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Abstract:  This thesis examines a multivariate point process in time with fo-
cus on a mutual relations of its marginal point processes. The first chapter
acquaints the reader with the theoretical background of multivariate point pro-
cesses and their properties, especially the higher-order cumulant-correlation me-
asures. Later on, several models of multivariate point processes with different
dependence structures are characterized, such as the random superposition mo-
del, a Poisson dependent superposition point process, a jitter Poisson dependent
superposition point process or the renewal processes models. Simulations of each
of them are provided. Furthermore, two statistical methods for higher-order cor-
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Introduction

The application of probability and point process theory in the field of neuros-
cience was the main motivation for this thesis. When analysing neurophysio-
logical data, in the form of neuronal pulse sequences measured simultaneously
on several neurons, it is important to monitor and record interactions between
the individual records. The records of neuronal activity are considered as a rea-
lizations of a multivariate point process in time. Hence, the research on neuronal
data led to the development of several dependence measuring methods, as in ar-
ticles [Staude et al.|[2010] and |Cutts and Eglen| [2014]. The aim of this thesis is
to study some of those methods and to introduce the theoretical background.

The thesis is structured into five main chapters.

In the first chapter, we introduce the random measure and point process the-
ory by defining a point process, a marked point process and a multivariate point
process together with their basic properties and characteristics. Further, we in-
troduce the basics from the theory of cumulants and apply them to establishing
the higher-order cumulant-correlation, that is a generalization of standard corre-
lation. This serves as a basis for the cumulant and cumulant-correlation measures
defined in the next section.

In the second chapter, we specify several models of a single point process used
in the literature to model a behaviour of a single neuron. For all the models, we
derive their characteristics, as far as analytically possible. The well-known Pois-
son point process is specified at first, then an extensive group of so called renewal
point processes, is introduced. These are set into the theory of random measures.
Last but not least, we define the operations of bursting (which is a special case
of point process clusters) and random displacement.

In the following chapter, we define multivariate versions of these models.
The most intuitive ones are random superposition models, with the mutually
independent univariate processes, though models possessing some dependence
structure are also of our interest. We formalize a Poisson dependent superposi-
tion model, a model widely used in neuroscience to model a behaviour of a group
of partially synchronous neurons. Moreover, we define its jittered alternative
— when the synchrony is jittered at random. For all these models we derive
their cumulant measures and other properties. For completeness, we also define
a multivariate renewal dependent point process.

The fourth chapter presents some statistical methods for higher-order correla-
tions, such as cumulant based inference of higher-order correlations—a procedure
of statistical tests on the estimation of lower bound for the maximal order of cor-
relation in the model and the extended tilling coefficient.

Afterwards, the mentioned methods are finally applied to both simulated
and real data. The real data are simultaneous recordings of eight neurons. We
provide simulations of nearly all the multivariate models defined in this the-
sis. Simulation generating algorithms and the mentioned analytical tools are
implemented into the statistical software R. Results of this work are summarized
and evaluated in the conclusion.



1. Point processes

1.1 Basics of point processes

In this section we define a point process, we summarize its basic properties and
characteristics. More details on the theory of point processes could be found
in monographs Rataj| [2006] and Reiss [1993].

Definition 1. Let S be a complete separable locally compact metric space and let
B(S) be its Borel o-algebra.

Denote M = M(S) the space of all locally finite measures p on (S, B(S)), i.e.
measures that are finite on compact sets.

Denote N = N(S) = {u € M : u(B) € Ny, VB € B(S)} the space of all locally
finite counting measures on (S, B(S)), Ng = Ny U {oc0}

Denote N* = N*(S) = {p e N : p({z}) <1, Vx € S}.

Definition 2. For B € B(S) we define the mapping
5 : N = Ny
= pu(B).
We introduce
N=o({rp: B eBE)}) = o({m5'(C) : B e BS), C C Ny},

the smallest o-algebra on N for which all the mappings 7, B € B(S) are mea-
surable.

Definition 3. For every u € N*(S) we establish its support
suppp ={z € S: p({z}) = 1}.
Definition 4. Let (2, A, P) be a probability space. A measurable mapping
N: (2, A P)— (N, M)

is called a point process on S. Thus we understand point process as a random
locally finite counting measure. A point process is simple if P[N € N*| = 1.

Remark. Chosen an elementary event w € €2, N¥ is a locally finite counting
measure. Value N“(B) represents the number of elementary events, or let us say
points of the process, lying in B € B(S).

Theorem 1. A measurable mapping N : (0, A, P) — (N,N) is a point process
if and only if for all B € B(S) the mapping

N(B): Q — Ny
w— N¥(B)

1s a random variable.



Proof. Firstly, recall that it is possible to express N(B) using 7z and N as a com-
pound mapping N(B) =mgo N.

= Let N be a point process on S. We see from the definition that N is
a measurable mapping on (€2, A, P). Then the mapping N(B) = mp o N is the
composition of two measurable mappings for all B € B(S). Therefore it itself is
a measurable mapping on (€2, A, P) and according to the definition it is a random
variable.

= Let N be some measurable mapping (€2, A, P) — (N, 91). The assump-
tion is that N(B) is a random variable, i.e. a measurable mapping on (2, A, P)
for all B € B(S). For an arbitrary C' C Ny we have

N(B)™'(C) = (mp o N)71(C) = N~ (m5'(C)).
We assume that N(B)~'(C) € A and therefore also N~ (73'(C)) € A because
the equivalence has to be preserved. The mapping N fulfills definition of mea-

surability, because the sets 75" (C') generate c-algebra M. Hence, according to
the definition, N is a point process on S. O

Remark. We can express a measure y € N as
p=">_ 0,
iel
where ¢, is the Dirac measure, I C N is some index set and elements z; € S, 7 €
are points. Therefore, we can express a point process N on S as

N(S)
N = Z 6Xi7
=1

where X, are random elements in S.
From now on we will consider only simple point processes on S = R.

Remark. Sometimes we call a point process on R a point process in time. In this
case the real line R is interpreted as the time line.

In the case of a point process on R*, we can understand the process as a system
of random variables (a stochastic process) {N;, t € T}, where N; = N((0,t])
and T C R™.

Definition 5. Let us introduce ty, : v+ tpu, a shift operator on N with h € R s.t.
thit(B) = w(B — h), where B—h={yeR,dbe B: y=0b—h} and B € B(R).

Definition 6. We say that a point process N on R is stationary if for every
h € R, N is equal in distribution to t, N. In other words, the distribution of N
is translation invariant.

Definition 7. One of the basic characteristics of a point process N is its inten-
sity measure A defined by

A(B) =E N(B)
for all B € B(R). Moreover, if there exists density \(t) of intensity measure, i.e.
A(B) = / A(t)dt, B € B(R),
B

we call this density the intensity function of a point process N.

5



We perceive value A(B) as an expected number of points, or rather observed
events, of a process on B € B(R).

Theorem 2. The intensity measure A of a point process N on R is a measure.

Proof. Intensity measure fulfils all the assumptions from the definition of a me-
asure. Clearly, it holds A(B) > 0 because N(B) > 0 for all B € B(R) and
also A(@) = 0 because N(@) = 0. Moreover, it holds that A is o-additive. Let
B; € B(R), i € N be pairwise disjoint sets then we have

A (U Bi) —EN (U Bi) —E (ZN(B,)) =Y E N(B) =Y A(B)).

iEN iEN iEN iEN iEN
O

Theorem 3. Let N be a stationary point process on R with o-finite intensity
measure A. Then its intensity function \(t) exists and is a constant function, i.e.

A(t) = A\

We call the constant A > 0 intensity. Moreover, for such a point process N, it
holds
A(B) = \|B|, B € B(R),

where “| - |” denotes the Lebesque measure. (It means that A is a N\ multiple
of the Lebesgue measure.)

((|

Proof. Let N be a stationary point process on R. From the definition we have that
the distribution of N(B) is equal to the distribution of ¢, N(B) for all B € B(R).
It follows that E [N(B)] = E[t,N(B)] = E[N(B—h)| for all B € B(R) and for all
h € R. Thus it holds A(B) = A(B — h) for all B € B(R) and for all h € R which
means that A is a translation invariant measure. From this it follows that A is
a multiple of the Lebesgue measure, more precisely it is A > 0 multiple. Then
there exists the intensity function A(f) equal to the constant A. O

Definition 8. We express the value of intensity as A = = ﬁg'B) for any B € B(R)
s.t. 0 < |B| < o0.
An unbiased estimate of intensity is therefore \ = %.

Definition 9. Moreover, for a point process N on R and n € N we consider
the n-th order moment measure

A™(B) = E N"(B) (: SNt ..dtn>

for all B € B(R™) (where N™ denotes the n-th power of N in the sense of product
measure). The last equality holds only if there exists density \™.

Remark. Let us notice that N™(X7_,B;) = I[i-; N(B;). Therefore
i=1

Remark. 1t follows right from the definitions above that, for a point process N,
A =AW,



1.2 Basics of multivariate point processes

In this section we firstly introduce the extensive group of marked point processes
and then we define the multivariate point processes as its special subset. We
include some general statements about marked point processes which, of course,
apply also for multivariate point processes. We proceed from |Chiu et al.| [2013].

1.2.1 Marked point processes

Definition 10. Let M be a complete separable locally compact metric space and let
B(M) be its Borel o-algebra. We call M the mark space.

A Marked point process is a simple point process N,, on the space R x M s.t.
its intensity measure A, fulfills A,,(B x M) < oo for all B € B(R).

For every marked point process we can consider the corresponding unmarked point
process, so called ground process N given by the projection on R,

N(B) = Nu(B x M), B € B(R).

Remark. We can express a marked point process N,, on R x M as

N(R)
N, = Z 5(Xi7Mi)7
=1

where 0(x, u,) is the Dirac measure, X; are random variables on R standing
for the elements of the associated ground process and random variables M; on M
are the corresponding marks.

It is apparent from the definition that N,, is a random counting measure
s.t. Np(B x D) is the number of points of N, in B € B(R) with marks in D €
B(M). The intensity measure A,,(B x D) is the mean number of points in B
having mark in D. As stated in (Chiu et al. [2013], the measure A,,(- x D) with
fixed D € B(M) is absolutely continuous with respect to the intensity measure
A(+) of the ground point process.

Definition 11. We say that a marked point process N,, is stmple if its ground
process N is simple.

Remark. Every point process on R can be represented as a simple marked point
process with mark space M = N, where the marks stand for the multiplicity
of points.

Definition 12. We say that a marked point process N,, is stationary if for every
h € R, N, is equal in distribution to t,N,,. Here, t), is a shift operator on N (R x
M) s.t. tpu(B x D) = u((B—h) x D), B € B(R), D € B(M).

Remark. From stationarity of a marked point process N,, stationarity of its
ground process NN follows.

By the intensity of a stationary marked point process N,, we then mean the in-
tensity of its ground process V.



Theorem 4. If N,, is a stationary marked point process with intensity 0 < A < co

then there exists a probability measure Q on M s. t. for its intensity measure A,,
it holds
A, (B x D) = X\B|Q(D), B € B(R), D € B(M).

The measure Q is uniquely determined by this equation.

Proof. Let us have a locally finite measure vp(B) = A, (B x D), B € B(R)
for every D € B(M). It follows from the assumption of stationarity that it is
a translation invariant measure on R and therefore a multiple of the Lebesgue
measure, vp(B) = Ap|B|. Setting Q(D) = 22 we have found the probability
measure from the theorem. It is clearly uniquely determined. O

Definition 13. We call the probability measure Q from Theorem ) stationary
mark distribution.
A typical mark is then a random element My in the mark space M, i.e. a me-

asurable mapping (0, A, P) — (M, N'(M)), with the distribution Q.

Remark. Let us remark, that for a marked point process N,, (being a point process
on R x M) we have the n-th order moment measure from Definition [J]

A" (B x D) =E [N"(B x D)]

forall B=B; x---x B, € B(R"), D= Dy x --- x D,, € B(M").

1.2.2 Multivariate point processes

Definition 14. A multivariate point process on R is a marked point process
with a special finite mark space Ml = {1, ..., k}, k € N. We can regard it as
a family of k marginal point processes on R, N,, = (Ny, ..., Ni), where
Ni(-) = Np(- x {i}),i € M. To be more precise, we can use the term k-variate
point process.

Remark. The ground process N of a multivariate point process N,, is often re-
ferred to as the superposed process because it can be expressed as a finite sum
of the marginal processes over the mark space M

In fact, a multivariate point process itself can be expressed in the terms of its
marginal processes

N,.(B x D) =" N,(B), B € B(R), D € B(M).

Definition 15. We say that a multivariate point process N, is marginally
stmple if its marginal processes are simple. We say that a multivariate point
process Ny, is marginally stationary if its marginal processes are stationary.

Definition 16. A multivariate point process N,, fulfills the random super-
position model if its marginal processes N;, 1 € M are mutually independent.



Lemma 5. From stationarity of a multivariate point process N,, stationarity
of its marginal processes N;, 1 € M follows.

On the other hand, if a multivariate point process Ny, fulfills the random super-
position model and its marginal processes are stationary then it is stationary.

Proof. Both implications are evident. ]

Lemma 6. The stationary mark distribution Q of a stationary k-variate point
process is an atomic measure on M s.t.

. Ai
i) =pi="7,
is the probability of mark i =1,..., k, where \;, 1 =1, ..., k denote the intensi-

ties of marginal processes.
Moreover, for the intensity A of the ground process N it holds

k

i=1

and vice versa for all i =1,..., k it holds
Ai = DiM.

For the intensity measure it holds

An(Bx D) =|B|Y_ X\, Be€B(R), D e BM).

i€D
The last statement holds even for marginally stationary k-variate point process.

Proof. Assuming only marginal stationarity it holds
Am(BxD)=E Y Ni(B) =S E Ni(B)™ " |B| 3 A\
ieD i€D i€D

for all B € B(R), D € B(M).
If we moreover assume stationarity, from Theorem {4 we have A,,(B x D) =

A|B|Q(D), hence

2iep Ai

QD) = ==
for all B € B(R), D € B(M). Then p; = Q({i}) = 4 foralli =1, ..., k.
The expressions for A\ and \; follow directly. m

Definition 17. For the multi-index J € N, we define a mapping 7(-)
T(3)=k=2 (i =0),
I

where function 0(-) stands for the classical Dirac delta function. Value 7(J) de-
notes the number of non-zero elements of J.



Definition 18. For a k-variate point process N, and a multi-inder J € NE,

J = (1, ..., jr), we define the J-mized (product) moment measure A(J”)
of the order n =3, 7, as

k

AP (B) =B [TTN(B)

i=1
for all B = By x --- x By € B(R¥).

Remark. 1f the vector index J in the definition above contains any zeros then
the J-mixed product moment measure Af]n) is in fact a measure on R™¥) only

APB)=AT(B)=E | I N(B)"

1<I<k, 170

Bla jl 7é 07

forall B = By x---x By € B(RF), where B = x},B; , where B, = {R 0
y  Ji =Y.

Lemma 7. If a k-variate point process Ny, fulfills the random superposition model
then it holds

k . .
ASY (B) = [ AP (Bl
for all B = By x --- x By € B(R¥).

Proof. For all B = By x --- x B, € B(R¥) we have

k
mdep HE [Nl Bl Jl:| H Jl) le

=1 =1

Ay (B)=E [ﬁ Ni(By)”

=1

The lemma follows from the theorem about the mean value of the product of in-
dependent random variables. O

1.3 Cumulant-correlations

(Classical covariance and correlation coefficient is defined to measure joint varia-
bility of two random variables. Cumulation-correlations, introduced in |Staude
et al. [2010], |Gardiner| [2004] or |Grun and Rotter| [2010], are generalizations
of the (co)variance to measure correlations among more than two random va-
riables. It is a natural and intuitive higher order generalization of the covariance.

Let us assume that all moments of an arbitrary random variable we work with
exist and are finite so that the characteristic function is expandable in a power
series.

Definition 19. Having a random variable X its (univariate) cumulants k,[X],
if they exist, are defined by the equation

npx(t) = 3 X

where px(t), t € R denotes the ch.f. of X



Cumulants are continuous, R-valued, and convolution-additive functionals
of a probability measure, as it is shown in Mattner| [1999).

Definition 20. Having a random vector X = (X1,..., Xg)T its (multivariate)
cumulants r3[X], J = (j1, ..., jx) € NE, if they exist, are defined by the equa-
tion

. . k
Inpx(t) =nE {e‘tTX} —InE [ele—lthJ]

-y i T (X)L
n=1

l...4,1°
{3=G1, 3> di=n} Jit gk
where px(t), t € R* denotes the ch.f. of X.
The cumulants of more than one variable are called mixed cummulants.

Definition 21. The order of the mized cumulant k3, J = (j1,. .., jx) € N§ from
the definition above, is the order of its multi-indexr, n = J1, = 3, j;, where 1j, is
a k-dimensional vector with all elements equal to 1.

Remark. The mixed cumulant of a vector with identical elements is equal to
the univariate cumulant of this one random variable, of the appropriate order,
i.e.

ral(X, ..., X)) = ka[X].

Thus we can say that univariate cumulants are just a special case of mixed cu-
mulants.

Remark. The first three univariate cumulants are equal to the centred moments
ri[X] =E[X],
ko[ X] = var[X],
k3| X] =E (X — E[X])®.

As an example of the first few mixed cumulants we have:

ra [(32)] = cov[Xa, Xa,

K(1,1,1) K%ﬁ )} =E[X1X,X5] — E[X; X0 E[X5] — E[X1] E [XoX3]—

3

— E[Xo] E[X1X5] 4+ 2E [X1] E [X2] E[X)].

Cumulants #,[-], n > 4, just as all the mixed cumulants x3[-], J € N can be
related to the (central) moments by the characteristic function, by Mobius inver-
sion. The procedure how to derive an explicit formula is in (Gardiner| [2004] p. 34
or Di Nardo et al.| [200§].

Lemma 8. The n-th cumulant k,, n € N is homogeneous of degree n and shift
(equi)invariant. Having a random variable X, for any constants o, 5 € R it holds

rilaX + f] = am[X] + 5,
knlaX + 8] =a"k,[X], n > 2.

11



Proof. See e.g. |[Mattner| [1999] or Brilinger| [1992]. O

Lemma 9. For the sum of random variables X;, j =1,..., k andn € N it holds
i X1 n!
Kn ZXj = Z KJ [( : )1 PR
=t {3=G1, 3> di=n} Xk
Proof. Treating the sum as one random variable Z = 5:1 X, we get (from
Definition

In <p25:1xj(t) =lnpy(t) = nz::l —fin jZ::lXj .
On the other hand it also holds (using Definition that
ln g@zk Xj (t) :ln (p(Xl,...,Xk)T(t) |t:(t,...,t)T

o m O

P A
n=1 {J:(jl,--.vjk)‘zljl:n} X J1 Ik}
00 X1 ,
:Z(it)n Z m[( : )]j']'
n=1 {3=01, )13 d1=n} Xy, 1! i)

We get the wanted equality by a comparison of the coefficients of the infinite
sums. [

The cumulant of the sum of independent random variables is the sum of their
cumulants.

Lemma 10. Let us have a family of mutually independent random wvariables
X;,7=1,..., k. Then for alln € N it holds

k k
R [ZX]] :ZRH[X]]
j=1 j=1
Proof. 1f the random variables are mutually independent it holds

i (it!)"

n

k . k
kn | DX = 1n902k () =InE [eltzj—lxj} =InE
j=1 =

k
eith

J

mdegend. In H E [eith] _ Z In ox, (t) _ Z
j=1 n=1

j=1

(i;;)n > [X]-

We get the wanted equality by a comparison of the coefficients of the infinite
sums. =

Remark. The implication in Lemma [10]can be replaced by equivalence only under
the stricter condition

k
Kn [Z a; X
j=1

holding for all a; € R and n € N. The proof of the right implication is then
based on the Kac’s theorem for ch.f. of random vector and the independence
of its elements as in the proof below.

k
= Z ajkn [Xj]7
j=1

12



Lemma 11. The elements of a random vector X = (Xi,..., Xg)T are mu-

tually independent if and only if all its mized cumulants vanish, i.e. for all
Je Nk 7(J) > 2,

Ky [X] = 0. (1.1)

Proof. = 1If the elements of a random vector X are mutually independent it holds

> . tjll s ﬁck indep. K
S > HJ[X]W =lnpx(t) =" Y Inpx,(t)
n=l LI=(jr, )|, i=n} e =t
- Z i Z fin[X]}ﬁ.
n=1 j=1 ’

From a comparison of the coefficients of the infinite sums it follows that the mixed
cumulants concerning at least two different elements of the vector must be zero.
< Assuming |1.1) we get for all t € R*

(0.0 n t]l k m tn
nex(t) = 21 > k3[X] Z Zfin
n=1 {J: (31 s 71) \lel:n} gl gl —
k oo
:ZZKJn ZIH@X lnHSOX
j=1n=1

So for all t € R¥ we have px (t) = HJ 1 x,(t;). From this follows (using the Kac’s
theorem for the ch.f. of random vector and the independence of its elements)
the mutual independence of X;, j =1,..., k. O

We can say that a mixed cumulant is a combination of moments that va-
nishes when some subset of the variates is independent of the other, as men-
tiond in Brilinger| [1992]. Taking the logarithm of the characteristic function
converts factorizations into additivities. Thus, it somehow measures the inte-
raction of the variables and the magnitude of the mixed cumulants is a measure
of the degree of the cumulant-correlation between these variables. We define
correlation by cumulants, i.e. a cumulant-correlation of a certain order.

Definition 22. A joint cumulant of the random vector X = (Xy,..., Xz)T is
a mized cumulant r1[X] where the multi-index I € {0, 1Y* is a binary vector indi-
cating which of the random elements of X are actually figuring in the calculation
of the cumulant.

Remark. For a joint cumulant xy of order n we have equality n = 7(I).

Lemma 12. Properties of the joint cumulants k1 of a random vector X =
<X17 SR Xk)T

Symmetry: For all permutations Per of the elements of X s.t. IPer(X) is some
permutation of 1X it holds

KJI[X] = K1 [PGT(X)]

13



Multilinearity: For any o € R and a random variable Yy it holds

kilaX] = ari[X],

S I )

Moment property: If the mized moments of k-dimensional random vectors X and
X' are identical up to order 7(I) then

K1 [X] = K1 [XI] .

Normalization (Polynomiality): If we express joint cumulant k1| X] in the terms
of mized raw moments, then the coefficient of the first term E [IX] is always
equal to 1.

Interaction property: If the elements of a random vector X = (X1, ..., X3,)T can
be decomposed into at least two independent groups then

k1, [ X] = 0.

Proof. For the proof see Brilinger [1992], |Griin and Rotter [2010] or Mattner
[1999). O

Definition 23. We say that the random variables X;, j = 1,..., n are cumulant-
correlated of order n if
X1
)
Xn

We say that the elements of the random vector X = (X1, ..., Xz)T are cumulant-
correlated of order n < k if at least one of its joint cumulants of the order n is
not zero, 1i.e.

3J e {0, 1}": Y qi=n A rg[X] #£0.
]
Otherwise we say they are n-th order cumulant-uncorrelated.

Joint cumulants are measures of the n-th order cumulant-correlation between
random variables. Let us remind that just like the covariance measures linear de-
pendence between pairs, higher order joint cumulants capture only linear higher-
order dependences. The term subindependent is sometimes used for the random
objects which are uncorrelated, because this property can be seen as “weak inde-
pendence”.

Moreover, the n-th joint cumulants measure the dependences that are not
already explained by the (n — 1)-th cumulant-correlations.

Corollary 1. A cumulant k, {Zle Xj] of a sum of arbitrary random variables

Xj,7=1,..., k depends on cumulant-correlations among the X; of all orders up

to n, but not greater than n.

Proof. The corollary is a direct implication of Lemma [9} O]
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Corollary 2. If the elements of a random vector X = (X1, ..., X)T are mutually
independent then they are cumulant-uncorrelated of all orders n > 2.

Proof. The implication follows directly from Lemma |11} O
Corollary 3 (of Lemma [10). If

k k
Rn [ X]] — ZK”[X]] 7é 0

then the random variables X;, 1 = 1,..., k are correlated.
Proof. The implication follows directly from the lemma. O]

By the higher-order correlation we mean the cumulant-correlation if not said
otherwise.

1.4 Cumulant measures

Definition 24. For a point process N and n € N we consider the n-th order

cumulant measure
N(B1)
7" (B) = Ky, :
N(Bn)

for all B = B; x -+ x B, € B(R").

Remark. Sometimes, the n-th order cumulant measure of one argument only,
is of our interest. In that case we consider the n-th order cumulant measure
as a measure of one argument only

y™(B) :=~4"(Bx --- x B).

Definition 25. For a k-variate point process N, and some multi-indexr J =
(1, - -+ Jx) € NE we define the J-mized cumulant measure 7}”) of the order

n=7>,J as
(n) Moy
vy (B) = kg :
Ni(Bg)

for all B = By x --- x By, € B(R¥).

This characteristic is defined for general J € N  However, to measure
the cumulant-correlation, only the joint cumulants are necessary. Therefore we
introduce also a restricted, more practical version of Definition [25]

Definition 26. For a k-variate point process N, and ordered D = {dy, ..., d,} C

M, we define the n-th order correlation measure fy,(j") as

Nd1 (Bl)
w7
Ndn (Bn)

for all B = B; x --- x B, € B(R").

15



Remark. Based on the cumulant theory, J-mixed cumulant measure yf]n) just

as n-th order correlation measure yg) can be alternatively expressed as a li-

near combination of joint (product-)moment measures of the appropriate order
and multi-index. For example, the mixed covariance measure (the most common
one) satisfies

Yy (Br % Ba) =AY (By x By) = A(B1)A(By)
or
")/((i)Ll)<Bl X BQ X Bg) =A ? 1,1) (Bl X BQ X Bg) — Ag?l) (Bl X BQ)A(Bg)

—A{ ) (By x B)A(By) — A (By x Bs)A(By) + A(By)A(By)A(Bs).

The mixed cumulant measure and the mixed cumulant function are, in diffe-
rent ways, expressing the degree of dependence between the processes.

Definition 27. We say that point processes N;, i € D C M of a k-variate point
process Ny, are cumulant-correlated (of order n = |D|) if

75 (B) #0

for allB = By X -+ x B, € B(R"). We say that a k-variate point process N,
has cumulant-correlations of some order n < k if there exists D C M, |D| = n
and B =By x --- x B, € B(R") s.t

5’ (B) #0.
Otherwise we say it is n-th order cumulant-uncorrelated.

Remark. For a general marked point process IV, (being a point process on R x M)
we have also the n-th order cumulant measure from Definition 24]

NnL(BlXDl)
Vﬁ?)(B x D) =kq, :
N (Bnx D)

forall B= B; x---x B, € B(R"), D= D; x---x D,, € B(M"). However, of our
interest is mainly the n-th order cumulant measure of one argument only, set as
BxD

oy (") = s )

BxD
for all B € B(R) and for all D € B(M).

Remark. If the point processes are all stationary, then their cumulant measures
do not depend directly on the particular sets By, ..., By but on their mutual
position (distance) and their Lebesgue measure.

Lemma 13. If a k-variate point process N,, fulfills the random superposition
model then it holds

75! (B) =0
for alln > 2, for all B = By x --- x B,, € B(R™) and for all D € B(M). Thus,

the process is cumulant-uncorrelated of all orders n > 2. Moreover, it holds

A" (B x D) =3 4" (

€D

for all B € B(R) and for all D € B(M).
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Proof. From the independence of the marginal processes independence of random
variables (N, (B1),..., Ny, (By))T follows. The first statement then follows di-
rectly from Lemma the second one from Lemma [10] O]

17



2. Models for univariate point
process

2.1 Poisson process

Definition 28. Let v be a (general) measure on R, and A € B(R) s.t. 0 <
v(A) < oco. Moreover, let us have n € N and let X1, Xo,..., X, be independent
and identically v-uniformly distributed random variables on A, i.e.

v(B)
P(X; € B) = , BCA.

Then N™ = " 6y, is a binomial point process of n points in A with sam-
pling measure v.

Definition 29. Let v be a measure on R and A € B(R) s.t. 0 < v(A) < oc.
Moreover, let us have L a non-negative discrete random variable with distribution
Q and X1, Xo,... independent and identically v-uniformly distributed random
variables on A, independent with L. Then N = Y% | 0x, is a mized binomial
point process with mixing distribution () and sampling measure v.

An often choice for sampling measure v is some probability measure on R.
In that case 0 < ¥(R) =1 < oo and P(X; € B) =v(B), B € B(R).
Remark. The counts N™(B), B € B(R) of a binomial point process N™ of n
points in A with sampling measure v are binomially distributed random variables

ANB
with parameters n and U((Z)) Thus, the intensity measure of N™ is A(B) =
v
v(BNA)
v(4)

Lemma 14. For a mized binomial point process with mixing distribution @)
and sampling measure v we have

pvi) =k = S a(f) (“E52) (-0 e s,

A(B) =E[L] ”(f (2)A>

Proof. For all B € B(R) it follows that

P(V(B) = ) = P(Y_ b (B) = ) - f: P(> 6y, (B) = k) P(L = n)

=1

For all B € B(R) we have

, B € B(R).

A(B) =E LZ;(SXZ.(B)] —E [E [:1 6X1,(B)\LH “EILE [0x, (B)]
—E[L]P(X, € B) = E[L]W.
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Definition 30. A point process N on R fulfilling the following properties:

e for any B € B(R) it holds that N(B) is Poisson distributed with intensity
A(B), where A is some o-finite measure on R,

e foranyn € N and a family of pairwise disjoint sets B; € B(R), i =1,..., n,
the random variables N(By), N(Bg),..., N(B,) are mutually independent,

is called the Poisson point process with intensity measure A.

The second property means that the process has independent increments.

Remark. Definition of the Poisson point process can be easily extended to
an arbitrary complete separable locally compact metric space S.

Definition 31. If the intensity function exists and it is constant we speak about
the homogeneous Poisson point process with intensity A\. Otherwise, we speak
about inhomogeneous Poisson point process.

Lemma 15. A homogeneous Poisson point process is stationary and simple.
Proof. For the proof see, e.g. |[Reiss [1993], Chapter 2. ]

Theorem 16. Set A € B(R). A simple Poisson point process N restricted on A
with intensity measure A s.t. 0 < A(A) < oo and conditioned by the number
of points, N(A) =n € N, is equivalent in distribution to a binomial point process
of n points in A with sampling measure A.

Proof. For the proof see Weil et al.|[2006], Lemma 1.1 (Conditional Property). [

The theorem says that once we know there are n events from a homogeneous
Poisson process in a time interval of length T', then these events are distributed
uniformly on this interval.

Theorem 17. Set A € B(R). Let N be a simple Poisson point process on A with
intensity measure A s.t. 0 < A(A) < oco. Then N is a special case of a mized bi-
nomial point process with mizing distribution being Poisson with parameter A(A)
and sampling measure A on A. Moreover, let N be a mized binomial point pro-
cess with mixing distribution being Poisson with parameter A\ > 0 and sampling
measure v on A. Then N is a Poisson point process with the intensity measure

v(BNA)
ANB)=A\—,B R).
)= U0E e sm
Proof. For the proof see e.g. Last and Penrose [2017], Proposition 3.8. ]

Lemma 18. All the cummulants of a Poisson distributed random variable X are
equal to its parameter, i.e. for alln € N

kn [X] = A
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Proof. The characteristic function of the Poisson distribution with intensity A
is px(t) = exp(A(exp(it) — 1)), as it is stated e.g. in Last and Penrose| [2017],
Chapterl.1. Therefore,

Inox (£) = Aexp(it) — 1) = A (i Go" 1) _ 3yt

|
n—0 n.

From Definition [I9 we have

Hence,

It follows right from the comparison of the coefficients of the infinite sums that
Kn [X] = A for all n € N. O

Theorem 19. The n-th order cumulant measure of a Poisson point process N
on R with intensity measure A is

10(B) = A (ﬂ Bi) ,

for all B = B; x --- x B, € B(R").
Proof. Let us denote H = N}, B;. For all B = By x --- x B,, € B(R") it holds

N(Bu1) N((B1\H)UH)
7" (B) = k1, : = K1, :
N(Bn) N((Bn\H)UH)

. {(N(Bl\H)JrN(H))]

disj.

= Iiln .
N(Bn\H)+N (H)

Applying the multilinearity of connected cumulants, step by step to every element
of the vector we get the sum of cumulants of vectors. Cumulants of vectors where

there are at least two elements with mutually disjoint sets, are equal to zero.
N(B1\H)

Therefore also kg, [( )] = 0. It is because the counts of Poisson point

N(BAM)
process on disjoint sets are independent. So we get

N(B1\H)+N(H) Multili N(H) B {3

K1, : &l.l:;m' K1, : =k, [N(H)] "™ ZA(H).
N(Bp\H)+N(H) ndep- N(H)

O

The theorem puts some restrictions on applicability of Poisson point pro-
cess. To model more dispersed processes, one should consider some modifications
or a non-Poissonian model.
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2.2 Renewal processes

Definition 32. Let us have Y;, i = 2, ..., strictly positive, i.i.d. random varia-
bles on RT = [0, 00) with distribution Qy and Y1 a random variable with corre-
sponding forward recurrence time distribution Qg (see Appendiz . We define
random variables {X;, i =2, ...} by a recurrent relation X; = X; 1 + Y, i =
2, ..., setting X1 = Yi. A point process N on R* defined as N = > ;cn0x,
is called an equilibrium renewal point process with the inter-event time
distribution Qy .

Remark. Reversing the relationship, it holds Y; = X; — X;_1, « € N. Because Y;
are strictly positive, it follows that X;, as defined in Definition [32] are indexed in
increasing order, i.e. P(+-- > X;11 > X; > X; 1> X, o> ...) =1

Now, we can see that Y;, ¢ = 2, ... are random variable standing for the length
of intervals between two consecutive points of the process respectively. Therefore,
we call them inter-event intervals (times). They can also be interpreted as time
lengths without any event. An inter-event time distribution @)y is sometimes
referred to as a lifetime distribution.

Remark. Measures defined for a point process on R, such as the intensity or cu-
mulant measure, can be very easily restricted on B(R™) and thus be defined also
for a renewal point process.

In the renewal theory, there is defined also an ordinary renewal point process.
It differs from an equilibrium just by the Y; which is a constant equal to 0, hence
X is fixed at the origin £ = 0. On contrary, we can say that in an equilibrium re-
newal point process, the origin, ¢ = 0 is specified without knowledge of the events.
It is a point on a real line, independent of the process. The forward recurrence
time distribution is a special distribution associated to the inter-event interval
distribution, s.t. an equilibrium renewal point process is stationary in the sense
of stationary increments (as defined later). A so called delayed renewal point
process has the extra specified distribution of the distance from the origin ¢t = 0
to the first point of the process X;. Through this thesis by a renewal point process
we mean an equilibrium one if not said differently.

Moreover, we assume that the inter-event intervals have finite moments. (So
there exists a moment generating function on some neighbourhood of 0.)

A renewal process, as any other point process, can be specified in three stan-
dard ways. First, by the joint distributions of the points X;, second, by the joint
distributions of the inter-event intervals Y;, and third, by the joint distribution
of the number of events (N (By),..., N(B,)), n € N, B; € B(Ry).

Definition 33. We define a function
L(t)=min({i e N: X; > t}),t € R{,

attaining values of the index of the nearest point of the process after t. We have

L(0) = 1.

Lemma 20. For an arbitrary t € RE, h € RE and a renewal point process N it
holds

N([t,t%—h))imax{nENO: ZYj,<h},

i=1
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where Y, is a random variable with corresponding forward recurrence time distri-
bution Qr and Yj/, j =2,... are i.i.d. random variables with inter-event time
distribution Qy .

Proof. Let us have an arbitrary t € Ry. The distance | X, — ¢ is a random
variable with a forward recurrence time distribution Q g, as it is shown in Appen-
dix Hence, it does not depend on t. The interval length to the next event
after Xy is the inter-event interval Y7;)41. So, for any n € N it holds

n n d ,
Xrn = Xew + O Yo =t + [ Xow —t|+ D Yige =t + > Y.
j=1

=1 =1
For the renewal point process on [t, t + h) we have:

N([t,t+h)=> 0x,([t,t+h)) =card{i e N: ¢t < X; < ¢+ h}
ieN
= card{i € Np: XL(t)JrrL' < t—l—h} = max{i €Ny : XL(t)71+i < t—|—h}
imax{iGNO:t+ZYj/ <t+h} :max{iGNO:ZY}/ <h}.
j=1 j=1
O]

For a fixed ¢, N on [t, 00) is in fact a delayed renewal point process with
origin at t and a forward recurrence time distributed distance to the first point
of the process. It is a straight corollary of the previous lemma.

Lemma 21. For a renewal point process N, an arbitrary t € R{ and h € R it
holds for all k € Ny,

P(N ([t t +h)) = k) = Fr # Fyp1(h) — F % Fya(h) (2.1)
1= (= Fy(w) du, k=0,
2S5 (Fyaoa(u) = 2Fyi(u) + Fypa(w) du, k #0,

(2.2)

where Fp is the forward recurrence time c.d.f., Fyy, the c.d.f. of a sum of k inter-
event intervals Y5, Y;, Fp* Fy,_1(h) =1 and Fp x Fyo(h) = Fg(h).

Moreover, for the probability generating function Gn(h, () of N ([t, t+ h)) it
holds

LACN(h, Q). 5 = (1 L E=na- My<s>>> |

ps(1— My (s))
(=1
G Q=1+ = ["Gralt, ),
where My (s) is the moment generating function of the inter-event interval dis-
tribution and Gy (t, ) is the probability generating function of the distribution

of max{n € No : Y7_, Y; < h} (of the ordinary renewal p.p. case). Notation L
stands for the Laplace transform.
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Proof. We proceed from Cox| [1962], Chapter 3.2. The random variable Z?Zl Y;
is a sum of k ii.d. random variables therefore its c.d.f. consists of a k-fold
convolution of the inter-event interval c.d.f. Fy(h) with itself. We denote this
convolution Fy(h) = Fy*(h). Then for all k > 2 we have

P(N([t,t+h)=k)=P(N([t,t+h)) >k)—P(N([t, t +h)) > k+1)
= P (Xpphr St+h) =P (Xppen <t +h)
= P ([ Xpyh1 —t] <h) =P (| Xpwx —t] <h)

k1 k
=P (’XL(t) —t|+ D Yy < h) —-P <|XL(t) —t+ ) Yigys < h)
j=1 j=1

k , k+1 ,
—p Ly <n) P Xy <
i=1 j=1
= FF * Fy}kfl(h) - FF *Fy}k(h)

We can see, that if we set Fp x Fy_1(h) = 1 and Fp % Fyo(h) = Fr(h), this
equation holds generally for all £ € N.

Let p denote the mean value of the inter-event interval. The p.d.f. of Zle Y;
is again a k-fold convolution of the inter-event interval p.d.f. fy-(h),

[eS) oS k-1
fyyk(h) = /0 /0 fy’j(ul) l_gij(u]' —uj,l)fyyj(h—uk,l)dxl... dl‘k,y
j:

Also for its m.g.f. it holds My (s) = (My(s))*. Tt follows from the independence
and identical distribution of the inter-event intervals. Similarly, for the m.g.f.
of Z;?:l Yj', a sum of forward recurence time and k inter-event intervals, it follows
that

1 — My(s) My 1 (s) — My g41(s)
MZ?:1 Yj'(S) = Mp(s)Myr(s) = T(My(s))k _ . ’

1 — M
because for the forward recurrence time we have Mp(s) = 1= My(s) (see Ap-
s

pendix [A.2)). Let us recall that for a general random variable X, its c.d.f. Fx(z)
and m.g.f Mx(s), it holds that £L{Fx(x), s} = MXT(S) It follows that

fr* fyp-1(h) = FKkl(h)u_ Frelh)

Therefore, for k£ > 0 it holds

P (N ([t, t+ h)) = ]{7) = FF * Fy7k_1<h) — FF * Fyﬁ(h)

_ O" (fr* fraoa(u) = fr* fra(u) du
- lll oh (Fyp-1(u) = Fyp(u) — (Fyx(u) — Fypei(u))) du
= ’i Oh (Fyp—1(u) = 2Fy(u) + Fypq(u)) du.
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For &k = 0 we have

P(N([t,tJrh)):O):1—FF(h):1—/0hfp(u)dx
:1—1/h(1—Fy(u)) dz.

wJo

The probability generating function of N ([t, t 4+ h)) is based on the general
definition,

Gn(t, h, () = ch N ([t,t+h))=k)

i zck ([0, 1) = k)

& stationar.

Previous par
= part ch (FF*FyJC_l(h) —FF*Fy7k(h))
of the Lemma =0

R4y <kFF « Fypa(h) — i C“Fp + Fra(h)
k=1 k=1

L ¢S e B (h) — Fe(h) = S CFFp % Fya(h)
k=1 k=1

k=0 k=0

— 14 (¢ )ZgFF*FYk(h)_1+—/ Gy(t, ¢) dat
k=0
:GN<h7<)

We see that Gy(t, h, ¢) does not depend on t, it depends on h only. Applying
the Laplace transform we get:

LA{Gy(h, (), s} = /OOO esh <1 +(C—-1) i_o: ChFp ijk(h)> du

Change of /°° et dh + (¢ — 1) Z ¢k /OO e Fr * Fy,(h) dh
k=0 70

sum & int. .JQ

o0 M k /(S)
1 LY
= -+ (-1 Z Ckzﬂ——y
o k=0
YY1

the sum of iid rv S <1 + o 1) Z CkMF(S>M¢<S)>

— i<1+(C—1MF Zc’ka )

1

G 1)‘5‘”() >(carv(s))

CMy (s)l<1 1 (C=1)(1 — My(s))
" (1 T (= OV () )

&geom. sum §
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For more details see Cox [1962]. O

Let us be aware that

We can find it stated in [Serfozo| [2009], Proposition 18 that if the inter-event
intervals are continuous, the probability of a renewal at any time is 0.

Remark. In |Cox [1962] they remind us that if the interval [t, ¢ + h) over which
the events are counted becomes large compared to the average inter-event interval,
the distribution of N([t, t + h)) approaches a Gaussian distribution, for which
the asymptotic value of the mean and variance can be calculated.

Definition 34. We say, that a point process N on R (or R) has stationary
increments if

N ([t, t +h)) Lt ,N ([t, t +h)) (2.3)
for allt € RT, h € R" and every shift u € R s.t. [t —u, t+h —u) CRT.

Lemma 22. An equilibrium renewal point process is simple and has stationary
imcrements.

Proof. Simplicity follows right from the positivity condition in Definition [32]
From Theorem [20| we directly see that N ([¢, ¢ + h)) does not depend at all on ¢,
but only on h and that it fullfils condition (2.3)). O

Lemma 23. For the intensity measure of an equilibrium renewal point process it
holds, that
A(B) = \|B|, B € B(R"), (2.4)

i.e. for all B € B(R"), A(B) is a multiple of the Lebesque measure. The constant
A from (2.4)) is called the intensity of N and it holds

)\:77
)2

where |1 denotes the mean value of an inter-event interval.

Proof. Follows right from the stationarity and Blackwell’s theorem holding with
equality for equilibrium processes. For more details see (Cox [1962], Chapter 4.2.

O]
Lemma 24. For a renewal point process N it holds
1 h &2 h
var[N (jt, t + h))] = = 2/ S Fyg(u)de+h(1-2
p\"h o p
2 /h<°° u 1)
== Fyp(u) — —+ =] dz.
o kz::l vk (u) R
Proof. The variance var [N ([t, t + h))] is expressed in |Cox| [1962], 4.5(7). O
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Remark. Variance and other moments of the equilibrium renewal p.p. can be deri-
ved from the probability generating function Gy (h, ¢) (or its Laplace transform).
The n-th factorial moment

E[N(t, t+h)x (N(t,t+h)—1)--(N([t, t+h) —n+1)] =GV (h 1),

where GU”(h, 1) is the n-th derivation of Gn(h, ¢) at ¢ = 1. For more precise
expressions of the variance of the number of renewals see |(Cox| |[1962], chapter 4.5.
For more precise expressions of the n-th factorial moments see (Cox [1962], chap-
ter 4.6. or |Griin and Rotter| [2010].
Definition 35. The coefficient of variation Cy of a random variable X is
defined as

E(X?
CvV = g = ( ) )
po \E(X)?

where p is the mean and o is the standard deviation of X. For the equilibrium
renewal point process we have

Cv = VwvarYA =/E(Y?)\2 -1,

where 'Y is a random variable with inter-event distribution.

Remark. Another important characteristic of a renewal point process is the ha-
zard function h(z). As stated in Reimer et al.| [2012], a renewal process is
completely determined by its hazard function, which gives the possibility of an al-
ternative definition of a renewal point process. For more details see Appendix[A.3]

Gamma point process

Definition 36. Gamma point process with shape v and scale 3 is a renewal
process where the inter-event intervals are gamma distributed Gamma(~y, [3).

Remark. The ch.f. py(t;7, ) and the m.g.f. My (t;,3) are

@Y(taf%ﬁ) = (1 _Bit)7’y7
My (t;y,B) =1 —=pt)"7, t<1/B.

Remark. The mean value of the Gamma(y, 5) distributed inter-event interval
is 4 = 783, the variance is 02> = 5% and the skewness is 2/y/B. Generally,

the cumulants are x,,[Y] = y(n—1)!5". The coefficient of variation is Cy = /1/7.

Remark. Let N be a Gamma point process with shape v and scale 3. The dis-

tribution of N ([t,t+h)),t € Rf, h € R{ is set by Lemma or [2.2),
where

Fy(h;y, B) = Fy (h; k7, 8)

and

Fr(h;v, B) = Fy(h;v, B) <1 - 5:) + ;7 (1 —=Bfy(h;v,B8))-

The intensity A of a Gamma point process is then A = w% and its intensity measure

1S
1B

V3
26
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Proof. The Gamma forward recurrence time distribution Fr(h;~, 3) is calculated
in Appendix [A.2] It holds that the sum of k independent Gammal(y, 3) distri-
buted random variables is Gamma(k~, 5) distributed, as we can find in Grin
and Rotter| [2010]. Therefore Fy(h;~, ) = Fy(h; kv, ). The statement about
intensity follows directly from Lemma [23] m

For an Erlang(n,\) case you can find the exact expression of distribution
of N([t,t+h)), t € RJ, h € R} in|Cox [1962], page 39.

Lemma 25. A Poisson point process on R with intensity \ is a special case
of a Gamma renewal process where the inter-event intervals and also the forward
recurrence time are all exponentially distributed with intensity X\, Exp(\).

Proof. For the proof see, e.g. [Kingman| [1992]. ]

Poisson point process with dead time

Definition 37. Poisson point process with dead time d and intensity parameter
Ap 8 a renewal process where the inter-event intervals are distributed with density

flx—=d;\,) z>d,

i Mgy d) = Mpe TN () =
fy (@3 Ay, d) P 4.0 () 0 otherwise.

Remark. The probability of the inter-event interval of a Poisson point process
with dead time d being smaller than d is equal to 0.

Remark. 1t is evident that the inter-event intervals of a Poisson point process with
dead time d are in fact shifted exponential, i.e. Y = d+ X, where X ~ Exp(),).
The c.d.f. Fy(z;\,,d) of inter-event intervals of a Poisson point process with
dead time d and intensity parameter A, is

r—d;N\,) x>d,

FEJ: (
Fy(z; M\, d) = P
vl P ) {0 elsewhere.

Remark. The mean value of the inter-event interval of Poisson point process with
dead time d and intensity parameter A, is

€11. above 1
p=E[y] b Eld+X]=E[X]+d= 1 +d.
4

the variance is 02 = A, 2. Generally, the cumulants of order n > 2 are equal
to the cumulants of Fxp(\) distributed r.v., i.e. for n > 2 it holds

e [V] ML e [d + X B X = A — 1)1,

The coefficient of variation is Cy = /\% + Ai.
D vy

Remark. The ch.f. vy (t; A\, d) and the m.g.f. My (t; \,, d) are

Py (t; A, d) = E e = E " = eMllop (£ ,),
My (t; Ap, d) "L i (80,
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Remark. Let N be a Poisson point process with dead time d and intensity para-
meter \, . The distribution of N ([t, t + h)), t € Ry, h € R is set by Lemma

or , where

h —kd;\, k) h > kd,
elsewhere,

Fran
FYJ{;(h;Apgd) _ {OEZ 9(

and 1= et s g
Fp(h; Ap, d) = { hAp e 0< h’< d

+2pd

The intensity parameter )\, is not the actual intensity A of the process. It holds

po 1+ Ad
Its intensity measure is
aB) = 2Bl pep
1+ M\d’ '

The forward recurrence time of the inter-event interval distribution of Pois-
son point process with dead time d and intensity parameter \,, Fr(h;\,,d), is

calculated in Appendix [A.2] It holds

k k k

D Y= (d+ X)) =kd+}_ X,

i=1 i=1 i=1

where 3% | X; is sum of k& independent, Exp(\) distributed random varables,
therefore it is Erlang(\, k) distributed, as stated before. Then we have

k k k
Fyr(h; Ay, d) =P (ZK < h) =P (kd—i—ZXi < h) =P (Z:XZ <h-— kd)
i=1 i=1 i=1
= FErlang(h - kda /\7 k)a
for h > kd and 0 otherwise. The statement about intensity follows directly

from Lemma 23|

This model is used, for example, in study of spike trains, where the dead time
d represents the refractory period.

Lognormal point process

Definition 38. Lognormal point process with parameters py and oy is a renewal
process where inter-event intervals are Lognormal(iy, o) distributed.

Remark. The mean value of the Lognormal(uy,oy) distributed inter-event in-
2

. N . . 2 2
terval is u = e#NT72 | the variance is 0? = 2~ 1oy (e"N — 1) and the skewness

is (e"?V + 2) Ve~ — 1. Generally, the raw moments are E[X"] = "Nt
The coefficient of variation is Cy, = 4/ €N — 1.
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Even though the lognormal distribution has finite moments of all orders, there
is neither closed-form expression for the m.g.f., nor for the ch.f. of lognormal
distributed random variable. It holds My (t; uy,0x) = 00, t > 0. The cumulants
can be obtained using the raw moments, but unfortunately, there can not be
much analytically done.

Remark. Let N be a lognormal point process with parameters uy and o5. The dis-
tribution of N ([t, t + h)), t € R}, h € R{ can be derived from the expressions
in Lemma [21} although there is no nice analytical expression for the convolution
Fy i (h;7,8). We have

x

Fp(h; iy, 0n) = Fy (2; iy + 05, 00) + - (1= Fy(z; px, o).

2
aey
The intensity A of a lognormal process is then A = e ( * ) and its intensity

measure is

02
N
2

(#NJr )
A(B)=e |B|, B € B(R]).
The lognormal forward recurrence time distribution Fg(h;puy,oy) is calcu-

lated in Appendix [A.2l The statement about intensity follows directly from
Lemma 23

2.3 Bursting and random displacement models

Bursting model described below is supposed to model a specific behaviour of neu-
rons, so called bursting. The model is a doubly stochastic process. We introduce
few possibilities for daughter process distribution which are used in the studies
of spike trains.

Definition 39. Let N be a cluster point process on R with independent clusters
s.t. the daughter processes {(, : * € R} are mized binomial, i.e. of the form

Lz
Ca: = Z 6X17i+x7
=1

where Ly is either a constant L, = b, or a random variable having either a Pois-

son distribution with parameter b,, L, ~ Po(b,), or a discrete uniform distri-

bution with maximum 2b, — 1, L, ~ U(b,), and random variables X, ,; are i.i.d.

having either Normal distribution with 0 mean and variance b,, X, ; ~ N(0,b,),
bo be bo

or a uniform distribution on [—7, 7}, Xz~ U ([—%", 3}) We will call such

a process N, a bursting point process with parameters b, € N and b, > 0.

Remark. In other words, daughter processes of bursting point process are mixed
binomial processes with sampling measure v on R given as

v(B) = [ fly—a)dy,

where f(y—x) is the density function of either N(0,b,) or U ([—%", %"D Neither
L, nor X, ; depend on z.
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In case of constant sum, L, = b,, daughter processes {(, : = € R} are simply
binomial point processes. Hence, (,(B) ~ Bi(b,, [z f(y — x)dy), B € B(R).
In case of Poisson mixing distribution, from Theoremit holds that {(, : © € R}
are Poisson point processes with intensity measure A, (B) = b, [5 f(y—2x)dy, B €

B(R).

We can refer to parameter b, as the expected number of events per burst
and parameter b, as the “variance” of the burst. We can consider 3 types of bur-
sting, comprised of all possible combinations of the nature of the number of events
in a burst.

Definition 40. Poisson bursting point process with intensity A and parameters
by, by is a bursting point process as defined in Definition |39 l where the parent
process N’ is a Poisson point process with intensity .

Remark. For a general bursting point process with parameters b,, b, it holds

= [GBIN'(d) = [ S b wa(BIN (do), Be B,

Lemma 26. A bursting point process with stationary parent process is stationary.

Proof. Stationarity follows from the stationarity of the parent process together
with the fact that the centered daughter processes are i.i.d. O

Lemma 27. The intensity measure of a bursting point process N with parameters
by, by and stationary parent process with intensity N s

A(B) = \'b, |B|
for all B € B(R).
Proof. According to Lemma [14] the intensity measure of a daughter point process
G is
Ao (B) =0 / fly— )

for all B € B(R), where f(y — x) is the density of the common distribution of X
but shifted by x. Thus, for the intensity measure of a bursting point process N
we have

A(B) = E[N(B)] =E[EINB)IN] =E [E | [ (BN (do)|] |

B | [ A (BN (dn)] - /RAC,AB)A (dr) = [ Ac(B)N do
E Xbu/R/Bf(y —x)dyde = Xbu/B/Rf(y —z)dedy = \'b, | B|
for all B € B(R). O

Remark. A Poisson bursting point process belongs to the group of so called
Neyman-Scott point processes. If also its daughter processes are Poisson (with
Poisson mixing distribution), we speak about Neyman-Scott Poisson point pro-
cess. Moreover, in case of Gaussian bursts, it is so called Thomas point process.
In case of uniform bursts, it is so called Matérn cluster process.
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A mathematical model may require randomly moving points of a point process
to other locations on R. Apart from bursting model we consider also random
displacement models.

Definition 41. Let N be a cluster point process on R with independent clusters
s.t. its daughter point processes {(, : x € R} take form

<a: == 5XI+CC7

where the 1.1.d. random variables X, are either normally distributed with 0 mean
and variance by, X, ~ N(0,b,), or distributed uniformly on {—bf’ b—f’} X, ~

PREPEE
U ({—%", %"D We will call such a process N, a displaced or jittered point

process with displacement parameter b, > 0.

Remark. Definition says that a displaced point process is a bursting point
process, where L, is a constant equal to 1 for all x € R. For a general displaced
point process with parameter b, it holds

N(B) = [ G(B)N'(d) = [ dx,1(B)N'(da)

Corollary 4. Displaced point process N with stationary parent process is statio-
nary. Moreover, its intensity measure is equal to the intensity measure of the ori-
ginal point process N /

A(B) = A (B) =\ |B|
for all B € B(R).

Proof. Statement is a direct corollary of Lemma after setting L, = b, = 1
for all z € R. 0

Lemma 28. If N is a Poisson displaced point process with intensity X and dis-
placement parameter b, then it is a Poisson point process with intensity X' .

Proof. 1t is so called Displacement theorem. It can be found, e.g. in Kingman
[1992]. O

The attached shiny R Core Team| [2018] Application allows one to generate
simulations of all univariate models introduced in this chapter.
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3. Models for multivariate point
processes

In this chapter we introduce some models of multivariate point processes used
in neuroscience for modelling behaviour of a bunch of neurons. We will consi-
der only less complicated models, where the marginal processes are distributed
identically up to some parameters, i.e. their distributions are from the same pa-
rametric group. Let us remind that only marginally stationary models are of our
interest.

3.1 Random superposition models

The simplest structure models of multivariate point processes are those involving
independence. Hence, models in this section are fulfilling the random super-
position model from Definition [16] i.e. their marginal processes are mutually
independent.

Theorem 29. (Superposition Theorem) Let N;, i =1,..., k € N, be a sequence
of independent Poisson point processes on R with corresponding intensity measu-
res \;. Then

is a Poisson point process with intensity measure A = SF | A;.

Proof. For the proof see Last and Penrose [2017], Theorem 3.3 (Superposition
Theorem). O

Remark. 1t is obvious that in a k-variate random superposition model the marks
{M;} are mutually independent.

Definition 42. A marked point process N,, is said to be independently Q-
marked if the marks {M;} are independent identically Q-distributed random va-
riables independent on the ground process N.

In this case, the common distribution Q of the marks is called the mark distri-
bution of the marked point process N,,. When the process is moreover stationary,
the mark distribution coincides with the stationary mark distribution from Defi-
nition [13.

Poisson model

Definition 43. (Stationary) k-variate Poisson point process on R with intensity
measure N, is a (stationary) Poisson point process on R x M with atom-less
intensity measure A, >0 s.t. Ay (B x M) < oo for all B € B(R).

Remark. The atom-less intensity measure A, implies that the process is simple.

A stationary k-variate Poisson point process can be defined via the random
superposition model.
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Theorem 30. A stationary k-variate Poisson point process N,, with intensity
measure N, is a random superposition model process with marginal processes
being stationary Poisson processes with intensities 0 < \; < 00.

Proof. = The fact that the marginal processes N;, © = 1,..., k are mutually in-
dependent stationary Poisson processes follows right from Definition 30| extended
on R x M.

< Let the process N,, be a random superposition model process as defined
in the theorem. From Lemma [5| we know that it is a stationary point process
on R x M. For any n € N and pairwise disjoint sets B; x D; € B(R x M), i =
1,..., n, the random variables N,,(B; X D1),..., Ny(B, x D,) are mutually
independent. Moreover, for any B x D € B(R x M), the random variable
N, (B x D) has the Poisson distribution with parameter A,,(B x D). These
statements follow directly from Theorem A finite sum of finite numbers is
always finite, hence > | \; < co. According to Lemma |§|, for all B € B(R) it
holds A,,,(B x M) = S | \;|B| < oo. Therefore, N,, is a stationary k-variate
Poisson point process. O

Corollary 5. The ground process N of a stationary k-variate Poisson point pro-
cess Ny, is a stationary Poisson point process with intensity \.

Another possibility of defining a stationary Poisson k-variate point process is
based on independent marking.

Theorem 31. A stationary k-variate Poisson point process N,, with intensity A
and stationary mark distribution Q is an independently Q-marked point process
s.t. its ground process is stationary Poisson with intensity .

Proof. = Consider N, an independently Q-marked stationary k-variate Poisson
point process on R with intensity A. Straight from the equivalence of the statio-
nary mark distribution and the mark distribution, the equivalence of the intensity
measures of process N;n and process N,, follows. The distribution of a Poisson
point process is uniquely determined by its intensity measure, also on R x M.
Thus, the processes are equal in distribution.

< This implication is the statement of the Marking Theorem. See, e.g. [Last and
Penrose| [2017]. O

Lemma 32. For the n-th order cumulant measure " of a k-variate Poisson
point process it holds that

YW(B x D)= |B|Y_ X\, B € B(R), D € B(M).

€D
Proof. For all B € B(R) and for all D € B(M) we have

(B x D) = o [N(B x D)] = 1, [Z M(B)] perme TS~ (N(B)

i€D €D
BIY A

€D

Lemma

]

Besides the Poisson model, there are other renewal based processes fulfilling
the random superposition model.
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Renewal models

Definition 44. A k-variate Gamma random superposition process N,
on Ry is a k-variate point process fulfilling the random superposition model with
marginal processes N;, i = 1,..., k being simple, stationary Gamma point pro-
cesses with shape and scale parameters ~;, Bi, 1 =1, ..., k respectively.

A k-variate dead time Poisson random superposition N,, on R{

a k-variate point process fulfilling the random superposition model with marginal
processes N;, i = 1,..., k being simple, stationary Poisson point processes with
dead time d and intensity parameters \p;, t = 1,..., k respectively.

A k-variate lognormal random superposition process N,, on R{ is a k-
variate point process fulfilling the random superposition model with marginal pro-
cesses N, 1@ = 1,..., k being simple, stationary lognormal point processes with
parameters (fiy:, Oni), t = 1,..., k respectively.

Remark. The lognormal, Gamma and dead time Poisson random superposition
processes are determined by their marginal processes or rather by their marginal
parameters.

Lemma 33. The intensity measure of a k-variate Gamma random superposition
process N, with marginal parameters v;, B;, 1 =1,..., k is

Am(Bx D) =3 (v6)" B, B € B[Ry), D € BM).

€D

The intensity measure of a k-variate dead time Poisson random superposition
process N, with dead time d and intensity parameters \,;, i =1,..., k is

Ap,i
ieD "'pii

The intensity measure of a k-variate lognormal random superposition process N,
with marginal parameters (fiy;, on:), 1 =1,..., k is

>|B\, B € B(R{), D € B(M).

A (B x D) Ze<

€D

Proof. For a general k-variate renewal random superposition point process we
have
An(Bx D) =E 3 Ni(B) =Y E Ny(B) "2 B 3"\,
ieD ieD i€D
where )\; is the intensity of the marginal renewal point process N;. We get the par-
ticular expressions of A,,(B x D) by plug in the specific values of \; for each
type of renewal point process. O

The ground process N or the distribution of NV, itself can be very complicated,
it may be even impossible to express them analytically. A superposition of renewal
point processes does not have to be itself a renewal point process in general. It
holds only for Poisson point process and few special cases. For details see |Ferreira
[2000].
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Bursting and random displacement models

Definition 45. A k-variate bursting or jittered point process N,, with parameters
b, € N and b, > 0 or with displacement parameter b, > 0 is defined by its
marginal processes where for every i =1,..., k, N; is a bursting or jittered point
process with parameters b, € N and b, > 0 or with displacement parameter
b, > 0 with the parent process NZ-' being the marginal point process of the parent k-
variate process N;n. The operation of bursting or jittering is applied independently
on all the marginal processes.

We speak about bursting as defined in Definition 39| and jittering as defined
in Definition 41l

Remark. Hence, bursting or jittering is applied only on the ground process N
not on the marks, it does not affect their distribution. We get an alternative
definition of a k-variate bursting point process if we modify the daughter processes
in Definition 39 to

Ly
Cx,m = Z 6((Xx’i+x),m), (x, m) € R x M.

i=1
Similarly, we can get an alternative definition of a k-variate jittered point pro-
cess. Such a definition is equivalent to the definition above because it is a cluster
point process with independent clusters, i.e. bursting or jittering is applied in-
dependently on every point of a parent point process and it does not affect but
maintain the mark.

Corollary 6. For the intensity measure of a marginally stationary k-variate bur-
sting point process Ny, with parameters b, and b, it holds

Am(B x D)= |BJb, Y\ = b\, (B x D), BeBR), D e BM).

€D

For the intensity measure of a marginally stationary k-variate jittered point pro-
cess N,, with displacement parameter b, it holds

Am(B x D)=A, (B x D), B € B(R), D € B(M).
Measure A;n is the intensity measure of a k-variate parent point process N;n.

Proof. For the intensity measure of a marginally stationary k-variate bursting
point process we have for all B € B(R) and D € B(M)

AnlB % D) =E | S N(B)| = B (3B
ieD ieD
temme BN~ 4 N0 |B| = b\, (B x D).
ieD
As remarked in the previous chapter, a stationary k-variate jittered point process
with parameter b, is in fact a stationary k-variate bursting point process with
constant parameter b, = 1. O

Lemma 34. A k-variate bursting or jittered point process Ny, with (marginally)
stationary k-variate parent process N, is also (marginally) stationary.
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Proof. Marginal stationarity is evident from Lemma [26) The shift operator
in the definition of stationarity of a marked point process is shifting a random
measure by shift on R only and maintains the mark. Hence, stationarity follows
from the stationarity of the k-variate parent process N, together with the fact
that the centred daughter processes are i.i.d. and do not affect the mark. O]

Bursting or jittering does not affect the mark distribution if it exists.

Lemma 35. The stationary mark distribution Q of a stationary k-variate burs-
ting or jittered point process Ny, is equal to the stationary mark distribution Q'
of the parent k-variate point process N;n.

Proof. Let N, be a stationary k-variate bursting point process with parameters
b, and b,. From Lemma @ we have, that the stationary mark distribution Q
of a stationary k-variate point process is an atomic measure on M s.t.

’

. )\z Lemma )\/b A ’
Qi) =pi=— " = = o = Q({a)).
Z?zl )‘j 22?21 bu)\j E?:l >\j

As remarked in the previous chapter, a stationary k-variate jittered point process
with parameter b, is in fact a stationary k-variate bursting point process with
constant parameter b, = 1. ]

Definition 46. We define a k-variate Poisson bursting point process with inten-
sity measure A, and (bursting) parameters b,, b,. We also define a k-variate
Poisson jittered point process with intensity measure A,, and displacement para-
meter b,. For example, we can consider a k-variate Poisson bursting point process
with intensities \;, © = 1,..., k and with bursting parameters b,, b,, with Gaus-
sian bursts of Poissonian counts.

Corollary 7 (of Lemma . A k-variate Poisson jittered point process with
intensity measure A, and displacement parameter b, is a k-variate Poisson point
process with intensity measure A,,.

Lemma states that all the random superposition models in this section
have cumulant-uncorrelated marginal processes.

3.2 Dependent superposition models

By superposition of independent processes we create a k-dimensional model with
particular dependence structure. The dependence between processes has a cha-
racter of the stand-alone Poisson point process with certain intensity represen-
ting their synchronous behaviour, i.e. cumulant-correlations among processes
are modelled by the insertion of additional coincident events. These models are
concerned in (Cutts and Eglen [2014] or Staude et al. [2010].

Definition 47. Let I denote the set of all non-empty subsets of the mark space
M=A{1,..., k},keN, I =BM)\{0}. ForeveryJ € I, let there be a stationary
Poisson point process Ny on R with intensity Ay > 0, s.t. processes Ny, J € I
are mutually independent and at least one of the intensities Ny, J € I, i € J is
strictly positive for every i € M.
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A k-variate Poisson dependent superposition process N,, is a k-
variate point process with marginal processes

N;= > N; i€eM.

Jelqie]
Point processes Ny, J € I will be referred to as the background processes.

Remark. In case A\; = 0 for all J € I, |J| # 1, we deal with a random super-
position model and hence, N, is a stationary k-variate Poisson point process
from Definition 43| (follows from Theorem [30). However, usually when we speak
about a k-variate Poisson dependent superposition process, we consider at least
one of the intensities \;, J € I, |J| # 1 to be positive.

In such a defined k-variate point process a certain proportion of events in one
marginal process are synchronous with a certain proportion of events in some
of the other marginal processes, forming a Poisson process with a certain rate A ;.

Lemma 36. A k-variate Poisson dependent superposition process N,, is deter-
mined by its background processes,

N,.(BxD)=>_|DNJ|N;B), B€BR), D e BM).

Jel

Moreover, its marginal processes are stationary Poisson point processes with in-
tensities N\ =Y jericg AJ, ¢ € M.

Proof. For all B € B(R), D € B(M) we have

Nao(BxD)=3 Ni(B)=> > N;B)=> |DnJ|NyB).

i€D ieD Jeliaed Jel

The statement about marginal processes follows directly from Theorem [29] where
the resulting intensity of the superposition is the sum of the singular intensities.
O

Remark. The expression of N,,(B x D), B € B(R), D € B(M) from Lemma
above can be rewritten to the form

N, (B x D)

M»

>N
=1 Jel:|DnJ|=l

Lemma 37. A k-variate Poisson dependent superposition process Ny, is statio-
nary.

Proof. The background processes are stationary from the definition. For every
D € B(M), N,,(- x D) = ¥ ,¢; DN J| Ny(+) is a point process on R. We can see
that it is a sum of a stationary processes multiplied just by a constant, hence,
it is stationary. Therefore by the definition of stationarity the whole k-variate
process N, is stationary. O

Let us remind that because of the way it is constructed, the ground process
of a k-variate Poisson dependent superposition process is not simple.
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Lemma 38. Let N,, be a k-variate Poisson dependent superposition process
and D € B(M). Let us denote

§D:max{l€M: A, >0,J€el, |Dﬂ<]|:l}'

For fizred D € B(M) the point process Np(-) = Ny, (- X D) is a compound Poisson
point process (as defined in Definition @) with carrier rate

JEI| DNJ|£0

and amplitude distribution Ap on {1,..., &p} s.t.

DAt A
AD({Z}) = ZJEI.'i/mJ_l J? [ = 17 ) £D~
D
Proof. Let us remind that background processes Ny, J € I are mutually inde-

pendent Poisson point processes. Set D € B(M). Process Np admits the repre-
sentation

B ]
Np=YIDnJIN,=%1 S N,

Jel I=1 Jel:|DnJ|=l

According to Theorem a point process Zp = 3} jer|pnJj=i N is a Poisson
point process with intensity >- ;e pnyj= Ay, for every I = 1,..., €p. Now con-
sider a ¢p-variate point process Z,, p constructed as a random superposition
of marginal processes Z; p. Then Z,, p is a stationary {p-variate Poisson point
process. Hence, according to Lemma [6] it has a stationary mark distribution Qp
s.t.

. D\
S} = ZJEI.lJ)D\gﬂZ J’ =1,

where \p = Y er. |DNJ|#£0 M\, is the intensity of its ground process Zp. We can

"a§D7

easily see Zp = 3 jcrpnJjo N;. Moreover, according to Theorem . m,D 1S
an independently Qp-marked point process.

Given Definition , the ground process Zp is a simplified version of a (non-
simple) process Np. By simplified we mean that Zp incorporates only locations,
not multiples of the points of process Np, while the marks M; stand for the mul-
tiples of the points of process Np. In other words, process Z,, p has a point
in {z}, x € R if any process from the group {N;, i € D} has a point in {x}
and the associated mark is the number of processes having point in {z}. There-
fore Np can be represented by Z,, p in the following way

Zp(B)

S ML
=1

Such a process is so called mark-accumulator process of a {-variate point process
Zm,p with marks representing multiplicities of points and posses an analogous
expression of a counting process. You can find it introduced in [Snyder and Miller
[2012]. Because Zp is a Poisson point process and the stationary marks are
i.i.d., Np takes the form of Compound Poisson point process with carrier rate XD
and amplitude distribution Ap = Qp. n
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From Lemmawe can see that Ap({I})\}, depends only on \; where |.J| > 1.
This Lemma is possessing a direct corollary.

Corollary 8. The ground process N of a k-variate Poisson dependent superposi-
tion process is a Compound Poisson point process with carrier rate X = Yorer AJ
and amplitude distribution A on {1,..., &} s.t.

=y A
A({l}):WI?l:]‘""?g?

where _
§:max{l€M: N, >0,J€el, |J|:l}'

Then we have a model with dependence structure of subgroups with cardinality till
& We call €& the mazimal level of dependence in the model.

Lemma 39. For the intensity measure of a k-variate Poisson dependent super-
position process Ny, it holds

An(B x D) =|B|> |DNJ|A;, B€BR), DeBM).

Jel

Proof. For B € B(R), D € B(M) we have

Aw(B x D) =E [N,,(B x D)] "z B [Z |D N J|Ny(B)
Jel
=3 [DNJIE [Ny(B)| =Y [D NI MBI
Jel Jel

O

Now we show that in a k-variate point process constructed in the way as in De-
finition 7] the marginal processes are mutually cumulant-correlated.

Theorem 40. Let us consider a set D = {dy, ..., d,} CM, n=|D|. For the n-

th order correlation measure 7%1) of a k-variate Poisson dependent superposition

model N,, it holds

n

5

=1

75 (B) =

> A, B=B x-xB,€BR".

Jel:DCJ

For its n-th order cumulant measure ¥ it holds

YM(B x D)= |B|Y_|DNJ["\;, B € BR), D € B(M).
Jel

Proof. For D ={dy,..., d,} €M, n =|D| we have

>
N‘il (Bl) {J1€l:d1€J1}
v§?<B>=mn[( : )] = K1, :

{Jn€l:dn€Jn}

Multili Non(B)
u:11n. Z Z K1, |:( : )]

heldieJy  Jp€lidn€ly Ny, (Bn)

NJ1 (Bl)
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From the interaction property of the connected cumulants (Lemma and the in-

Ny, (B1)
dependence of the background processes it follows that if xq {( : )] #0
Ny, (Bn)

Na(B) (n)
: = > x, (B
Ny(Bn) JeI:DCJ

Z x(h

Jel:DCJ

then J; = J, = --- = J,. Hence

YW B)= Y o,

Jel:DCJ

n
Theorem
= ) B

i=1

where v ()5 _ stands for the n-th order cumulant measure of the process Nj.
Moreover, for B € B(R), D € B(M) we have

+™(B x D) = iy [N(B x D)] “emzeB8 . lz DN J| N{,(B)]

Jel

bornaze 0 Z (1D O I b [NS(B)] P2 |BI S (1D A J)" A

&Lemma E Ter

[l
From Theorem M we can see that vg) depends only on A\; where |.J| > |D|.

Corollary 9. Another useful expression of ¥ of a Poisson k-variate dependent
superposition model N,, is

ép
%(r?)(B x D) = |B] ZlnAD({l}))‘D

Proof. Statement holds because N,,(- x D) is a compound Poisson point process
with carrier rate A}, and amplitude distribution Ap as stated in Lemma ]

Corollary 10. The cumulant measures 3" )(B x D), n € N of a k-variate Poisson
dependent superposition process are non-decreasing with the increasing order n,
i.e.

YD(B x D) < AP (B x D) <+®(BxD)<---,

m

for fixzed B € B(R) and D € M.

Proof. The n-th moment of the random variable A having the amplitude distri-
bution Ap is E[A"] = X5, I"Ap({l}). We have that the moments of the strictly
positive, discrete distribtion are non-dicreasing with their ordera and XD > 0,
|B| > 0. Thus, for any n € N we have

éD

> "Ap({l}) < Z 1 A({1})

=1 =1

3
\B|XDZZ”AD({Z}) < |B|XDZZ(”+1)AD({Z})

= =1
W(Bx D) < ALH(B x D)

8y

using Corollary [0 O
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This is a reformulation of the fact that a k-variate Poisson dependent super-
position process generates only positive correlations.

The mutual relationship of an arbitrary subgroup of processes {N;, i € J} for
some J € I is identified by process N;. In other words, the group {N;: J €
I, |J| =1}, where [ = 1,..., k account for possible [-fold interactions between
the single processes.

As stated in |Staude et al. [2010], having a k-variate Poisson dependent super-
position point process, the order of the correlation between marginal processes is
determined by the amplitude distribution A.

Theorem 41. Let us have a k-variate Poisson dependent superposition point
process Ny, and associated amplitude distribution A (of its ground process). Mo-
reover, for any h € R{ and an arbitrary s € R, let us have a random vector

N = (N ((s,5s +h] x {1}),..., Ny ((s,s +h] x {k})".

Then the components of N have cumulant-correlations of order | if and only
if the amplitude distribution A assigns nmon-zero probabilities to the amplitudes
greater or equal to [.

Proof. Assume a k-variate Poisson dependent superposition point process Np,.
From Corollary |8 we know that A({j}) = % Y serjgj=; As for j =1,..., k, where

N =0 M. Evidently, A assigns non-zero probabilities to events of amplitude
greater or equal to [ if and only if at lest one of the rates \; with |J| > [ is
positive. Thus, Theorem holds if and only if the following statements are
equivalent:

a) 3D € BM), n=[D| >1: 4% ((s,5 + h]") £ 0,

by 3J € I,]J] >1:X; >0, ie at least one of {NJ:|J| >, JG]} has

non-zero rate.

a)=b) Let D € B(M) bes.t. |D| >l and 7](3") ((s,s+ h|™) # 0. From Theorem
it follows that h 3" ;cr pcy Ay # 0. Because \; > 0 for all J € I, it follows that
there exists J* s.t. D C J* and Ay« > 0. Hence, |J*| > |D| > 1.

b)= a) Let J* € I be s.t. [J*| > [ and A\;» > 0. Then for all D € B(M) s.t.
|J*| = |D| it holds v ((s,s + h]") = h¥yerpcysAs = hAs- > 0 and |D| =
|J*| > . Hence statement a) holds. O

Remark. We get a less complicated version of a Poisson k-variate dependent su-
perposition model assuming the background processes of the same order n > 2
to be identically distributed. (In other words, that they have the same in-
tensities.) The process is then specified by two vectors only, first, the vector

- ~\T
of intensities ()\1, VN )\k) € (R$)* and the vector of background intensities

a=(ay,...,a)" € (RF)E " in the way that
Vi=2,...,6VJelst. [J=1:)\=a.

In this case we speak about nearly-homogeneous k-variate Poisson dependent
superposition process. If eventually also

Vizl,...,ki )\i:a1>0,
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we speak about homogeneous k-variate Poisson dependent superposition pro-
cess specified by a = (ay, ..., a¢) € (Rf)*. Otherwise we speak about heteroge-
neous model.

Remark. In the case of a homogeneous k-variate Poisson dependent superpo-
sition process the amplitude distribution Ap, for some D € B(M), n = |D],
from Lemma [38|is simplified to

Ap({l}) = () Syptemmetend g, (k) 1=1

7 , U= 1,..
)\D

) min{k—n,Ep} k kE—n min{k,{p} k
)
j=1 J J j=min{k—n+1,¢p} J

SD:maX{ZGM: A >0, J€el, |DﬂJ|:l}.

'7£D7

where

and

For the overall amplitude distribution A (from Corollary |8 we simply have

el ()
A({l})_zﬁlaj(’“) o l=1

J

For the intensity measure we have

p  min{n,j}
Am(B x D) = |B| iaj 3 (k N ”) (?) B e B(R), D € B(M).

=1 J—1

Moreover, considering ordered D = {dy, ..., d,} C M, for the n-th order corre-

lation measure 7,(:?) we have

n

oL

=1

) (B) =

&0 k—n
Zaj(j ),B:le--~xBn€B(R”).

Jj=n

For its n-th order cumulant measure 4" we get

V(B x D) = |B|S. "An({j}), B € BR), D € BOM).

=1

All the expressions above hold also for a nearly-homogeneous case, if we set
a; = Zf:1 )\l‘
Because for the Poisson point process the probability of occurrence of two

or more points at the same place is equal to 0, it seems more natural to have
a model where there is allowed some jittering in the dependence structure.

Definition 48. A k-wvariate jittered Poisson dependent superposition
point process (with displacement parameter b, and some displacement distribu-
tion) is a jittered k-variate point process with the k-variate parent process being
Poisson dependent superposition.
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We have a multidimensional model where the dependence structure between
processes is based on jittered synchrony.

Definition 49. Let I denote the set of all non-empty subsets of the mark space
M={l,...,k},keN, I=BM)\{0}. For every J € I, let there be a stationary
Poisson pomt process N on R with intensity )\J >0, s.t. processes NJ, Jel
are mutually independent and at least one of the intensities >\J, Jel ieJis
strictly positive for every ¢ € M.

A k-variate jittered Poisson dependent superposition point process Ny, is a k-
variate point process with marginal processes

N;= Y N}
Jelied

fori € M, where N%(B) = [ C:(B)N,(dz) is a jittered point process as defined
in Defintion [{1]

Lemma 42. Definition[{§ and Definition[{9 are equivalent.

Proof. Defintions are equivalent because jittered point process is a process with
mutually independent clusters identically distributed for all the background pro-
cesses. O

For fixed 1 = 1,..., k, processes N}, J € I are mutually independent. From
Lemma we know that point processes N} are Poisson point processes with
intensities X,, hence, also the marginal processes of a k-variate jittered Poisson
dependent superposition point process IV, are stationary Poisson point processes.
Moreover, the intensity measure of N,, is equal to the intensity measure of its
k-variate parent process N;n, as it holds for a general k-variate jittered point
process.

Remark. Seting some D € B(M) a point process N, (- x D) has a distribution
of the sum of independent bursting processes. For all B € B(R) we have

No(BxD)=> N(B)=> > N,= > > N}

i€D ieD Jel:ieJ {Je] |DN.J|£0} i€DNJ

=Z/Z<Z dz),

{JeI:|DNJ|#£0} i€eDNJ

where a point process [ Y icpny C2(B)N(dx) is a Poisson bursting point process
with constant number of bursts b, = [D N J|.

Theorem 43. Let us consider a set D = {dy,..., d,} CM, n=|D|. For the n-

th order correlation measure fy,(:?) of a k-variate Poisson dependent superposition
model N,, it holds

/H/ y)dz;dy Z )‘Ja

Jel:DCJ

for all B = By x --- x B, € B(R"). For its n-th order cumulant measure v\ it
holds

WEBxD)= Y w [/R S CGUB)N;(d)| . B € B(R), D € B(M).

{JeI:|DNJ|#£0} ieDNJ
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Proof. For D ={dy,..., d,} €M, n =|D| we have

Na, (B1) {J161!Zd1€=71}
vﬁ?(B):mn[( : )] = K1, :

Ny (B2) > N
{Jn€l:dn€Jn}

=d
Multili lel 5
ultilin.
— E . E /{/ln

Ji€ldi€]y  Jn€ldn€dn Nf;n’(Bn)
n

od
]\le1 (Bl)

From the interaction property of the connected cumulants (Lemma together
with the fact that the processes Ni? and ij s.t. J; # J; are mutually indepen-

N4
J1 (Bl)
dent, it follows that if xq : # 0 then J; = Jo, = --- = J,. Hence,
NG (Bn)
) NS (By)
Jel:DCJ N?”(Bn)

for every B= By x -+ x B, € B(R").

Focusing on the random vector N(B) = (Nf}l(Bl), ce Ng"(Bn)>T, for its
ch.f. we have

T e e C R

=E [E [ﬁ exp (it: N (By)) |N}11

i—1
indep [ﬁE [exp (i ti]\_fﬁii(Bi)) |N}H .
i=1

For the conditional mean we have

E [oxp (it (B)) IV, = E |exp it 3 GBI | IN,

YGsuppN}
=E Il exp (i tzgﬁl(Bl)) N indep. II E [exp (i tzggl(B,)) |N:,} :
Y€supleJ YGSuppN/J

We can see that E [exp (1t(,(B))] := ¢¢,p)(t) is the ch.f. of (,(B), in general.
Thus, we have ¢¢, (5)(t) = 1 — pp(y) + pp(y)e'’, because (,(B) = dx,4,(B) has
alternative distribution with parameter pp(y) = P(X,+vy € B) = [5 f(x —y)dz.
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Hence, we have

en() =B [TT T (1=pu.(Y) +ps(YV)e")
_i:l Y esupp N/J

=B | I I1(-rs0)+ps()e)

| Y €supp N/ i=1

o Doy L5, [ (1 T1(1 - 0) +p)")) a0)

=1

Taking the logarithm of the ch.f. we get

ionan(t) =~ [ (114 3 o) = o+~ (1" Tl (0)-

i=1 i=1

—geitipBi(y) — = i:f[lpBi(y)eiti> dy
= (—é/RpB,.(y)dy ot (—1)"/IlellpBi(y)dy+

Syt T ).
i=1 =1

From Definition 20 of mixed cumulants we have

. t{l - ti”
In N (t Z Z & [N(B)}W'
u=1 {J:(jlw-njn)llel:u} . "

The only cumulant we are interested in is 1, [IN(B)]. We get this cumulant if we
set the index of the first sum equal to n (v = n) and the indices of the second
sum equal to 1, j; = jo = -+ = j, = 1. The cumulant 1, [N(B)] is a part
of the coefficient of the argument [, ¢;. We can easily see, that the only part
of the expression of In gpN(B) (t) which can contribute to the coefficient of ]}, ¢

is )\J exp (Z Zz 1 )fR i= 1sz(y)dy We have

/HpB )dy el Lizr® A/HpB dyZ IZ

Now, we can clearly see that the coefficient of []}", ¢; is

)\J/HpB o ’—1")\J/H/ f(x; — y)da;dy

. Thus,



For the second part of the theorem we have, using the remark above,

A48 % D) =y | X N(E) —mn[ > [ <;<B>N;<dx>]

icD {Jel:|DNJ|£0} * & i€ DN

I DR [/ > c;;<B>N;<dx>].

{JEI:|DNJ|£0} ieDNJ

So it is the n-th cumulant of a bursting point process with constant number
of bursts b, = |[D N J|. O

For a k-variate Poisson dependent superposition point process we can consider
also bursting.

Definition 50. A k-variate bursting Poisson dependent superposition point pro-
cess (with connected parameters and distribution) is a bursting k-variate point
process with k-variate parent process being Poisson dependent superposition point
process.

All the statements holding for a general k-variate bursting point process holds
also for a k-variate bursting Poisson dependent superposition point process. Mo-
reover it can be also defined analogously to Definition but with bursting,
because it has mutually independent identically distributed clusters. For its n-th
order correlation measure 'ygl) we have, analogously (using the same arguments)
as in the first part of the proof of Theorem [43] that

[, ¢ (BYN (dx)

B = 3 m, .
JeI:DCJ [ ¢ (BN (da)

for every B= By x -+ x B, € B(R").
We introduce also another possibility how to apply bursting on a k-variate
Poisson dependent superposition point process.

Definition 51. A k-variate background bursting Poisson dependent superposi-
tion point process with parameters b, € N and b, > 0 is a k-variate point pro-
cess defined by modified version of Definition [{7 with background point processes
Ny, J €1,i€ J being a stationary bursting Poisson point processes with appro-
priate intensity \; with parameters b, € N and b, > 0.

By the article [Ferreiral [2000] the superposition of two independent renewal
processes is itself a renewal process if and only if both processes are Poisson or one
of the two processes has multiple renewals while the other has not and their dis-
tributions are concentrated on a semi-lattice, belonging to specific family of (ge-
ometric like) distributions. Hence, there could not be other “k-variate renewal
dependence superposition point process” than the Poisson or jittered Poisson
one. Meaning, that if we would want to define a k-variate renewal dependence
superposition point process similarly as in Definition [47], but with the background
processes being stationary renewal point processes, other than Poisson, we would
fail on the condition for marginal processes to be renewal of the same continuous
kind.
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On the other hand for a large k£ it is, in some cases, possible to approximate
the superposition of renewal processes by Poisson point process. It is stated
in |Chen and Xia| [2011], that the superposition of independent stationary renewal
processes converges to Poisson point process as the number of component proces-
ses gets larger and the individual processes get sparse with the total rate fixed.
copies of a temporal point process are superposed and the time axis is rescaled
by a factor of k, the resulting process converges to a Poisson process |[Kallenberg
[1983]

We can also consider a k-variate Poisson dependent superposition point pro-
cess with shifted dependence structure, modifying Definition s.t. the back-
ground processes enter the superposition shifted by a different shift for each mar-
ginal process. The intensity measure of such a process is not affected by the shifts
because of the stationarity of the background processes, hence A,,(B x D) =
|B| Y ;e |DNJ| A, B € B(R), D € B(M). However, to derive the cumulants
or other characteristics of a general model of such a process (with k(2% — 1) diffe-
rent shifts) would be complicated and intricate because of the number of possible
combinations. If it is necessary for some particular case, it can be derived using
the similar arguments as the one used for a k-variate Poisson dependent super-
position point process.

3.3 General dependent model

For the sake of completeness, let us formally define a general dependent renewal
k-variate point process.

Definition 52. A k-variate dependent renewal (Poissson, dead time
Poisson, Gamma or lognormal) point process N,, on R is a k-variate
point process with marginal processes N;, v+ = 1,..., k being mutually dependent
simple, stationary renewal (Poissson, dead time Poisson, Gamma or lognormal)
point processes with corresponding parameters.

We are interested about marginal processes, which are not mutually indepen-
dent although the dependence structure is not specified here. Let us remark that
a k-variate dependent point process is not uniquely determined by its marginal
processes without specifying its dependence structure. There are not (so many)
theoretical models for a k-variate dependent renewal point process, but we can
consider some structures of mutual dependence connected with different appro-
aches to generate dependent multivariate renewal processes, not necessarily de-
terministic. Hence, we are not able to derive its characteristics, except the ones
holding for a k-variate point process in general.

Article [Ehm et al. [2007] offers one of such methods how to generate a k-
variate dependent renewal point process. The thinning procedure introduced
there enables one to generate from a renewal point process with any inter-event
interval distribution given its hazard function is bounded. This method uses
an operation of thinning, in general defined in Definition [68. In this case it is
dependent thinning by the hazard function.

Definition 53. Let us set a group of k inter-event interval (renewal) distribu-
tions differing just by their corresponding parameters s.t. the associated hazard
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functions hi(x), i = 1,..., k, as they are defined in Definition @ are bounded.
(We mean, associated with such a distribution.) Then let us have a k-variate
Poisson dependent superposition process N;n on R determined by the intensities
of the background processes N, J € I, |J| # 1 s.t.

N= 2 ANz

= max h;(x
JGI.IGJ CEER(T ( )
for all i = 1,..., k. Moreover, let us denote X;n,n € N elements of pro-
cess Ni/ and U;,n € N i.4.d. continuous random variables uniformly distributed

on [0,1/)].
We define a k-variate point process N, constructed by thinning a k-variate Pois-
son dependent superposition process N,’n s.t. the thinning is applied independently
on every parent marginal processes, where the construction of the new marginal
process N; on [0,T], T € R* is in the following way

1. Xi,l = Xz{,l’

2. after setting the element X, ,_1 an element X, , is chosen s.t.

Xi,n = Xi,L(Xi’n)—i—o’
where o € Ny is the minimal index s.t.

!/

hi(XiLixi)t0) = Xin—1 > Ui n(x,.0); (3.1)

3. the construction ends in n; steps if there is no o € Ny s.t. X;L(XZ_ e =T
and fullfils the condition [3.1]

The process Ny, restricted on [0,T] is set by

k n;
Noalo) = D2 D 0(Xi i)

i=1n=1

Remark. For dead time Poisson point process the corresponding parameters are

dead time d and intensity parameters A\, ;, i = 1,..., k, respectively. For gamma
point process they are shape and scale parameters v;, 5;, @ = 1,..., k, respecti-
vely. For lognormal point process they are parameters (py;, on:), @ = 1,..., k
respectively.

Hazard functions of particular processes are determined in Lemma [49] We
can easily see that for a k-variate dead time Poisson point process the maxima

of its hazard functions are ma>+<hi(x) = N\piforallte=1,..., k. For Gamma point
z€R;

process with Cy; > 1 the maximum of the hazard function is its scale parameter
Bi. On contrary, for Gamma point process with Cy,; < 1, the hazard function is
not bounded (we have lim,_, h;(z) = o00). Hence, a k-variate dependent Gamma
point process with marginal shape and scale s.t. Cy; < 1 for some ¢ € {1,..., k},
can not be obtained using this model. In case of a lognormal point process,
the maximum of the hazard function does not have a general analytical expression.
In the case of homogeneous marginal processes, functions h;(z), i = 1,..., k are
all equal.
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The procedure of thinning is, in fact, based on the statistical test (Eq. [3.1))
whether the interval Y between a Poisson event and the latest renewal event is
in accordance with the hazard function, using the uniform distribution. Hence,
such a defined thinning procedure legitimately produces a point process where
the inter-event intervals are from the previously set renewal distribution with
corresponding parameters.

Remark. Because of the way it is constructed, the distribution of the first inter-
event time Y;; of the thinned marginal process of N,, from Definition [53|is ex-
ponential and not of the forward recurrence time. Hence it is in fact a delayed
renewal point process. Therefore it holds, that the k-variate point process N,
from Definition is a k-variate dependent delayed renewal point process with
exponential delays.
In Ehm et al.| [2007] it is suggested to employ a “warm-up time” in order to obtain
an equilibrium renewal point process. Otherwise, a strong onset transients may
contaminate the count statistics. The problem is, that a delayed renewal point
processes are not stationary.

Hence, setting a constant 0 < K < T big enough, a k-variate dependent
renewal point process on some set B € B([K,T]) can be approximated by a k-
variate point process as defined in Definition

As stated in Ehm et al| [2007] it is evident that the thinning affects not
only the single marginal processes but also the dependence(correlation) struc-
ture of N, . It is no more “deterministic”, but it is still somehow controlled.
The dependence between processes still has a structure of stand alone “back-
ground” point process formed from the common events of marginal processes
for all the subgroups of them. But, in this case these background processes are
of non-trivial distribution and dependent on the marginal processes. As the thin-
ning in Definition [53| is applied randomly and independently on every marginal
process, it inevitably reduces the intensity of higher-order events (background
processes), doing so at random.
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4. Statistical methods for higher
order correlations

In this chapter, we will introduce some statistical tools for data analysis, where
the data are assumed to be realizations of a point process on some set B € B(R).

Definition 54. Let us have a k-variate point process Ny,, k > 0, and an arbitrary
point process N. Then by n we denote a measure n € N(R) being an observa-
tion of a random measure N. Analogically, n,, € N (R x M) is an observation
of a random measure N,,.

Let us set an observation window W = [to, to+ T}, an interval on R of length
T > 0. Then let {X;,j = 1,..., N(W)} denote the random events of N
on W and by {z;, j=1,...,n(W)} we denote the observations of them on W.
Especially for a k-variate point process, {(X;,M;),j = 1,..., N(W)} denote
the random events of N, on W and by {(z;,m;), 7 = 1,..., nn(W x M)} we
denote the observations of them on W.

Moreover, let h > 0 denote the bin width, chosen s.t. T/h € N. For N we
define a sequence of random variables

{N(s) =N ([(s=1)h, sh)),s=1,..., T/h}.
Especially for N,, and some D € M, we have a random sequence
{Np(s) = N, ([(s —1)h, sh) x D), s=1,..., T/h}.

Then the sequences of their realizations are denoted by {n(s), s=1,..., T/h}
and {np(s), s=1,..., T/h} .

Remark. Because we consider only (marginally) stationary point processes, wit-
hout the loss of generality we can set the initial point t; = 0. In the majo-
rity of real life cases the observable set of the realization of a point process N
represents some time period, hence we set W to be an interval. It is impor-
tant to choose or have a reasonable sample size T" and a bin size h to maintain
a good performance of a particular statistic. In general, there is a wild discussion
about the appropriate choice of h and its impact on a performance of particular
statistical method.

Lemma 44. If a point process N is a stationary Poisson point process then
for every B € B(R) s.t. |B| = h, the sequence {N(s), s=1,...,T/h} is
a random sample from the distribution of N(B). Analogously, having a fized
D € M, if a k-variate point process N,, is stationary Poisson point process
or a dependent superposition Poisson point process then for every B € B(R) s.t.
|B| = h, the sequence {Np(s), s=1,..., T'/h} is a random sample from the dis-
tribution of N, (B x D).

Proof. For a Poisson point process N we have, that {N(s), s=1,..., T/h} are
i.i.d. and they are identically distributed with N(B). Analogical argument holds
for a k-variate stationary Poisson. For a dependent superposition Poisson point
process we have, that having a fixed D € M, process Np(B) = N,,,(D x B), B €
B(R) is a compound Poisson point process, hence, {Np(s), s =1,..., T/h} are
i.i.d. and identically distributed with N,,(B x D). O
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4.1 k-statistics

Definition 55. Let us have a random sample Xy,..., X1 of size L € N from
the distribution of a random variable X. The n-th k-statistic k, = R, [X] is
defined as the unique least squares symmetric unbiased estimator of the n-th order
cumulant K, [X], i.e. it is symetric with minimum variance var|k, [X]] relative
to all other unbiased estimators.

Analogously, for a vector random sample X1, ..., X, of size L € N from a random
vector X = (X1,..., Xg)T we define the J-multivariate k-statistic ky = Ry [X]
as the least squares unbiased estimator of the multivariate cumulant k3[X], where
J=(j1, -, Jr) € NG.

Remark. The n-th k-statistic is an unbiased estimator, hence E k,, = k,,. The va-
riance of the r-th k-statistic var [k,] can be expressed by a linear combination
of cumulants and their powers, as is expressed in Stuart| [1994], 12.16.

Remark. The first four k-statistics are

S1
ki =—,
LSy — 5%
ky = ——+,
L(L—-1)
o — 253 — 3LS1Sy + L?S;
UL -1D)(L-2)
b — —6S} +12L53Sy — 3L(L —1)S3 — AL(L +1)5,S3 + L*(L + 1)S,
T L(L—1)(L —2)(L - 3) ’
where S, = 3% | X7 is the sum of the r-th powers of the random sample. The es-

timate of first two cumulants is the standard sample mean and (unbiased) sample
variance estimator.
The variance of the first four k-statistics can be expressed by

var [k] = %7
2 2

var [ko :/zl + 7 i21’

Ko | 9(kaky + K3) 6Lk3
ka| =

var [ks] LT T o1 (L—1)(L—2)

var []{54] _ Rsg + 16kokg + 48K3Ks + 34/@21 72L(/§%,‘£4 + 2/@2,%%)
L L—-1 (L-1)(L-2)
n 24(L 4 1)Lk,

(L—-1)(L—2)(L-3)
For more details about the k-statistics see |Stuart| [1994], p. 419.

Remark. Let us have a point process N and an arbitrary B = By x --- x B, €
B(R™). An unbiased estimator of the n-th order cumulant measure v (B) is
the multivariate k-statistic ky, (from Definition on a random sample from
(N(By),..., N(B,)"), here denoted as

N(B1)
A (B) = A, : = k1,
N(Bn)
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Let us have a k-variate point process N,,, an arbitrary B € B(R) and D € M.
The unbiased estimator of v (B x D) is the n-th k-statistic (on a random sample
from N,,(B x D)), here denoted as

4B x D) = ki [Nyn(B x D)] = k.

Moreover, for an arbitrary D = {d;,..., d,} € M and for all B = B} x -+ x

By, € B(R*), the unbiased estimator of fy,(jn)(B) is the multivariate k-statistic kg,
(on a random sample from (Ny, (By), ..., Ny, (B,))T ), here denoted as

Ndl(Bl)
Ndn(Bn)

There is a whole range of different approaches on how to statistically estimate
and test the higher order cumulant-correlations.

4.2 Cumulant based inference of higher order
correlations (CuBIC)

In this section, we introduce the cumulant based inference procedure for higher-
order correlations (later only CuBIC) presented in the article Staude et al.| [2010].

The aim of CuBIC is to detect higher order cumulant-correlations in a k-
variate point process N,,, specifically, to find a lower bound ¢ for the maximal
level of the correlations. The main idea is based on the statement of Theorem [41],
from which it follows that via the amplitude distribution we can indicate if process
N,,, has cumulant-correlations of some order.

CuBIC is based on the binned ground process only, which transforms the mul-
tivariate problem to estimate all 2 — 1 model parameters into a parsimoniously
parametrized univariate problem of a ground process, thereby dramatically redu-
cing the required sample size and simplifying whole procedure.

4.2.1 Simple test

Assumptions and model: Assumed model is a k-variate Poisson dependent
superposition process N,, with the unknown background intensities. We use
the amplitude distribution A to parametrize the model (its correlation structure).
The model is determined by two parameters, we set parameter &, the maximal
order of the correlation in N,,, and r, the order of the cumulant we are estimating.

Random sample: The bin width h is set at first. Let us have a point process
N,,, fulfilling the model assumptions. The random sample is

{N(s) = Nu(s),s=1,..., T/h},

sampling from the distribution of the ground process N on some set B € B(R)
s.t. |B| = h.
By 7™(s) we denote the n-th cumulant of N(s) from the random sample.
Parameter: The characteristic of our interest is the r-th cumulant measure
of the ground process N, v (B) = v (B x M).
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Under the assumption of a k-variate Poisson dependent superposition process,
the ground process N is a compound Poisson point process from Corollary [§
Moreover, from Theorem 40| and the remark following it we have

3
1(B) = B AU,

The statistical test is based on this statement. Our problem is to test whether
& € N is the maximal order £ of the sampling process. We consider a null
hypothesis, s.t. under it the model fulfils two assumptions

e Y"(B)=~"(s),n=1,..., (r — 1), i.e. theground process has a maximal
r-th cumulant under the constraints that the cumulants of the random
sample up to order » — 1 determine the model,

o { =&
It follows directly from all the above that, under the null hypothesis HS’&) cu-

I

mulant measure ") (B) is a solution to the constrained maximization problem

Tree = max{y"(B)}
N A

)

subject to FM(B) =4 (s), n=1,...,r—1,
and A{l})=0,1>&.

The cumulants of the random sample are estimated by the k-statistics. Hence,
together with all the assumptions, we are looking for a solution 77, of a linear
programming problem

.. 2
maximize lg Vg, h

1/50
subject to Eg_l)ﬁgoh = E(T_l) (4.1)
and g, > 0,
k1 fy(l)(s) 1r 11 5(1)
where k(._) = : = : y lgy = ( : ), Lg_l) = Do
E(r—1) @(rﬁ)(s) & 1r=1) gl
[ A
and g, = A : . Moreover, under the null hypothesis Hg@, we have that
A({&})
the carrier rate of the model is \* = 12;?5*0 and the amplitude distribution is
A*({1}) = s=e/ T, 1 =1,..., &, where ¢ is the vector at which the objective

function lé"oﬁgoh reaches the maxima ;. and € is a vector from the standard
&o-dimensional basis.
The linear programming problem formulated in (4.1)) may not be solvable.
In that case, the null hypothesis Hgfo can not be neither formulated, nor tested.
However, if it possesses a solution, it is unique. At the same time, Corollary
implies a condition that k; < ky < --- < k(._y). Otherwise, is not solvable.
Hypothesis: The null hypothesis is

Hy® 4" (s) < v
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where 7, 1s the solution of the constrained maximization problem formulated
above. The alternative is

HYS 2 0(s) > 3,

Test statistic: Test statistic is the r-th k-statistic k, from Definition [55|
The distribution of &, under the null hypothesis is well approximated by the nor-
mal distribution

kT|H57§0 ~ N(V:,g()? Val"[l{ir]),

since k-statistic &, is an unbiased estimate of 7(")(s), we have
E k] =9 (8)|yreo = Vigo-

The variance of the r-th k-statistic var [k,] under the null hypothesis can be fully
expressed by the carrier rate \* and the amplitude distribution A*. This is
an implication of the remarked fact, that var [k,] can be expressed by a linear
combination of cumulants and their powers together with Theorem Accor-
ding to Staude et al.|[2010], it is well approximated with L > 10000.

Remark. For example, the variances of the second, third and fourth k-statistics
under the appropriate null hypothesis are given by

A S8 A ({1)) N 2(715.¢,)°

var []{72} |H§’50 =

L L—-1"
A= 50 15A*({1 I(kohN\* S50 AAS{IY) + (2, )2
var [ks) | o = HL ({1} N (ko ; 1L_(1{ D+ (Ee)?)
6Lk3
(L—1)(L-2)
RN 350 BA* ({1 16AN* S50 (kol6 + 3ks1%)A* ({1
var [ky] |H§7§O _ Zl—lL ({1}) + i ( 2_1 30°)A*({l})
| 340ig) | T2L(K g, + 2kok)) 24(L + 1)Lk
L—1 (L—=1)(L-2) (L-1)(L—-2)(L-3)

P-value: The p-value p,¢, of the test is

Prey = p (kr > krng,éo) =1- FN('y:’go,var[kr])(k:r)

0o 1 t— ~* 2
= / ———exp (—( Vrto) ) dt,
r /27 var [k, 2var (k]

where k, is the actual value calculated from the data. The null hypothesis Hg’fo is
rejected in favour of the alternative hypothesis on the previously set significance
level a if prg, < . As it is stated in Staude et al|[2010], the rejection of H{*
for a given &, implies that the cumulant-correlations of the order r in the sample
are not compatible with the assumption that there is no correlation beyond order
&o. Thus, it implies that £y+1 is a lower bound for the maximal order of correlation

€.
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4.2.2 Testing procedure

Now we introduce the whole testing procedure for finding the maximal lower
bound &* of the order of cumulant correlation. A single step of the procedure
consist of the simple statistical test defined above.

Let us set the significance level « of the test and integers raz > 2, Emaz > 2.
Firstly, we check for the condition that ky < ky < --- < k.., —1)- If the condition
is not fulfilled, we reset rpaz, s.t. ¥ =max{n =2, ..., 1% k) <k, <.-- <

k(n_l)}. Then for every r = 2,..., "qe the testing procedure is constructed
in the following way

1. Set the initial value &, = 1.

2. Determine whenever the corresponding linear programming problem ({4.1)
with r and &, is solvable. If yes, then find the unique solution. If it is not
solvable, then skip to step 3.

3. Perform the simple test with null hypothesis Hg’g".

4. If either the corresponding linear programming problem is not solvable,
or the null hypothesis Hé’€ is rejected on a and &, < &qx, repeat the pro-
cedure (i.e. go to step 2) with &. =&, + 1.

5. The resulting lower bound is £* = max{,s.t. HS’ET was rejected} + 1.

The final (overall) estimate of the lower bound for the order of correlation is
E=max{&,r=2,..., Fmaz}-

Let us remark, that primary £* is a lower bound estimate of the maximal
order till which the amplitude distribution is non-zero, but thanks to Theorem
it is also a lower bound estimate of the maximal order of cumulant-correlation
in N,,. Thus, the outcome of CuBIC is a lower bound £* of the order of cumulant
correlation in a k-variate point process on R (or RT).

As stated in Staude et al. [2010], this method proceeds from the fact that
the absence of higher-order correlations imposes also strong constraints on cor-
relations of lower order. CuBIC avoids the direct estimation of higher-order
correlations, which is practically infeasible for orders of n > 5, but nevertheless
reveals their presence.

We can use this approach also in the situation when the processes themselves
are not observable only their superposition is (i.e. it is not possible to split with
certainty). Our goal is to disentangle this mixture to a certain extent, i.e., to ex-
tract information about n-th order interactions from the aggregate realizations
of the whole group of point processes.

We implemented CuBIC into R Core Team| [2018] and into the attached shiny
R Core Team| [2018] Application with parameter 7., € {2, 3, 4}. We do not
commend to set 1,4, large, because the error of the estimate rises quiet fast with
its order, as we can see from the expressions of the first few k-statistics the error
of the estimate rises quiet fast with its order.
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4.3 Extended tilling coefficient

Tilling coefficient is a statistic for a bivariate point process introduced in |(Cutts
and Eglen [2014]. Its aim is to measure the correlation (dependence) of a pair
of point processes. In the article, its behaviour is tested against other common
statistical correlation measures with good results. Here we define its extended ver-
sion, analogical generalization on an arbitrary k-variate point process, measuring
also mutual higher-order correlations. We use the notations from Definition [54]

Definition 56. Let us have a k-variate point process N,,, and an observation
window W. Moreover, let us set some small At > 0. Then for alli =1,..., k
let us define a random set

ni (W)
Si =Wn U [xi,j — At, Tij -+ At],
j=1
where {x; ;, 7 =1,..., n;(W)} are observations of the marginal process N; on W,
the coefficient
|5il
T = ;
T

the proportion of total area of the observation window which is covered by the neig-
hbourhoods of the points of the marginal process N;, and the coefficient

b _ (S x (M (1))
bW (M {d}))

the proportion of the points of all the marginal process but N; which are covered

by a neighbourhood of some point of the marginal process N; . The extended

tilling coefficient E'TC is defined as

1 & BT,
ETC =-) —~——*.
P21 P,
Remark. For the case when n,, (W x (M\{:})) = 0, we additionally define P, = T;.
For P, =T, =1, ETC is not defined. It is the case, when |S;| = T, i.e. when S;
covers the whole observation window. If so, one should consider another choice
of At. In general, At should be chosen s.t. 0 < % < 1.

Remark. The extended tilling coefficient is equal to the arithmetic average from all
the proportions E;ﬁiﬂ 1 =1,..., k, therefore it does not depend on the labelling
of the marks.

Lemma 45. [t holds that ETC € [—1,1].

Proof. Let us consider the function g(z,y) = 1::51; on [0,1) x [0,1). Its range is
[—1, 1], because for z,y € [0,1) we have

x_ygl s 214y <l+y & =<1,
1—ay
r—Y
>—-1 & z+1>ylz+1) & y>1
1—2y
We can see that the coefficients P; and T} are proportions, therefore P; € [0, 1]
and 7; € [0,1]. Thus, for all i = 1,..., k, {#35 = ¢(P,T) € [-1,1] .
The arithmetic average of ﬁ;?, i=1,..., k still lies within [—1, 1]. ]
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Lemma 46. Let N,, be a k-variate point process, s.t. N; = N’ for all i =
. k, where N is a stationary point process with intensity X . Then ETC = 1.

Proof. Directly from the definition of N,, it follows, that
Ni(Si > (M {2})) = Nn (W > (M {i})).
Hence, P; = 1. Then

15 1-1T, 1 k

i=1 =1

]

Lemma 47. Let N,, be a stationary k-variate Poisson point process with intensity
measure Np,. Then E[P; —T;] =0 for everyi=1,..., k.

Proof. For every i =1,..., k we have
E[P] =E [E [BNn(W x (M {i})]].

A random set S; depends only on a marginal process N;, which is independent
with the other marginal processes N;, j € M\ {¢}. Thus, conditioned on S; =
s; C W we have

E (BN (W (M {i}))]
= Z B [BNn (W > (M {i})) = n] P(Np (W x (M {2})) = n)

‘Z< R G g eV 8 ) =

P(Ny, (W x (M\ {i})) =n)) + E[L]P(Nm(W x (M {i})) = 0)
TWZP W x (M {i})) Z P<X Bz(

n=1

|<5‘z‘|

PN (W x (M {i})) = 0)

P(Nm (W x (M {i})) = 0)

o7



Then we have, using the argument above

c e [ 1] E S]]
E[P]=E W T
For E [T;] we have
1w [ 1Sl ] _ ELIS]]
E[T;]=E Wi T T
Finally,
_ _ ElSf _ENS] _

]

Remark. The coefficient E'T'C is based on assumption that under the random
superposition model, the expected proportion of points of marginal processes
N;, j € (M\ {i}) on W falling into S; is approximately equal to the proportion
of the W covered by S;, i.e. P,—T; = 0. Hence, P;—T; > 0 if the marginal process
N; is positively correlated with some of the other marginal processes and P, —T; <
0 if it is correlated in the negative sense. The greater the difference P, — T;,
the higher the order of the correlation. Therefore, ETC = 1 (or significantly
greater than 0) is considered to be an indication of positive correlation while
ETC = —1 (or significantly smaller then 0) is considered to indicate negative
correlation of higher order. Coefficient ET'C' = 0 indicates no correlation at all.

In Chapter [5| we demonstrate performance of the extended tilling coefficient
on simulated or real data. Moreover, we implemented it into R Core Team!| [2018]
and into the attached shiny R Core Team| [2018] Application.

o8



5. Application on data

We have applied methods from Chapter 4] on simulated and also real data. We
have performed the cumulant based inference of higher order correlations and cal-
culated the extended tiling coefficient. In all the cases, we set the bin width
h = 0.02, Tmae = 4, {mae = 8 and At = 0.01,0.25.

5.1 Simulated data

We generated realizations from different models of a 8-variate point process N,,
on the observation window W = [0, 7], where T' = 10. We included multivariate
models defined in Chapter . (The particular constructions of simulations are
specified in Appendix in Section )

For every specific model mentioned below, we have done 1000 independent
simulations. The outputs of these independent trials are visualized in two different
types of graphs. First one of them is a histogram of £*, the estimated lower bounds
for the order of cumulant correlation in N,,. The second one is a boxplot of 1000
calculated ET'C. For each case we provide two such boxplots. For the first one,
ETC is calculated with parameter At = 0.01, for the second with At = 0.25.

In all the cases, the model parameters were chosen s.t. the marginal intensities
of N, are approximately 15, hence the expected number of points of a marginal
process per observation is 150.

5.1.1 Poisson point process

We generated realizations from a 8-variate Poisson point process N,, with mar-
ginal intensities \; = 15,47 = 1,..., 8. The marginal processes of a k-variate
Poisson point process are mutually independent, hence £ = 1.

In almost all the cases, the output of CuBIC is * =1 (Figure , ie &*is
equal to the true value of the maximal order of correlation &.

In Figure [5.2] we can see, that the standard deviation of ETC is very low
for both choices of At. For At = 0.01 it is approximately equal to 0.005, while

fraquences

Figure 5.1: Histogram of estimates £* by CuBIC from 1000 simulations of the 8-
variate Poisson point process.

99



extended tilig coefficient
extended tilig coefficient

(a) At =0.01 (b) At =0.025

Figure 5.2: Boxplot of calculated ET'C from 1000 simulations of the 8-variate
Poisson point process.

for At = 0.025 it is slightly greater than 0.005. In both cases, the average value
of ETC is very close to 0, which corresponds with the statement of Lemma |47

5.1.2 Poisson dependent superposition point process

When considering simulations of Poisson dependent superposition point process,
we decided for two particular choices of model defining parameters. In both cases
we deal with a homogeneous 8-variate Poisson dependent superposition point
process.

Firstly, we generated realizations from a homogeneous 8-variate Poisson de-
pendent superposition point process N,, with the background intensities specified
by the vector

a = (2.68, 0.34, 0.34, 0.07, 0.01, 0, 0, 0)".

Hence, its marginal intensities are \; = 15, ¢ = 1,..., 8 The values of its theo-
retical amplitude distribution A are shown in Table [5.1]

Table 5.1: Table of the rounded probabilities of amplitude distribution A of a ho-
mog. Poisson dependent superposition point process specified by the vector
a = (2.68, 0.34, 0.34, 0.07, 0.01, 0, 0, O)T.

L | 1t 2 [ 3 | 4 | 5

E
A({1}) | 0.1787 | 0.1587 | 0.476 | 0.1633 | 0.0233 |

I

67
0]0

Although, the maximal order of correlation is & = 5, the correlations of this
order are weak. Process NV, has strong pairwise and third-order correlations.

In approximately two-thirds of the cases, the output of CuBIC is £* = 3.
For the remaining one-third, the output is £* = 2, as we can see in Figure [5.3]
Thus, we can say that the results correspond with the theoretical amplitude
distribution.
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Tequences

Figure 5.3: Histogram of estimates ¢* by CuBIC from 1000 simulations of the 8-
variate Poisson dependent superposition point process with the lower order cor-
relations.

0.250-

0.226-

0.20-

0.200 -

extended tiig coefficient
extended tilig coeficient

(a) At =0.01 (b) At =0.025

Figure 5.4: Boxplot of calculated ET'C' from 1000 simulations of the 8-variate
Poisson dependent superposition point process with the lower order correlations.
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Poisson subprocesses simulation

am

Figure 5.5: A single realization of the 8-variate Poisson dependent superposition
point process with the lower order correlations.

In Figure [5.4, we can see that the average value of ETC with At = 0.01
is slightly above 0.2, while for At = 0.025 it is approximately equal to 0.17.
The coefficient is significantly higher than 0.

In Figure 5.5 you can find a graphical visualization of a single realization
of this 8-variate Poisson dependent superposition point process on W.

Secondly, we generated realizations from a homogeneous 8-variate Poisson de-
pendent superposition point process N, with the background intensities specified
by the vector

a=(3.85,0.2,0,0,0,0.25, 0.5, 1)".

Hence, the marginal intensities are the same as in the previous model. The values
of its theoretical amplitude distribution are shown in Table [5.2]

Table 5.2: Table of the rounded probabilities of amplitude distribution A of a ho-
mog. Poisson dependent superposition point process specified by the vector
a=(3.85020,0,0,0.25 0.5, 1)
31 | 1 | 2 |3]4|5] 6 | 7 | 8
A({1}) 1 0.2567 | 0.0933 | 0 | 0 | 0 | 0.3500 | 0.2333 | 0.0667

The maximal order of correlation is the maximal possible, £ = 8. On the con-
trary to the first Poisson dependent superposition model, this one has strong
correlations of high-orders as 6,7 and 8.

In the majority of the cases, the output of CuBIC is £* = 4 (Figure |5.6]).
For the rest of them, the output is £* = 3. Although, the lower bound estimates
for the maximal order of correlation are far away from the true value of &, they
are equal or greater than the estimates we obtained with the previous model.

In Figure 5.7, we can see that the average value of ETC with At = 0.01
is approximately equal to 0.47, while for At = 0.025 it is approximately equal
to 0.43. Hence, the coefficient is significantly higher than for the other 8-variate
Poisson dependent superposition point process.

In Figure 5.8 you can find a graphical visualization of a single realization
of the 8-variate Poisson dependent superposition point process on W.
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frequences

Figure 5.6: Histogram of estimates ¢* by CuBIC from 1000 simulations of the 8-
variate Poisson dependent superposition point process with the higher order cor-
relations.

extended tilig coefficient
extended tilig coefficient

(a) At =0.01 (b) At =0.025

Figure 5.7: Boxplot of calculated ET'C' from 1000 simulations of the 8-variate
Poisson dependent superposition point process with the higher order correlations.

Poisson subprocesses simulation

am

Figure 5.8: A single realization of the 8-variate Poisson dependent superposition
point process with the higher order correlations.
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Figure 5.9: Histogram of estimates £* by CuBIC from 1000 simulations of the 8-
variate Poisson jittered dependent superposition point process.

5.1.3 Poisson jittered dependent point process

We generated realizations from a homogeneous 8-variate jittered Poisson depen-
dent superposition point process N,, with displacement parameter b, = 0.005
and Gaussian displacement distribution. The background intensities of the ho-
mogeneous parent Poisson point process are specified by the vector

a=(3.85,020,0,0,025 05, 1)".

Hence, we deal with the 8-variate Poisson dependent superposition point process
from the previous case, but jittered. This gives us the possibility to observe
the effect of jittering on the performance of CuBIC and ETC.

From Lemma [28 we know, that the marginal point processes of N,, are still
Poisson point processes with intensities \; = 15, ¢ = 1,..., 8. What differs is
the dependence structure.

In almost all the cases, the output of CuBIC was {* = 3 (Figure . It
is quite expected output, because the operation of jittering lowers the orders
of correlation in any model.

In Figure [5.10, we can see that the average value of ETC with At = 0.01
is approximately 0.35, while for At = 0.025 it is approximately equal to 0.42.
This differs from the results we obtained from previous models. In all of them
we got higher average value with At = 0.01. However, with this model such
a result could have been expected, considering that the wider neighbourhood
has the ability to “catch”, the groups of jittered points, that were previously
synchronised.

On the other hand the standard deviation of ET'C' calculated with At = 0.01
is still slightly smaller.

5.1.4 Renewal random superposition point process

We generated realizations from a 8-variate lognormal random superposition point
process N, with py = 0.3795 and oy = 0.9. Hence, the marginal intensities are
A~ 15,1 =1,..., 8. The marginal processes are mutually independent.

In almost all the cases, the output of CuBIC is ¢* = 1 (Figure . This
means, that the testing procedure truly estimated the uncorrelated nature of mar-
ginal processes, even though its assumptions were violated.
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(a) At =0.01 (b) At =0.025

Figure 5.10: Boxplot of calculated ET'C' from 1000 simulations of the 8-variate
Poisson jittered dependent superposition point process.

frequences

Figure 5.11: Histogram of estimates £* by CuBIC from 1000 simulations of the 8-
variate lognormal random superposition point process.
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(a) At =0.01 (b) At =0.025

Figure 5.12: Boxplot of calculated ET'C' from 1000 simulations of the 8-variate
lognormal random superposition point process.

fraquences

Figure 5.13: Histogram of estimates £* by CuBIC from 1000 simulations of the 8-
variate point process from Definition [53]

In Figure [5.12] we can see that the calculated values of ET'C' are very similar
to those obtained for the 8-variate Poisson point process.

5.1.5 Renewal dependent point process

We generated realizations from a 8-variate point process N, defined in Defini-
tion |b3| with lognormal (uy = 0.3795, o = 0.9) inter-event interval distribution.
The background intensities of the parent Poisson point process N;n are set s.t.
ANy =0,J €1, |J] #1,|J| #8and X 5545675 = 12. Thus, the parent point
process N;n has strong 8-th order correlations.

Let us remark that a realization of a 8-variate lognormal dependent point pro-
cess with py = 0.3795 and oy = 0.9 on W can be approximated by a realization
of N,,.

In almost all the cases, the output of CuBIC was £* = 3 (Figure. Compa-
red with the average values of £* obtained in the two cases of Poisson dependence
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(a) At =0.01 (b) At =0.025

Figure 5.14: Boxplot of calculated ET'C' from 1000 simulations of the 8-variate
point process from Definition [53]

Lognormal subprecesses simulation

am

Figure 5.15: A single realization of the 8-variate point process from Definition 53]

superposition model with high order correlations and the one with low order corre-
lations, the average £* obtained for this model lies somewhere between. The same
holds also for the ETC.

In Figure [5.14] we can see that the average value of ETC with At = 0.01 is
approximately 0.42, while for At = 0.025 it is approximately equal to 0.38.

Let us remark that the operation of thinning reduces the intensity of higher-
order events. Although, we do not know the true orders of the correlations
in this model, it is very alike, that N,, has a weak 8-th order correlations but
strong correlations of orders 4 — 7. The obtained results correspond with these
theoretical presumptions.

In Figure [5.15] you can find a graphical visualization of a single realization
of the 8-variate point process from Definition [53|on W approximating a realization
of a 8-variate lognormal dependent point process with py = 0.3795 and o = 0.9.

5.1.6 Disscusion

Let us label the models with the letters A, B, C, D, I, F' in the order in which
they were mentioned in this chapter, respectively. Then by &%, we will denote
the average value of £* obtained from the 1000 simulations under the model A.
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The same notations hold for models B, C', D, E and F'. Then we have
S ép<&pmép <& (5.1)

That means that CuBIC can be sensitive to the order of cumulant correlation,
in the sense, that it can distinguish between the model with strong pairwise
correlations and the model with significant higher order correlations. On the other
hand, if £ # 0, CuBIC did not estimate the true maximal order of the correlation
¢ . Even in the case, when it deals with the multivariate Poisson dependent
superposition model with the maximal possible &.

Models A, B and C fullfil all the assumptions of CuBIC. For the rest of them,
the assumption of a k-variate Poisson dependent superposition model is violated.
(A k-variate Poisson point process is considered as a special case of a k-variate
Poisson dependent superposition model.) Despite the violation of one of the as-
sumptions, CuBIC performed quite well. We can say, that it is at least able
to distinguish, whether the processes are uncorrelated, or there are some higher
order correlations.

On the other hand, we must remark that mentioned models do not differen-
tiate that much from a k-variate Poisson dependent superposition model. Let
us take for example, a k-variate point process N,, from Definition [53] Although
such a process is no more Poissonian, its dependence structure was constructed
using a multivariate Poisson dependent superposition point process.

Let us remark that in the majority of the cases, the linear programming
problem was not solvable for r = 3 or 7 = 4. Or even the estimates of k-
statistics did not fullfiled the condition that £y < ky < -+ < kg_y). Thus,
the CuBIC testing procedure was in fact based on the r = 2.

The mutual relationships between the average values of ET'C' per model, are

more or less the same as they are for £ in (5.1]).
For all the models with the exception of D, the average value of the coefficient
ETC per model calculated with At = 0.001s is greater than its value when calcu-
lated with At = 0.025. The opposite holds for the standard deviation of coefficient
ETC per model. Overall, the standard deviation of ET'C' is not big, hence, we
can claim the coefficient to be quite stable.

The extended tiling coefficient has no assumptions to be violated. In general,
it is a robust indicator of the higher order correlations. In conclusion, we rate
the overall performance of CuBIC and ET'C' on simulated data as satisfactory.

5.2 Real data

The point process theory introduced in this thesis has an extensive application
in neuroscience. Citing [Koyama et al| [2010], “..the study of point processes
is especially crucial for neural data analysis. Brain areas receive, process, and
transmit information about the outside world via stereotyped electrical events,
called action potentials or spikes. Spikes are the starting point for virtually all
of the processing performed by the brain.”

Hence, considering the neuronal spiking activity (spike train) as a point pro-
cess in time, i.e. on R and different spikes to be points X; of the process, we can
claim the data from a recording of a single neuron in time period of length T
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Data plot

am

Figure 5.16: Visualization of the neuronal data from recording no. 2.

Data plot

o

Figure 5.17: Visualization of the neuronal data from recording no. 8.

to be an observation of some point process N on W = [0,7]. A simultaneous
recording of a group of k single neurons then stands for an observation of some
k-variate point process N.

Thus, we can apply all the theory from this thesis in the fields of neuros-
cience and analyse neuronal data. We can use the statistical tools to measure
and indicate the correlated behaviour of a group of k single neurons.

Based on analyzes and tests that are not the subject of this work, it was
shown that the sequence of impulses on one neuron under identical conditions
and in the resting phase can be regarded as a realization of a stationary point
process on R (eventually R*). That is, the output impulse transmitted by the
neuron represents the event of a stationary point process.

5.2.1 About data

The data consists of ten time records of spontaneous activities of 8 different neu-
rons. These are experimental measurements in the auditory structure of the mid-
brain of a rat. The records come from experiments in the Laboratory of the In-
stitute of Fxperimental Medicine CAS and we thank RNDr. Jifi Popelar, CSc.
for providing the data. The data recording unit is 1, ms and the recording time
is 10. The data were recorded simultaneously from all neurons.

In Figures [5.16| and you can find graphical visualization of the neuronal
data from the second and eighth simultaneous recording.

5.2.2 Results

Ten recordings of neuronal activity were tested for the maximal order of correla-
tion. In all ten cases, the output of CuBIC was £* = 2. The interpretation of this
result is that there are at least pairwise correlations between the neurons.
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Table 5.3: Table of estimated £x and calculated ET'C of real data.

Index of | &x ETC ETC
observation At =0.01 | At =0.025

1 2 0.0762 0.0482

2 2 0.0767 0.0430

3 2 0.0920 0.0394

4 2 0.0769 0.0628

5 2 0.0779 0.0565

6 2 0.0833 0.0639

7 2 0.0734 0.0377

8 2 0.0701 0.0430

9 2 0.0761 0.0472

10 2 0.0761 0.0579
avg. 2 0.0779 0.0500
sd. 0 0.0057 0.0091

The average value of ETC with At = 0.01is 0.0779 and the standard deviation
is 0.0057. The average value of ETC' with At = 0.025 is 0.05 and the standard
deviation is 0.0091. Both average values of ET'C' are quite small, not greater than
0.1. These values can be explained by pairwise correlations between some pairs
of neurons.

In all the cases, the value of the coefficient ET'C calculated using the smaller
value of the parameter At is greater than its value when it is calculated using
At = 0.025. Moreover, it has smaller standard deviation. This fact corresponds
with the results from the section above.

Particular values of ET'C' are presented in Table |5.4
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Conclusion

In the beginning of this thesis, we established the theoretical basis of a mul-
tivariate point process and defined cumulant-correlation measures, as measures
of the higher-order correlations inside a family of point processes.

We characterized several multivariate point process models that can be dis-
tinguished into two categories; those derived from the Poisson point process,
and the renewal models. Furthermore, random superposition models and mul-
tivariate processes incorporating some dependence for both aforementioned ca-
tegories are described. We formalized a Poisson dependent superposition point
process and a jittered Poisson dependent superposition point process. Their cha-
racteristics, most importantly, the cumulant-correlation measures were derived
by ourselves for the purpose of this thesis. Considering the renewal models,
the theory is well compiled in the (Cox| [1962], however, in this thesis it is incorpo-
rated into the theory of random measures and some of the statements are derived
in more detail.

Furthermore, we introduced two statistical methods for analysis of higher-
order correlations of a data which are assumed to be realizations of a multiva-
riate point processes. They are the cumulant based inference of higher order
correlations (CuBIC) and the extended tiling coefficient (ET'C'). The tiling coef-
ficient found in the article |Cutts and Eglen| [2014] was extended for an arbitrary
k-variate point process and we stated some of its properties. Both of the men-
tioned methods were tested on 1000 independently generated realizations from
nearly all the models of a multivariate point process defined in this thesis.

Cumulant based inference of higher order correlations turned out to be sensi-
tive to the level of the order of cumulant correlation, in the sense, that it can indi-
cate whether we are dealing with a process having mainly low order correlations,
a process having mainly high order correlations or a process having no correlati-
ons at all. Reasonable results were obtained even when some of the assumptions
were violated. We can conclude the same about the performance of extended
tilling coefficient on the simulated data, however, no assumptions are necessary
for the calculation of the coefficient. It is worth mentioning, that the high order
correlations in a multivariate point process have to be relatively strong for Cu-
BIC to approach the true maximal order of the correlation. In conclusion, we rate
the overall performance of CuBIC and ET'C' on simulated data as satisfactory.

FlInally, we applied the analytical methods on the real neuronal data to study
interactions between the individual records, as this was the main motivation
for writing this thesis. Both, CuBIC and the FTC indicated some correlations
between the examined neurons. However, considering the character of the data,
these are most likely just pairwise correlations and their significance is questio-
nable.

All the results provided in the experimental(computational) part can be repro-
duced using the attached shiny |R Core Team!| [2018| Application. This application
allows the user to easily simulate point processes for nearly all the multivariate
models defined in this thesis with arbitrary defined parameters.The simulated
data can be further analysed and also visualised to provide better understanding
of the results.

71



In this thesis we mainly focused on the multivariate point processes whose
dependence structure has a specific character based on the synchrony, but we are
aware of the fact, that in a real world there is a lot of possible ways how neurons
can interact between each other. In this circumstances, CuBIC or ET'C' might be
unable to detect the dependencies. We also realize, that all the multivariate mo-
dels with mutually dependent marginal processes, even if they are not completely
Poisson, are somehow derived from a multivariate Poisson dependent superposi-
tion model. Therefore, for overall assessment of the robustness of stated methods,
further testing on a wider variety of models would be necessary.
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A. Appendix

A.1 Probabilistic distributions

Definition 57. A continuous random variable X is said to have a uniform dis-
tribution on the interval B = [by, bs], by, ba € R, denoted by U(B), if its density
18

f(x):‘;’,xEB.

Remark. The mean and variance of X ~ U([by, bs]) are
1
E [X] = 5(1)1 + bz),
1
var[X] = E(b2 —b)>.

Definition 58. A discrete random variable X is said to have a discrete uniform
distribution with mazimum b € N, denoted by U(b), if

Remark. The mean and variance of X ~ U(b) are

BX] = b+17
2

b —1

X| = .
var[X] 1

Definition 59. A discrete random variable X s said to have a Poisson distri-
bution with parameter 0 < A < oo, denoted by Po(\), if
)\k
P(X =k)= Ee—k, k € Ny.

Remark. The mean and variance of X ~ Po(\) are

E[X]

A,
var[X] = .

Definition 60. A continuous random variable X is said to have a normal distri-
bution with mean u € R and variance o* > 0, denoted by N(u,0?), if its density

18
1 (z—p)?
xr) = e 222 xrelR.
fa)=——

Definition 61. A discrete random variable X is said to have an alternative
distribution with parameter p € [0,1], denoted by Alt(p), if P(X =0) =1—p
and P(X =1) =p.




Remark. The mean, variance and ch.f. of X ~ Alt(p) are

E[X] =p,
var[X] = p(1 —p),
ox(t) =1—p+pe'.

Definition 62. A discrete random variable X s said to have a binomial distri-
bution with parameters n € Ny and p € [0, 1], denoted by Bi(n,p), if

P(X =k) = (Z)pk(l—p)”k,k‘zo,...,n.

Remark. The mean and variance of X ~ Bi(n,p) are

E[X] = np,
var[X] = np(1 — p).
Definition 63. The Gamma distribution, denoted as Gammal(~y, 3) is a distri-
bution with density
1
INCOLE

where B > 0 is a scale parameter and v > 0 is a shape parameter and

I'y) = /Oo 27 e " da
0

7-1,—5
e B, x>0,

f(x;y,B) =

is the gamma function.

If the parameters are s.t. v =n € N and f = 1/\, A > 0, we talk about
so called Erlang distribution, Erlang(n,\). Especially, if we set v = 1, we talk
about the exponential distribution with intensity X, Exp(\).

The gamma distribution is a member of the general exponential family of dis-
tributions.

Definition 64. Lognormal distribution with parameters jiy and oy is a distribu-
tion of the logarithm of a normal variable. It is a distribution with density

‘ B 1 (Inz — py)?
f(xnuNao-N) - J:UN\/%GXP < 20_1% )

where iy and oy are, respectively, the mean and the standard deviation of the cor-
responding normal distribution. We will denote it as Lognormal(fiy,oy).

A.2 Forward recurrence time

Forward recurrence-time distribution is the stationary initial condition for sam-
pling from an equilibrium renewal point process.

Definition 65. Let t € R be a fized time, i.e. a point on R. A random variable
taking values of the distance measured from t to the next renewal event to occur
after t is called the forward recurrence-time V.
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In other words,
Vi = |Xpw —tl,
where X7,;) stands for the next renewal event after . We consider renewal inter-
event intervals with mean 0 < py < o0.
Remark. Backward recurrence-time U; is a random variable defined as the dis-
tance measured backwards from t to the last renewal at or before ¢t. It holds

that U; +V; equals in distribution to the inter-event interval of particular renewal
process.

Theorem 48. The distribution of a forward recurrence-time V; of an equilibrium
renewal process does not depend on t. For its density, if it exists, it holds
1-— Fy(i’)

fr(z) = My
0 elsewhere.

x>0

Y

Ezxpressions Fy (z) and py stand for the c.d.f. and the mean value of an inter-
event interval of the renewal process.

Proof. See |Cox|[1962]. O

Corollary 11. For the c.d.f. of a forward recurrence-time V; of an equilibrium
renewal process it holds

Jo yfr(y)dy +a(l - Fy(z)) >0,
Fp(z) = Hy
0 elsewhere,

where fy(y) is the density of the inter-event interval of the renewal process.
Proof. 1t holds that

T) = /Ox fr(y)dy = /x iY(’wdy ~ L x/yoo fr(2)dzdy

Hy Hy
ubinni min(z,)
jleorem HY/ / fY )dde o 7/ IIllIl z $)fy( )
by )y + 20— B(@)

Ky
O

Corollary 12. For the m.qg.f. of a forward recurrence-time V; of an equilibrium

renewal process it holds

Mi(s) = Hﬁ‘fj”

where My (s) is the m.g.f. of the inter-event interval of the renewal process.

Proof. Step by step we get

MF(S):/OOO e* fr(x )dx—/ooe iy(x)dx

" </ WARRCLEE iﬁiﬁ; T () [ e dads
1(/0 friz )(68_1>d2>: L (My(s) ~ 1).

,UY Ky s
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Corollary 13. For the Gamma(~y, B) forward recurrence-time Vy it holds

Fy(w:7,8) (1 - &) + & (1= Bfr(wiv,8) =>0,

0 elsewhere.

Fr(z;7, ) :{

Especially for the exponential case Exp(N), the forward recurrence-time Vi is
again exponentially distributed, i.e. it holds

Fy(x: A 0
F(l'; )\) _ Y(wa ) T > )
0 elsewhere.

This is so-called memoryless property.
For the forward recurrence-time V; of inter-event interval distribution of Pois-
son point process with dead time d and intensity parameter A\, it holds

ef)\p(zfd)

1— T)\pd T > d,
Fr(z; M\, d) = 1_‘3’;6[ 0<z<d,
0 elsewhere.

For the Lognormal(uy,oy) forward recurrence-time V; it holds
Fy (z; piw + 0%, 0x) + (1 — Fy(z;py,0x)) x>0,

FF($§MNaUN){ “N+

0 elsewhere.

Proof. Let Fy (x;7, ) be the c.d.f. of Gamma(~, ) distribution of the inter-event
intervals. For the distribution of forward recurrence-time V, we have

Cor. Jo Yy (y: 7, B)dy + x(1 — Fy(z;7, 8))
Ky

1 T v—1p=%

! ( 7+16/ Fw)_leﬁ dy+w(1—Fy(w;%B)))

RCANES (v + D
_ L (0B, 2(1 — Py (a:
= Fy(2;7, 8+ 1) + —(1 — Fy (237, 8))

VB
= Fy(x;7,B) — (/8()7 _i 1; fﬁ(l — Fy(z;7,5))

_ ¥
x 2V leTh

= Fy(z;7,5) (1—;7> +57—xm
— Fy(z;7,8) (1 - ;) 5—( — Bfv(x;7,8)),
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for x > 0. Clearly, Fp(x;~,5) = 0 otherwise. To prove the statement we used
the properties of gamma complete and incomplete function.
Moreover, if we set parameters v = 1 and 5 = 1/\, we get

Fr(z;\) = Fp(z; 1,1/0) = Fy(z;1,1/0) (1 —2X) + A (1 — B fy(z,1,1/X))
1
= (1 — e‘”) (1 —2xA) 4+ 2z (1 - AAB_AJC) =1—e=Fy(r;1,1/))
= FY($7 )‘)7
for x > 0. This is the special case, Exp()) distribution with c.d.f. Fy(z;\) =
Fy(xz;1,1/X).
Now, let Fy(z; )y, d) denote the c.d.f. of inter-event interval distribution

of Poisson point process with dead time d and intensity parameter A,. For the dis-
tribution of forward recurrence-time V; we have

fO ny<y7)‘ 7d)dy +‘T(1 - FY(‘%‘;)‘Z”d))
Ky
(/ e D1 () dy + 21— Fy(z — d; A )))

Fr(x; )‘pad)

1+>\d
for z > 0. If z > d, we get

A z _
. +’;\ y (e’\f’d/d YApe A”ydy +z(1— Fy(z —d; )\p)))

b A Ad+ 1 A+ 1
p-p p Apd [ —Apd P A _ —Mp(z—d)
—1+/\pd<e (e T e S )—i—x(l 1+e )>

Fp(x; My, d) =

4 P
N Apd +1 _Ief)\p(zfd)_i_ief)\p(zfd)_i_xef)\p(xfd)
1+ Md Ap Ap
_q et
1+ Ad
If0<x<d, we get
A TA
Fr(x: M\, d) = P 0 1-0)) = P
F(x7 P ) 1+)\pd( +x< )) 1+Apd

And clearly, Fr(x;\y,d) =0 when = <0.

Now, let Fy (z; jiy, 0x) be the Lognormal(py, oy) distribution of the inter-
event interval. To make the formulas more clear, we will denote p, and oy in this
proof without the lower index N. For the distribution of forward recurrence-time
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V, we have

or. Jo s, 0)d 1 — Fy(z; p,
Fi(r; ) e B0Sr s )byt ol = By i)
Y

1 x 1 (lny u)
:!H(,z</0 yyo'\/% dy + z(1 — Fy(z; p, )))
eM T3

(ugg’ﬁ))i(w(i)du + (1 — Fy(z;p,0))

sub. 1

Inx —
w 1 [ 1 / .
ett+%5 | ov2m Jo

nr— p.+f7'

1
sub / V2o t2dt+

(1= Fy(z;,0))

ot G

1 Inz — (pu+ o?) x
—(1—Erf 1 — Fy(z;
2 ( ( \/—0_ )) +e'“‘+L22( Y(waﬂ'va))
= Fy(r;u+ 0% 0) + > (1 — Fy (z; p,0))

et T

= Fy(ze ", p,0) + $02 (1 - Fy(z;p,0)),
't

for x > 0. Clearly, Fr(z,u,0) = 0 otherwise. The term Erf stands for the well-

known error function. We used two substitutions in the proof. The first one is

u— 0'2
substitution u = Iny, where du = 1dy The second one is t = %, where

dt = f du. We also used fact that y = e O]

Remark. In the attached shiny R Core Team| [2018] Application forward recur-
rence times are generated using inverse transform sampling. This follows from
the probability integral transformation to the uniform distribution, F;*(U) ~ X.

A.3 Hazard function

Definition 66. For a random variable Y we define its hazard function h(z) on RT
as

P Y < A Y
h(z) = lim (<Y <z+Az|z< ): fr(x) |
Az—0 Az 1— Fy (ZE)
where fy(x) and Fy(x) are the p.d.f. and the c.d.f. of Y, respectively.

If Y is the inter-event interval of a renewal point process, the hazard function
describes the conditional rate for the occurrence of the next event with respect
to the time passed since the last event.

We summarize the hazard functions of inter-event intervals for several renewal
processes.

Lemma 49. The hazard function of a Poisson point process with intensity A is
h(z; X)) = A,

and the hazard function of a Poisson point process with dead time d and intensity

parameter X\, s

Ap T >d,

h(z: A, d) =
(23 A, d) {0 0<z<d
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Proof. For a Poisson point process with intensity A it holds

flzA) e~
h(z; \) = = =\
() 1 — Fy(z;\) e—AT

For the hazard function a Poisson point process with dead time d and intensity
parameter \, it holds

h(xz; Ay, d) =

T—d;\p o
f(f,E, )\IN d) _ 17f}<£y(atfd;g\p) - )‘p T > d’
L= Fr(@hed) |2 =0 0<z<d

]

Remark. The hazard function of Gamma point process with Cy,; > 1 increases
monotonically, with lim, .. h(z) = . However, if Cy; < 1 it decreases mono-
tonically and we have lim, o h(x) = oco. You can find it stated, e.g. in Cox
[1962).

For hazard function of lognormal point process it holds that 2(0) = 0. It is in-
creasing on interval [0, max h(x)] and slowly decreasing on interval (max h(z), c0)

with lim, . A(x) = 0. Its maximum does not have a closed analytical expression
(just approximate). You can find more about hazard function of lognormal point
process in Sweet| [1990].

A.4 Thinning and cluster point processes

A.4.1 Cluster point process

Definition 67. Let’s have a simple point process N onR and a collection of finite
point processes {(, : © € R}. A point process N on R, s.t. N(B) < oo a.s. for
some B € B and

N(B) = [ G(B)N (da)

is called the cluster point process.

If the point processes {(, : © € R} are mutually independent and independent
on N, we talk about independent clusters.

Processes {(, : * € R} are called the daughter processes while point process N’ is
called the parent process.

A.4.2 Thinned point processes

Thinning is one of many possible operations on point processes. As stated in|Chiu
et al.[[2013], a thinning operation uses some definite rule to delete points of a basic
point process N, thus yielding the thinned point process N. A general definition
is formalized in Weil et al. [2006].

Definition 68. We suppose that each point © € N is labelled with an indicator
random variable &, taking the value 1 if the point x is to be retained, and O if it
is to be deleted. Then the thinned process N consists of those points x € N with

¢ = 1.
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In point process theory we distinguish between independent or dependent
thinning. In the context of renewal point processes we consider the dependent
case, where points of the process are removed dependently on their distance.

Definition 69. Let p : R — [0,1] be a measurable function. A cluster point
process, as in Definition [67, with independent clusters s.t.

¢ = 0y with probability p(z),
“ 10 with probability 1 — p(x),

we call an independently thinned point process.

On contrary to independent thinning, there is a wild range of dependent
thinning operations. One group of them may be defined as in the following
remark.

Remark. A cluster point process, as in Definition , where {(, : * € R} are
dependent on N' and s.t.

Cx = 6xf(x7 Ux; N/),
where {U, : € R} are (i.i.d) random variables on R and f is some function with
values 1 or 0, is a dependently thinned point process.

A.5 Compound Poisson process

Definition 70. Let N' be a simple stationary Poisson point process with intensity
N and A;,i € N i.i.d. random variables with distribution A. Then the point
process N s.t.

N'(B)

i=1
is a compound Poisson process with carrier rate X' and amplitude distri-
bution A.

Remark. A random variable A with amplitude distribution A, representing vari-
ables A;, i € N, is called the amplitude. The process N' will be referred to as
the carrier process.

Lemma 50. A compound Poisson process N with carrier rate X and amplitude
distribution A is stationary. For its intensity measure it holds

A(B) =X E[4]|B|
for all B € B(R).

Proof. Stationarity follows from the stationarity of carrier process together with
the fact that the processes are i.i.d. For the intensity measure we have

N'(B) N'(B) B N'(B)
A(B) =E[N(B)] =E Al =E|E| Y AINBI||ZE| Y E[A)
=1 =1 =1
=E[AJE[N'(B)] = X |B|E[4]
for all B € B. O

We can summarize the activity of group of processes in Poisson dependent
superposition model by a compound Poisson point process.
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A.6 Laplace functioal

Definition 71. For a point process N on R, we define its Laplace functional

Ln(g) =E {eXp (—/Rg(y)N(dy))]

for all R™ valued measurable functions g on R.

Lemma 51. For the Laplace functional Ly(g) of a Poisson point process with
intensity A it holds

Ln(g) = exp (—)\/R (1 — e’g(y)) dy) =E

H eg(Y)] 7

Y esuppN
for all R™ valued measurable functions g on R.

Proof. You can find it stated in |Last and Penrose [2017], Chapter 3.3. [

A.6.1 Simulation

Univariate point process After setting corresponding parameters and the length
of the observable T', a univariate renewal point process is simulated according
to its definition (Definition . A univariate Poisson point process is simu-
lated as renewal point process with exponentially distributed inter-event inter-
vals. First, the forward recurrence time Xy is generated, i.e. the distance
from the origin to the first point of the process. The procedure of sampling
from the forward recurrence time distribution as such is based on the formula
for its distribution function from Corollary [I3] The inverse transform method
is applied. Firstly an observation from standard uniformly distributed random
variable U is generated. Then the equation Fr(x) = U is solved numerically
for z € R™ (or another corresponding support). The solution z* is an observa-
tion of the forward recurrence time. Correctness of this algorithm is substan-
tiated by the probability integral transformation to the uniform distribution,
F{'(U) ~ X. The exception is Poisson point process. Here the forward re-
currence time distribution is simply exponential (Corollary , so the inverse
transform method is not necessary.

After the first point in the interval is set, following inter-event times are
sampled stepwise. Sampling stops the instant 7" X704 > T. We sample
from the corresponding inter-event interval distribution using build up sampling
functions from R Core Team| [2018].

Bursting and Jittering The opperations of bursting and jittering are applied
on already generated observations from a parent point process N. For every point
of N, there is generated an independent observation of a daughter point processes
according to its specified distribution. Let us remark that we do not correct for the
possible edge effects. Regarding the fact that the variance of jittering or bursting
distribution is small proportionally to T', these edge effects are negligible.

Multivariate random superposition point process These independent models
are very easy to construct or simulate, on contrary to models incorporating de-
pendence between the marginal processes. The method of simulating a k-variate
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point process fulfilling random superposition model is evident. k-observations
of a univariate Poisson or renewal point process are independently generated
on W.

Multivariate Poisson dependent superposition point process and its derivations

Procedure of generating realization from a Poisson dependent superposition
point process is based on Definition[d7] Firstly, the observations of all the back-
ground processes with non-zero intensities, {N; : J € I,3\; > 0}, are generated
on W. Resultant observation of the marginal processes (and hence the k-variate
point process) is created by merging the observations of corresponding back-
ground processes in accordance with

N(W)y= > Ny(W),ieM.

JeI,ieJ ;>0

For a Poisson jittered dependent superposition point process or Poisson burs-
ting dependent superposition point process we just apply the burting or jittering
as described above on the generated observations of the Poisson dependent su-
perposition point process.

Multivariate point process from Definition [53

Procedure of generating realization from this “pseudo-reneal” dependent point
process is based on steps described in Definition |b3] Firstly, we generate an obser-
vation from a k-variate Poisson dependent superposition process N,/n on W, de-
termined by the intensities of the background processes, and the hazard function
of particular inter -event distribution. Then the recurrent thinning procedure
(from Definition is applied.

In case of lognormal point process, the maximum of the hazard function does
not have a general analytical expression. Hence, it is found numerically as a solu-
tion of an optimization problem on interval [0, 100] (using build up R Core Team
[2018] function optimize). The restriction of the interval where it is searched
for the maximum on [0, 100] is from practical reasons. If MaX, gt hi(x) > 100

then the \; is too small for such a k-variate process to be of our interest.
The “warm-up time” is set to %T.
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B. Attachments

The attachment of this thesis is a code in R Core Team| [2018]. The code can
be run as an application using the shiny package. It consists of 3 main files -
the body of the code and 5 files with the functions. The code provides simulations
of various point processes with user defined parameters and performs statistical
analysis. It includes models and methods defined in this chapter.
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