 character of our model, the esqpt singularities occur in the first derivative of the
level density with respect to energy. However, the conservation of quantity (3) in the δ = 0 limit and
the corresponding reduction of the number of effective degrees of freedom to f = 1 (see Section 2.2)
leads to a possibility to generate an esqpt singularity in the level density itself.
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Such an effect can really be identified within a particular single M-subspace of the full model. The
lowest-energy state of any of such subspaces for N → ∞ coincides with the global minimum of
classical Hamiltonian (13) within the available (for a givenM) domain of the phase space. It turns out
that the most interestingM-subspace is the one withM = 2j. This particular subset of states exhibits
for ω > ω0 a second-order ground-state qpt at the coupling strength λ equal to a critical value

λ′
c(j) =



N

2j

ω − ω0

2
. (32)

At this coupling, themainminimumof function (13)moves from (x′, p′) = (0, 0) away to x′ < 0while
(0, 0) becomes an inflection point. The inflection point is present for λ ∈ (λ′

c(j),∞) and generates
an esqpt (a logarithmic divergence of the level density in the M = 2j subspace) at energy Ec3 from
Eq. (31). Note that forω < ω0 the esqpt appears forλ > |λ′

c(j)| at the upper energy of the unperturbed
spectrum.

This effect, addressed already in Ref. [19], is demonstrated in Fig. 8. It displays a shade plot of the
semiclassical density of levels with M = 2j (obtained by the f = 1 phase-space integration) and the
underlying forms of the Hamiltonian (13). A finite-size sample of the predicted singularity in the level
density was seen in panel (b) of Fig. 4. Amore detailed analysis of Eq. (13) shows that the present type
of criticality is absent in theM ≠ 2j subspaces. This can be intuitively understood from the evaluation
ofmatrix elementsH ′

ii′ of the interactionHamiltonianwith δ = 0 in the unperturbedbasis, see Eq. (10).
The interaction matrix elements quantify the mixing induced by Hint in the unperturbed eigenbasis of
Hfree. Neglecting the trivial state with M = 0 which does not mix at all, the matrix elements H ′

ii′ are
particularly small in theM = 1 subspace (dimension 2) and for the i = 2j state of theM = 2j subspace
(dimension 2j+1). Only the latter state can develop a singularity in the j,N → ∞ limit. It is the state
|m = +j⟩A|n = 0⟩F, which for ω > ω0 represents the lowest state of the M = 2j subspace, while for
ω < ω0 it is the highest state; cf. panels (b) and (c) of Fig. 4. Although the M ≠ 2j subspaces show
no quantum critical effects, it is interesting to realize that a pile up of all M-subspaces produces the
downward jump of ∂ϱcl/∂E (with ϱcl standing for the total semiclassical level density), as observed in
the E = Ec3 esqpt of the δ = 0 system.

3.3. Quantum phases

The critical borderlines Ec1, Ec2 and Ec3 in theλ×E plane separate spectral domains thatwe consider
to constitute different ‘‘quantum phases’’ of the model (in analogy to thermodynamic phases). They
are denoted by acronyms d (Dicke), tc (Tavis–Cummings), n (normal) and s (saturated), see Fig. 3.
Both phases d and tc, which coexist for δ in between 0 and 1, contain quantum states of a superradiant
nature because their energy is lowered with respect to the minimal non-radiant value E = −ω0j. In
the limits of δ, the model shows only one type of the superradiant phase: tc for the Tavis–Cummings
limit δ = 0 and d for the Dicke limit δ = 1. In contrast, both phases n and s contain states that
resemble excitations in the fully non-radiant regime at λ = 0. The s phase above Ec3 yields a constant,
saturated value of level density ϱcl.

While the definition of esqpts is obvious from the behavior of quantities like level density at the
critical energies, the meaning of quantum phases in between the critical energies is not a priori clear.
It should be looked for in the structure of the energy eigenstates in the corresponding energy domains.
However, sample wave functions in Fig. 2 [where panels (a), (b), (d), (f) and (h) correspond to phases
d, d, tc, n and n, respectively] indicate that individual eigenstates do not show sufficient clues for
the identification of phases. We therefore resort to a more efficient visualization tool allowing us a
bulk inspection of the eigenstate properties, namely to the method of so-called Peres lattices [44]. It
was proven useful in various models (see Ref. [45] and references therein) including the Dicke model
[22,38]. A general Peres lattice shows expectation values ⟨P⟩i = ⟨ψi|P|ψi⟩ of a selected observable
P in individual energy eigenstates |ψi⟩ (enumerated by integer i) arranged into lattices with energy
Ei on one of the axes. Examples of Peres lattices for observables (a) Jz = n∗ − j and (b) n = bĎb are
shown in the respective panels of Fig. 9. Their comparison with the map of chaos in Fig. 3(d) shows
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Fig. 8. Semiclassical level density in theM = 2j subspace of the j = N/2 Tavis–Cummings model (δ = 0) with ω = 2, ω0 = 1

as a function of λ and ε ≡ E/ω0j (shade plot on the left, with dark areas indicating larger values and vice versa) and three

dependences of the corresponding Hamiltonian function (13) on x′ for p′ = 0 (on the right). An esqpt due to an inflection

point of the classical Hamiltonian above the qpt critical point (32) results in a logarithmic divergence of the semiclassical level

density (the dark band in the shade plot), cf. Fig. 4(b).

Fig. 9. Peres lattices of quantum expectation values of observables Jz (panel a) and n (panel b) in individual eigenstates of the

j = N/2 Hamiltonian (1) for N = 40, ω = ω0 = 1, λ = 2.5. The upper panels depict lattices for the limiting values of δ = 0

and 1, whereas the lower panels correspond to δ = 0.3. The insets of the δ = 0.3 panels show smoothed dependences of both

observables on energy (averages over 20 neighboring eigenstates and their piecewise fits in various quantum phases).

– in agreement with the original conjecture [44] – an overall correlation of orderly arranged lattice
domains with more regular regions of classical dynamics and vice versa.

The δ = 0.3 Peres lattices in the main panels of Fig. 9 cross all four quantum phases of the model.
There exist apparent similarities between parts of both δ = 0.3 lattices located in the tc and d phases,
respectively, and the corresponding Tavis–Cummings and Dicke lattices displayed in the δ = 0 and
1 upper panels. However, a more specific distinction of quantum phases results from an averaging of
both lattices over the neighboring eigenstates, as shown in the insets of both lower panels of Fig. 9.
Points in these smoothed lattices represent averages ⟨Jz⟩i and ⟨n⟩i of the respective expectation values
⟨Jz⟩i and ⟨n⟩i over 20 neighboring eigenstates. Smoothed dependences of the averaged quantities on
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Fig. 10. Average slopes of the bunches of neighboring 20 levels for the j = N/2 Hamiltonian (1) with N = 40, ω = ω0 = 1

and δ = 0.3 at λ = 2.5. Quantum phases d, tc, n and s are distinguished by different smoothed energy dependences of the

average slopes—see the piecewise fits indicated by full black lines.

energy are given by lines, resulting from piecewise fits within the four quantum phases. We observe
that various quantum phases are recognized by different characters of the energy dependences,
namely: (i) the phase d by slowly descending dependences of both ⟨Jz⟩i and ⟨n⟩i averages, (ii) the
phase tc by roughly constant dependences, (iii) the phase n by linearly increasing dependences, and
(iv) the phase s by saturated ⟨Jz⟩i ≈ 0 and linearly increasing ⟨n⟩i.

Peres lattices for both quantities Jz and n are connected with the lattice of the interaction
Hamiltonian Hint through the energy conservation. Using the Hellmann–Feynman formula, dEi/dλ =
⟨dH/dλ⟩i, we derive the following relation for the slope of individual energy levels

dEi

dλ
= ⟨Hint⟩i√

N
= Ei − ω0⟨Jz⟩i − ω⟨n⟩i

λ
. (33)

The slopes averaged over bunches of neighboring 20 levels, as in the insets of Fig. 9, are presented
in Fig. 10 for the same values of control parameters. Piecewise fits of the energy dependences in
individual quantum phases are again indicated by lines. We see that any of the d, tc, n and s quantum
phases is characterized by a specific, roughly invariant energy dependence of the averaged level
slope dEi/dλ within the corresponding energy domain. Abrupt changes of the character of these
dependences coincide with critical esqpt energies. This is in accord with a general relation between
the density and flow signatures of esqpts, namely with the fact that a typical esqpt generates the
same type of non-analyticity in the energy dependences of both quantities ϱcl and dEi/dλ [26,28].

Indeed, the discontinuities of ∂(dEi/dλ)/∂E at the critical energies Ec2 and Ec3, as observed in Fig. 10,
are consistent with the analogous behavior of the ∂ϱcl/∂E (Fig. 7). On the other hand, the anticipated
point of a singular growth of the level slope (logarithmic divergence of its energy derivative) at Ec1 is
smoothed out in the finite spectrum for a moderate system’s size.

4. Atom–field and atom–atom entanglement

4.1. Measures of bipartite entanglement

We turn to the study of quantum entanglement properties of individual eigenstate of the model
Hamiltonian and their links to the esqpts. Our analysis includes two types of bipartite entanglement:
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(a) that between the bosonic field and the set of all atoms (atom–field entanglement), and (b) that
between any pair of individual atoms (atom–atom entanglement). The entanglement of type (a) is
an important ingredient of superradiance since the interaction term of the Hamiltonian (1) carries a
direct coupling between the atomic and field subsystems. In contrast, the entanglement of type (b)
appears only due to an indirect coupling of individual atoms via the bosonic field, so itmay be expected
to be just a ‘‘higher-order’’ effect. We start with a brief description of the measures used to quantify
both types of entanglement.

In the following, the atom–field and atom–atom entanglement will be evaluated in individual

eigenstates |ψi⟩ ∈ H
j,l
A ⊗ HF of Hamiltonian (1). Some examples of the eigenstate wave functions

were shown in Fig. 2. Since the wave-function arguments φ and x, respectively, correspond directly
to the atomic and field coordinates, a compound state |ψ⟩ is factorized with respect to the atom–field
partitioning of the system if it has a product wave functionψ(φ, x) = ψ ′

A(φ)ψ
′′
F (x), whereψ ′

A andψ ′′
F

are arbitrary atomic and fieldwave functions. Themethod to quantify a departure of a given pure state
|ψ⟩ from exact factorization, i.e., an amount of atom–field entanglement involved in |ψ⟩, makes use of
the von Neumann entropy corresponding to the reduced density operators ρA and ρF of the atomic and
field subsystem, respectively [46]. These operators are obtained by partial tracing of the total density
operator ρ = |ψ⟩⟨ψ | over the irrelevant part of the total Hilbert space, that is ρA = TrFρ (trace goes

over HF) for the atomic subsystem and ρF = TrAρ (trace goes over H
j,l
A ) for the field subsystem. Von

Neumann entropy of the pure compound state ρ is by definition zero, but entropies of both reduced
density operators ρA and ρF satisfy: SA = SF ≥ 0. The case SA = SF = 0 implies a separable compound
state, while the case SA = SF > 0 indicates that the reduction of ρ to a single subsystem leads to a
loss of information onmutual entanglement between subsystems. Amaximally entangled state yields

SA = SF = ln(2j+1), where 2j+1 is a dimension of H
j,l
A , the smaller of both subspaces. We therefore

define a normalized atom–field entanglement entropy in a compound state |ψ⟩ as

S(ψ) = −Tr [ρA ln ρA]

ln(2j + 1)
= −Tr [ρF ln ρF]

ln(2j + 1)
. (34)

It changes between S = 0 for separable states and S = 1 for maximally entangled states.

Quantifying the atom–atom entanglement, i.e., quantum correlations between a randomly chosen
pair {k, l} of atoms, is a more complex problem. The use of the above entropic approach is disabled by
the fact that for any state |ψ⟩ of the whole atom–field system, an arbitrary pair of atoms generically
occurs in amixed quantum state. It is known that mutual entanglement of a pair of objects in a mixed
compound state cannot be recognized by a non-zero entropy of the reduced density operators [47].
Indeed, a mixed compound state of the pair generates mixed reduced states of the objects even in
absence of entanglement. In such cases, the evaluation of an entropy-basedmeasure of entanglement
(so-called entanglement of formation) has to be performedwith respect to all possible decompositions
of the compound density operator into statistical mixtures of pure states [48], which is from the
computational viewpoint a difficult task [49].

A way to bypass this obstacle for two-qubit systems was proposed in Refs. [50,51] in terms of
a quantity called concurrence. The idea was applied and further elaborated [29–31,52,53] for multi-
qubit systems in fully symmetric states, like our ensemble of N two-level atoms with j = N/2. The
atom–atom entanglement in this case is characterized by a scaled concurrence

C(ψ) = (N − 1)max


λ1 −


λ2 −


λ3 −


λ4, 0


, (35)

where λ1 ≥ λ2 ≥ λ3 ≥ λ4 are eigenvalues (real and non-negative) of a non-Hermitian
matrix ρkl

A ρ̃
kl
A , with ρkl

A denoting a reduced density matrix of the pair of atoms {k, l} and ρ̃kl
A ≡



σ k
y ⊗ σ l

y



ρkl∗
A



σ k
y ⊗ σ l

y



the corresponding ‘‘spin-flipped’’ (conjugate under the time reversal) state

(with⊗denoting the tensor product of operators for the selected atoms andρkl∗
A a complex conjugated

density matrix in the σ k
z , σ

l
z eigenbasis). The argument ψ in the definition (35) again reminds the

compound state |ψ⟩ inwhich the concurrence is calculated. It has to be stressed that the full symmetry
of |ψ⟩ under the exchange of atoms, which is guaranteed in the j = N/2 subspace, ensures that the
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Fig. 11. (Color online) Entanglement properties of the ground state of the j = N/2 model in the plane of control parameters λ

and δ (for ω = ω0 = 1, N = 40). The red curve indicates the qpt critical coupling λc . Left: atom–field entanglement measured

by the entropy (34). Right: atom–atom entanglement measured by the concurrence (35). The darker areas indicated larger

entanglement.

reduced density matrix ρkl
A , as well as ρ̃kl

A and C , are the same for any pair of atoms, hence do not in
fact depend on k, l.

Matrix elements of the reduced two-atom density matrix ρkl
A for any symmetric state of an N-

qubit system can be expressed through expectation values ⟨Jz⟩, ⟨J2z ⟩ and ⟨J+⟩ of collective quasi-spin
operators in a given state—see formulas (4) and (11) in Ref. [52]. This makes it possible to perform
a straightforward numerical computation of C in the j = N/2 subspace of our model. Moreover, as
shown in Ref. [53], the scaled concurrence in this subspace is related to the so-called Kitagawa–Ueda
spin-squeezing parameter ξ 2 though the relation C = max



1 − ξ 2, 0


, so it varies between C = 0 for
separable states and C = 1 for the states that exhibit the maximal entanglement allowed for a given
N . An entropy corresponding to the entanglement of formation of a single atomic pair reads as [51]

s(ψ) = −


σ=±
aσ ln aσ , a± = 1

2



1 ±


1 − C(ψ)2

(N−1)2



. (36)

For C = 0 we have s = 0, while for C = 1 we obtain s ≈ ln 2/(N − 1)2 + ln(N − 1)/2(N − 1)2,
which decreases from s = ln 2 for N = 2 to zero in the classical limit N → ∞. With N ≫ 1, the
maximal entropy behaves as s ∼ lnN/N2. Note that the N ≫ 1 maximal atom–field entanglement
entropy per atom decreases as S/N ∼ lnN/N , see Eq. (34), so it exceeds the atom–atom entanglement
entropy about N times. These scaling properties are verified theoretically and by large-N numerical
calculations [32].

The atom–field and atom–atom entanglement properties have been studied for the ground state
of the Dicke model [32,33,36]. As in other models of similar nature, see e.g. Refs. [29,30,34,35], the
second-order qpt was shown to induce a singularity in both entanglement measures (34) and (35).
Fig. 11 verifies this conclusion in our extendedmodelwith variable parameter δ. We observe that both
S and C measures exhibit an increase at about the critical coupling λc from Eq. (27). For δ > 0, the
atom–atomentanglement drops back to nearly zero valueswithλ > λc . The atom–field entanglement
saturates at a value S ≈ ln 2/ ln(N+1) for λ ≫ λc , which is due to an irreducible atom–field coupling
in the lowest positive parity state in the strong coupling limit [32]. In the δ ≈ 0 region, close to the
integrable Tavis–Cummings limit, both entanglement measures show roughly a step-like increase at
λc . This is due to a specific mechanism, in which the ground state at each λ is formed via unavoided
crossings of levels with different values of the conserved quantum number M , see Fig. 1(a). We will
analyze the integrable case in more detail below.

4.2. Atom–field entanglement: the δ = 0 case

In the following, we present results of a numerical study of the atom–field entanglement in
individual eigenstates of Hamiltonian (1) with j = N/2. We start by analyzing the integrable
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Fig. 12. (Color online) The full energy spectrum of the δ = 0model withω = ω0 = 1 for j = N/2 and N = 40 (left panel), and

the atom–field entanglement entropies S in individual eigenstates corresponding to λ = 1.5 cut of the spectrum (right panel).

The lowest V-shaped chain of points (connected by the green curve) in the entropic spectrum corresponds to the lowest states

from various M-subspaces, the second chain to the second states, etc. The points corresponding to two selected M-subspaces

(M = 0 and 8) are highlighted.

Tavis–Cummings limit δ = 0. This simple setting will allow us to obtain some insight into the
entanglement properties from quasi-analytic solutions, which will serve as a useful reference for the
less trivial δ > 0 case. We know that for δ = 0 the Hilbert space splits into the subspaces HM with
fixed values of quantum number M , see Eq. (4). The reduced density matrix of the atomic subsystem
within each HM reads as

ρA =
M

n=0

min{M−j,j}

m,m′=−j

αmnM (m)α
∗
m′nM (m′)|m⟩A⟨n|nM(m)⟩F⟨nM(m

′)|n⟩F⟨m′|A

=
min{M−j,j}

m=−j

|αmnM (m)|2|m⟩A⟨m|A, (37)

where nM(m) = M − j−m is a number of bosons associated with quasi-spin projectionm for a given
value ofM . This expression implies that for δ = 0 the entanglement entropy (34) of any eigenstate is
equal to the wave-function entropy (11) corresponding to its expansion in the non-interacting basis.

Let us focus first on the tuned case ω = ω0. The wave-function entropies for theM = 2j spectrum
of a tuned δ = 0 Hamiltonian were shown in Fig. 4(a). We notice that the entropy of individual
eigenstates does not change with λ and that it has an apparent symmetry with respect to the vertical
reflection of the spectrum around the centroid energy E(0). The former feature was explained by
constancy of eigenstates of the simple Hamiltonian (10), the latter follows from a recursive relation
for the eigenstate components which yields the same distributions |αmn|2, hence the same entropies,
for the pair of levels with opposite slopes.

The full spectrumof the Tavis–Cummingsmodel is obtained by combining the spectra for all values
of M . This is for ω = ω0 seen in Fig. 12. It shows the energy spectrum as a function of λ (in the left
panel) and the atom–field entanglement entropy of individual eigenstates for one particular value of
the coupling strength (the right panel). The qpt critical coupling λc coincides with the point where
the energy of the M = 0 ground state is crossed by the lower state from the M = 1 space. A
further increase of λ above λc leads to a sequence of consecutive level crossings in which the lowest
states from subspaces with increasingM become instantaneous ground states of the system. A similar
mechanism applies also in the spectrum of excited states, where we observe a sequence of separated
caustic structures formed by states with increasing ordinal numbers within each M-subspace (the
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Fig. 13. The atom–field entanglement entropy of individual eigenstates of the δ = 0 model with j = N/2 and N = 40 in the

detuned case (ω = 2, ω0 = 1) for several values of the coupling strength λ.

nth caustic structure in the vertical direction represents an envelope of lines corresponding to the nth
states from individual M-subspaces).

The entropic spectrum on the right of Fig. 12 arises in a similar way. It is composed of several
mutually shifted V-shaped chains of points, each of them containing a collection of states from
different M-subspaces. For example, the lowest V-chain of points is formed by the lowest-energy
states from all M-subspaces, the second lowest chain by second lowest-energy states and so on. To
indicate a contribution of a single M-subspace to the entropic spectrum, we highlighted the points
corresponding to two values of M . For M > 0, the contribution has a seagull-like form (see the
M = 8 example in the figure), whose reflection symmetry around E(0) results from the above-
discussed properties of Eq. (10). The instantaneous ground state at the given λ = 1.5, which is
well above the critical point λc , has a high value of M and therefore carries a considerable amount
atom–field entanglement (as in general expected in superradiance). On the other hand, the trivial one-
dimensional subspace with M = 0 formed by the state |m = −j⟩A|n = 0⟩F, which was the ground
state of the δ = 0 Hamiltonian at λ < λc and becomes an excited state with energy E = Ec2 = −ω0j
for λ > λc , has apparently zero atom–field entanglement. We will see below that some remnants of
this state remain present in entropic spectra also in the non-integrable δ > 0 regime.

Let us consider now the detuned case ω ≠ ω0. The atom–field entropic spectra of a Hamiltonian
with δ = 0 and ω = 2ω0 are displayed in Fig. 13 for increasing values of the coupling strength

λ (the critical coupling is λc =
√
2). We know (see Section 2.2) that in the strong coupling limit,

λ ≫ λc , the detuned situation becomes very similar to the tuned one. This is obvious from a
comparison of the λ = 3.6 entropic spectrum in Fig. 13 with that in Fig. 12. On the other hand, for
small coupling strengths, λ . λc , the detuning1ω plays an important role. A detuned system shows
generally lower values of the atom–field entanglement than the tuned one, which can be attributed
to a smaller perturbation efficiency of the interaction Hamiltonian due to larger energy gaps between
the unperturbed (factorized) states, see Eq. (10).

It is clear that the factorized state |m = −j⟩A|n = 0⟩F with M = 0 at critical energy Ec2 = −ω0j
is an invariant eigenstate of any δ = 0 Hamiltonian, irrespective of ω,ω0 and λ. So the S = 0 point
at the place of the unperturbed ground state is present in all entropic spectra of Fig. 13. However,
for an ω ≠ ω0 system, a local decrease (converging to S = 0 with j,N → ∞) of the atom–field
entanglement is present also at the highest critical energy Ec3 = +ω0j. This is due to quantum critical
properties of the M = 2j subspace discussed in Section 3.2. We consider here the ω > ω0 case (see
Fig. 4(b)), but the same phenomenon takes place also in the reversed detuning hierarchy ω < ω0

(Fig. 4(c)). For λ < λ′
c , where λ′

c is the critical coupling (32), the lowest state of the M = 2j subspace
at energy Ec3 keeps the factorized form |m = +j⟩A|n = 0⟩F (mind the sign difference in m from the
other factorized state, which means that now a maximal possible, for a given j, number of atoms is in
the upper level). Distinct lowering of the atom–field entanglement entropy at E = Ec3 is observed in
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Fig. 14. The atom–field entanglement entropy for three states from theM = 2j subspace of the δ = 0 detuned (ω = 2, ω0 = 1)

model with j = N/2: the ground state (panel a) and excited states which at λ = 0 have 15% (panel b) and 24% (panel c) of the

maximal excitation energy. The dashed curves are for N = 40, the full ones for N = 1000. The energy of the corresponding

level (for N = 40) is shown at the bottom of each panel. The log–log plot in panel (b) inset shows the minimum value of S in

the dip as a function of j for the level at 15% of the spectrum (for this level, the dependence is roughly Smin ∝ 1/j0.008).

the λ = 0.2 and 0.4 panels of Fig. 13 (in which λ′
c = 0.5). This qpt-related effect becomes sharper

with increasing j and N , and in the j,N → ∞ limit it results in a similar S = 0 cusp as that at energy
Ec2. For ω < ω0, the above factorized state, causing the same effect, is the highest state of theM = 2j
subspace at λ = 0.

An analogous lowering of the atom–field entanglement entropy at the upper critical energy Ec3
appears also for the coupling strengths above the qpt critical value λ′

c . The effect in this domain is
caused by the f = 1 type of esqpt in the M = 2j subspace. Indeed, when excited states within this
subspace cross the critical energy, they get temporarily localized in the coordinate region around the
point x′ = 0, i.e., at the position of the factorized state. This is due to ‘‘dwelling’’ of the E = Ec3 classical
trajectory and a semiclassical wave function at an inflection point of the classical Hamiltonian (13).
An analogous phenomenon was observed also in other quasi f = 1 models, see e.g. Ref. [54]. The
lowering of the eigenstate entropy in the E ≈ Ec3 domain was visible already in panels (b) and (c) of
Fig. 4, but it is not apparent in Fig. 13. To see the effect in the pile up of all-M spectra, one would have
to go to higher j,N values, when the localization becomes stronger and the entropy decreases to its
lower limit S = 0.

The esqpt-based localization effect is nevertheless well documented in Fig. 14, which depicts the
evolution of the atom–field entanglement for three selected levels (ground state and two excited
states) from the M = 2j = N subspace for N = 40 and 1000. We see that the passage of the selected
excited states through the esqpt energy Ec3 is correlated with a local decrease of the entanglement
entropy [sharp dips in the dependences in panels (b) and (c)]. As demonstrated by the curves for two
values of N , the drop of entropy becomes sharper and deeper with increasing size of the system. The
decrease of S at the lowest point of the dip with j = N/2 for one of the excited states is shown in
the inset of Fig. 14(b). The depicted log–log plot indicates a very slow power-law decrease according
to Smin ∝ 1/Na. The exponent a is rather small and depends on the selected level (e.g., for the
displayed level at 15% of the spectrum we obtain a = 0.008, while for the level at 20% we would
have a = 0.01). Note that the entanglement entropy for excited states for large λ saturates at a value
close to S ≈ ln(0.482 dmax)/ ln dmax, where dmax ≡ d(j, 2j) = 2j + 1 is the dimension of the M = 2j
subspace. This expression follows from the use of the randommatrix theory for estimating an average
wave-function entropy for dmax orthonormal states in the limit of strong mixing [42]. Note also that
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Fig. 15. Evolution of the j = N/2 entropic spectra of the atom–field entanglement with increasing parameter δ ∈ [0, 1] at
λ = 2.5, ω = ω0 , N = 40. The esqpt energies are indicated by vertical lines. The spectrum contains 5000 well converged

eigenstates.

the critical coupling λ′
c of the ground-state qpt coincides with the sharpest increase of the ground-

state entanglement entropy (Fig. 14(a)).

4.3. Atom–field entanglement: the δ > 0 case

Now we are ready to turn our attention to the non-integrable δ > 0 model. Fig. 15 shows the
evolution of the entropic spectrumwith parameter δ ∈ [0, 1] forω = ω0 and λ = 2.5, well above the
critical coupling λc for any δ. The vertical lines demarcate the esqpt energies, the zones between them
corresponding to the d, tc, n and s quantum phases. One can see that the departure from integrability
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Fig. 16. (Color online) A detailed view of wave functions for (a) the eigenstate closest to the transition between the tc and

n phases at λ = 2.5, δ = 0.3 (cf. Fig. 2(e)) and (b) the factorized E = Ec2 eigenstate for δ = 0. The other parameters are the

same as in Fig. 15.

(an increase of δ) gradually destroys regular patterns in the entropic spectra, in analogy with Peres
lattices. Orderly patterns in the entropic spectrum occur in the domains of regular dynamics, while
disorderly scattered points indicate chaotic domains. Note that the accumulation of points in a narrow
band close to (slightly below) the maximal entropy S ≈ 1 for high energies is a consequence of
ergodicity of chaotic dynamics [45]: a common eigenstate in the chaotic part of the spectrum contains
virtually all atom–field configurations, whose dominant part is strongly entangled. On the other hand,
the regular low-energy part of the entropic spectrum tends to a minimal value S ≈ ln 2/ ln(2j + 1),
corresponding to states with a good parity quantum number [32].

An interesting aspect of the entropic spectra in Fig. 15 is the evolution of the atom–field
entanglement in transition between the superradiant and normal phases at the critical energy E =
−ω0j. For δ > 0, this energy corresponds to Ec1 for λ ∈ (λc, λ0] and to Ec2 for λ ∈ (λ0,∞). We know
that in the δ = 0 limit, there always exists the fully factorized trivial eigenstate with M = 0 located
right at this energy and a group of weakly entangled eigenstates with low values ofM located nearby
(see Figs. 12 and 13). To what extent do these structures survive an increase of parameter δ ? The
answer can be read out from Fig. 15. We see that the eigenstates with lowered entropy and even a
single state with S ≈ 0 are preserved in the entropic spectra as far as the tc phase is present for the

chosen value of the coupling strength λ. This is so if λ > λ0, hence δ < 1−


Nωω0/2jλ2, see Eq. (27).
If λ ∈ [λc, λ0], that is for δ large enough to avoid the existence of the tc phase for a given λ, the
decrease of entropy no longer takes place. These observations allow us to say that the occurrence of
states with lowered atom–field entanglement entropy is a signature of the esqpt between the n and
tc phases, but not of that between the n and d phases.

The wave function corresponding to the E ≈ Ec2 eigenstate with the lowest entanglement entropy
for δ = 0.3 can be seen in Fig. 2(e). Its detail is depicted in panel (a) of Fig. 16, in comparison with the
fully factorized state with M = 0 shown in panel (b). Although the fine structures of the δ > 0 wave
function apparently prevent its full factorization (in contrast to the δ = 0 case), a distant view shows
a great deal of similarity to theM = 0 state.

Following our findings for δ = 0, one might expect an analogous decrease of the atom–field
entanglement entropy also at the critical energy Ec3 (in transition between the s and n phases) in a
detuned (ω ≠ ω0) systemwith δ > 0. A numerical evidence of this phenomenon is however hindered
by the above-presented (cf. the inset in Fig. 14(b)) slowness of the decrease of the entanglement
entropy dip to zero. To see an effect in the δ > 0 system, onewould have to perform a truncated-space
diagonalization of the Hamiltonian for a very large j,N values, which is computationally demanding.

4.4. Atom–atom entanglement

We turn now to a brief numerical analysis of the atom–atom entanglement, which is limited to the
symmetric j = N/2 subspace of the atomic Hilbert space. As in the previous case, we focus at first
on the integrable Tavis–Cummings model. The scaled concurrence (35) for individual eigenstates (the
concurrence spectrum) of the tuned Hamiltonian with δ = 0 and λ > λc is plotted in Fig. 17. The
highlighted points denote states belonging to selected M-subspaces. Like in the entropic spectrum
(Fig. 12), the states corresponding the same M-subspace form a pattern which is always symmetric
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Fig. 17. (Color online) The scaled concurrence for the δ = 0 model with ω = ω0 = 1, λ = 2.5, j = N/2, N = 40. The

contribution of selectedM-subspaces (the U-shaped chains of points) is highlighted.

with respect to the reflection around the central energy E(0). Trivially, theM = 0 state |m = −j⟩A|n =
0⟩F has zero concurrence as the atomic state withminimal quasi-spin projection is fully factorized (all
atoms in the lower level). So this state shows no entanglement in either atom–field or atom–atom
sense. In contrast, some states with low values of M , which all have only weak (increasing with M)
atom–field entanglement, show relatively large (decreasing withM) atom–atom entanglement.

Consider as an example a doublet of states with M = 1. The scaled concurrence for these states
is C = (N − 1)/N , which changes between C = 1/2 for N = 2 and the maximal value C = 1 for
N → ∞ (see the upper pair of points in Fig. 17). As follows from Eq. (10), the M = 1 eigenstates are
expressed by the superpositions ∝ |m = −j⟩A|n = 1⟩F ± |m = −j + 1⟩A|n = 0⟩F, whose first term
is fully factorized in the atomic subspace (as in the M = 0 case) while the second term is maximally
entangled (a symmetric state with one atom in the upper level and the rest of atoms in the lower
level). It turns out that for increasing M > 1, only the states with the largest positive and negative
slopes within the given M-subspace yield a non-vanishing atom–atom entanglement. These states
form the ‘‘antennae’’ of the U-shaped dependences of C in each M-subspace. The scaled concurrence
of these states decreases withM , forming together the left and right chains of C > 0 points in Fig. 17.
The rest of the δ = 0 eigenstates has C = 0.

Fig. 18 shows an evolution of the concurrence spectrum with increasing δ for a fixed λ > λc .
Apparently, an overall trend of the atom–atom entanglement in individual eigenstates is a decrease
with increasing δ. We stress that the concurrence of an absolute majority of states for any δ is zero
(the spectrum contains 5000 states) and both the number of states with C > 0 and the values of
C in these states further decrease with δ. The only states in which the atom–atom entanglement
remains significant even for a relatively large values of δ appear in a narrow energy interval around
the esqpt critical energy Ec2 demarcating the transition between the tc and n phases. These states
partly coincide with those in which we previously observed a reduced atom–field entanglement, see
Fig. 15. For δ large enough to avoid the existence of the tc phase, the atom–atom entanglement of all
states vanishes.

The states around the critical energy Ec2 with anomalous atom–field and atom–atomentanglement
properties form only a small subset of all states, their appearance is nevertheless surprising. To make
this clear, let us look at these states from a slightly different perspective. So far we have fixed a
sufficiently large value of λ and changed δ, but now let us do it the other way round. If δ is fixed
at a finite value and λ increases from 0 above λc and λ0, the states with anomalous entanglement
first (not later than at λc) disappear from the spectrum, but above the critical coupling (somewhere
in the λ ∼ λ0 region) some of them reappear again! In fact, a systematic analysis of the spectrum
discloses approximate revivals of a number of weak-coupling (λ . λc) eigenstates (not only those
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Fig. 18. An evolution of the atom–atom entanglement with increasing value of parameter δ for λ = 2.5,ω = ω0 = 1, j = N/2,

N = 40. The concurrence spectra contain 5000 well converged states.

with anomalous entanglement) in the strong-coupling (λ & λ0) regime. This is illustrated in Fig. 19
wherewe again show spectra of the tunedmodel with j = N/2 for two values of δ. The fullness (shade
of gray) of each level encodes the number of principal components

νi = 1


i′
|⟨ψi′(0+)|ψi(λ)⟩|4

(38)

of the corresponding Hamiltonian eigenstate |ψi(λ)⟩ in the basis of Hamiltonian eigenstates |ψi′(0+)⟩
taken at λ = 0 + dλ ≡ 0+ infinitesimally displaced from the degeneracy point λ = 0 (this basis is
therefore different from the |m⟩A|n⟩F basis used above in the evaluation of thewave-function entropy).
The number of principal components varies from νi = 1 for a perfectly localized state (identical with
one of the λ = 0+ eigenstates) to νi → dimH = ∞ for totally delocalized states. The revival of
several λ = 0+ eigenstates is seen in Fig. 19 as reappearance of certain dark lines in the spectrum for
large λ in the tc and n phases. The mechanism underlying this phenomenon is unknown.
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Fig. 19. Spectra of even-parity states of the tuned j = N/2 model with N = 12 for two values of δ. The number of principal

components of an actual eigenstate in the unperturbed basis is encoded in the shades of gray of the respective line (blackmeans

perfect localization, νi = 1, white complete delocalization, νi → ∞). Revival of some λ < λc eigenstates at λ ∼ λ0 is seen in

both spectra.

5. Conclusions

We have analyzed properties of a generalized Dicke model of single-mode superradiance allowing
for a continuous (governed by parameter δ) crossover between integrable Tavis–Cummings and partly
chaotic Dicke limits. We have considered three versions of the model, differing by constraints on the
Hilbert space H = HA ⊗ HF. In particular: (i) the all-j model with the entire atomic space HA and

f = N+1 classical degrees of freedom, (ii) a single-jmodelwith a single quasispin subspaceH
j,l
A ⊂ HA

and f = 2, and (iii) a single-j,M model taken for δ = 0 in a subspace HM ⊂ H
j,l
A ⊗ HF; in this case

f = 1.
Our first aim was to determine all types of thermal and quantum phase transitions and to

characterize various phases of the atom–field system for intermediate values of δ. We have shown
that the thermal phase diagram of the all-j model exhibits a coexistence of the tc and d types of
superradiant phase (with andwithout saddles in the free energy landscape), which contract to a single
type tc or d in the limits δ = 0 or 1, respectively. The quantum phase diagram of a single-j model
contains the superradiant qpt and three types of esqpts, characterized by singularities (jumps and a
logarithmic divergence) in the first derivative of the semiclassical level density as a function of energy.
The quantum phase diagram of a critical single-j,M model with M = 2j shows for ω > ω0 another
second-order qpt and for ω ≠ ω0 also another esqpt. The latter is characterized by a singularity
(logarithmic divergence) directly in the level density in theM = 2j subspace.

We have associated four spectral domains in between the esqpt critical borderlines of the single-j
modelwith the tc,d,n and squantumphases of themodel. These phases are characterized by different
shapes of a smoothed energy dependence of some expectation values, which show abrupt changes at
the esqpt energies. A natural choice of the phase-defining quantity is the interaction Hamiltonian,
whose expectation value ⟨Hint⟩i determines the slope dEi/dλ of the given level. According to the
density–flow relation of the esqpt signatures [28], a smoothed level slope should exhibit the same
type of non-analyticity as the semiclassical level density.

Our second aim was to analyze atom–field and atom–atom entanglement properties of the model
in a wide excited domain. This was first done in the integrable single-j,M model, which allowed for a
qualitative explanation of results, and then numerically in the single-j model with j = N/2. We have
found that an absolutemajority of eigenstates in the spectrum for any choice ofmodel parameters has
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large atom–field entanglement but vanishing atom–atom entanglement. Exceptional in this sense for
δ = 0 are the eigenstates with low values of M , which yield a weak atom–field entanglement and
simultaneously an increased atom–atom entanglement. We showed that remnants of these states
exist relatively far in the non-integrable regime with δ > 0. This concerns in particular the state with
M = 0 located at the esqpt energy Ec2, which has zero atom–field entanglement. Another state with
reduced atom–field entanglement entropy, originating in the criticalM = 2j subspace, appears at the
esqpt energy Ec3 for ω ≠ ω0.

Although the above-discussed states with anomalous entanglement properties have been
located near the esqpt critical borderlines, we do not regard this connection as systematic. The
esqpt singularity in the spectrum has strong consequences on the structure of eigenvectors – hence
possibly also on their entanglement properties – in the f = 1 case, as indeed observed in the M = 2j
subspace of the present model. However, for f > 1 it does not seem likely that the entanglement
plays a substantial role in a generic esqpt since transitions between quantum phases affect (as we
have seen) the trends of eigenstate variations rather than the eigenstates themselves. Nevertheless,
it should be stressed that robust, systematic studies of entanglement in excited states are still rather
scarce. We hope that results of our analysis will initiate similar studies in other relevant systems.
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Appendix G
Reprint: Monodromy in Dicke

superradiance

G.1 Main Achievements

• Focus-focus type of monodromy is identified in the integrable δ = 0 version of

the EDM.

• The decay of monodromy is observed using Peres lattices when smoothly break-

ing integrability by δ > 0.

• The Classical trajectories passing through the monodromy point form an analog

of the Dicke superradiance in a closed system.
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Abstract

We study the focus–focus type of monodromy in an integrable version of the 

Dicke model. Classical orbits forming a pinched torus represent analogues 

of the dynamic superradiance under conditions of a closed system. Quantum 

signatures of monodromy appear in lattices of expectation values of various 

quantities in the Hamiltonian eigenstates and are related to an excited-state 

quantum phase transition. We demonstrate the breakdown of these structures 

with an increasing strength of non-integrable perturbation.

Keywords: monodromy, superradiance, extended Dicke model
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1. Introduction

Points of unstable equilibrium of integrable Hamiltonian systems create an obstacle to their 

fully analytical description [1, 2]. For instance, the single trajectory of a mathematical pen-

dulum that crosses the stationary point of its upper vertical orientation separates two different 

types of motions in the phase space which are not analytically connectable. Similar, though 

more sophisticated singular trajectories are present also in integrable systems with a larger 

number of degrees of freedom f.

A clear example is a spherical pendulum (swings restricted to a spherical surface) with 

f = 2 [1]. This system is integrable as the component M of angular momentum along the 

vertical axis is an additional integral of motion besides energy E. After the transformation to 

action-angle variables, the bundle of M = 0 orbits crossing the stationary point on the north 

pole of the pendulum sphere with energy E equal precisely to the potential energy at that point 

forms a singular, so-called pinched torus, whose one elementary circle is contracted to a sin-

gle point. If approaching the stationary point from two independent directions, the associate 

momenta linearly contract to zero—we speak about the focus–focus type of singularity [2–4].

The presence of a focus–focus singularity prevents introduction of global action-angle var-

iables valid in the whole f = 2 phase space [1–5]. These variables can be defined on a local 
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level, but in a vicinity of the pinched torus they have some non-trivial topological features. 

These become apparent if all tori are imaged in the energy–momentum map (M, E) and if a 

two-dimensional basis of elementary cycles characterized by angles (φ1,φ2) is introduced on 

each torus. Consider a closed curve encircling the point corresponding to the pinched torus in 

the energy-momentum map. A loop along this curve takes us back to the same place, i.e. to 

the initial torus, but the basis of elementary cycles is altered—linearly transformed by a 2 × 2 

matrix, which is fixed by the number of focus–focus singularities on the pinched torus inside 

the loop [1, 4]. This situation, when ‘once around’ does not mean the full return, is captured 

by the name monodromy [5].

Monodromy has also specifically quantum signatures [6, 7]. These can be derived from the 

application of the semiclassical quantization procedure to integrable systems with singular 

tori. It turns out that the joint spectrum (a lattice of energy versus momentum eigenvalues 

corre sponding to individual Hamiltonian eigenstates) has a defect at the point associated with 

the pinched torus. Making a closed loop around this point, one observes a distortion of the 

lattice elementary cell such that the cell after the loop does not coincide with its initial form. 

The matrix describing the cell transformation is directly related to the classical monodromy 

matrix deduced from the elementary cycles on tori [7].

Effects of quantum monodromy have been identified experimentally in highly excited 

spectra of some molecules, like H2O and CO2 [8, 9]. More examples and an extensive list of 

references can be found in [10–13]. A link has been established between monodromy and so-

called excited-state quantum phase transitions [14–16]. These are singularities in the density 

of energy eigenstates of arbitrary (integrable or non-integrable) systems with any (but prefer-

ably low) number of degrees of freedom generated by stationary points of the corresponding 

classical Hamiltonians [17, 18]. For non-degenerate stationary points, the form of the singu-

larity with a given f can be deduced solely from the number of negative Hessian eigenvalues 

of the Hamiltonian at the stationary point [19].

In this article we investigate monodromy in an extended Dicke model of single-mode 

superradiance [20]. In particular, we show that the integrable version of the model in its clas-

sical limit contains a family of trajectories, which are analogous to the above-mentioned sin-

gular orbits of a spherical pendulum. We describe the defects that appear as a consequence of 

classical monodromy in quantum lattices of various observables evaluated in the Hamiltonian 

eigenstates and show a link to a specific excited-state quantum phase transition present in the 

model. In addition, we describe the fate of these singular structures after a gradual breakdown 

of the system’s integrability. Note that our work represents an extension of [21], where mono-

dromy in the integrable Dicke model was first studied.

The plan of the paper is as follows: the model is described in section 2 and its integrable 

version in section 3. Properties related to classical and quantum monodromy are analyzed in 

section 4. Breakdown of monodromy under a non-integrable perturbation is studied in sec-

tion 5. Brief conclusions are given in section 6.

2. Extended Dicke model

In 1954, Robert Dicke predicted an enhancement of spontaneous radiation from atomic or 

molecular samples caused by a coherent interaction of radiators with the radiation field [20]. 

This so-called superradiance can occur if the wavelength of the field is much longer than a 

typical distance between radiators in the sample. The phenomenon has two basic incarnations 

[22, 23]. (i) The dynamic superradiance [20], i.e. a strongly non-exponential, pulse-like decay 

of the excited sample governed by collective behavior of radiators [22–25]. This can happen in 
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the form of light emission into free space as well as in a cavity setup with only some discrete 

field modes present [26]. (ii) The equilibrium superradiance [27–29], i.e. the appearance of 

thermal and quantum phases characterized by a non-zero macroscopic density of radiation in 

the cavity [22, 23]. Closely related effects have been discussed in nuclear physics [30], solid-

state physics [31] and other areas.

Various aspects of superradiance have been tested in laboratory. The dynamic superradi-

ance as the free-space emission was observed in numerous setups since 1970s (see [24] and 

references therein). On the other hand, the observation of the equilibrium superradiance faced 

a problem of preparing a tunable system with strong atom-field coupling. A breakthrough was 

based on the theoretical proposal of [32], which led to recent experimental realizations of the 

superradiant phase transition using superfluid Bose gases in an optical cavity [33–35] and 

cavity-assisted Raman transitions [36]. These achievements triggered new theoretical efforts 

aiming at deeper understanding of the superradiance phenomena.

To illustrate the essence of superradiance, Dicke devised a simple model formulated in 

terms of a single-mode bosonic field interacting with a chain of two-level atoms, enumerated by 

i = 1, . . . , N [20]. While the field quanta are created and annihilated by operators b̂† and b̂, the 

atoms are described by collective quasispin operators (Ĵ− = Ĵ1 − iĴ2, Ĵ0 = Ĵ3, Ĵ+ = Ĵ1 + iĴ2) 

composed as sums of Pauli matrices acting in the 2-dimensional Hilbert spaces of individual 

atoms: Ĵ =
∑N

i=1 σ̂
(i)/2. We use a slightly extended version of the Dicke Hamiltonian [37–

40], which can be written in the following form:

Ĥ = ω b̂†b̂ + ω0Ĵ3 +
λ
√

N

(

b̂†Ĵ− + b̂Ĵ+ + δ b̂†Ĵ+ + δ b̂Ĵ−

)

. (1)

Here, ω represents a single-boson energy, ω0 an energy difference between the levels of  

one atom, and λ an overall strength parameter of the atom-field interaction. We can 

assume λ > 0 as the λ �→ −λ conversion is connected with a unitary transformation 

(Ĵ1, Ĵ2, Ĵ3) �→ (−Ĵ1,−Ĵ2, Ĵ3). The additional parameter δ ∈ [0, 1] is explained below.

Hamiltonian (1) can be used as a toy version of the cavity QED. (Note that the model 

neglects the term containing the square of the electromagnetic vector potential; for a recent 

discussion of its role see e.g. [41].) In a normal situation, the interaction is written as 

Ĥint ∝ Ê · D̂ ∝ (b̂† + b̂)Ĵ1, where Ê is the electric intensity and D̂ the atomic dipole-moment 

matrix element, so δ = 1. However, for λ � ω,ω0, the terms b̂†Ĵ+ and b̂Ĵ− give only small 

contributions to matrix elements and can be neglected [42, 43], so we can set δ = 0. In this 

approximation, the model becomes integrable as it conserves the quantity

M̂
︸︷︷︸

M

= b̂†b̂
︸︷︷︸

n

+ Ĵ3 + j
︸ ︷︷ ︸

n∗

,
 (2)

which is the sum of the number of field bosons n and the number of atomic excitation 

quanta n∗ = m + j � N∗
≡ 2j  (symbols under the braces in the above formula stand for 

eigenvalues of the associated operators and m is an eigenvalue of Ĵ3). This conservation 

law follows from a U(1) symmetry of the δ = 0 Hamiltonian under the gauge transforma-

tion b̂†
�→ eiαb̂†, Ĵ �→ R(α)Ĵ, where R(α) is the rotation matrix by angle α around axis z. 

The δ �= 0 Hamiltonians do not conserve M̂ but only a parity Π̂ = (−)M̂  defining a residual 

discrete Z(2) symmetry of the system. Therefore, if the parameter δ is gradually increased, 

one goes from the integrable, hence entirely regular regime of dynamics at δ = 0 (so-called 

Tavis–Cummings limit) to the non-integrable and partly chaotic regime at δ = 1 (Dicke limit). 

Although the recent experimental realizations incorporated only the limiting regimes of the 
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model [33–36], intermediate values δ ∈ (0, 1) are in principle also achievable in the general 

experimental setup of [32], see [44].

An essential feature of Hamiltonian (1) resulting from the required coherence of the atom-

field interaction is its strongly collective character, inscribed in the conservation of the squared 

quasispin Ĵ
2
. This implies a crucial simplification of the analysis since it guarantees that the 

Hamiltonian acts independently in the subspaces with different Ĵ
2
 quantum numbers j. The 

number N∗ = 2j, taking values from 0 or 1 (for N even or odd, respectively) to N = 2jmax, 

can be considered as the number of active atoms as it measures the maximal excitation energy 

(in units of ω0) that can be achieved within the whole atomic ensemble of size N; the remain-

ing N − N∗ = 2( jmax − j) atoms form pairs mutually compensating their energies [45]. A 

(2j + 1)-dimensional subspace with a given value j appears typically in many replicas differ-

ing by the permutation symmetry of its states with respect to the exchange of atoms. The sum 

of dimensions of all these subspaces exhausts the exponentially increasing dimension 2N of 

the full Hilbert space of all atomic configurations. Only the subspace with the highest value 

j = jmax, which contains fully symmetric atomic states, is unique.

The model has two degrees of freedom, f = 2: one is connected with the bosonic field, 

the other with the collective dynamics of atoms. The classical dynamics was studied by many 

authors using different techniques, see e.g. [21, 29, 38, 44, 46, 47]. The classical limit is 

achieved if j → ∞, that is N∗ → ∞, which implies jmax → ∞ and N → ∞. The result of the 

limiting process depends on the ratio

γ =
j

jmax

=
N∗

N
 (3)

that can be fixed at a constant value γ ∈ (0, 1]. Identifying the model Planck constant � with 

(2j)−1 = (N∗)−1, one can obtain the classical description via the mapping

1
√

N∗

(

b̂, b̂†
)

�→
1
√

2

(

x + ip, x − ip
)

, (4)

1

N∗

(

Ĵ1, Ĵ2, Ĵ3

)

�→

(

√

1

4
− z2 cosφ,

√

1

4
− z2 sinφ, z

)

, (5)

where x ∈ (−∞,+∞) and p ∈ (−∞,+∞) are associated coordinate and momentum corre-

sponding to the field degree of freedom, while φ ∈ [0, 2π) and z ∈
[

−
1
2
,+ 1

2

]

 form the canoni-

cally conjugate coordinate-momentum pair for the atomic degree of freedom. The latter define 

coordinates (z the latitude projection and φ the longitude angle) on the Bloch sphere with 

radius 12. The scaled Hamiltonian Ĥ/N∗ is then mapped to

H = ω
x2 + p2

2
+ ω0 z +

√
γ λ

︸ ︷︷ ︸

λγ

√

1

2
− 2z2

[

(1 + δ) x cosφ− (1 − δ) p sinφ

]

,

 

(6)

where λγ ∈ (0,λ] is a rescaled interaction parameter, which is equal to λ for γ = 1. The scaled 

energy values corresponding to equation (6) are denoted as E = E/N∗.
Equation (6) enables us to determine quantum critical properties of the atom-field system 

[37–40]. For λγ  less than a certain critical value λc, the Hamiltonian has a single minimum 

at x = p = 0 and z = −
1
2, implying zero numbers of both atom and field excitation quanta. 

At λγ = λc, the minimum starts moving to x, p �= 0 and z > −
1
2. This increases separate 
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excitation energies of atoms and field but lets the atom-field interaction reduce the overall 

ground state energy, which reads as follows:

E0 =







−
ω0

2
for λγ < λc =

√
ωω0

1+δ
,

−
ω0

2

λ4
γ+λ4

c

2λ2
γλ

2
c

for λγ � λc.
 (7)

For λγ > λc, the system at temperature T lower than a critical temperature Tc =
(ω0/2)arctanh−1[λc/λγ ]

2 is in the superradiant phase [39, 40]. Moreover, the spectrum of the 

Hamiltonian eigenvalues with a given ratio γ splits into several non-thermal (quant um) phases 

separated by excited-state quantum phase transitions. The critical borderlines of quant um 

phases in the plane λγ × E are characterized by distinct singularities in the first derivative of 

the semiclassical level density [37–40].

3. Classical analysis of the Tavis–Cummings limit

For δ = 0, the classical Hamiltonian in equation  (6) is integrable. The scaled integral of 

motion M̂/N∗ from equation (2) reads as

M =
x2 + p2 + 1

2
+ z. (8)

Using the canonical transformation [40]
(

x

p

)

�→

(

x′

p′

)

=

(

cosφ − sinφ
sinφ cosφ

)(

x

p

)

, (9)

(

z

φ

)

�→

(

z′

φ′

)

=

(

M−
1
2

φ+M−
1
2

)

, (10)

the Tavis–Cummings Hamiltonian is converted to the form

H = ω0M−
ω

2
+ (ω − ω0)

︸ ︷︷ ︸

∆ω

x′2 + p′2 + 1

2
+ λγ x′

√

1

2
− 2

(

M−
x′2 + p′2 + 1

2

)2

,

 

(11)

which does not depend on angle φ′. For any fixed value of the quantity M, the formula (11) 

represents dynamics with f = 1 effective degree of freedom.

The classical dynamical equations for the transformed Hamiltonian (11) read as

ẋ′ =
∂H
∂p′

= +∆ω p′ + λγ

2x′p′zM(r′)
√

1
2
− 2z2

M
(r′)

,
 (12)

ṗ′ = −
∂H

∂x′
= −∆ω x′ − λγ

1
2
− 2z2

M
(r′) + 2x′2zM(r′)

√

1
2
− 2z2

M
(r′)

, (13)

where dots stand for the time derivatives and zM(r′) = M− (r′2 + 1)/2 with r′2 ≡ x′2 + p′2 

(= r2
≡ x2 + p2). A return back to the original phase space (x, p,φ, z) is possible via setting 

z = zM(r′), see equation (8), and performing an inverse of transformation (9), in which the 

angle φ is determined via an integration of the dynamical equation
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φ̇ = φ̇′ =
∂H

∂z′
= ω0 − λγ

2x′zM(r′)
√

1
2
− 2z2

M
(r′)

.
 (14)

Since the transformation (9) conserves radii, r2 = r′2, the integral of motion (8) enables 

one to easily determine for each point (x′, p′) the corresponding projection z on the atomic 

Bloch sphere. This implies a restriction on the available domain in the phase space in the form 

r′ ∈ [r′min, r′max], where

r′min =

{

0 for M � 1,
√

2(M− 1) for M > 1,
r′max =

√
2M. (15)

The maximum radius r′max defines an outer circle of the available domain which corresponds 

to the maximum number of field bosons n = M achieved when all atoms are in the lower state 

(n∗ = 0, z = −
1
2). Note that the transformation (9) is indeterminate at the outer circle as the 

angle φ is irrelevant in the south pole of the Bloch sphere.

The minimum radius r′min in equation (15) results from a minimum number of field bos-

ons n needed to get a given value of M for a maximal atomic excitation n∗ = Min(M, N∗). 
For M < N∗ (M < 1), the minimum number of bosons is zero and the corresponding point 

(x′, p′) = (0, 0) is linked to the Bloch sphere latitude z = M− 1
2 , which is less than + 1

2. 

When M = N∗ (M = 1), the (0, 0) point gets associated exactly with the north pole z = + 1
2. 

This particular configuration, which represents a state of maximally excited atoms and the 

field vacuum, will play an essential role in the following. Finally, if M > N∗ (M > 1), the 

number of field bosons n cannot be less than (M − N∗), so the minimal radius becomes larger 

than zero, defining an inner circle of the available (x′, p′) domain. The whole inner circle cor-

responds to the north pole of the Bloch sphere, where again the transformation (9) becomes 

undefined.

The contours H = E  of the Hamiltonian (11) in the available domain of the phase space 

are shown in figure 1 for a single interaction strength λγ  and three values of the integral of 

motion: M < 1, M = 1, and M > 1, see columns (a), (b), and (c) respectively. The upper 

row depicts the tuned case with ∆ω = 0, the lower row a detuned case with ∆ω > 0. Note 

that in this paper we assume the detuning hierarchy ω � ω0, that is ∆ω � 0. Properties of the 

inverse hierarchy ω < ω0 can be derived from the present ones by inverting the whole spec-

trum upside down, H �→ −H (the ground state becomes the highest state and vice versa), and 

by applying a reflection transformation (x′, p′) �→ −(x′, p′) in the phase space. This converts 

Hamiltonian (11) with ∆ω < 0 into the same form with ∆ω > 0, up to the constant term 

which changes its sign. So all the results discussed below are valid also for the inverse detun-

ing hierarchy, except that the energies need to be suitably transformed.

The minimum of the transformed Hamiltonian function (11) determines the lowest energy 

eigenstate (in the N∗ → ∞ limit) in the selected M-subspace of the full Hilbert space (the 

ground state of the given subspace). Consider at first the M < 1 and M > 1 cases. These 

are both characterized by a gradual, smooth evolution of the minimum position and energy 

with the interaction strength. Indeed, it can be shown that as λγ  increases from zero, the 

minimum moves along the line p′ = 0, with x′ decreasing below −r′min (for ∆ω � 0) or 

increasing above +r′min (for ∆ω < 0). The scaled energy descends from the initial value 

E ′
0 = ω0(M− 1

2
) + ∆ωr′2min/2 taken at λγ = 0.

A more interesting scenario applies for M = 1, that is M = N∗ = 2j, when the evo lution 

of the spectrum with λγ  has a critical character [40, 48]. We note that the value M = 1 

demarcates the disc-to-annulus transition of the available phase-space domain and allows any 

partitioning of M between numbers n, n∗ ∈ {0, . . . , N∗}. Let us first assume ∆ω � 0. In this 
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case, the minimum of the Hamiltonian (11) stays at (x′, p′) = (0, 0) up to a certain critical 

value λ′
c of the interaction strength, but above this value it starts moving to x′ < 0 along the 

p′ = 0 line. The system undergoes a ground-state phase transition from a ‘non-radiant’ state 

corresponding to maximally excited atoms and no photon to a ‘radiant’ state with decreasing 

atomic and increasing field excitations. The lowest and highest energies E ′
0 and E ′

1 of the clas-

sical energy landscape are given by

E
′

0 =

{ω0

2
for λγ � λ′

c =
1
2
|∆ω|,

ω0

2
+∆ω s− − 2λγs−

√

1 − s− for λγ > λ′
c,

 (16)

E
′

1 =
ω0

2
+∆ω s+ + 2λγs+

√

1 − s+,

s± =
2

3
−

2

9

λ
′2
c

λ2
γ

±
2

9

λ
′
c

λγ

√

λ′2
c

λ2
γ

+ 3.
 

(17)

The lowest energy E ′
0 shows a discontinuity of its second derivative at λγ = λ′

c, indicating a 

second-order ground-state quantum phase transition in the M = N∗ subspace. Let us stress that 

the critical strength λ′
c and minimum energy E ′

0 defined in equation (16) are different from λc 

and E0 related to the global minimum among all M-subspaces, see equation (7). In particular, 

for ω0 � ω < (3 +
√

8)ω0  we see that λ′
c < λc, so the present transition can take place deeply 

in the weak coupling regime, well before the superradiant phase transition of the whole sys-

tem. In contrast, the highest energy E ′
1 in equation (17) grows smoothly with λγ . For ∆ω < 0, 

the spectrum is inverted, E → −E , and shifted up by ω0, so the non-analytic evo lution affects 

on the contrary the highest-energy state, while the ground state evolves smoothly.

Figure 1. Contour plots of the Hamiltonian function (11) for λγ = 2.5 > λ′
c. Darker 

areas correspond to the lower values and vice versa. The upper row depicts the tuned 
case ω = ω0 = 1, the lower row a detuned case ω = 2,ω0 = 1, the columns correspond 
to (a) M = 0.9, (b) M = 1, and (c) M = 1.1. Critical contours passing the point 

x′ = p′ = 0 for M = 1 are marked by thick lines.
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Regardless of the detuning hierarchy ∆ω � 0 or ∆ω < 0, the energy value

E
′

c =
ω0

2
for λγ > λ

′

c (18)

demarcates a point of unstable equilibrium of the system—an inflection-like point of the 

energy landscape (11) present above the critical interaction strength λ′
c from equation (16). 

It implies an excited-state quantum phase transition in the M = N∗ subspace: at the critical 

energy (18) the semiclassical density of levels in this subspace shows a logarithmic divergence 

[40, 48]. This is an extreme form of spectral singularity resulting from the fact that the classi-

cal Hamiltonian (11) has just a single effective degree of freedom [19]. In contrast, the entire 

system with f = 2, governed by the Hamiltonian (6), exhibits at E ′
c a non-degenerate station-

ary point of H with two positive and two negative Hessian eigenvalues, so the full energy 

spectrum of all-M levels shows a downward jump in the first derivative of the level density 

[19, 40]. Moreover, as we will see below, the point (M, E) = (1, E ′
c) corresponds to a pinched 

torus of the focus–focus monodromy.

4. Classical and quantum monodromy

Figure 2 depicts two trajectories with (M, E) = (1, E ′
c) in the original phase space (x, p,φ, z), 

with the atomic variables represented on the Bloch sphere. Panels (a) and (b) show the tuned 

∆ω = 0 and detuned ∆ω > 0 cases, respectively. If drawn in the transformed phase space 

(see the insets), both orbits coincide with the contours crossing the unstable stationary point 

(x′, p′) = (0, 0), see the thick curves in figure  1(b). The motions along the curves in both 

atomic and bosonic parts of the phase space in figure 2 are correlated, so we mark the points 

on the (x, p) orbit that are on the (φ, z) orbit synchronized with the pole and equator crossings. 

We see that the detuned trajectory crosses only the north pole of the Bloch sphere, while the 

tuned one goes via both poles. Because the representation in terms of transformed variables 

(x′, p′) becomes invalid on the outer circle of the available domain, the whole outer segment of 

p p’

x

x’

p

x

p’

x’

(a) (b)

0 1
-1

0
-1 0 1

-1

0

1

0 1
-1

0
-1 0

-1

0

1

Figure 2. Classical orbits crossing the stationary point (x′, p′) = (0, 0) of Hamiltonian 
(11) with (M, E) = (1, E ′

c) in the (a) tuned and (b) detuned cases. The model parameters 
are as in figure 1. The orbits in (x′, p′) are depicted in the insets, the main panels show 
the associated motions on the atomic Bloch sphere (φ, z) and in the bosonic phase 
space (x, p). Crossings of the north or south pole of the Bloch sphere are coordinated 
with passages through the full or open bullets in the bosonic space (the south pole is 
visited only in the tuned case), the equator transits correspond to the diamonds. Note 
that the asymptotic spiral motions around the north pole and (x, p) = (0, 0) are under 
the resolution scale.
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the tuned trajectory in the inset of figure 2(a) is mapped to a single point in the original space 

(x, p) shown in the main image.

The north pole of the atomic Bloch sphere represents a special point of both (M, E) = (1, E ′
c) 

orbits in figure 2 as its crossing requires infinite time. Time relations for these particular orbits 

can be most easily deduced in the tuned case, when x′ = 0 (except the outer circle), so that 

equation (13) reduces to

ṗ′ = −
√

2λγ

√

1

4
− z2

M
(r′) = −

λγ√
2

√

p′2(2 − p′2) (19)

and equation (14) yields φ̇ = ω0. We see that the momentum derivative vanishes for p′ = 0 

(the north pole, z = + 1
2), but also for p′ = ±

√
2  (the south pole, z = −

1
2). However, the lat-

ter ‘stationary’ points are false ones as they lie on the outer circle where the transformation 

(9) is indeterminate. It can be shown that the crossing of these points takes a finite time, in 

contrast to the real stationary point at (x′, p′) = (0, 0). If ρ ≡ (ρ1, ρ2) denotes a projection of 

the (φ, z) point of the Bloch sphere onto the equator plane, the evolution close to the north 

pole is approximated by

ρ ∝ e±λγ t(cosω0t, sinω0t), (20)

where time t is counted so that ρ = (ρ1, 0) at t = 0. Equation (20) defines a spiral winding 

in the inward or outward direction around the focus ρ = 0. Note that a similar whirl appears 

also in the bosonic phase space around (x, p) = (0, 0), but these structures are so tiny that they 

cannot be seen in figure 2. The detuned trajectory does not cross the south pole, so it avoids 

problems with the outer circle, but the time relations at the north pole are similar as in the 

tuned case.

The single critical trajectory shown in either panel (a) or (b) of figure 2 is not isolated. It 

belongs to the respective infinite bundle of orbits differing by angle φ0 ∈ [0, 2π) at the initial 

point (e.g. at the equator of the Bloch sphere). The elementary cycles connected with varying 

φ shrink to a single point as the orbit approaches the north pole. We infer that the critical orbits 

in either ∆ω > 0 or ∆ω = 0 case form a pinched torus, so the system exhibits a focus–focus 

type of monodromy.

There is some similarity between the (M, E) = (1, E ′
c, ) orbits in the present closed cavity 

system and the dynamic superradiance phenomenon in open systems [23, 26]. Indeed, the 

photon emission/absorption rate is given by

ṅ = N∗ (x′ẋ′ + p′ṗ′) , (21)

which in the tuned case can be directly evaluated from equation  (19). The largest time 

derivative takes place at p′ = 1, which corresponds to the equator of the atomic Bloch 

sphere (z = 0), and a similar conclusion, based on equations (12) and (13), is valid also in 

the detuned case. So the critical orbits describe a non-exponential decay of a fully excited 

atomic ensemble followed by complete re-absorption of emitted photons, a process which 

is infinitesimally slow when (n, n∗) ≈ (0, N∗), fast when (n, n∗) ≈ (N∗/2, N∗/2), and slow 

again when (n, n∗) ≈ (N∗, 0). This resembles the pulse-like decay process associated with 

dynamic superradiance, although equation (21) implies a strictly linear scaling of the irra-

diation peak with N∗, which is in contrast to the non-linear scaling valid for the free-space 

superradiance [24].

Let us investigate quantum signatures of monodromy. Figure 3 shows quantum energy-

momentum maps [10–13], which are lattices of individual quantum energies Ek (where k 

stands for a principal quantum number simply enumerating energy eigenvalues) versus the 
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quantum number M. The lattices corresponding to tuned ∆ω = 0 and detuned ∆ω > 0 spectra 

are shown in panels (a) and (b), respectively. At each point (M, Ek) of the lattice we can con-

struct an elementary cell, that is a rectangle defined by ‘horizontal’ and vertical basis vectors 

M ≡ (1, Ek(M + 1)− Ek(M)) and k ≡ (0, Ek+1(M)− Ek(M)). The lattice has a defect at the 

monodromy point (M, E) = N∗(1, E ′

c) = (2j,ω0j). Following a closed loop around this point, 

as shown in the insets of figure 3, the basis vectors undergo a transformation
(

M
′

k′

)

=

(
1 1

0 1

)

︸ ︷︷ ︸

µT

(
M

k

)

,
 (22)

where µT is a transpose of the classical monodromy matrix µ describing the transformation 

of elementary cycles on tori after a loop around the pinched torus containing a single focus–
focus singularity [7].

The lattice defect in the energy-momentum map can also be manifested by connecting the 

sequences of points Ek(M) with fixed k and variable M. Three such sequences are highlighted 

in figure 3(a). While all sequences below the monodromy point show a smooth bend, suggest-

ing a quadratic dependence of energy on M, those above the monodromy point exhibit a sharp 

break, consistent with a linear type of the dependence. This is in general related to different 

Figure 3. Quantum energy-momentum maps of the Hamiltonian (1) with λ = 2.5, 

δ = 0 and N = 2j = 40. The ω = ω0 = 1 and ω = 2, ω0 = 1 lattices of eigenstates are 
in panels (a) and (b), respectively. The highlighted chains of points correspond to the 
eigenstates with the same principal quantum number k and variable M. The insets show 
a transformation of the elementary lattice cell after a closed loop around the monodromy 
point.
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nature of excitations (e.g. rotational and vibrational in molecular realizations of monodromy) 

below and above the critical energy [8–11]. We stress that in our system, the monodromy 

energy (18) coincides with the critical borderline for an excited-state quantum phase transition 

present in the M = N∗ subspace [40, 48]. This coincidence is analogous to the cases reported 

in [14–16] and can be anticipated as rather common also in other f = 2 integrable realizations 

of excited-state quantum phase transitions.

Quantum energy-momentum maps display joined spectra of two compatible integrals of 

motions. It means that both quantities are sharply determined in each eigenstate. However, one 

can also create eigenstate lattices with the abscissa capturing just an expectation value of an 

arbitrary—i.e. generally not conserved—quantum observable. Since this representation of a 

general spectrum, which is not restricted to integrable systems, was proposed by A. Peres [49], 

we call it a Peres lattice. It is useful in the visualization of quantum chaos in mixed systems, 

in which the lattice contains both ordered and disordered domains, see e.g. [38, 40, 50]. Two 

Peres lattices of the integrable Dicke model with ∆ω = 0 are depicted in figure 4. The first 

one, in panel (a), shows expectation values 〈n〉k of the number of field bosons in the eigen-

states with energy Ek, the second lattice in panel (b) shows in the same manner the expectation 

values 〈J3〉k of the quasispin z-projection. Note that if the values 〈n〉k and 〈J3〉k at each point 

are summed, one would obtain precisely the lattice in figure 3(a) shifted by a constant j, see 

equation (2).

We observe that both lattices in figure 4 exhibit apparent singularities at the monodromy 

point. However, the topologies of these singularities differ considerably from each other and 

from that in the energy-momentum map. Taking this observation the other way round, we can 

conclude that appearance of various defects in arbitrary Peres lattices may serve as a useful 

heuristic indicator of monodromy in a general (otherwise unknown) quantum system.

An important task related to a possible experimental verification of quantum monodromy 

is to identify its signatures in the structure of eigenstates and in the time evolution. The key 

observation in the present system is that the λγ > λ′

c eigenstates with M = N∗ in a vicin-

ity of the monodromy energy E = N∗E ′
c exhibit a very large overlap with the unperturbed 

ground state (n, n∗) = (0, N∗). This localization becomes singular for N∗ → ∞ and follows 

from the diverging time spent by the classical trajectory in an infinitesimal vicinity of the 

Figure 4. Peres lattices of observables n̂ = b̂†b̂ and Ĵ3 for Hamiltonian (1) with the 

same parameter values as in figure 3(a). The chains of points with the same principal 
quantum number are again highlighted.
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(x′, p′) = (0, 0) stationary point. An analogous behavior is observed also in other f = 2 sys-

tems with the focus–focus type of monodromy [15, 51] as well as in f = 1 systems with a local 

maximum of the Hamiltonian [52, 53]. In the present case, the localization results in a sharp 

local decrease of the atom-field entanglement entropy [40] and has specific consequences for 

the dynamics of relaxation processes following a quantum quench [48, 51]. In particular, a 

quench from the λ < λ′

c ground state to the λγ > λ′

c critical region results in a slow decay of 

the initial state (due to its large overlap with the eigenstates in the critical region) [51], while a 

quench from the λ > λ′

c side leads, on contrary, to an immediate decay of the initial state and 

its weak re-occurrences [48]. A more detailed analysis of the quantum quench dynamics in the 

extended Dicke model is presently a subject of our study.

5. Decay of monodromy

Monodromy in its original form is restricted solely to integrable systems. However, an exten-

sion of this concept was proposed to softly chaotic systems, in which the singular torus survives 

the perturbation in the sense of the Kolmorogov-Arnold-Moser theorem [54]. The present 

model enables us to study the ‘fate’ of monodromy in the non-integrable regime explicitly, by 

setting a non-zero value of parameter δ in Hamiltonian (1).

Poincaré sections for a sample of classical trajectories having precisely the energy E = E ′

c 

of the monodromy point, and their evolution with increasing δ, are seen in figures 5 and 6. The 

dynamics was calculated from the general Hamiltonian (6) with the coordinates and momenta 

transformed according to equations (9) and (10). The figures show multiple passages of indi-

vidual orbits through the plane φ′ = 0 in the phase space for the transformed Hamiltonian (11) 

Figure 5. Poincaré sections showing passages of 21 classical orbits through the plane 

φ′ = 0 at energy E = E ′

c for Hamiltonian (6) with ω = ω0 = 1 and λγ = 2.5. The three 
columns correspond to the indicated values of parameter δ. The upper row collects 
passages of orbits from negative to positive φ′ values, the lower row passages in the 
opposite direction. Colors (online) distinguish individual orbits, black denotes the orbit 
with an average value 〈M〉 very close to unity (the value M = 1 corresponds to the 
pinched torus for δ = 0).
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with ∆ω = 0 (figure 5) or ∆ω > 0 (figure 6). The perturbation strength δ grows from the left 

column to the right. The upper and lower rows separate two different directions of the orbit 

passage through the plane of the section. If forward and backward segments of the same orbit 

were plotted in the same figure, they would form a closed curve, but the curves corre sponding 

to different orbits would cross each other. This behavior (which is in contrast to common 

Hamiltonians with a quadratic dependence on momenta) is due to a non-trivial (often non-

monotonous) evolution of angle φ, see equation (14).

The leftmost panels of figures 5 and 6, which correspond to the integrable regime, carry com-

plementary information to previously discussed figure 1. The previous figure displayed different 

E contours of the Hamiltonian (11) with fixed M, while the present figures represent (x′, p′) 
solutions of equation (11) with fixed E and different M. In all these figures, we can identify the 

critical orbits with (M, E) = (1, E ′

c) that belong to the pinched torus. As δ increases from zero 

(in the middle and right panels of figures 5 and 6), the quantity M is no more conserved and 

the orbits can be characterized only by time averages 〈M〉. Therefore, if focusing on the E = E ′

c 

orbits with 〈M〉 ≈ 1 (passages of these orbits are plotted by the darkest, black shade), we pursue 

the evolution of the pinched torus and its close neighbors in the perturbed system.

It is clear from figures 5 and 6 that the 〈M〉 ≈ 1 orbits become chaotic at the earliest stage 

of the system’s perturbation. Already in the middle panels of both figures, that is at a very 

moderate value of δ, these orbits generate a distinct quasi-ergodic domain in the phase space 

(bounded cloud of random crossings). This domain further grows with increasing δ. Note 

that the observed instability of the pinched torus results from the unstable character of the 

(x′, p′) = (0, 0) stationary point passed by its orbits.

What is the quantum counterpart of the above classical scenario? Metamorphoses of the quant um 

energy-momentum map of a tuned system with increasing perturbation strength are depicted in 

figure 7. In the upper-left panel we see the lattice corresponding to the δ = 0 Hamiltonian; it is 

identical with the lattice in panel (a) of figure 3. The other three panels show what happens if δ is 

increased. In these cases, M on the horizontal axis represents only a quantum expectation value 〈M〉 
in individual eigenstates. The first two non-zero values of δ in  figure 7 were chosen the same as in 

the Poincaré section figures—at these perturbation strengths we observe initial stages of the lattice 

Figure 6. The same as in figure 5, but for ω = 2,ω0 = 1.
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destruction. The fourth value of δ in figure 7 is larger, and we already find a considerable part of the 

lattice being completely messed up. This agrees with the original use of Peres lattices for visualiza-

tion of chaos in quantum systems [49].

As seen in figure  7, the point defect defining the quantum monodromy in the energy-

momentum lattice is destroyed already with the weakest non-integrable perturbation of the 

Hamiltonian. It happens to be right at the center of a large break that splits the spectrum in 

the vertical direction. This is not an accident. The break starts developing along a line where 

the energy spacing ∆E = Ek+1 − Ek between neighboring levels is minimal. As follows from 

basic perturbation theory, for these states the perturbation efficiency is particularly large due 

to small energy denominators in the corresponding expressions. The monodromy point natu-

rally belongs to this line. Indeed, the simple semiclassical relation ∆E = 2π�/τ , connect-

ing the energy spacing ∆E in an f = 1 system with the period τ of classical motions at the 

corresponding energy, indicates that the τ → ∞ orbits on the pinched torus generate very 

dense, ∆E → 0, regions of quantum spectra. In these parts, any generic perturbation of the 

Hamiltonian results in a fast level repulsion. The same mechanism of chaos proliferation was 

observed also in other quantum systems [50]. So we may conclude that in a typical situation 

spectral defects of the present type do not survive too long in the non-integrable regime.

6. Conclusions

We studied monodromy of the focus–focus type in the integrable Tavis–Cummings limit of 

the Dicke model. We showed that the pinched torus in the phase space is formed by orbits with 

total energy E equal to the energy of a fully excited atomic ensemble and momentum M (the 

total number of atomic and field excitation quanta) equal to the number of excitable atoms. 

These orbits, which are partly similar to critical orbits of a spherical pendulum, represent an 

analog of the dynamic superradiance phenomenon under circumstances of a strictly closed 

Figure 7. Breakdown of the quantum energy-momentum lattice from figure 3(a) with 
increasing perturbation δ.

M Kloc et alJ. Phys. A: Math. Theor. 50 (2017) 315205



15

system. In particular, the initial state of maximally excited atoms and no field in the cavity 

becomes a very slowly decaying configuration (a point of unstable equilibrium in the infinite 

size limit), while the fast decay takes place on a halfway to the full atomic de-excitation. This 

resembles the superradiant peak known from the open Dicke systems, although the scaling 

with the number of atoms is only linear in the closed case.

On the quantum level, monodromy shows up as a point defect in the discrete energy-momen-

tum map, and as a singularity in other Peres lattices. Quantum signatures of monodromy 

are closely related to an excited-state quantum phase transition in the critical M-subspace of 

Hamiltonian eigenstates, in particular to a sharp local increase (logarithmic divergence in the 

infinite-size limit) of the density of states within this subset. On the other hand, the total den-

sity of states in all M-subspaces exhibits only a discontinuity of its first derivative at the corre-

sponding energy. We anticipate that this behavior is common to all f = 2 systems with the 

focus–focus singularity as their Hamiltonians close to the singularity can be cast in a locally 

quadratic, thus separable form with two positive and two negative Hessian eigenvalues (e.g. as 

a Hamiltonian with a quadratic kinetic term near a quadratic potential maximum). Dynamical 

consequences of these phenomena are subject of ongoing research.

We have shown that classical and quantum signatures of monodromy in our model disap-

pear already with a very weak perturbation of the system. We anticipate that fragility is a 

rather common property of the present type of monodromy as the underlying classical sta-

tionary points are unstable (therefore inclined to chaotic dynamics) and imply infinite-period 

orbits (which are connected with dense, hence vulnerable parts of quantum spectra).
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Appendix H
Reprint: Quantum quench dynamics in

Dicke superradiance models

H.1 Main Achievements

• Two types of quench protocols (forward and backward) are applied in the EDM

within δ = 0 (f = 1) and δ ̸= 0 (f = 2) setting.

• In the forward quench protocols the initial unperturbed ground state is stabilized

by the presence of an ESQPT in both f = 1 and f = 2 cases regardless of the

ESQPT type.

• In the backward quench protocols the power-law modulation of the dacay of the

initial superradiant ground state is suppressed at medium time scales for f = 1
case and some ESQPTs in the f = 2 case.

• In non-integrable setting chaos can smear out the effect of the ESQPTs.

• The evolution of the observables follows the same qualitative pattern as the sur-

vival probability therefore it may be sensitive to the presence of the ESQPTs in a

similar way.
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We study the quantum quench dynamics in an extended version of the Dicke model where an
additional parameter allows a smooth transition to the integrable Tavis-Cummings regime. We
focus on the influence of various quantum phases and excited-state quantum phase transitions
(ESQPTs) on the survival probability of the initial state. We show that, depending on the quench
protocol, an ESQPT can either stabilize the initial state or, on the contrary, speed up its decay
to the equilibrated regime. Quantum chaos smears out the manifestations of ESQPTs in quench
dynamics, therefore significant effects can only be observed in integrable or weakly chaotic settings.
Similar features are present also in the post-quench dynamics of some observables.

I. INTRODUCTION

The advent of quantum simulators opened routes to
laboratory realizations of artificial quantum systems de-
signed either to implement certain utilizable functions, or
to demonstrate some fundamental principles [1, 2]. Ex-
amples include efforts to built an efficient quantum com-
puter (see, e.g., Ref. [3]) or experiments with quantum
phase transitions (see, e.g., Refs. [4–6]). An important
mode of use of quantum simulators lies in probing the
dynamics of quantum systems far from thermodynamical
equilibrium [7, 8]. This is often achieved via a protocol
called quantum quench, which in its sudden form consists
in the following steps [9–11]: (a) take a system described

by Hamiltonian Ĥi and prepare it in an eigenstate |ψi⟩,
(b) suddenly switch the Hamiltonian to Ĥf , and (c) with
increasing time t, measure the probability P (t) of finding

the initial state |ψi⟩ in the state evolved from it by Ĥf . It
is usually assumed that the initial and final Hamiltonians
are members of the same family depending on an exter-
nal parameter λ, so Ĥi ≡ Ĥ(λi) and Ĥf ≡ Ĥ(λf) with λi
and λf denoting initial and final parameter values.
The evolution of the initial-state survival probability

P (t) is entirely encoded in the energy distribution of the
initial state expressed in the final Hamiltonian eigen-
states. At first, P (t) drops with a rate related just to
the final energy dispersion. However, at later stages of
the evolution, rather complex dynamical regimes occur
which gradually disclose more and more subtle details of
the final energy distribution. Correlations between indi-
vidual final energy levels and the corresponding occupa-
tion probabilities become apparent at these stages [12].
Although the medium- and long-time evolution is usu-
ally characterized by a very low average of the survival
probability, sharp peaks of P (t) are repeatedly observed,
indicating sudden revivals of the initial state.
The quench dynamics in complex quantum systems

currently represents a subject of intense theoretical and
experimental research, see, e.g., Refs. [4, 6, 8–25]. An

∗ E-mail address: kloc@ipnp.troja.mff.cuni.cz

important direction of this research is aimed at dy-
namical imprints of various forms of quantum critical-
ity that emerge in the infinite-size limit of some systems.
For example, the so-called Dynamical Quantum Phase
Transition (DQPT) shows up as a non-analyticity ob-
served directly in the survival probability as a function
of time [6, 23]. Also relevant for the quench dynamics
are the concepts of ground-state Quantum Phase Tran-
sition (QPT) [26, 27] and Excited-State Quantum Phase
Transition (ESQPT) [28–32]. Since these are rooted in
non-analytic properties of the system’s stationary states
(ground or excited states) taken as a function of the con-
trol parameter, their effect in quench dynamics is not
seen as a sharp-time anomaly like in the DQPT case, but
rather shows as a qualitative change of the quench dy-
namics with varying difference ∆λ = λf−λi. The changes
appear if the parameter shift connects different quantum
phases of the system. In spite of numerous theoretical
efforts to clarify the relations between (ES)QPTs and
quench dynamics (see, e.g., Refs. [9–11, 13–15, 17, 20, 25]
for QPTs and [16, 18, 21] for ESQPTs), the problem still
remains open for further investigation.

In this paper, we address this problem, particularly
that of the ESQPT influence, by analyzing the quench
dynamics in a model generalizing the Dicke superradi-
ance phenomenon in cavity QED systems [33–35]. The
model contains a QPT [36] and several types of ESQPTs
[16, 37–42]. Its ground-state critical behavior was demon-
strated experimentally [5]. We show that the effect of ES-
QPTs on the quench dynamics strongly depends on the
ESQPT type (in the sense of the classification described
in Ref. [32]) and on the quench protocol (selection of the
initial state and size of the parameter change). The effect
is most pronounced in the integrable Tavis-Cummings
regime [43], in which the dynamics becomes effectively
determined by a single degree of freedom, but can be
observed also in the full (non-integrable) regime.

The plan of the paper is as follows: In Section II, we
introduce an extended version of Dicke model (Sec. II A),
that will be employed in this work, and outline the
general theoretical background on the quench dynam-
ics (Sec. II B). In Section III, we describe numerical re-
sults on the quench dynamics gained within the model
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in its integrable (Sec. III A) and non-integrable regimes
(Sec. III B). We focus on two types of quench proto-
cols named forward and backward protocols. Section IV
brings a brief summary.

II. THEORETICAL BACKGROUND

A. The extended Dicke model

The Dicke model [33] was formulated to describe an
idealized interaction of an ensemble of N two-level atoms
with one-mode electromagnetic field. The original in-
tention was to demonstrate the dynamical superradiance
phenomenon, i.e., coherent radiation induced by collec-
tive behavior of atoms in the regime of weak atom-field
coupling. Later it turned out that in the strong coupling
regime, the model exhibits another form of superradi-
ance, namely a thermal phase transition [34, 35] and,
in the zero-temperature limit, the corresponding QPT
[36] to an equilibrium superradiant phase. A route to
laboratory realizations of the cavity QED system with
strong atom-field coupling was proposed in Ref. [44] and
led to successful experiments with the superradiant QPT
reported in Ref. [5].
We use here the so-called Extended Dicke Model [37,

38, 41, 45] with the Hamiltonian (we set ℏ = 1)

Ĥ = ω b̂†b̂+ω0Ĵz+
λ√
N

[

b̂†Ĵ− + b̂Ĵ+ + δ
(

b̂†Ĵ+ + b̂Ĵ−
)]

.

(1)

Here, b̂† and b̂ stand for creation and annihilation op-
erators of the bosonic field (photons) while Ĵ± and Ĵz
represent collective quasi-spin operators affecting the en-

semble of atoms. These are written as Ĵ• =
∑N

k=1 σ̂
k
•/2

(with the symbol • standing for z,+,−), where σ̂k
• is the

Pauli matrix acting on the kth atom whose lower and
upper states read as ( 10 ) and ( 01 ), respectively [so, for
example, σ̂k

+/2 = (σ̂k
x+ iσ̂

k
y )/2 excites the kth atom from

the lower to the upper state etc.]. The first two terms
in Eq. (1) represent the free field (with a single boson
energy ω) and the free atoms (with a single atom excita-
tion energy ω0), while the third term describes an atom-
field interaction with an overall strength λ ∈ [0,∞) and
an additional parameter δ ∈ [0, 1] which scales the so-
called counter-rotating terms. The variation of δ induces
a smooth crossover from the Tavis-Cummings regime [43]
with δ = 0 (full neglect of the counter-rotating terms) to
the original Dicke regime [33] with δ = 1.
Note that the use of collective quasi-spin operators in

the interaction term is based on the assumption that the
size of the atomic ensemble is much smaller than the
wavelength of radiation, so that the interaction is uni-
form for all atoms. Since Ĵ2 commutes with the Hamil-
tonian (1), the dynamics does not mix subspaces with

different quantum numbers j of Ĵ2. We therefore se-
lect a single-j subspace, namely that with the maximal
value j = N/2, which is fully symmetric with respect to

the exchange of atoms (subspaces with lower values of
j appear in numerous replicas differing by the type of
exchange symmetry) [46]. So all physical states |ψ⟩ can
be expressed as linear combinations of the basis states
|n⟩|m⟩, where n = 0, 1, 2, . . . is the number of bosons
and m = −j,−j + 1, . . . ,+j the quasi-spin z-projection.
The classical limit of Hamiltonian (1) can be realized

in terms of two pairs of canonically conjugate coordinate
and momentum variables, hence the model has in general
two degrees of freedom: f = 2 [36, 38]. One of them is
associated with the field states; the corresponding part
of the phase space is a plane. The other represents the
collective atomic states; their phase space is the Bloch
sphere. Details can be found, e.g., in Refs. [41, 42]. The
minimum of the classical energy landscape in the whole
phase space, i.e., the lowest stationary point of the sys-
tem, corresponds to the energy of the quantum ground
state in the N → ∞ limit. It can be written as

Eg.s.

ω0j
=

{
−1 for λ ∈ [0, λc) ,

− 1
2

(
λ2

c

λ2 + λ2

λ2
c

)

for λ ∈ [λc,∞) ,
(2)

where the critical parameter value

λc =

√
ωω0

1 + δ
(3)

sets a second-order ground-state QPT, where d2Eg.s./dλ
2

changes discontinuously.
Higher (unstable or quasi-stable) stationary points of

the classical Hamiltonian demarcate the ESQPTs of the
model. Detailed analyses can be found in Refs. [38, 41].
One of the ESQPT critical borderlines in the plane pa-
rameter λ × energy E can be written as

Ec1

ω0j
=

{
−1 for λ ∈ [λc, λ0) ,

− 1
2

(
λ2

0

λ2 + λ2

λ2

0

)

for λ ∈ [λ0,∞) ,
(4)

λ0 =
√
ωω0

1−δ
.

The energy (4) is associated with a saddle point of the
energy landscape. Therefore, according to the classifica-
tion described in Ref. [32], it corresponds to an ESQPT
of type (f, r) = (2, 1), where r is the rank of the non-
degenerate stationary point (number of negative eigen-
values of the Hessian matrix). This leads to a logarithmic
divergence of the first derivative dρ/dE of the smoothed
level density ρ(E) at E = Ec1 (that is a step-like but
continuous behavior of ρ at this energy) [31, 32].
Two other ESQPTs appear at energies [38, 41]

Ec2

ω0j
= −1 for λ ∈ [λ0,∞) , (5)

Ec3

ω0j
= +1 for λ ∈ [0,∞) . (6)

They are both of the type (f, r) = (2, 2) and show as
jumps of the first derivative dρ/dE of the smoothed level
density (i.e., breaks of ρ) at Ec1 and Ec2 [31, 32].
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FIG. 1. (Color online) Level dynamics and quantum phase
diagrams of the extended Dicke Hamiltonian (1) with δ =
0 (upper panel) and δ = 0.3 (lower panel), both for ω =
ω0 = 1. The ground-state QPTs are at λc = 1 for δ = 0
and at λc

.
= 0.77 for δ = 0.3. Quantum phases D (Dicke),

TC (Tavis-Cummings), N (Normal) and S (Saturated) are
marked by colors. ESQPT borderlines coincide with the phase
boundaries. Quantum spectra are drawn for j = 3. In the
δ = 0 panel, the M = 3 states are plotted by thicker lines to
show that levels from different M -subspaces mutually cross.

The diagrams showing individual energy levels in the
λ × E plane for a finite-N realization of the δ = 0 and
δ ̸= 0 models together with the N → ∞ ESQPT bor-
derlines (4), (5) and (6) are given in Fig. 1. The do-
mains in between the ESQPT borderlines define quan-
tum phases of the system. In Fig. 1 they are marked by
different colors and abbreviated as D (Dicke), TC (Tavis-
Cummings), N (Normal) and S (Saturated). The reason-
ing for this notation and a more detailed discussion can
be found in Ref. [41]. Note that quantum phases cannot,
in general, be distinguished by some order parameters
(expectation values of suitably selected observables in in-
dividual eigenstates), but rather by different energy de-
pendences (trends) of these expectation values smoothed
over neighboring eigenstates [41, 46].
In the Tavis-Cummings δ = 0 limit of the model [43],

the treatment of phases can be qualitatively simplified.

In this case, the Hamiltonian (1) has an additional inte-
gral of motion

M̂ = b̂†b̂+ Ĵz + j (7)

and the system is integrable [note that a general δ ̸= 0

Hamiltonian conserves only the parity Π̂ = exp(iπM̂)].
The value of the conserved quantity can be written as
M = n+ n∗, where n is the number of bosons and
n∗ = m+ j the number of excited atoms. The total
spectrum of quantum energy levels for the δ = 0 system
with any λ is comprised of mutually non-interacting sub-
spectra with different values of M = 0, 1, 2, . . . (see the
upper panel of Fig. 1). Each of these spectra separately
can be subject (in the N → ∞ limit) to a semi-classical
phase transitional analysis. To do so, it is convenient to
use a canonical transformation that reduces the number
of effective degrees of freedom of the δ = 0 system to
f = 1 [41, 42]. The transformed classical Hamiltonian
depends only on one pair of new conjugate variables and
on the conserved quantity M , thus allows one to iden-
tify stationary and quasi-stationary points for different
values of M .

The results of the semi-classical analysis of the δ = 0
model are the following [41, 42]: While the subspaces
with M ̸= N show no critical effects, the one with M =
N has both a QPT and an ESQPT. Indeed, the energy of
the lowest state in the M = N subspace in the N → ∞
limit for the ω > ω0 hierarchy is given by

El.s.

ω0j
=

{
+1 λ ≤ λ̄c ,

+1− 4
ω0
g(λ)

[

λ
√

1− g(λ)− λ̄c

]

λ > λ̄c ,
(8)

g(λ) = 2
3 − 2

9

(
λ̄c

λ

)2 − 2
9
λ̄c

λ

√
(
λ̄c

λ

)2
+ 3 ,

where the critical coupling

λ̄c =
ω − ω0

2
(9)

marks a discontinuity of d2El.s./dλ
2, which can be inter-

preted as the second-order QPT in the M = N subspace
[16]. An associated ESQPT appears at the critical energy

Ec4

ω0j
= +1 for λ ∈ [λ̄c,∞) , (10)

where one observes divergence of the smoothed level
density ρ in the M = N subspace. Since the classi-
cal Hamiltonian is not analytic in this stationary point,
the ESQPT classification according to Ref. [32] does not
work here. Nevertheless, the observed signatures of the
present ESQPT are quite similar to the case (f, r) =
(1, 1), which is most studied in literature, see, e.g.,
Refs. [18, 21, 28, 29, 47–50].
The level dynamics for twoM -subspaces (including the

critical one) of the δ = 0 model are shown in Fig. 2. In the
M = N subspace we indicate two quantum phases sep-
arated by the ESQPT above λ̄c. The phase abbreviated
by A (Atomic) is characterized by a growing average ⟨n∗⟩
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FIG. 2. (Color online) Energy spectra of two M -subspaces
of the δ = 0 model with N = 2j = 40 and ω0 = ω/2 = 1. The
upper panel shows a critical subspace M = 2j with a QPT
and ESQPT. Quantum phases are distinguished by colors and
acronyms A (Atomic) and F (Field). The lower panel shows
a non-critical subspace M = j.

of the number of atomic excitations in individual eigen-
states with increasing energy. The average ⟨n∗⟩ reaches
its maximum right at the ESQPT critical energy and
then decreases [16], which allows us to denote the quan-
tum phase above the ESQPT by the acronym F (Field).
In this phase, the increase of energy is correlated with a
growing average ⟨n⟩ of the number of bosons.

B. Quantum quench dynamics

Consider a quantum system with discrete energy spec-
trum described by a general Hamiltonian

Ĥ(λ) = Ĥ0 + λV̂ (11)

depending linearly on a control parameter λ. As in the
case of the extended Dicke model (1), the term H0 rep-
resents a free Hamiltonian while V is an interaction. We
assume [Ĥ0, V̂ ] ̸= 0 since otherwise everything would be
trivial. Suppose that the system is initially prepared in
the kth eigenstate |φk(λi)⟩ ≡ |φik⟩ ≡ |ψi⟩ with energy

Ek(λi) ≡ Eik ≡ Ei associated with the initial Hamil-

tonian Ĥ(λi) ≡ Ĥi, and that the control parameter is
suddenly changed from λi to λf . The initial state is no
more an eigenstate of the final Hamiltonian Ĥ(λf) ≡ Ĥf

and thus undergoes a non-trivial evolution with time t:

|ψf(t)⟩ = e−iĤf t|ψi⟩ , (12)

where we assume ℏ = 1. The decay and recurrences of
the initial state can be monitored by the survival ampli-
tude A(t) = ⟨ψi|ψf(t)⟩ (here and below we assume that all
states are normalized). Note that in the present setting,
when the initial state is associated with a single eigen-
state of the initial Hamiltonian, the survival probability
P (t) = |A(t)|2 is equal to the so-called Loschmidt echo
or fidelity (the probability of the initial state recovery af-

ter the forward evolution by Ĥf and a backward evolution
by Ĥi, or equivalently, the instantaneous overlap of states
evolved simultaneously by Ĥi and Ĥf) [51–53]. However,
this connection is broken for more general initial states.
Let us introduce the basis of the final Hamiltonian

eigenvectors |φl(λf)⟩ ≡ |φfl⟩ and the corresponding set
of eigenvalues Efl. The distribution of the initial state
in the final Hamiltonian eigenstates is expressed by the
strength function (also called the local density of states)

S(E) =
∑

l

|⟨ψi|φfl⟩|2
︸ ︷︷ ︸

|sl|2

δ(E − Efl) . (13)

It represents a probability distribution for energy after
the shift λi → λf , or shortly a distribution of final energy
in the initial state. Besides the smoothened shape of
the strength function, important information is contained
also in its autocorrelation function:

C(E) =
∑

l

∑

l′

|sl|2|sl′ |2δ(Efl′ − Efl − E)

=

∫

dE′S(E′)S(E′+E) . (14)

A trivial calculation reveals that the survival probability

P (t) =

∣
∣
∣
∣

∑

l

|sl|2e−iEflt

∣
∣
∣
∣

2

(15)

=
∑

l

|sl|4

︸ ︷︷ ︸

N−1

+2
∑

l

∑

l′(<l)

|sl|2 |sl′ |2 cos[(El−El′)t]

can be expressed via the Fourier transforms of both the
strength function and its autocorrelation function:

P (t) =

∣
∣
∣
∣

∫

dE S(E)e−iEt

∣
∣
∣
∣

2

=

∫

dE C(E)e+iEt. (16)

This turns out important for the interpretation of the
quantum quench dynamics in various situations. Note
that the quantity N = 1/

∑

l |sl|
4
, called the participa-

tion ratio, expresses a principal number of components
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of the strength function (13). It varies from N = 1, for
a perfectly localized strength function with only a single
non-zero coefficient sl, to N → ∞, for totally delocalized
strength functions with components uniformly spread
over an asymptotically increasing number of states.
The average and variance of the distribution (13) can

be determined from the relation Ĥf = Ĥi+∆λ V̂ (where
∆λ=λf−λi), which follows from the linearity of Hamil-
tonian (11). The average is given by

⟨Ef⟩i =
∫

dE S(E)E = ⟨ψi|Ĥf |ψi⟩

= Ei +∆λ ⟨V ⟩i, (17)

where ⟨V ⟩i = ⟨ψi|V̂ |ψi⟩, while the variance reads

⟨⟨E2
f ⟩⟩i =

∫

dE S(E)
(
E−⟨Ef⟩i

)2
(18)

= ⟨ψi|Ĥ2
f |ψi⟩−⟨ψi|Ĥf |ψi⟩2 = (∆λ)2⟨⟨V 2⟩⟩i,

where ⟨⟨V 2⟩⟩i = ⟨ψi|V̂ 2|ψi⟩ − ⟨ψi|V̂ |ψi⟩2. Due to the
Hellmann-Feynman formula ⟨V ⟩i = dEi/dλ, the relation
(17) can be used to determine the final energy average,
i.e., a centroid of the distribution (13), from the position
and tangent of the selected energy level at the initial pa-
rameter value. This allows one to design specific quench
protocols that probe selected parts of the spectrum of the
final Hamiltonian, for example, different quantum phases
of the system and various ESQPT critical domains [16].
However, according to Eq. (18), the final energy variance,
i.e., squared width of the distribution (13), is propor-
tional to the variance of V in the initial state and grows
with the square of ∆λ. This sets unavoidable limits to
the probing procedure since the dispersion of the final en-
ergy distribution implies averaging of the response over
a broader interval of the spectrum, hence reduces the
resolution of the procedure.

The evolution of the survival probability on various
time scales defines different regimes of the quench dy-
namics [12, 22, 24, 52, 53]. They are governed by physi-
cal mechanisms that naturally follow from an increasing
energy resolution with which the strength function (13)
is being reflected by the evolving system at the given in-
stant of time. The regimes of quantum quench dynamics
can be schematically described as follows:

(a) Ultra-short time regime, t≪ ts, where

ts =
1

√

⟨⟨E2
f ⟩⟩i

(19)

is the time derived from the final energy dispersion (18):
At this time scale, the system can feel merely the width of
the strength function and decays according to the simple
quadratic formula P (t) ≈ 1− (t/ts)

2 + . . . . This stage of
evolution carries no information on the final Hamiltonian.
(b) Short- and medium-time regime, from t ∼ ts up

to times t ≪ tH well before the Heisenberg scale set by
Eq. (20) below: In this regime, the energy resolution be-
comes sufficient to distinguish an outline shape of the

strength function (13) as well as some of its correlation
properties given by Eq. (14). Qualified estimates of the
shape in various situations predict an initially exponen-
tial, Gaussian or sub-Gaussian decrease of the survival
probability [12, 22]. The first dip of P (t) (a “survival col-
lapse”) is sometimes followed by modulated oscillations
with a power-law decrease of their amplitude (related for
instance to low- and/or high-energy edges of the strength
function) [19, 22].

(c) Long-time regime, around t ∼ tH: The Heisenberg
time is computed according to

tH =
2π

∑

l
1
2

[
|sl+1|2+|sl|2

][
Ef(l+1)−Efl

] =
2π

⟨∆Ef⟩i
,

(20)
where ⟨∆Ef⟩i is an average spacing of the final energy
levels in the initial state distribution. At this time scale,
the system gradually resolves the discrete structure of
the strength function, from smaller to larger level density
domains. Power-law modulated oscillations can appear
also at this stage, being connected with the behavior of
the autocorrelation function for small energy differences
[22, 54]. They may be followed by a so-called correlation
hole—a long-lasting suppression of the survival proba-
bility below its asymptotic-time average, which reflects
strong correlations of individual levels in chaotic systems
[12, 24].

In Sec. III, we will encounter situations in which the
strength function populates considerably only a certain
subset of states of the final Hamiltonian. In these cases
it is convenient to introduce a modified Heisenberg time
t′H that takes the partial fragmentation into account. It
is computed in the same way as the standard Heisenberg
time tH in Eq. (20), but only with a reduced set of levels
Efl obtained by removing the states with the lowest val-
ues of |sl|2. In the numerical calculations below we select
a threshold for the state removal given by 0.5% of the to-
tal strength. For partially fragmented states, t′H gives a
better prediction on where the discrete structure of the
strength function starts to play a role in the quench dy-
namics. If the strength function is fully fragmented, tH
and t′H tend to coincide.

(d) Ultra-long time regime, t ≫ tH: The infinite-time
average and variance of the function P (t) in Eq. (15) read

P (t) = N−1 , (21)

P (t)2 − P (t)
2
= N−2 −

∑

l

|sl|8 , (22)

where bars represent time averaging of the respective

quantities according to g(t)=limT→∞
∫ T

0
g(t)dt/T . So in

the very long time perspective, the survival probability
can be seen as fluctuations around the “saturation value”
(21) with standard deviation given by the the square root
of (22). Both these quantities decrease with the degree
of fragmentation of the corresponding strength function
(13). Note that for strongly delocalized states, the second
term on the right-hand side of Eq. (22) gives a contribu-
tion ∼ N−3, which is negligible relative to the first term,
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while for localized states this term causes a considerable
reduction of the variance.
Despite a usually low average (21), the ultra-long time

regime unavoidably includes also sharp peaks of P (t)
reaching values even very close to unity. These partial
revivals of the initial state demonstrate the well-known
quantum recurrence theorem [55], which guarantees that
for any initial state of a system with discrete spectrum
and for an arbitrary degree of precision there exists a
time at which the evolved state restores the initial one
with this precision. As follows from Eq. (22), a higher
frequency of recurrences is expected for less fragmented
strength functions and vice versa.
A valuable insight into the survival probability evo-

lution can be gained from the quasi-classical picture of
quantum dynamics. Associating with the state |ψf(t)⟩
at any stage of its evolution the Wigner phase-space dis-
tribution function W (q, p, t), we can rewrite the survival
probability as

P (t) = 2π

∫∫

dq dpW (q, p, t)W (q, p, 0) , (23)

where q and p stand for f -dimensional vectors of mu-
tually conjugate coordinates and momenta, respectively.
Assume that W (q, p, t) is classical-like (i.e., shows only
negligible domains with negative values) or is trans-
formed to such form by a convenient smoothing proce-
dure W (q, p, t) → W (q, p, t). Then the evolution can
be approximated by means of the equations of motions
derived from the classical Hamiltonian function Hf(q, p)

corresponding to Ĥf .
The classical treatment of the smooth(ed) Wigner

function W (q, p, t) and its evolution allows one to es-
timate possible signatures of classical stationary points
in the survival probability P (t), and therefore to partly
anticipate an influence of QPTs and ESQPTs on the
quench dynamics. Consider a stationary point (qs, ps)
of the function Hf at energy Es = Hf(qs, ps). If Es

belongs to the support of a smoothed strength function
S(E), some effects of the stationary point may be seen
in P (t) for t . tH. The form of these effects is expected
to depend on whether the stationary point (qs, ps) is lo-
cated within the phase-space domain where the initial
distribution W (q, p, 0) yields considerable contributions,
or whether the stationary point is outside that domain.
In the first case, the decay of the survival probability (23)
gets slowed down at its initial stage, t . ts, due to the
slow classical dynamics around (qs, ps). A clear demon-
stration of this behavior within the extended Dicke model
will be presented in Secs. IIIA 1 and III B 1.
On the other hand, if the stationary point is located

outside the domain with large values of W (q, p, 0), the
short-time decay of P (t) remains unaffected. Neverthe-
less, an indirect effect may be observed at some later
stages of the P (t) evolution, when the stationary point
(qs, ps) prevents the return of a certain fraction of the
W (q, p, t) distribution (that with energy close to Es) back
to the initial phase-space domain. Then we may expect
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FIG. 3. (Color online) Dispersion 〈〈V 2〉〉i from Eq. (24) in
the unperturbed eigenstates |ψi〉 = |n〉|m〉 of the δ = 0 model
plotted against their energies. Parameters of the system are
ω = 2, ω0 = 1, j = 20. The inset shows 〈〈V 2〉〉i in the lowest
states from all M -subspaces. The states involved in the main
panel are marked in the inset by the respective symbols.

a partial reduction of the survival probability P (t) for
times comparable with the Heisenberg scale, t ∼ tH,
which coincides with an average classical return time.
Indications of such behavior will be indeed discussed in
Secs. III A 2 and III B 2, but we stress here that the re-
duction size (the possibility to actually observe any ef-
fect) strongly depends on the degree of stability (chaos)
of classical motions generated by Hf(q, p) in the relevant
phase-space domain.

III. NUMERICAL RESULTS

In this section, numerical results on the quantum
quench dynamics in the extended Dicke model with
Hamiltonian (1) will be analyzed. Subsection IIIA deals
with the quenches inM -subspaces of the integrable δ = 0
(Tavis-Cummings) regime where the dynamics is effec-
tively reduced to one degree of freedom. Subsection III B
is focused on the quenches in the full δ ̸= 0 model with
two degrees of freedom.

A. Integrable δ = 0 regime

1. Forward quench protocols, f = 1

The evolution of the survival probability strongly de-
pends on the quench protocol, that is on the selection of
the initial state and on the size of the parameter change.
In the forward quench protocols (FQPs) we set initial
states as various eigenstates of the unperturbed λi = 0
Hamiltonian and choose the final value λf > 0.
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FIG. 4. (Color online) The survival probability and the strength function corresponding to the FQPs of the δ = 0 model
with j = 2000 in off-resonant setting ω = 2, ω0 = 1. The critical M = 2j subspace is shown in panels (a)–(c), a non-critical
M = j subspace in panels (d)–(f). In all the cases, λi = 0 and λf = 2.5 (the quench protocol is visualized by an arrow in the
respective phase diagram). The real decay (black curves) is compared with the Gaussian decay (the light-blue dashed curves),
the Heisenberg time tH is marked with the red bullets, and the 1/t decay of oscillations is marked with the red dashed lines.
In the strength function plots, the position of the ESQPT is indicated by vertical lines.

The decay rate at ultra-short and short times of such
initial states can be estimated using Eqs. (18) and (19).
In the detuned system ω ̸= ω0 (the initial eigenstates are
non-degenerate, hence |ψi⟩ = |n⟩|m⟩), a simple formula
for the dispersion of the interaction Hamiltonian term
can be obtained:

⟨⟨V 2⟩⟩i =
(1 + δ2)(j2 −m2 + j)(2n+ 1) + (1− δ2)m

2j
.

(24)
In Fig. 3 we show ⟨⟨V 2⟩⟩i in multiple eigenstates belonging
to several M -subspaces for j = 20. For all the subspaces
we observe a similar dependence—the states closer to the
edges of the spectrum have smaller dispersion than the
ones in the middle and therefore their decay is slower.
However, a closer look reveals an anomaly for the critical
subspace M = 2j = 40. The inset of Fig. 3 depicts the
dispersion of the lowest state from all subspaces with
M = 0, 1, 2 . . . , plotted against their energies El.s.(M) =
ω(M − j)− (ω−ω0)j. The leftmost point corresponding
to the global ground state has ⟨⟨V 2⟩⟩i = 0. Indeed, as
it is the only member of the M = 0 subspace it cannot
decay. However, small values of dispersion are reached
also for the M -subspaces close to the critical one with

⟨⟨V 2⟩⟩i = 1/2j, which indicates an asymptotically slow
decay of the respective initial states in the j → ∞ limit.
Let us now proceed to concrete examples of FQPs

within two M -subspaces, the critical one with M = 2j
and the non-critical with M = j. In the following we
consider j = 2000. Fig. 4 depicts both the survival prob-
ability and the strength function for several initial states
from the above mentioned subspaces.
In the first row of Fig. 4 (panels a and d) we compare

the highest excited states. The envelope of the strength
function has a Gaussian shape, giving rise to an initial
Gaussian decay of the survival probability [22]. After the
initial decay, strong revivals appear at about the Heisen-
berg time tH. Their amplitude decreases as ∝ 1/t until
the saturation regime around P (t) ∼ N−1 is reached.
The power-law modulation ∝ 1/tα of the oscillations
with various exponents α was observed in various sys-
tems and has been attributed to several specific mecha-
nisms [19, 22, 54]. The present case α = 1 results from
two conditions: an approximately Gaussian envelope of
the strength function and its discrete energy sampling

Efl ≈ e0 + e1l + e2l
2 (25)
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with parameters e0, e1 and e2 ̸= 0 satisfying |e2| ≪
|e1| [54]. As can be numerically checked, both these con-
ditions are valid in our case.
In the second row of Fig. 4 (panels b and e) we com-

pare the decay of λi = 0 initial states from the middle of
M = 2j and M = j spectra. In both cases, the strength
function has a bimodal shape with large dispersion. As
a result, the initial decay is faster than Gaussian. We
again observe ∝ 1/t modulated oscillations, but before

the Heisenberg time tH. In this case, the origin of the
power-law dependence lies purely in the profile of the
strength function, namely in its U-shaped envelope. Al-
though the ESQPT does not visibly affect the survival
probability, the inset of panel (b) shows that the strength
function forms a small dip at the critical energy.
Finally, the last row of Fig. 4 (panels c and f) depicts

FQPs with the lowest states from both M = 2j and
M = j subspaces. Panel (c) shows the critical quench—
the initial ground state is displaced directly into the re-
gion of ESQPT between the A and F phases at energy
Ec4 (see the phase diagram inset). The initial decay is
significantly slowed down (even slower than the Gaussian
decay). Semiclassically this can be viewed as a slowdown
of the dynamics due to the localization of the initial state
at the stationary point (qs, ps) of the final Hamiltonian,
see the end of Sec. II B. A very narrow strength function
indicates a high localization of the initial state in the final
eigenbasis. As the Gaussian envelope is lost, we do not
observe any power-law modulated oscillations around the
Heisenberg time. On the other hand, in the non-critical
subspace (panel f) we obtain a similar decay pattern as
for the highest excited state (panel d), manifesting that
the presence of an ESQPT is crucial for the existence
of the localization. The stabilization of the initial state
due to an ESQPT within a similar quench protocols in
different f = 1 systems was also studied in Refs. [21, 24].

2. Backward quench protocols, f = 1

In the backward quench protocols (BQPs), we set λi
above the critical value (in this case λ̄c) and choose var-
ious values of λf < λi [16] . In Fig. 5 we consider the ini-
tial ground state at λi = 2.5. The survival probabilities
and strength functions for λf = 0.5 (panel a), λf = 0.8
(panel c) and λf = 1 (panel d) are qualitatively similar
to those in panels (a), (d) and (f) of Fig. 4. However,
the quench with λf = 0.772 in panel (b) of Fig. 5 has a
different character.

The quench in Fig. 5(b) is critical in the sense that its
final state population is centered roughly at the ESQPT
energy Ec4. We see that the corresponding strength func-
tion has a bimodal form with a dip at the critical energy.
Note that a similar behavior [see also Fig. 4(b)] would be
observed for quenches within a certain interval around
the present value of λf . The initial decay of the survival
probability after the critical quench does not differ from
the other cases in Fig. 5, but the ∝ 1/t dependence of

0 2 4 6
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0 2 4 6

FIG. 5. (Color online) The survival probability and the
strength function corresponding to the BQPs in the critical
M = 2j subspace of the δ = 0 model. The parameters and
meaning of symbols are the same as in Fig. 4.

revivals after the Heisenberg time is not present. The
evolution of the survival probability gets to the satura-
tion regime right after the survival collapse, which can
be interpreted as a speed-up of the decay. This differ-
ence from the FQP case, where the ESQPT caused a
longer survival, demonstrates that the quench protocol
(the choice of the initial state) plays an important role
for the ESQPT-induced effects.

The reason for absence of the 1/t behavior lies in the
violation of formula (25) for quenches populating states
across the ESQPT. This is demonstrated in Fig. 6, where
correlations between the energy spacings Efl−Ef(l−1) and

the mean populations (|sl|2+ |sl−1|2)/2 of the respective
neighboring levels are visualized for quenches from pan-
els (a) and (b) of Fig. 5. The left column in Fig. 6 shows
the energy spacing as a function of l, with the mean pop-
ulations marked by sizes of the green dots. The right
column depicts the energy spacing versus the mean pop-
ulation. In the upper row of Fig. 6, which corresponds to
the non-critical quench, we see that the energy spacing is
approximately a linear function of l, in agreement with
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a cold atom realization of the Dicke-like systems.
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[22] P. Stránský, M. Macek, A. Leviatan, and P. Cejnar, Ann. Phys. 356, 57 (2015).
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[49] P. Pérez-Fernández, A. Relaño, Phys. Rev. E 96, 012121 (2017)

[50] K. Baumann, C. Guerlin, F. Brennecke, and T. Esslinger, Nature 464, 1301

(2010).

[51] K. Baumann, R. Mottl, F. Brennecke, and T. Esslinger, Phys. Rev. Lett. 107,

140402 (2011).

[52] K. Rzazewski, K. Wodkiewicz, and W. Zakowicz, Phys. Rev. Lett. 35, 432 (1975).

[53] M. J. Bhaseen, J. Mayoh, B. D. Simons, and J. Keeling Phys. Rev. A 85, 013817

(2012).

[54] Z. Zhiqiang, C. H. Lee, R. Kumar, K. J. Arnold, S. J. Masson, A. S. Parkins, and

M. D. Barrett , Optica 4, 424 (2017).

[55] A. Peres, Phys. Rev. Lett. 53, 1711 (1984).

[56] O. Babelon, L. Cantini, and B. Douçot, J. Stat. Mech. 2009, P07011 (2009).
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List of Abbreviations

A - Atomic (phase)

D - Dicke (phase)

EDM - Extended Dicke model

ESQPT - Excited-state quantum phase transition

F - Field (phase)

IBM - Interacting Boson model

LMG - Lipkon-Meshkov-Glick model

N - Normal (phase)

QPT - Quantum phase transition

RWA - Rotating wave approximation

S - Saturated (phase)

TC - Tavis-Cummings (phase)

TPT - Thermal phase transition
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