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Abstract
Bakalarska prace se zabyva vlastnostmi Cohenova forcingu a jeho vztahu k
nedokazatelnosti Hypotézy kontinua a Obecné hypotézy kontinua. Prace je
rozdélena na ¢tyti ¢asti. V prvni ¢asti je zavedena technika forcingu pomoci
castecnych usporddani. Druhé cast zavadi pojem Cohenovského forcingu,
ukazuje vlastnosti kardinalni aritmetiky postacujici k zachovavani kardinala
Cohenovskym forcingem a zejména se pak soustfedi na generické mnoziny
pfidané konkrétnimi variacemi Cohenovského forcingu. Nakonec tato cast
ukazuje nékteré vlastnosti Cohenovskych realnych ¢isel. Tteti ¢ast rekonstruje
dikaz nedokazatelnosti Hypotézy kontinua a ukazuje uziti Cohenovského
forcingu pri dikazu tvrzenich o Obecné hypotéze kontinua. Posledni ¢ast
se kratce zminuje o neminimalité generickych filtri na Cohenovském forcingu
a zavadi Sackstv forcing, na kterém doklada, ze existuji forcingy, jejichz gen-

erické filtry jsou minimalni.

Klicova slova

Cohenuv forcing, CH, GCH, Cohenova realna ¢isla.

Abstract
This bachelor thesis studies properties of Cohen Forcing and its relation to
the unprovability of Continuum Hypothesis and Generalised Continuum Hy-
pothesis. The thesis is divided into four parts. In the first part the technique
of forcing based on partial orders is introduced. The second part introduces a
notion of Cohen forcing, shows properties of cardinal arithmetic sufficient to
preservation of cardinals by Cohen forcing and focuses mainly on generic sets
added by concrete variations of Cohen Forcing. Finally some of the properties
of Cohen reals are shown in this part. The third part reconstruct a proof of
unprovability of Continuum Hypothesis and shows a use of Cohen Forcing
in relation to the statements about the Generalised Continuum Hypothesis.
The last part discusses briefly a non-minimality of generic filters on Cohen
forcing and introduce a notion of Sacks forcing in order to show an existence

of forcing notion whose generic filters are minimal.

Keywords
Cohen forcing, CH, GCH, Cohen reals.



Contents
1 Introduction

2 Preliminaries

2.1 General Set Theory . . . . . . . .. .. . L

2.2 Relativisation

2.3 Basic Forcing Definitions and Lemmas . . . . . . . .. ... .. ..

3 General Forcing Properties

3.1 Generic Filters

3.2 Forcing Equivalence . . . . . . . .. ..o

3.3 Cardinal Preservation . . . . . . . . . . . ...

3.4 Product of Forcing . . . .. .. ... oo

4 Cohen Forcing

4.1 Cardinal Preservation . . . . . . . . . . . .o
4.2 Adding New Sets . . . . . . . . ..

4.3 Nice Names .

4.4 Properties of Cohen Reals . . . . . ... ... ... ... ......

5 Applications to Continuum function

5.1 Cohen’s Result
5.2 Violating GCH

6 Minimality of Forcing Extensions

6.1 Non-minimality of Cohen Extensions . . . . .. .. ... ... ...

6.2 Sacks Forcing

7 Conclusion

o N O O

15
15
17
20
24

29
32
33
39
41

44
44
45

52
02
52

56



1 Introduction

In 1900 David Hilbert published a list of, from his point of view, most problematic
questions of mathematics including Continuum Hypothesis (CH) on the first place.
In 1938 Kurt Godel proved that CH is consistent with ZFC by constructing a model
where CH holds. Finally in 1963 Paul Cohen finished the prove of independence of
CH on ZFC by constructing a model of ZFC where CH fails (see [Coh63]). In the
same year Robert M. Solovay generalised in [Sol63] the result of Cohen so that for
a regular kardinal x assuming 2<* = x and A\* = ) in the ground model one obtains
a model with 2% = X\. However, the biggest contribution of Paul Cohen’s prove lied
in introducing a universal technique for constructing models of ZFC. Following the
result of Cohen a lot of forcing notions were introduced to prove or disprove various
statements about ZFC. Nevertheless as more complicated the statements became
as more complicated the forcing notions needed to be. Although the forcing notion
of Paul Cohen remains one of the simplest, there still remains a lot to show about
characteristic of models it produces which will be the main aim of this thesis.

In section 2 and 3 of this thesis we introduce a general forcing technique according
to the [Kun06] and [Jech02] with emphasis on a forcing equivalence in section 3 which
will be widely used in section 4 and 5. In section 4 we show properties of cardinal
arithmetics ensuring the preservation of cardinals for different variations of Cohen
forcing. We focus further in this section on collapsing cardinals by various notions
of Cohen forcing including product of forcing notions and show some properties of
Cohen reals.

In the first part of section 5 we reconstruct the result of Paul Cohen and give
its generalised version which allows us to violate GCH in arbitrary finitely many
cases. In the next part we investigate possibilities of constructing a model of ZFC
where ‘GCH fails on R, but holds below’ via the Cohen forcing and show that it
does not seem possible considering the properties of product of Cohen forcings. We
show further using an argumentation of Easton forcing that there exists a model of
ZFC where ‘GCH holds on X, but does not hold below’.

Finally in section 6 we briefly discus the non-minimality of generic filters on
Cohen forcing and give an example of forcing notion (Sacks forcing) whose generic

filters are minimal.



2 Preliminaries

In this section we establish our terminology and notation and we also give basic
facts about forcing covering Chapter VII and VIII of Kunen‘s book [Kun06]. We
consider ZFC as the primary theory based on Kunen‘s book [Kun06] and therefore
we are not going to stress where AC (Axiom of Choice) is or is not needed. The set-
theoretic notation used is mostly that of [Kun06] with some additional terminology

from [Jech02] when the terminology is not discussed in [Kun06].

2.1 General Set Theory

Definition 2.1. A binary relation < is a partial ordering on a set P if

(i) (Yp € P)(p <p)
(i) (Vp,q,;r € P)((p<q&

q<r)—=p<r)
(i) (Vp,q € P)(p<q&q<p)—p=4q).

For any p,q in P we define further p < q if and only if p < q & p # q.

A special example of a partial order on a set P is < called ‘reverse inclusion’
defined as x < y if and only if y C z for any x,y € P, where C is the set-theoretical

inclusion.

Definition 2.2. A triple (P, <, 1p) is a partial order if < is a partial ordering on
P, 1p € P and (Vp € P)(p < 1p).

Note that if P is a set partially ordered by < but there is no element ¢ in P
such that (Vp € P)(p < ¢q) then we can always add a new element 1 to P such that
(PU{1},<,1) is a partial order according to the previous definition.

We often abuse notation by referring to “the partial order P” or “the partial

order <” if < or IP are arbitrary or clear from context.

Definition 2.3. Let (P, < 1p) be a partial order then we say that p,q € P are
compatible and write pl|q if (Ir € P)(r < p & r < q), otherwise we say that p,q are

incompatible and write p L q.



Definition 2.4. We say that a partial order (P, <, 1p) is:

(i) atomless if (Vp € P)(Jq,¢ € P)(q L ¢ & qg<p& ¢ <p).
(ii) separative if (Vp,q € P)(p £ q— GreP)(r <p&r Lq)).

Definition 2.5. Let (P, <,1p) be a partial order and p € P then :

(i) a set D C P is dense in P if (Vp € P)(3q € D)(q¢ < p).
(i1) a set D C P is dense below p if (Vg < p)(3r < q)(r € D).
(11i) a set A C P is an antichain in P if (Vp,q € A)(p L q) .
(iv) a set A C P is mazimal antichain in P if every A" C P such that A C A" is

not an antichain in P.

Definition 2.6. Let (P, <,1p) be a partial order then a set G C P is a filter if the

following conditions hold:

(1) G is centred, i.e. (Vp,q € G)(Fr e G)(r <p&r <q).
(11) G is upward closed, i.e (Vg€ G)(¥p € P)(¢ <p—p € G).

2.2 Relativisation

Definition 2.7. Let M be any class then for any formula ¢ of language of ZFC we
define o™, the relativization of ¢ to M, by induction on ¢ by:

Definition 2.8. Let M be any class then:

(i) for a sentence ¢, ‘¢ is true in M’ or ‘M = ¢’ means ¢™.
(i1) for a set of sentences S, ‘S is true in M’ or ‘M is a model for S’ means that

each sentence from S is true in M.

We say that a class M is a model for ZFC if each axiom of ZFC' is true in M.



Definition 2.9. Let ¢ be a formula with all free wvariables shown between

T1,%o, ..., T, and M ,N arbitrary classes, then:

(i) if M C N: ¢ is absolute for (or between) M,N if and only if

(Vay, 29, .y xp € M) (M (21, ..., 20) < N (21, ..., 1))

1 18 absolute for if and only if ¢ 1s absolute for M,V 1.e.:
0] bsolute for M if and only if ¢ bsolute for M,V
Va1, 29, .yt € M) (M (21, ..., 2,) < d(x1, ..., ).

Note that if ¢ is absolute for M and ¢ is absolute for N and M C N, then ¢ is
absolute between M ,N.

Definition 2.10. A set or a class M is transitive if (Vx)(z € M — x C M).

Lemma 2.11. The following formulas are absolute between any two transitive mod-

els for ZFC:
(i) x ={u,v}, x = (u,v), = is empty’, x C y.
(i) z=xxy, z=x—y, z=xNy, 2 =Uz.
(111) ‘x is transitive’, ‘x is an ordinal’, ‘x is a limit ordinal’,
‘v is a natural number’, ‘v =w’.
() ‘x is a relation’, ‘f is function’, y = f(x) (i.e. (x,y) € f),
g=Jlz={(z,y) € flx €z}

Proof. See [Jech02] Lemma 12.10. O

2.3 Basic Forcing Definitions and Lemmas

Definition 2.12. Let (P, <,1p) be a partial order in M, we say that a set G is
P-generic over M if and only if G C P, G is a filter on P and for for all sets D
dense imn P, D e M — GND # .

Definition 2.13. Let M be a transitive model of ZFC, and (P, <, 1p) a partial order
in M. We define a class M* by induction on ORD as follows:

My =10

8



My = {{z,p) |z € M, &peP}

ME = U Mg, for o limit

B<a

and M* = {7 | (3a € ORD)(7 € ME)}. We call the elements of M* P-names and
we say that Lp defined by

Lp={cyu{r|re M}

s a forcing language of P.

Definition 2.14. Let M be a transitive model of ZFC , we define a function

Y M — MP by €-recursion as:

and we say that T is a standard P-name of a set x € M.

Definition 2.15. Let M be a transitive model for ZFC, (P,<,1p) a partial order
in M and G a filter on P. We define a function ¢ : M* —V by

0 =10

7¢ ={oc | I € G((o.p) € 7)},
and we say that ¢ is a valuation of (a name) T by G.

For more informative proofs of the following theorem and two lemmas

see [Kun06] page 187 respectively pages 190-191.

Theorem 2.16. (Rasiowa-Sikorski) Let M be a countable transitive model for ZFC,
(P, <,1p) an atomless partial order in M and p € P, then there ezists G a P-generic
filter over M with p € G.

Proof. Let p € P be given. Suppose Dy, D1, Do, ... is enumeration of all dense
subsets of P which are in M. Since M is countable the enumeration is also countable
and we can easily construct a sequence (p,, | n € w) defined by py = p and p,+1 € D,

such that p,1 < p,. Then G = {qg € P | (In € w)(p, < q)} is a filter which is

9



[P-generic generic over M. Indeed, otherwise if G € M, (P — G) € M is a dense

subset of P which could not be enumerated above. O]

Definition 2.17. Let M be a transitive model of ZFC, (P, <, 1p) in M and G C P

then we define:
M[G) = {r¢ | T € M¥}

and say that ‘M[G] is generic extension of M’ and ‘M is a ground model of generic

extension’.

Note. Let N be a model for ZFC. Recall the definition of ORD” - a class of all
ordinals in N and CARDY - a class of all cardinals in N.

Lemma 2.18. If M is a transitive model of ZFC, (P, <,1p) is a partial order in M
and G a non-empty filter on P, then :

(a) (V€ M)(i € M¥ & g = )
(b) M C M[G]
(¢) ORDMY = ORDM

Lemma 2.19. Let M be a transitive model of ZFC, (P, <,1p) a partial order in
M and G a non-empty filter on P. Then the Aziom of Extensionality, Foundation,
Infinity, Pairing and Union are true in M[G].

Proof. We observe that by definition of G and M[G], M[G] is transitive and whence
Extensionality holds in M[G]. Foundation is true relativized to any class and In-
finitiy holds by w = @g. To show Pairing let a,b € M[G], a = 7& and b = 7% and
consider a name {(7%, 1p), (7%, 1p)}. For Axiom of Union let a € M|[G], a = 74,
define m = {{(p,p) | (3(o,q))3Fr)({p,7) € 0 & p <1 & p < q)} and argue that since
re M ¢ =Ure=Ua O
Definition 2.20. Let (P, < 1p) be a partial order and G a filter on P. Then for
every formula ¢ in a language Lp with all free variables between 7°, 71, ... 7 we

define a formula ©g to be a formula which arises from ¢ by substitution of T° for

7 for every i <mn+ 1.

Note that if ¢ is a sentence of Lp then ¢ <> ¢ and we can write ¢ instead of

G-

10



Definition 2.21. Let M be a countable transitive model for ZFC, (P, <,1p) a par-
tial order in M and G a P-generic over M. Let further ¢ be a formula in language
Lp. We define a relation |= by:

M|G] E yq if and only if pg holds in M|G].

Definition 2.22. Let (P,<,1p) be a partial order in M, ¢ a formula of Lp and

p € P we define a forcing relation I as follows:
p Ik @ if and only if (VG P-generic over M)(p € G — M[G] | ¢c)

and say that ‘p forces ¢’ if and only if p I+ ¢ and ‘p decides ¢’ if and only if
plE @ orplk —p.

The previous definition of forcing does take place outside of M. However, the
core of the method of forcing is based on a definition of forcing relation which
takes place inside of M and which is equivalent to the relation from the previous

definition. The following definition and theorem is given in [Kun06] page 195-201.

Definition 2.23. Let (P, <,1p) be a partial order. The following clauses define the
notion p IF* ¢(11, 7o, ..., ) where ¢(xy1, Ta, ..., T,) is a formula with all free variables

shown, p € P and 11, 7o, ..., 7, € V.
(i) pIF* 11 = 7 if and only if

a. Y{(my,81) € 11 the set {qg < p | q < s1 — (Im, $2) € B)(q < 82 &
qIF*m = m)} is dense below p and
b. V(ma,80) € To the set {q < p| q < s9 = (Hm,s1) € n1)(g < 51 &
qIF* m = m)} is dense below p.
(i) pIF* 11 € 7o if and inly if {q | (3(m,s) € B)(¢g < s & qIF* 7 =m)} is dense
below p.
(11i) pIF* @ & ¥ if and only if p IF* ¢ and p IF* 1.
(iv) pI-* =@ if and only if there is no q¢ < p such that q IF* .
(v) pIF* 3zp(x) if and only if a set {r | (3 € M¥)(r I-* p(x))} is dense below p.

11



Theorem 2.24. (The Forcing Theorem) Let M be a countable transitive model of
ZCF and (P, <,1p) a partial order in M; let Y (xq,...,x,) be a formula with all free

variables shown; let 11, ..., 7, € M* then:

(1) for allp € P,
plE (... m) < (pIF (m, ...,Tn))M.

(2) for all G which are P-generic over M,

(T, ...,TnG)M[G] < IpeGplFh(n,...mm)).

The following theorem showing more properties of forcing relation is contained
in Theorem 14.7 of [Jech02].

Theorem 2.25. Let M be a countable transitive model for ZFC, P a partial order
in M and @, formulas of Lp, then for all p € P the forcing relation satisfies:

(i) If plk ¢ and q < p then q I .
(ii) No p forces p and —yp.
(111) Iq < p for which q - ¢ or q Ik .
() plk oV if and only if (Vg <)(3r < q)(r Ik orr k).
(v) p Ik Yrp(x) if and only if p Ik (i) for every i € MF,
(vi) (Mazimal Principle) If p I+ Jxp(z), then there exists © € MY such that
plF ().

For more informative proof of the next main theorem see [Kun06] pages 200-203.

Theorem 2.26. Let M be a countable transitive model for ZFC, (P, <, 1p) a partial
order in M and G a P-generic over M, then M |G| satisfies ZFC.

Proof. According to the Lemma 2.19 given above, it remains to show that Axiom
of Comprehension, Replacement, Power Set and Axiom of Choice holds in M|[G].
To show that Axiom of Comprehension holds in M|[G] let o,7%,..., 7" € MF
and a formula ¢ (x,0,y1,...,y,) be given and define p = {(m,p) € dom(c) x P |
pl- e o & Y(mort,....,™)} As p € MF and it can be shown that
MG

pe ={a€og|Y(a,06,78, ..., 78)MCE} we are done.

12



To verify Axiom of Replacement let og,75,...,78% € M[G] and a formula
U(x,v,7,21,. .., 2,) be given. Moreover assume (Vr€og)(3y)v(x,y, 06, 78, -, T8)
holds in M[G]. To show there exists a name p € M' such that [(Vz € o¢)
3y € po)(z,y,06, 78 .., 72)ME let S € M be a set with S € MF and (for

brevity we suppress mention of 7’s)
(Vr € dom(o))(p € P) 3w € M* :plk (m, 1) — Iu € S plk(m, pw)).

As such S exists by reflection theorem and p IF ¢ (7, 1) being definable in M, we
can define p by p = S x {1p} and we are done.

To argue for Power Set Axiom, let o € M[G] be given. We define a name
p=2S x{1p} where S = {r € M" | dom(7) C dom(c)} and derive that whenever
pa C og for € M¥, g € pg. Indeed, let 7 = {{m,p) | 7 € dom(c) & p -7 € u}
then 7 € S whence 74 € pg and as it can be shown that ug = 7o we are done.

Finally we verify a statement equivalent to Axiom of Choice (see [Kun06] page
201, Lemma 4.1). The statement is

(Vz)(3a € ORDMIE)(3F)(f is a function & dom(f) = a & = C rng(f)).

For a given © = o € M[G] let dom(o) = {m, | v < a} for some a € ORDM which is
possible by Axiom of Choice in M. Let 7 = { | 4 is a standart name of (¥, 7,) &
v < a} x {1p}. Then 74 is a function with domain « and = C rng(r,) and we
done. O

Note that unlike ‘a is an ordinal’, ‘x is a cardinal’ is not absolute between
ground model and its generic extension. Whence it does not always hold that

CARDM = CARDM!) where M is a countable transitive model of ZFC and M[G]

its generic extension. therefore there is a reason to state the following definition.

Definition 2.27. Let M be a model for ZFC, (P, <,1p) a partial order in M and
0 cardinal in M then:

(i) P preserves cardinals > 0 if and only if whenever G C P is a P-generic filter

over M:
(Vg € ORDM 3 > 0)((B is a cardina)™ « (8 is a cardmal)M[G})

13



(ii) P preserves cofinalities > 0 if and only if whenever G C P is a P-generic filter
over M, ~y limit ordinal in M and cf(y) > 0:

The same is defined for ‘< 0’ replacing > 6°.

Definition 2.28. Let (P, <,1p) be a partial order in M, G a P-generic over M and
k € CARDM then we say that:

‘% is collapsed in M[G]’ if and only if k ¢ CARDMC
‘% is collapsed to A € CARDMIC" if and only if k is collapsed in MIG] and
(A = [s)ME

Before we start with proving basic properties of forcing we need to introduce
one basic combinatorial tool (see [Kun06] page 49, Theorem 1.6) which will be used

very often from now on.

Definiton 2.29. A family A of sets is called a A-system if there is a fixed set r,
called root of the A-system, such that aN'b =r for all a,b distinct members of A.

Lemma 2.30. Let k be any infinite cardinal and A a family of sets. Let § > k be
regular and satisfy (Vo < 0)(|a|~" < 0). Assume |A| > 0 and (Vx € A)(|z| < k),
then there is a family of sets B C A, such that |B| = 6 and B forms a A-system.

From now further by ‘forcing’ we mean ‘partially ordered set (used for produc-
ing generic extensions)’; by ‘conditions’ we mean ‘elements of some forcing’ and
whenever P is a forcing notion, we say that ‘P adds a set A’ if A is an element of

every generic extension by P but not an element of a ground model.

14



3 General Forcing Properties

In this section we show some facts about general properties of forcing.

3.1 Generic Filters

Lemma 3.1.1. (Equivalent definition of genericity) Let P be partial order then the

followings are equivalent for a set G:

(i) G is a generic filter.
(ii) G is a filter intersecting every mazximal antichain in P.
(i) a. (Vp,q € G)(Ir € P)(r <p,q) and
b. (Vpe G)VgeP)(¢g>p—qeG) and
c. VWD CP,De M)(D is dense -GN D #0).

Proof.

(i)—(ii): Let A,a maximal antichain in P, be given. Then we define a set
D={pelP|(Jac A)(p<a)} and show it is dense: Let p € P be given. As A
is a maximal antichain there exists some ¢ € A such that p|lq otherwise there is
some 7 € P such that r < p and r < ¢g. By definition of D, r is in D and D is dense.
By density of D there is some p € DN G and hence a € A such that p < a. From G
being upward closed we get a € G and we are done.

(ii))—(i): Let D be a set dense in P. Let Ap C D be an antichain in P which is
maximal in D, i.e. whenever A}, C D and Ap C A, then A, is not an antichain
in P. Note that Ap exists by Zorn lemma. It is sufficient to show that in fact Ap
is maximal in P and argue that ) # Ap NG. Let p € P— Ap, by density of D there
is a ¢ € D such that ¢ < p and ¢ € Ap or there is some r € Ap such that ¢||r since
Ap is a maximal antichain in D. In the first case ¢ < p hence Ap U {p} is not an
antichain. In the second case there is some r’ € P such that ' < ¢,r and again
from r||p, Ap U {p} is not an antichain. Whence Ap is a maximal antichain in P
and we are done

(1)< (iii): Left right implication is obvious since condition a. results from G being

centred system and the rest is the same as in Definition 2.6 and 2.12. For the right

15



left implication we show at first that
D,,={reP|rlp v rLqVr<p,q}

is dense for all p,q € P. Let r € P — D then from r||p and r||¢ we have r; < r p
and ro < r,q. Now if r_Lq then r; € D, , and we are done otherwise there exists
ry < ry,qiers <rp,qhence r3 € D,,. Since (Vp,q € G)(Ir € D,, N G) means
r < p,q otherwise (i.e r L porr L ¢q) G would not be a filter, we are done. O

Claim 3.1.2. Assume that M is a countable transitive model of ZFC, P € M a
partial order, E C P and E € M. Let G be a P-generic filter over M then either
GNE#0 or(3peG)(YreE)(rLp).

Proof. We define

D={p|@Ereb)p<nr)}U{p|(vreE)r Lp)}

and show it is dense. Let ¢ € P — D then there exists » € E such that r||¢ hence
there is p € P, p < r,q and p € D. Thus neither there exists p € G N D for which
p € Eor (Vr € E)(r L p), in both cases we are done. O

Note that by choosing E from the previous claim to be {p} for some p € P, we
get p € G if and only if (Vg € G)(p|lq).

Claim 3.1.3. Let (P, <,1p) be a partial order, G a P-generic filter and p € G.
Then if D is a subset of P dense below p, GND # () and if A a mazimal antichain
below p, GN A # (.

Proof. Let p, D be given and let B be a maximal antichain in P which contains p

(this is possible by Zorn Lemma).We define a set
Dp=DU{qeP|(FaeB)la#p&qg<a)}.

It is immediate that Dp is dense in P and hence G N Dy # ().Since there is
g€ GNDg and GN B = {p} (G intersects B at exactly one point, otherwise
G would not be a filter) it must be the case that g € D.

To argue that G intersects every maximal antichain A below p € G, let A’ be

a maximal antichain in P containing p (again it exists by Zorn Lemma). Then
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A" = AUA — {p} (replace p in A’ by elements from A) is a maximal antichain in
P and since G N A" = {p} it must be the case that G N A” = {a} for some a € A

and we are done. O]

3.2 Forcing Equivalence

In this section we investigate a notion of forcing equivalence which helps us to

understand more precisely the notion of Cohen forcing defined in section 4.

Definition 3.2.1. Let M be a countable transitive model for ZFC, and (P, <, 1p),
(Q, <, 1qg) be partial orders in M. We say that P and Q are forcing equivalent if

and only if for every G a P-generic filter over M there exist H a Q-generic filter
over M such that M[G] = M[H] and vice versa.

The most common way how to show forcing equivalence of two partial orders is
to show that first one is densely embeddable (see below) into the second one. This

technique using the notion of dense embedding will be discussed in this section.

Definition 3.2.2. Let (P, <p, 1p) and (Q, <g, lg) be any partial orders, we say that
a function i : P — Q is an embedding if:

(1) (Vp,p' € P)(p <p p' — i(p) <g i(p)).

(i) (Vp.p' € P)(p Lp p') <> i(p) Lo i(p)-
Definition 3.2.3. Let (P, <p,1p) and (Q,<q,lg) be any partial orders and

i:P— Q an embedding. We say that:

(1) i is a dense embedding if i" P is dense in Q.
(2) i is a complete embedding if (Vg € Q)(3p € P)(Vp' € P)(p" <p p — i(p')[l0q)

Claim 3.2.4. Fvery dense embedding is complete.

Proof. Let (P, <p,1p) and (Q, <@, lg) be any partial orders and i : P — Q be a
given dense embedding. According to the Definition 3.2.3 we need to show that (2)
holds. Suppose ¢ € Q then from density of i"IP there is i(p) <g ¢ for some p € P. If
p' € P and p’ <p p then i(p') <g i(p) hence i(p') <@ ¢ and finally i(p')||@q- O
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Claim 3.2.5. A composition of complete embeddings is complete and a composition

of dense embeddings is dense.

Proof. Let (P, <p, 1p), (Q, <q, 1lg), (R, <g, 1) be partial orders. Supposei: Q — P
and j : P — R are embeddings, then it can be easily seen that (i) and (ii) from
Definition 3.2.2 holds. Suppose i, j are complete embeddings and let » € R be given,
then there is some p € P with (Vp' < p)(j(p')||r7) and ¢ € Q with the same property
for p. Since ioj is an embedding it follows that (V¢ < q)(joi(q')||rr). If we suppose
i,j are dense embeddings and r € R then there is some p € P with j(p) <g r and
since the same holds for j(p) and Q there is some g € Q such that joi(q) <g r. O

Claim 3.2.6. Let (P, <,1p) and (Q,<,1g) be partial orders, i : P — Q dense
embedding and D a set dense in P then i"D is dense in Q.

Proof. Let ¢ € Q then from density of i"P we have p € P such that i(p) < q.

Since D is dense in P we have p’ € D such that p’ < p hence i(p') < i(p) < ¢ and
i) € i"D. O

There is of course as always when we are talking about any kind of equivalence
a special case of dense embedding — an isomorphism. It would be possible to show
directly from definition of forcing (the recursive one - Theorem 2.24) that whenever
P = Q viai € M (M countable transitive model of ZFC) and ¢(7, 7o, ...,7,) is a

formula of language MT with all variables shown between 71,7, ..., 7, then

*

(Vp e P)(plFp o(11, 72, ..., Tn) > i(p) kg ©(17, 75, ..., 7))

where 7 is defined recursively as 7;* = {(¢*,i(p)) | (o,p) € 7;}. Hence moreover

from

mu ={ou | Gp € H)((o,p) € 7)} = {own | Gp € i"H)({0",i(p)) € Thin)} = Tivn

we can infer M[H| = M[i"H] for H Q-generic over M. However, as it will be shown
an isomorphism is unnecessarily strong prerequisite. To show that non-isomorphic

partial orders are forcing equivalent we introduce more general tools.
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Lemma 3.2.7. Let M be a countable transitive model for ZFC, (P,<,1p) and
(Q, <, 1g) any partial orders in M. Let furtheri:P — Q a complete embedding in
M and H a Q-generic over M. Then i~ H is P-generic over M.

Proof. We use an equivalent definition of genericity given by Lemma 3.1.1 (iii). To
check a. and b. it is sufficient to use clause (ii) and (i) respectively of Definition
3.2.2. To verify c. in Lemma 3.1.1 let D be a set dense in P and suppose for a
contradiction D Ni Y H = () and hence "D N H = (. By Claim 3.1.2 there exists
q € H such that (Vr € i"D)(¢ L r). From i being a complete embedding it follows
that (V'€D)(i(r") L ¢) and again from i being complete there exists p € P such that
(Vp' <p)(i(p)|lq) i-e. (Vp' < p)(p' ¢ D), but this is the contradiction for density of
D. O

Note that previous Lemma give us possibility to in some sense order the forcing
notions by size of generic extensions they produce. Indeed, whenever QQ is completely
embeddable into P via i, H is a P generic over M (countable transitive model for
ZFC) then i~'"H is Q-generic over M definable by parameters from M[H] and
hence M[i~""H| C M[H]. In other words, an extension of M by @ is included in

every generic extension of M by P.

Lemma 3.2.8. Let M be a countable transitive model for ZFC, (P,<p,1lp),
(Q, <g, lg) any partial orders in M and i : P — Q a dense embedding. Then:

(1) if G is P-generic over M, then F' = {q € Q | (Ip € G)(i(p) <g )} is
Q-generic over M.

(ii) if F is Q-generic over M, then i~ F is P-generic over M.

Proof. ad (i) Let F be as stated then it is by definition upwards closed. If there are
¢1,q2 € F then there exist p;,p2 € G such that i(p1) <g ¢, i(p2) <g ¢ and from
G being centred there exists some r under py, ps hence i(r) € F' and i(r) <g ¢1, ¢
i.e. F'is centred. We show now that F' intersects every dense subset of Q which are
in M: Let Dg be a set dense in Q which is in M. We define a set

Dp={p€P|(3q € Do)i(p) <g q)}

and show it is dense in P. Let p € P. From density of Dy we have ¢ € Dg such
that ¢ < i(p) and from density of i"P we have p’ € P such that i(p) <g ¢ <g i(p)-
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It must holds that p and p’ are compatible otherwise i(p’) and i(p) would be incom-
patible since 7 is an embedding. Take r which witnesses compatibility of p and p'.
It follows from i(r) <g i(p') <g ¢ and definition of Dp that r € Dp and whence
Dp is dense. Now we finish the proof by considering existence of some t € Dp NG
for which i(t) <g ¢ for some ¢ € Dg but from definition of F' we have ¢ € F' what
finishes the proof of (i).
ad (ii) By Claim 3.2.4 i is a complete embedding and hence by Lemma 3.2.7
i~ F is Q-generic over M.
0

Lemma 3.2.9. Let (P, <p,1p), (Q, <g, lg) be any partial orders in M, countable
transitive model for ZFC, andi € M i : P — Q dense embedding, then P and Q are

forcing equivalent.

Proof. Let G be a P-generic filter over M be given. We define a set
H={¢qe€ Q]| (Ip € G)(i(p) <g ¢} which is in M[G] since H is defined by G
and parameters from M. Since M[H] is the smallest countable transitive model for
ZFC containing H such that M C M|[G], it must holds that M[H] C M[G]. 1t is
clear by definition of H that G C i~ H. To show i '"H C G let p € i~ H be given
then p € G, otherwise (3¢ € G)(¢ L p) and hence i(q) L i(p) and i(p),i(q) € H
which contradicts H being a filter by the previous lemma. Whence G is definable by
H and parameters from M and according to the same argument as in the previous
case, M[G] C M[H]. O

3.3 Cardinal Preservation

In this section we show some basic facts about preservation of cardinals following

the proofs given in [Kun06], Chapter VII.

Lemma 3.3.1. Let M be a countable transitive model for ZFC, P € M a partial
order and G a P-generic over M. Suppose further that in M: k,6 are cardinals,
is limit and 0 < x. Then (k is a cardinal YME if (vy € CARDM)((6 <y < w)M —

(v is a cardinal YME)),

Proof. Suppose for a contradiction «, ¢ are as required but x is collapsed to some A
in M|[G]. As it holds that (A < x) and (7 is a cardinal )™ for all § <« < & if we
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set v = max (), §), we derive from (A < v < v+ < || = A)MIE that (y = y+)MIE -

contradiction. n

Lemma 3.3.2. Let M be a countable transitive model for ZFC, P € M a partial
order in M and 0 an infinite cardinal in M.Let further G be a P-generic over M.
Then P preserves cardinals < 6 whenever P preserves cofinalities < 0 and P pre-

serves cardinals > 0 whenever (0 is reqular)™ and P preserves cofinalities > 0.

Proof. Let 0 be an infinite cardinal, we show that if P preserves cofinalities > 6 and
(6 is regular) then IP preserves cardinalities > 6. Proof of 7< @ ” version is similar.
Suppose k > 0 is a regular cardinal in M, we show that it is still a cardinal in M[G].
Since ZFC F (Ya € ORD)(cf(a) € CARD); cf (k)™ = k and cf (k)M = cf (x)MIE
it follows that & is a cardinal in M[G] and 6 is preserved too. If x is limit cardinal
and we know that P preserves successor cardinals > 6 it follows from Lemma 3.3.1

that P preserves k. O

Lemma 3.3.3. Let M be a countable transitive model for ZFC, P € M a partial
order in M, G a P-generic over M and § € CARD™. Assume moreover it holds
(k is regular cardinal YMIC whenever (k is reqular cardinal and x > 6)™. Then P

preserves cofinalities > 0. Likewise with < 0 replacing > 0.

Proof. Let v be limit ordinal such that (cf(y) > 6)M. Since cf(7) is regular cardinal
in M and P preserves regularity of cardinals > 6 we have cf (7)™ = cf(cf(7))” =

cf (ef ()M = ¢ f ()M, O

Note 3.3.4. By Definition 2.27, in previous lemma there holds an inverse impli-
cation too. Hence every partial order P preserves cofinalities > 0 if and only if it
preserves reqularity of cardinals > 6 and every partial order P preserves cofinali-

ties < 0 if and only if it preserves reqularity of cardinals < 6.

Now we investigate which conditions make a partial order to preserve cofinalities

and hence cardinals.

Definition 3.3.5. We say that a partial order P is a k-cc or satisfies ‘k chain
condition’ if and only if every antichain in P has size strictly smaller than k.

If Kk = w1 we say that P is ccc instead of wq-cc.
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Lemma 3.3.6. Let M be a countable transitive model for ZFC. Assume
k € CARDM, P is a k-cc partial order in M and A, B € M; let G be a P-generic
over M and let f : A — B be a function in M[G]. Then there exists a map F :
A— P(B), FeM with VYa € A)(f(a) € F(a)) and (Ya € A)((|F(a)| < |x])M).

Proof. Let f,G be a as stated and let f be some P-name for f, then there is py € G

such that po IF ‘f is a function from A to B’. For every a € A we define a set

Xo={peP|p<po& (3, € B)(plF f(d) by)}-

Let Y, C X, be a maximal antichain in X, (i.e. there exists no antichain Y] C X,
with Y, C Y/). At first we show that Y, is in fact a maximal antichain below py:
Suppose for a contradiction there exists p € P,p < pg such that Y, U {p} is an
antichain. Then (Vp' < p)(¥b € B)(p' ¥ f(a) = b) otherwise if there were p' < p
with 3b € B)(p' I+ f(a) = b) then p/ € X, and (3¢ € Y,)(¢|[p') hence p|lq and
Y, U {p} would not be an antichain. Since (Vp' < p)(¥b € B)(p' I f(a) = b) i.e. (by
Theorem 2.23) (Vp' < p)(p' Iff (Vb € B)(f(a) = b) and (again by Theorem 2.23) it
holds that p IF (Vb € B)(f(a) # b) which contradicts po IF ‘f is a function from A
to B’ since p < po.

Now we define for every a € A a function F' by F(a) = {b, | p € Y.} C B.
From P being k-cc we have that |F'(a)| = |Y,| < k for all a € A and from genericity
of G and py € G, GNY, = {p} hence by Theorem 2.24 M[G] = f(a) = b, and by
definition of F', M[G] = f(a) € F(a). O

Lemma 3.3.7. Assume M is a countable transitive model of ZFC, P € M is a
partial order, § € CARDM and (P is 6-cc)™. Then P preserves cofinalities > 6.

Proof. Recall Lemma 3.3.3 and suppose for a contradiction there exists a regu-
lar ordinal £ > 6 in M which is singular in M[G]. Let A € CARDM be such
that (A = cf(x))™¢, then there exists a cofinal map ¢ : A — » in M[G]. By
P being 6 — cc and Lemma 3.3.6 we have a function C' : A — P(k) such that
(Vo € M) ((e(a) € Cla)MIE & (|C(a)| < x)M). Since rng(c) C rng(C) and rng(c)
is cofinal in k, rng(C') is cofinal in x too. However, as it holds in M that rng(C)
is union of X\ many sets of size strictly smaller then x and x is regular, we have

(|rng(C)| < max(\, k) = k)™ which contradicts the regularity of  in M. Since we
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know P preserves regularity of cardinals > 6 we derive from Lemma 3.3.3 that P

preserves cofinalities > 6. m

Corollary 3.3.8. Assume M is a countable transitive model of ZFC, P € M is a
partial order, (0 is regular cardinal)™ and (P is 0-cc)™. Then P preserves cardi-
nals > 0.

Corollary 3.3.9. Every partial order P preserves at least cardinals > |P|T.

In the following part of this section show an “inverse” condition to x-cc which

makes partial orders preserve cardinals smaller then some bound.

Definition 3.3.10. Let P be a partial order and Kk a cardinal, we say that P is
k-closed if for every ordinal N\ with |\ < kK and every decreasing sequence
(pe € P | & < \) of conditions from P there exists ap € P such that (V& < A)(p < pe).

Theorem 3.3.11. Suppose M 1is a countable transitive model for ZFC, P € M a
partial order and A, B € M. Assume moreover that in M holds: X\ is a cardinal,
P is A-closed and |A| < A. Let further G be a P-generic over M and f : A — B a
function in M|G|. Then f € M.

Proof. Let G, f be as stated and let f be some name P-name for f. Then there is
go € G with ¢ IFf is a function from A to B with domain A’. It is sufficient to

show that a set

D={qeP|lqg<q&(FgeM)ql-g=f)}

is dense below qq. After this we argue as follows: If D is dense below ¢y and ¢y € G
then 3p € DN G ie. pl- §g = f for some g € M and hence by Theorem 2.24
M[G] k= gc = fe ie. M[G] =g = .

To show that D is dense let ¢ € P, ¢ < ¢y be arbitrary. We construct a decreasing
sequence (p; | i <) of elements of P such that (Vi < 7)(p; I f(@;) = b;) and show
that p = {J;, piisin D and p < ¢. Since foralli <v,aset D; ={g€P|qg<q &
(3b; € B)(p - f(a;) = b;)} is dense (using Theorem 2.25 (vi) and the fact, that 1
forces that f is a function with domain A) there exists pg € Dy : pp < q and by the

same reasons there exists p;11 € D;,1 whenever ¢ < v is a successor cardinal and p;
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is constructed. If 7 < «y is a limit cardinal we take p; = which is in P as P is

J<it’J
A-closed and again find some p; € D; : p; < p.. Now a function defined by

g={(anb) | i<y &pilF f(a;)=1b)}

is in M. If we take p = J;_, pi, then (Va;, € A)(3b € B)(p IF f(@;) = b;) and we
derive p IF (Vi < %)({a;,b;) € f)ie plk g C f. Asitis dom(g) = A we have
plkg= f and whence p € D which finishes the proof. [

Lemma 3.3.12. Assume P € M is a partial order, § € CARD™ and (P is 6-

closed)™. Then P preserves cofinalities < 0.

Proof. Recall Lemma 3.3.3 and suppose for a contradiction there is a regular car-
dinal k < @ in M which is singular in M[G]. Then there is a regular cardinal A
in M[G] such that (A < k)™, (A = c¢f(x))™I¢) and hence a cofinal map c : A — &,
c € M|G]. Since P is f-closed and (A < 0)™ we have by Lemma 3.3.11 that ¢ € M

and hence cf (k)™ < \ — contradiction. O

Corollary 3.3.13. Let M be a countable transitive model for ZFC, P € M a
A-closed partial order and G a P-generic over M. Then for all v < X\ in M,
()M = (12)Mll.

Proof. We have (72)M C (72)MI& by definition of M[G]. If f € (72)M¢] then f € M
by Theorem 3.3.11 and hence f € (72)M. O

Corollary 3.3.14. Suppose P is A\-closed and A" -cc then it preserves cardinals.

3.4 Product of Forcing

In this section we focus on some basic properties of product of forcing notions which

will be used in section 5.

Definition 3.4.1. Let P;,t € [ be partial orders and k a cardinal. For
p € [Lic;Pi we define a set supt(p) = {i € I | pi # 1;} and further we say that
P={p el Pil|supt(p)| < r} with ordering:

(Vp,q € P)(p < q) if and only if (Vi € I)(p(i) <p, q(1)).
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is a k-support product forcing. We say that P is finite-support if K = w,
countable-support if k = Xy and full-support if k = |I|T.

To make the reasons for introducing product of forcing notions more clear, we
proof following statements, which shows that forcing with finite product can be
understood as forcing with finitely many forcing notions one by one and vice versa.

The contain of the following lemmas was first published in [Sol70] and is due to

Robert M.Solovay, however, the proofs here follow that of [Kun06], pages 252-254.

Claim 3.4.2. Let (Py,<o,1o), (P1,<i,11) be partial orders in M and
ip : Py — Pg X Py, i3 : Py — Py x Py functions defined by io(po) = (po, 11) and

i1(p1) = (lo,p1). Then ig,i; are complete embeddings.

Proof. Clauses (i) and (ii) of Definition 3.2.2 are immediate. To verify clause (2)
of Definition 3.2.3 for iy argue as follows: Let (pg, p1) € Py x P; be given and take
po € Py. It is immediate that (Vp' <o po)(io(p')||1 (o, p1)) since io(p’) = (p’, 1;) and
', p1) < P, 11), (po, p1). For i; argumentation is the same. ]

Lemma 3.4.3. Let (P, <o,1l0), (P1,<1,11) be partial orders in M and
ip : P = Pg x Py, i1 : Py — Py X Py functions defined by ig(po) = (po, 11) and
i1(p1) = (lo,p1). Assume G is a Py x Py-generic over M. Then z'gl"G is Py-generic

over M, i;""G is P -generic over M and G =iy "G x i; "G

Proof. Since 19, i1 are complete embeddings by Claim 3.4.2, it follows from
Lemma 3.2.7 that i;'”"G is a Py-generic filter over M and i;'’G is a Pj-generic
filter over M.

Now if (pg, p1) € G then (py, 1), (1o,p1) € G hence py € iy"'G, p; € i7"'G and
finaly(po, p1) € ig V"G x i7" G. If {py, p1) € iy "G x i7" G then (py, 1), (1o, p1) € G
and hence there must be (g, ¢1) € G such that (g0, q1) < (po, 11), (1o, p1). Since G
is upward closed, and (pg, p1) above {(qo, q1), (po, p1) is in G and we are done. O

Lemma 3.4.4. Suppose (Py, <o, lo), (P1, <y, 11) are partial orders in M and Gy C
Py, Gy C Py. Then the followings are equivalent:

(1) Go x Gy is Py x Py-generic over M.
(2) Go is Py-generic over M and Gy is Pi-generic over M[Gy].
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(3) Gy is Pi-generic over M and Gq is Py-generic over M[G4].
Furthermore, if (1)-(3) hold, then M[Gy x G1] = M|Go][G1] = M[G1][Go]-

Proof. We show (1)<>(2), the proof of (1) <> (3) is the same.

(1)=(2):  Let 4y be as in Lemma 3.4.3 then by the same lemma
Gy = i"1(Gy x G) is Py-generic over M. To show that G is P;-generic over M [Gy|
let D € M[Gy] be a dense subset of P; and 7 € M its name i.e. 7, = D. Since

T, = D there must be a py € G such that pg IFp, (7 is dense in Ip’l). Now we define

D' ={{qo,q1) €Poyx Py | g0 <oq1 & qo lFp, 1 € T}

and show it is dense below (pg, 11) in Py x Py. Let (ro,71) < (po, 11) i.e 7o < pp i.e
ro ke, (Fz € Pl)(x € 7 & x < ) and whence there is a ¢; € P; and ¢y <g ro such
that g IFp, (¢1 € 7 & ¢ < 71) which leads to (g0, 1) € D’ and {qo, ¢1) <ox1 (r0,71)-

Since D’ is dense below (pg, 11) and (po, 11) € Go x Gy there is by Claim 3.1.3
some (qo,q1) € D' NGy x Gy. Then ¢y IFp, (§1 € 7) i.e ¢ € D and ¢; € G and we

are done.

(2)—(1): It can be easily seen that Gy x G is a filter. We show it is generic:
Let D € M be a dense subset of Py x P; we define a set

Dy ={p1 € P1 | (Ipo € Go)({po, 1) € D)}

and show it is dense in P;. Let p € P; and define in M a set

Do ={po € Py | (3p1 € P1)(p1 <p & (po.p1) € D)}

which isin M. It is easy to prove that D, is dense after we show that Dy is dense. To
show Dy is dense argue as follows: Let py € Py be given, then from (py, p) € Py x P
and density of D there exists (qy,q1) € D such that (gy,q1) < (po,p) and hence
qo < po and gy € Dy.

Now we finish the argument about density of D;. Since Dy is dense in Py and G|
is a Py~ generic over M there exists gy € Dy NGy and ¢; < py such that (go,q1) € D

i.e ¢ € Dy and hence D, is dense.
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Finally to show that D N Gy x (G; is non-empty we argue that since G is P;-
generic over M[Gy] and D, is in M[Gy], D; NG, is non-empty and by the definition
of Dy, there is a (po, p1) € D NGy X Gy.

Assume now that (1)-(3) holds. To show M |Gy x G1] = M[Gy][G1] = M[G41]]|Go]
we argue by minimality of generic extensions. Since Gy X G; € M[Gy|[G,] it holds
that M[Gy x G1] C M[Gy][G1]. Conversely by Gy € M[Gy x G;] we have M[G] C
MGy x G1] and by G; € M[Gy x G;] and P;-genericity over M[Go| of Gy and
hence minimality of extension by G; we have M[Gy]|G1] € M[Gy x G;]. To show
MGy x G1] = M|G4]|Gy] argumentation is the same. O

Finally we introduce useful lemma concerning Knaster (see below) property of
product of forcings. While taking of two x-cc forcing notions does not imply product
of them being again k-cc forcing, it can be shown that if the forcing notions satisfy

k-Knaster property, their product is again x-cc.

Definition 3.4.1. We say that a partial order P has r-Knaster property (or is
k-Knaster) if and only if

(VA € [P]")(3B € [A]")(Vp, q € B)(pllq)
Beside w-Knaster we sometimes say simply Knaster.
It is straightforward that if P has x-Knaster property then it is x-cc.

Lemma 3.4.5. Let k be a reqular cardinal and P, Q any partial orders then if both

of them are k- Knaster, P x Q s also k-Knaster.

Proof. Let W C P x Q be such that |WW| = k, then one of the following two cases
holds:

(i) Ip € P such that X, = {g € Q| (p,q) € W} has size k. Then from Q being
k-Knaster there exists some Y C X, of pairwise compatible elements having
size k. Hence there is a set {(p,q) € W | ¢ € Y} C W of size k of pairwise
compatible elements and we are done. If there is no such p € P but there exist

such ¢ € Q an argument is the same.
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(ii) Vp € P the set X, from (i) is smaller than x and the same holds for every ¢ in
Q. Then there exists a function f : P — P(Q) such that (Vp € P)(f(p) € X,)
and whenever f is constant on A C P (i.e. f”A = {c} for some ¢ € Q) then
|A] < k. Indeed, if there were A of size k and f”A = {c} for some ¢ € Q then
{p € P| (p,c) € W} has size x but this is case (i) for Q which does not hold
in case (ii). From regularity of x there is a set C' C dom(f) of size x such that
f1C is injection and from P being k-Knaster there exists C' C C' of size k
of pairwise compatible elements. Since f[C’ is injection R = rng(f[C") have
size k and from Q being k-Knaster there exists R’ C R of size k of pairwise
compatible elements. To finish the proof we observe that C’ x R’ is a subset

of W of size k of pairwise compatible elements and we are done.
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4 Cohen Forcing

In this section we investigate properties of historically very first forcing called Cohen

forcing after his inventor Paul Cohen.

Definition 4.0.1. Let I,J be any sets and X a cardinal such that |I| > A, then we
define:

Fn(1,J)={f|(f is a function f: I — J) & (|dom(f)| < w)}
Fn(l, J,N) ={f|(f is a function f: 1 — J) & (Jdom(f)] < \)}.
to be sets ordered by reverse inclusion with a mazimal element ().

Note that as a consequence of section 3.2 we do not need to make any distinction
between P = F'n(I, J, \) for some sets I, J and U = F'n(k, 7, \) whenever |I| = & via
bijection b; and |.J| = 7 via bijection b;. Indeed, there is always a functioni : U — P
in M defined by f — {(b;(a),bs;(B)) | (B,) € f} which is an isomorphism and
whence dense embedding that makes U forcing equivalent with P.

To understand the notion of Cohen forcing more precisely, we show at first that

some of the notions are forcing equivalent.
Theorem 4.0.2. Any two countable atomless partial orders are forcing equivalent.

Proof. We show that Q = {f | f : w = w & dom(f) € w} ordered by reverse
inclusion is densely embeddable to every countable atomless partial order P.

Let P = {1p, p1,p2, ...} be countable atomless partial order . We are going to
construct inductively an increasing sequence (e;|i € w) of embeddings from Q to P

such that for every ¢ € w:

(i) e C et
(i)
)
)

(iii
(iv) (v7 <9)(3r € rng(e:))(p; = 7)

rng(e;11 — ;) is maximal antichain in P

e; is an embedding

For 0 take ey = ({0}, 1p). Suppose e; is constructed,we construct e;,; as follows:
Since A = rng(e; — ej—1) = {a;|i € w} or A = rng(e;) = {a;]i € w} if j=0 is a

maximal antichain there exists r in P which witnesses p;;1||ay for some a5 € A. Let
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for every i € w,i #n A; = {a}, € P | n € w} be any maximal antichain in P below
a; which exist from P being atomless and which is countable from P being countable
and atomless. For a; take Aj such that r € Ay, this is possible from Zorn Lemma.

Now we define further a set
B;={bi €eQ|ne€w}

where b’ is a function form w to w with dom(d) = j + 1 such that b’ (j) = i
and b}, (j +1)=n. At least define €/, = e;11 U {(b},a},) | n € w} and finaly
¢j+1 = Uje, €511 Tt is a routine to check that conditions (i)-(iv) holds for ¢;,; and

hence e = J

e €5 18 dense embedding. O]

Since for arbitrary sets I,J and a cardinal A\ such that |I| > X\, Fn(l,J,\)

and F'n(I,J) are clearly atomless. It follows from the above stated lemma that all

partial orders of the form P = Fn(l,J) where |I|,|J| < w are forcing equivalent.

Claim 4.0.3. Let k,0,v,\ be infinite cardinals such that A\ < k < 6, then
Fn(k,v,\) is completely embeddable into Fn(0,~, ).

Proof. Since Fn(k,v,\) C Fn(#,v,)) it is sufficient to show that identity function
i: Fn(k,v,\) = Fn(0,7,)) is the complete embedding. (i) and (ii) from Defini-
tion 3.2.2 follows immediately and hence it is an embedding. To argue that ¢ is
a complete embedding let ¢ € Fn(6,v,)) be given and let p = ¢[x then p is in
Fn(k,7, ) and (Vp' < p)(i(p') > q).

O

The following statement shows that some of the Cohen forcings are very uni-
versal in the sense that the generic extensions they produce are included in generic

extensions of lot of another forcings.

Lemma 4.0.4. Let k be a cardinal, P; for ¢ € k an atomless forcing notion and
P =[1,c.Pi a k-support product forcing notion. Then every generic extension by P

contains a generic extension by Fn(k,2,K).

Proof. Observe that once we show there exists for every ¢ € w a partial order R; such
that R; is forcing equivalent with P; and R; contains two distinct elements af, a
P;

which forms a maximal antichain in R;, we are done. Indeed, then P = [,
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is forcing equivalent with R = [[.. R, and letting F = Fn(k,2,x) we can de-

icw
fine a complete embedding e : F — R by e(p) = r if dom(p) = supt(r) and r(i) =
a;(i) whenever ¢ € supt(r). It can be easy seen that (i) and (ii) from Definition
3.2.2 holds for e. To argue that (2) in Definition 3.2.3 holds let € R be given and
assume p € F is such that dom(p) = supt(r) and for every i € dom(p), p(i) = 0 if
r(i)||al and p(i) = 1 otherwise. Since for every i € w either r(7)||a} or r(i) L aj) and
r(i)||at, in both cases e(p)(i)||r(i) by definition of ¢ and by the same argument it
holds for every p’ < p and hence ¢ is a complete embedding.

Now it would be sufficient to let, for every i € w, R; be a completion of P; (see
[Monk89], pages 55-56) however, we can show a straightforward construction where
the notion of completion is not needed:

For every p € P; let u, = {¢ € P; | ¢ < p}, then we define a set
Ri = {U,erup | I € P; & I # 0} order by inclusion (i.e R; consists in fact ex-
actly of the non-empty open sets of topology generated by {u, | p € P;}). It can be
easily seen that j : P; — R; defined by j(p) = u, is an embedding. Moreover j is a

dense embedding since every r € R; is a non-empty set of the form r =, _; u, for

el
suitable I C P;, therefore j(p) = u, C r for arbitrary p € I. It remains to s}fovv there
exists a maximal antichain of size 2 in R;. Fix A, a maximal antichain in P; and
let z € A be arbitrary. Then |A| > 2 since P; is atomless and thus the set {a},a’}
where af = g, @] = Upc g pz, Up IS @ maximal antichain in R;. Indeed, {af,ai} is
clearly an antichain and if there were r € R; with r Naf = 0 and r Nal = 0 i.e.
rNu, = () for all x € A then by density of j”P; there is some p such that j(p) C r
and hence AU {p} is an antichain—contradiction. Thus R; is forcing equivalent with

P; and contains two distinct elements which form a maximal antichain in R;. O

Now we turn back to the purpose of defining Cohen forcing. Although the nowa-
days technical concept of forcing technique differs from the Cohen one‘s the intuition
behind getting a model of ZFC where Continuum Hypothesis fails is still the same:

Assume we have an M, countable transitive model for ZFC, and define there a
partial order consisting of approximations of objects which we want to add. In case
of violating Continuum Hypothesis we should add at least Ny subsets of w. For this
reasons we use P = F'n(Ny X w, 2, w) and take G a P-generic filter over M (it exists

by Rasiowa-Sikorski Theorem) whose union is a function defining R} subset of w
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in M[G] as it will be shown in section 4.2. At the end we argue that Xy in M is the
same ordinal as Ny in M|[G] and whence Continuum Hypothesis fails in M[G].

To be able to generalise this process for uncountable cardinals and violate Gen-
eral Continuum Hypothesis on uncountable cardinal, we will focus in the following
section on properties of cardinal arithmetic sufficient which allow to Cohen forcing

preserve cardinals.

4.1 Cardinal Preservation

Lemma 4.1.1. Let I,J be arbitrary sets, A\ a cardinal with |J| < X < |I] and
Q=Fn(L,J,\) a partial order. Then Q is (|J|<*)T-Knaster.

Proof. Let 6 = (|J|<*)" and A C P such that |A| = §. We show that there exists
A’ C A of size 0 of pairwise compatible elements. Our argumentation depends on

cofinality of A:

(i) A is regular:
If \ is regular then (|J|<*)<* = |J|<* < 0 thus a set A%™ = {dom(p)| p € A}
has cardinality 6, otherwise if |A%™| < |A| then |A] < |A%™|<* < § which is a
contradiction. Since (Vo < 0)(|a<*| < 0) , |A%™| > 0 and (Vo € A%™)(|x] <
0) there exist by A-system lemma a subset R C A™ of size § which forms a

A-system with root r. Now we define:

(a) F={f|f:r— J}, hence |F| = |J|"' < |J|* <0,
(b) B = {p € A| dom(p) € R}, hence |B| > |R| =0,
(c) Ay ={p € B|plr = f} for every f € F.

Note that we can assume r being non-empty because otherwise B contains
pairwise compatible elements and we are done. It follows that system of A;’s
is a partion of B C Aie. B = UfeF Ay. Since 0 is regular and B is a union
of less than 6 many sets and B having size 6, there must exists some f € F
with |A;] = 6 = (|]J|<*)" and hence for this f, A; is a subset of A of pairwise

compatible elements having size 6.

(ii) A is singular:

Suppose for a contradiction A is an antichain. If X is singular then from
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regularity of 6§ we have ¢ > X\ and from 6 = [J _,{¢ | |pe| < 7} there exists
v < Asuch that Y = {& | [pe] <~} ={&| Ipel < v} has size 6 (otherwise ¢
would not be regular or bigger than \). As \ is singular, it is not a successor
cardinal and hence we have v < v" < A. Now observe that Fn(I,J,~") is by
(i) (|J|")"-Knaster but this is a contradiction since {ps | { € Y} is a set of

pairwise compatible elements having size 6 and 6 > (|.J|7)".

O

Lemma 4.1.2. Let I,.J be arbitrary sets with |J| > 2 and A a with |I| < X\. Then
P = Fn(l,J,\) is cf(N\)-closed.

Proof. Suppose A is regular: Assume v < A, (p¢ | £ < 7) is a decreasing sequence
of elements from P and take p = |J{p¢ | £ < 7}. Since p is a function from I to J
and (V€ < v)(Jdom(pe)| < A) we have by regularity of A that |dom(p)| < A\. Whence
p € P and p < pe for all £ < A by definition of p.

Suppose A is singular: Let cf(A) = 6 and let (pe | £ < 7) for v < 6 be a
decreasing sequence of elements from P. Let again p = (J{p¢ | { < 7} then by the
same argument as in (i), p is in P. Indeed, it cannot be the case that |p| > A since

p is a union of v < ¢f(\) sets of a size strictly smaller than \. O

Corollary 4.1.3. Let M be a countable transitive model of ZFC and in M let :
I,J be arbitrary sets, \ a regqular cardinal, 2<* = X\ and |J| < X. Then Fn(I,J,\)M

preserves cofinalities, reqularity of cardinals and cardinals.

Proof. By Lemma 4.1.1 we have that F'n(I, J,\)™ is |J<**-cc and from 2<* = A
and |J| < \it is AT-cc. By regularity of A and Lemma 4.1.2 is F'n(I, J, \)M A-closed.
Whence it preserves cofinalities > AT and < A\ which means it preserves cofinali-
ties and hence by Lemma 3.3.3 regularity of cardinals and hence by Lemma 3.3.2

cardinals. O]

4.2 Adding New Sets

Now we move to the second step of reconstruction of the Cohen’s result and show
among other that Cohen forcing adds arbitrary many new subsets of any ordinal in

the sense of ground model.
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Lemma 4.2.1. Let M be a countable transitive model for ZFC, r,v, A € CARDM
such that k > X\, P = Fn(k x \,v,\)™ and G a P-generic over M. Then |JG is
a function in M[G] from k X X to v and whenever g, = {(£,0) | ((«, &), ) € UG}
for a € k then g, # [ for each functions f from X to v in M.

Proof. Let GG be given, then

(i) UG is a function: Suppose for a contradiction there exist
((€,0), ), ((&,0),8) € UG for a« # (3, than there exist pg,p1 € G such that
((€,0),a) € po and ((&,9), B) € p1, but Since G is a filter, there exists some p € G
such that p < py and p < p; — contradiction.

(ii) dom(|JG) = Kk x A: For arbitrary & € k,0 € v we define (within M) a set
DS ={geP|(£30) € dom(g)} and show it is dense in P. Assume p € P then either
(€,6) € dom(p) and hence p € D5 or p = pU {{(£,0),0)} < p and p/ € D§. It
follows from P-genericity of G that for every £ € k,0 € v we have D§ NG # 0 and
hence (£, 9) € dom(|J G).

(iii) For f € M function from A to 7 and arbitrary o € k we have f # g,: We
define (within M) a set D = {g € P(3 € 7)((0€) € dom(g) & g((e,€)) # F(€)))
and show again it is dense in P. Let p € P be given, since dom(p) < A there exists &
such that (a, &) & dom(p) and p' = pU{((«, &), 5)} for some [ # f(&) is an element
of Df. It follows from P-genericity of G that DY NG # () which means there is some

p € G such that (3§ € 7)(p({a; §)) # f(£)) and hence go # f.
[l

Corollary 4.2.2. Fn(k,v,\) especially Fn(k,2,\) add k many new subsets of
any 0 such that A < 0 < k, in the sense of ground model.

Using the previous lemma and Corollary 4.1.3 we are already able to state the

followings:

Corollary 4.2.3. Let M be a countable transitive model of ZFC, k, \ € CARDM
P = Fn(k,2,\)™ and G a P-generic over M. Then M|G] = 2* > k whenever
(2<r = )M,

Lemma 4.2.4. Assume M is a countable transitive model of ZFC, k, A € CARDY,
P = Fn(k, A\, k)™ and G a P-generic over M. Then in M|G] exists an injection from
A to cf(k)M.
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Proof. Let in M, kg, k1, Ko, . .. be a strictly increasing cofinal sequence of elements

from k. For every a € A we define a set

Do ={p € P| (3n € cf(r))(dom(p) = fns1 & [{§ € (Fnt1 — ) [ P(E) # a}| < kn}

and show it is dense in P. Let p € P be given, since |dom(p)| < r there is
n € cf(k) such that |dom(p)| < k,. Suppose further we define ¢ € P as follows:
dom(q) = dom(p) U kpy1 and q(z) = p(z) if © € dom(p), otherwise ¢(z) = a. Since
|dom(p) N Kpa1| < Kn, g isin D,,.

Now a function ¢ defined by

g(a) = min{n € cf (k)" | ({€ € fn1 — ki | [JG() # o} < )™}
is by genericity of G an injection from A to cf (k)M. ]

Corollary 4.2.5. For an arbitrary cardinal \, Fn(X,, A\, X)) collapses A to w.

Lemma 4.2.6. Assume M is a countable transitive model for ZFC,
k7, A € CARDM such that k > X\ and P = Fn(k,~v, \)M. Then if G is P-generic
over M, |JG is a function in M |G| which is from k onto 7.

Proof. By Lemma 4.2.1 | J G is a function from x to 7. We show it is onto: For every
a € v we define a set D, = {g € P | (I € dom(g))(g(&§) = a)}. It is easily seen
that D, is dense for every o € vy since every function g € P can be always extended

to ¢ = gU{(£, @)} where £ is from k — dom(g) which is non-empty by x > A. [

Note. Assuming an inaccessible cardinal p (i.e g > No, p is regular and

VA < p: 2% < p) and a regular cardinal  the forcing notion

Coll(r, < p) ={p € Fn(r x p, p, k) | (V{a, 5) € dom(p))(p({ev, B)) < B)}

ordered by reverse inclusion which is isomorphic to the k-support product forcing
notion P = [], wF n(k, A, k) is called Lévy collapse due to Azriel Lévy who us it
for the first time in [Levy70].

Col(k, < p) is clearly k-closed and it can be shown that due to an inaccessibility
of u it is also p-cc (see [Jech02] Lemma 15.4 and Theorem 15.17 (iii)). Whence
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Col(k, ) makes p into the successor of x since P adds by the previous lemma a

function from x onto A for every A < pu.

Corollary 4.2.7. Let M be a countable transitive model for ZFC r,v € CARDM

and P = Fn(k,v,k)™. Then P collapses vy to k whenever k < v and k is reqular.

Proof. By previous lemma (v < x)M¢ whenever G is P-generic over M and by
Lemma 4.1.2 P is k-closed and hence x € CARDMIC], m

Lemma 4.2.1. Let ) be a successor cardinal and let U = Fn(\,2<*, \) be a forcing
notion. Then U is forcing equivalent to P = Fn(\, J,\) whenever J is a set with
2 < |J] < 2N

Proof. Let A = 0T for suitable cardinal §. By |J|<* = 2<* we have that
U* = {p € Fn(\,2<* ) | dom(p) € A} ordered by reverse inclusion is a dense
subset of U and therefore forcing equivalent with U. Whence it is sufficient to show
that U* is isomorphic with P* = {p € P | (3x € CARD)(dom(p) = (k + 1) - 0)}
which is clearly a dense subset of P. We will proceed similarly as in the proof of
Theorem 4.0.2 and construct an increasing sequence of embeddings (e; | i € \) as

follows: For every u € U* and p € P* we define sets
A, ={q €U | dom(q) = dom(u) + 1 & qldom(u) = u} and

B, ={q € P* | dom(q) = dom(p) + 6 & q[dom(p) = p}.

Since it is clearly the case that for every u € U* and every p € P*, |A,| = |B,| =
| J|=* we can write A, = {a}, | i € J<*} and B, = {b}, | i € J<*}. Now we let:

eo = {(lu+, 1p-) },

eor1 = 5 U {{a}, bl ) | 1€T°) & peXs}, where Xy = ¢5 — ] e,
v<B
and for limit «

o= |JesU{(a), b, ) |i€T & peX,}

P’ Ten
B<a
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where

X, = {U pi | (pi | i < @) is a decreasing sequence of elements from dom( U es)}-

i<a B<a

Finally we let e = |J._, e,. By |A.| = |B,| for every u € U*, p € P* and X, C P*

(by definiton of P* and P being A-closed), e is clearly an isomorphism between U*

y<A

and P* and we are done. O

Corollary 4.2.8. Let A be a cardinal and I, J arbitrary sets with 2 < |I],|J] < 2*.
Then Fn(At, 1, A7) is forcing equivalent with Fn(AT, J, AT).

Corollary 4.2.9. Let A be a cardinal, then Fn(AT,2,\T) adds a surjection from

AT to 2). Especially Fn(wy,2,w;) adds a surjection from w to 2“.

Proof. By Lemma 4.2.6 Fn(AT,2*, A\T) adds a surjection from At to 2*. By the
previous lemma Fn(At,2,AT) and Fn(AT,2<2" AT) = Fn(\t, 2}, A1) are forcing

equivalent. [

Lemma 4.2.10. Let M be a countable transitive model of ZFC, k,v cardinals,
singular and P = Fn(k,v,k)™. Then if G is a P-generic over M, there exists

in M[G] an injective function from r to cf(k)™.

Proof. Let (k; | i € c¢f(k)™) be an increasing cofinal sequence of k and assume
further that it contains only regular cardinals. Indeed, if there were singular x;
then we can always replace it by k! < r since r is limit. Consider that once we

show in M that for every a € k a set

Do ={p € P[ (36 € cf(r))(dom(q) 2 Kg41 — Kp)
(ot({€ € kg1 — kg | q(§) = 1}) = kg + a)}

is dense, we can define g : kK — ¢f(k) by

g(a) = min{B € cf ()™ | ot({€ € g1 —rs | |JG(&) =1}) = ks + a}

which is injective since g(a) = g(f) implies Kg() + @ = Ky(s) + B and thus o = 3.

Suppose a € k, we show D,, is dense:
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Let p € P be given then from |dom(p)| < k there is some § € cf(k) such that
|dom(p)| < kg and a < kg. Let v = ot({§ € kpt1 — kg | £ € dom(p) & p(§) = 1})
than it holds v < |y|t < |dom(p)|" < kg i.e. v < kg + a < Kgy1.

Now let 6 € ORD be such that v+ = kg +a, then from v+ < ks we have that
d < Kpy1. Suppose A = maz(kg, sup{{ € kg1 —rp | € € dom(p)}) then A < K4y by
regularity of kz;1 and by |dom(p)| < kg. Let (J; | i € ) be an increasing sequence
of ordinals from kg1 — A of order type § (i.e. ot({0; | i € 6}) = §) which exists since
k1 — Al = kg1 > 0.

Now let ¢ € P be such that dom(q) = dom(p) U (kg+1—kp) (i-e. |[dom(p)| < k)
and ¢(xr) = p(x) whenever z € dom(p), q(x) = 1 whenever x = ¢; for some

i €0 and g(x) = 0 otherwise. We have ¢ < p by definition of ¢ and ¢ € D, by
ot({€ € kg1 —rp [ q§) =1}) =7+ 0 =K+ o 0

To illustrate the importance of support in case of product of forcing notions we
iew P for Py = F'n(w, 2, w) with

finite support preserves cardinals since it is isomorphic to Fn(w X w,2,w), we can

introduce the following example. Although P = []

show that if we consider P with countable support it is not the case:

Lemma 4.2.11. Let P; = Fn(w,2,w) fori € w and let P = []
support product forcing. Then P collapses V.

P; be a full

new

Proof. Let M, a countable transitive model for ZFC, be a ground model and G a
P-generic filter over M. We show that P adds an injection from (“2)™ into w. Let
us define for every i € w a sequence s; = | JG[{i} and assume the following function
c:w — “2defined (in M[G]) for every k € w by ¢(k)(0) = k and

c(k)in+1)=max{zr € w | (Vj € w)
((e(k)(n) < j < e(k)(n) +2) = (sn41(]) = snta(c(F) (1))}

Then we can define a coding function C' : w — “2 by C(k)(0) = so(k) and
C(k)(n+1) = s,(c(k)(n+1)) for every k € w. The meaning of the coding function
is following: let k& € w be given (i.e. k& = ¢(k)(0)), assume a sequence sy and let
ap = so(k)(= C(k)(0)). Let further ni(= ¢(k)(1)) be the number of ay’s counted
from the k-th position of sy upwards until the first non aq is reached. Formally

let n; be the biggest number such that (Vn € w)(k < n < k+ny — so(n) = aop).
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Whence ag is the first number of a sequence coded by k. Since the n,,.,; is known
we can repeat this procedure replacing k& by n,,.1 and sy by s,,+1 to get a,,.1 and
Nmao. It is clear that using this procedure which is equivalent to the above stated
codding function we get a sequence (a; | i € w) = (C(k)(i) | i € w) from (*2)M and
it is also clear that every k € w codes exactly one sequence from (“2)M.

Note that it is possible to say in M that p € P codes s € “2 according to the
above stated coding function. Indeed, we can say that p codes s if there exists k € w
such that C'(k) (replace s; by p[{i} in c and C to get ¢ and ") is correctly defined

function i.e. for every i € w

p{i} 2 ({¢(R) (@), d(R) (D) +1,.... (k) (@) + (k) (0 + 1)} x {C"(R)(D)})
U{(c (k) (@) + (k) (i + 1) +1,2)}

where {z,C’(k)(i)} = {0,1}. Whence it remains to show that for every s € (*2)M
there is some k € w coding s. It is sufficient to argue that for every s € (¥2)
aset Dy = {p € P | pcodes s} is dense in P, then C is surjective and we
are done. Let p € P be given and let n;, = maz{k + 1| k€dom(p[{i})} then we
can define p’ by: for every z whenever s(z) = i and {7,5}={0,1}, p'[{z} =
pH{x}{(ng, 1), (na+1,7),..., (ng+tne1—1,7), (ng+nzi1, ) (net+ng 141, j) }; clearly
p' € D, and we are done. O

Summary 4.2.12. Let k,7, \, 0 be cardinals such that A\ < 6 < k then:

1. Fn(k,v,A) adds k many functions from 0 to X in the sense of ground model
2. Fn(r,7v,\) adds a surjective function from K to

3. Fn(k,v, k) adds an injective function from ~ to cf(k) in the sense of ground

model

4. Fn(k,7v,k) adds an injective function from k to cf(k) in the sense of ground

model

4.3 Nice Names

By the Corollary 4.2.3 we have a lower bound on number of subsets that are added

by concrete Cohen forcing. To get the upper bound we use argumentation based
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on counting names and a definition of generic extension. Recall that according to
the Definition 2.17 a generic extension is a class of all valuations of names from a

ground model.

Definition 4.3.1. Let P be a partial order and V¥ class of all P-names, then if
o € V¥ we say that 7 € V¥ is a nice name for a subset of o if it is of the form

U{{r} x A, | redom(o)}, where each A; is an antichain in P.

Lemma 4.3.1. Let M be a countable transitive model for ZFC, P € M a partial
order and o, € MY, then there is a nice name 7 € M¥ for a subset of o such that

I1F(pCo—p=r).
Proof. For every m € dom(o) let A, C P such that:

(1) (VpeAr)(pl-m e p)
(2) A, is an antichain in P

(3) A, is maximal in inclusion with respect to conditions (1) and (2).

By Zorn lemma there exists such A, for every m € dom(o) and by IF being definable
in M, {A; | 7 € dom(c)} € M. Whence we can define in M for u a nice name 7 by

=U{{r} x A | m € dom(0)}

Now we show that for every G a P-generic over M, M[G] = (ug C 0¢ — pua = 7¢)
which implies 1 IF (x € 0 — p = 7) by Theorem 2.24. Let G a P-generic over M
be given and M[G] = ug C o¢, we show that M[G| = ue = 7¢:

() M(G] E 76 € o
Fix x € 7¢ then there is (7, p) € 7 such that z = 7¢ and whence p € GN A,
but as it is p € A, it holds by (1) that p IF 7 € . Since p € G, M[G] | 7g €
pe hence M[G| =z € pg.

(i) M[G] E pe C 16:
Fix # € pe then © € og and there is some m € dom(o) such that ©z = 7g.
If 3p € A, NG we have p IF 7 € p and from p € GG and definition of 7 we can
derive that M[G] = = € 7¢. However, if there is no p in A, N G we have by
Lemma 3.1.2 some p € G such that (Vg € A;)(¢ L p). Let p’ € G be such that
p' Ik 7 € puand let r € G be a witness for p, p’ being compatible in G. Now
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A, U {r} satisfies conditions (1) and (2) which contradicts the maximality of
A, given by (3) and whence A, NG # (.

[]

Lemma 4.3.2. Assume M is a countable transitive model for ZFC,
0,\,k € CARDM, P € M a k-cc partial order such that |P| = 6. Then if G be
a P-generic over M, M[G] = [2*| < |[[0]<"]*].

Proof. At first note that P preserves ||[0]<*|*| as P is k-cc. Assume M|[G] | ¢ C ),
by previous lemma there is a nice name 7 € M¥ such that M[G] E i¢ = 7¢ and
whence it is sufficient to show in M that number of nice names for subsets of A is
at most ||[0]<"%|}|. As P is k-cc there exist at most |[#]<"| antichains and since every
nice name is of the form (J{{a} x A4 | & € dom()\)}, the number of nice names for
subsets of \ is at most ||[0]<*|*| = . Now let (7; | i < 7) enumerate all such a nice

names for subsets of A and define

m={{(i,7),1) [ i <7}
then 7 is a function with dom(wg) = 7, P(AMIC C rng(rg) and whence
MIG] = 2] < JI[T="1]. O

4.4 Properties of Cohen Reals

By section 4.1 we already know that Fn(w,2,w) adds w many new subsets of w.
Since we know further, that “2 (and thus “w too) is isomorphic to the set of real
numbers, it might be tempting to know what the properties of new reals are which

will be the contain of this section.

Definition 4.4.1. Let k be a cardinal, G a Fn(w,2,w)-generic filter and G’
a Fn(k X w,2,w)-generic filter. We say that a function g is a Cohen real if g = J G
and that a function g, is the a-th Cohen real if g, = |JG'[{a} X w. The same is
defined for w replaceing 2°.

For arbitrary functions f, g from w to w recall the notation of <gyn, <pry and
=pry defined (for A€ {<,<,=}) by: fArng if f(n)Ag(n) for all but finitely many

n’s.
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Definition 4.4.2. Let M, N be any countable transitive models for ZFC such that
M C N. A function f € “wN N is:

(i) a bounded real if f <prn g for some g € “w N M, otherwise it is unbounded.
(i1) a dominating real if g <prn f for every g € “wn M.
(111) an eventually different if the set {n | g(n) = f(n)} is finite for each g €
YwnN M.
(iv) an independent real if both rng(f) N X and X — rng(f) are infinite for each
X € w*NM.
Note that if g witnesses that f is bounded then f <p;y ¢ for ¢ defined by
g'(n) = g(n) + 1 which is in “w N M if and only if ¢ is and hence <p;y in definition
of bounded real can by replaced by <g;n. Observe further that every dominating

real is eventually different and unbounded.

Lemma 4.4.3. Fn(w,2,w) adds an independent real and an unbounded real but

does not add an eventually different real and hence a dominating real.

Proof. We show that Fn(w,w,w) adds an unbounded real and argue that
Fn(w,2,w) does too since F'n(w,w,w) is forcing equivalent with F'n(w,2,w). Let
G be a Fn(w,w,w)-generic filter, g a Cohen real, and f a fuction from w to w in

ground model. Then for every ng € w a set
D}* ={p € Fn(w,w,w) | (3n > no)(n € dom(p))(p(n) > f(n))}

is clearly dense in F'n(w,w,w) and whence by genericity of GG, ¢ is unbounded.

To show that Fn(w,2,w) adds an independent real we argue as follows: Let
X, an infinite subset of w in ground model, be given. It is sufficient to show that
above every n € w there exist some ng,n; € X such that ng < ny, g(ng) = 0 and
g(ny) = 1. Indeed, we define an independent real f inductively by fo = {(0,0)},
for1 = fnU{{n+ 1,m)} where m € X is any number strictly above f,(n) with
g(m) = 0 and finally we let f = |, fn- To show there exist such ng,n; € X above

every n it is sufficient to argue that a set

DX ={p € Fn(w,2,w) | (3ng,n1 € X —n)
(ng,n1 € dom(p) & p(ng) =0 & p(ny) =1)}
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is dense in F'n(w,2,w). However, this is obvious since the conditions in F'n(w,2,w)
are finite and can be always extended into the element of D;X.

To finish the proof we show that F'n(w,2,w) does not add an eventually different
real: Suppose for a contradiction f is a name for eventually different real i.e. there
is some p € Fn(w, 2w) such that for all g € “w, plF (3ne)(Vn > no)(f(n) # §(n)).
Let {p; | i € w} = Fn(w,2,w), then below every p; there is some ¢; such that
¢ IF f(i) = 4j; for some y; € w. It is sufficient to define a function g by ¢(i) = y; and
argue that since there is infinitely many conditions below p, there is some ¢ > nyg
for every nyg € w such that p; < p and whence there is some ¢; < p such that

¢ IF (Fi > ng)(f(z) = g(i)) by definition of ¢ and choice of i which contradicts

pIF (3no)(Vn = no)(f(n) # §(n))- =
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5 Applications to Continuum function

After section 3 and 4 we know enough to produce consistency results about CH and
GCH.

5.1 Cohen’s Result

The first consistency result we are going to show is generalised version of the Cohen’s
consistency result about CH. This result was for the first time published in [Sol63]
immediately after Cohen’s result. It says that not only |2¥| can be of arbitrary size

but that also |2*| for some regular \’s can be.

Theorem 5.1.1. Assume that following hold in M, countable transitive model ZFC:
A < K, |2* < K, X is regular, 2<* = X and k* = k. Let P = Fn(k x X\,2, )™ and
G be a P -generic over M, then M[G] | 2* = k.

Proof. First observe that P preserves cardinals by Corollary 4.1.3 and by Corollary
4.2.3 it holds that M[G] = 2* > k. From the upper bound on number of nice
names for subsets of A given in Lemma 4.3.2 there is at most ||[P]<*|*
A in M[G]. Finally from calculating |P| < [[x x A x 2]<*| = |[s]<*| = k we have

[[P]<** = |[s]*|* = k* = k and hence M[G] | 2* < k which finishes the proof. [

| subsets of

The previous theorem gives us possibility to find a model of ZFC where is GCH
violated by concrete values of one regular cardinal exponent. However, there is
a possibility that if we start with suitable model of ZFC and work carefully, we
are able to to violate GCH by concrete values on finitely many regular cardinal

exponents. This fact is stated in the following theorem:

Theorem 5.1.2. Let M be a countable transitive model for ZFC and assume in
M: (N | i < n) is a strictly decreasing sequence of reqular cardinals such that
(Vi <n)(2<% = \;) and (k; | i < n) is a decreasing sequence of cardinals such that
(Vi < n)(|2Y] < ki & N < ki & K} = K;) and Then there exists N DO M countable
transitive model for ZFC such that N |= (Vi < n)(|2%| = k;) and ’being cardinal’,

‘being reqular cardinal® is absolute between N and M.

Proof. We show using Theorem 5.1.1 n-times that there is a sequence (M; | i < n) of

generic extensions of M and a sequence (P; | i < n) where P; = Fn(k; X \;,2,\;) of
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partial orders in M such that My = M, M, _; = N and (Vi < n—1)(M;+1 = M;[G}])
where G; is P;-generic over M;.

For i« = 0 we have by Theorem 5.1.1 that M; = M,[Go] | [|2V] = ko,
CARDMo = CARDM! and cofinalities are preserved hence ); is regular for all i < n.
Since Py is by Lemma 4.1.2 Ag-closed it holds by Corrolary 3.3.13 that (2*)M1 =
(2%)Mo for all 0 < i < n and hence [2}| < k; and 2<% = A\, k) = Ky, \; < K for all
0 < i < n. At the end from that all (P;)™ = (P;)M for all 0 < i < n.

For construction of ¢ + 1 argumentation is the same as in the case for : = 0. [

5.2 Violating GCH

With the Theorem 5.1.2 we can finally start thinking about what we are able to
force about GCH, but before we start, we would like to show an example of reckless
use of forcing. To avoid fruitless ideas we should always bear in our minds that we
are just producing models of ZFC. This means everything provable in ZFC must

holds in these models too as illustrate the following example:

Question 5.2.1. Is it possible to find a generic extension N of M ,countable transi-
tive model for ZFC, such that N |= [2%0 = Ry, 2% = R, GCH on the rest of reqular

cardinals] ?

Answer. In this case the answer is simply no. Although we could from M construct
according to the Theorem 5.1.2 model N where 2% = X, and 2% = X, holds, since
ZFC R, < Rg — 2% < 2% the same must holds in every model of ZFC and
hence also in model N. However, in N holds 2% = R, and 2% = X, which implies
N | N5 < Ry = 2% < 2% hut since Nj is regular and 2% # X5 in N, GCH does not

hold on the rest of regular cardinals. O

Note however, that if we replace ‘GCH on the rest of regular cardinals’ by ‘GCH
on the rest of regular cardinals when it is possible’ in the previous question the
answer would be by Theorem 5.1.2 ‘yes’. In other words, we are able to find a
model of ZFC where GCH does not hold only in finitely many cases. Now we show
an example of formula which can be forced but not with Cohen forcing while using
arbitrary models of ZFC+GCH.
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Question 5.2.2. Supose M is a model for ZFC. Is it possible to use Cohen forcing
to find a generic extension of M which satisfies 2% = R o and GCH below X, ?

We divide investigation of this question into two cases:

(i) We try to start with M, countable transitive model for ZFC+ ‘GCH below
N, ¢, and find its generic extension N where 2% = N,,,, and GCH below R,, holds.

(il) We try to start with M, countable transitive model for ZFC+‘-GCH below
N, ‘, and find its generic extension N where 2% = X_,, and GCH below X, holds.

Case (i): Let M, N be as stated. Recall that first from all, the forcing notion
we are going to use must preserves every equality of the form 2% = RN, for every

n € wi.e. :

(a) the forcing notion should not add more than X,,,; many new subsets of V,, for
every n € w and

b) the forcing notion should preserves cardinals < N,,.
g
Since 2% = N, must hold in N, we get two more conditions:

(¢) the forcing notion should add exactly W, o many new subsets of 8, in sense

of generic extension whenever (2% = X, ;)™ and

d) the forcing notion should add surjection from (R, 42)" to (2%)" and further
+

M _ NN N, M
ensure N, = N7, whenever (2% > R, ;)

Now suppose 2% = X,,,; holds in M. By condition (c), Corollary 4.2.2 and Lemma
4.3.2 we need to use P = Fn(k,v,\) for K = N0, A = N,. Indeed, if A < R,
then since P adds N,,» many new subsets of A", condition (a) is violated and if
N9 > A >N, then P adds no new subsets of N,,.

According to these, it is sufficient to show that forcing with P = Fn(R, 2,7, R,)
for arbitrary cardinal v violate GCH below X, which shows that this part of the case
(i) is not solvable by Cohen forcing: Let v € CARD be arbitrary. We know by
Claim 4.0.3 that F'n(R,,,R,) is completely embeddable into Fn(X, 2,7, R,) and
by Lemma 4.2.10 that Fn(X,,~,R,) collapses 8, to w. Whence Fn(R, 2,7,R,)

collapses N, to w which means it does not preserves GCH below R,,.
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If we suppose 2% > N5 holds in M, then using of F'n(R, o, 2%, N, ,5) ensure
by Lemma 4.2.6 R,,,» = 2% and GCH below R, in generic extension, whence this

part of the case (i) can be solved using Cohen forcing.

Case (ii): Let M, N be as stated. Recall we have to force 2% = R, at first
and after that GCH below R, otherwise it would be the case (i). Suppose for now,
that we are able to find a generic extension Ny of M using Cohen forcing such that
2o = N .5 and ‘“GCH below X, hold in Ny. To get the desired model N we have

to:

(a) add a surjection from Nflvjﬂl to (2% )Y and ensure Nfﬁl = NV.,, whenever
P > Nn+2 in No.

Notice, that if there is only a finite number of cases in Ny, when the surjection
from (a) need to be add and n is the biggest such that surjection from R to
(2%)N need to be add, then GCH above X,, cannot hold in N. Indeed, whenever
we use forcing that adds finitely many surjections from (a) we collapse cardinals
above N,, and whence violate GCH above XN,,. Whence it must be the case that the
desired forcing notion adds countably many surjections from (a). Assume I C w is
an infinite set of all ¢’s such that a surjection from Nf»\_ffl to (2%)Y is added. Since
only possible Cohen forcing adding a surjection from Nfﬁl to (2%)" and ensuring

Ni:/?rl =NV, is Fn(N;4q, 2%, R;44) it is sufficient to consider the following two cases:
(1) we use P =[], ; Fn(R;y1, 2%, R, ;) with finite support or

(2) we use P = [[.., Fn(R;q, 2%, N, 1) with full support.

iel
Before we analyse both cases, we make a definition first.

Definition 5.2.3. Let k be a cardinal, « € k and p € Fn(k,2,k). We say that
‘p codes o’ if o C dom(p) and (VB € a)(p(B) =1) & p(a) =0

ad. (1): We show that P adds a surjection from R, to w:

Assume G is a P-generic over Ny, once we show that

D,={peP|(3nel)(p(n) codes o)}

47



is dense in P, we can define a function g : W, — [ by gla) =
min{n € I | |JG(n) codes a} for every a € X,. Then |rng(g)| = w since g is
clearly injective and whence there exists a surjective map from XY to w in N. To
show D, is dense argue as follows: Suppose a € N, and p € P are given. Since
|supt(p)| < w, there exists ¢ € I such that « € W,y and p(i) = 1;. It is im-
mediate that there is some p’ € P: p'(n) = p(n) if n # i and p'(i) = g where
q € Fn(N;;1,2% R, 1) and ¢ = {(B,1) | B € a} U {{a,0)} i.e. ¢ codes « i.e. p'(i)

codes a and whence p’ € D,,.

ad. (2): We prove the following theorem given in [Honl0] and conclude that P

collapses N, 1o to N, 1:

Theorem 5.2.4. Assume in M, countable transitive model for ZFC, k is a strong
limit cardinal of cofinality w and 2 = k™ *. Let further (\; | i < w) be a sequence of

FTL()\Z, 27 /\z)

reqular cardinals cofinal in r, then a product forcing notion P =[], ..

with full support collapses 2% to k™.

To proof this theorem we use a Theorem of Shelah, see for instance [Jech02]

Theorem 24.8, which we leave without proof.

Definition 5.2.5. Let o, 3 be ordinals and f,g be functions from « to [ then we

define an ordering <pry by:

f <wiv g if and only if {§ € a | f(&) > g(&)} is finite.

Theorem 5.2.6. (Shelah) Let k be a strong limit cardinal of cofinality w. There
exists a sequence (\; | i < w) of reqular cardinals from r which is cofinal in Kk and a

sequence (fe | € € k1) of elements from [], o, A\i which is cofinal in ordering <pin.

Proof of Theorem 5.2.4. Let (\; | i < w) and (fe | £ < k1) be sequences given by
Theorem 5.2.6. Let G be a P-generic over M and for every i € w, G; a Fn(\;,2,\)-
generic over M such that G = [[._. G; which is possible by Lemma 3.4.3. We define

€W
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a function h : kT — ] ., A by

new

(&) = {{oi | i <w) € [N | Gno € w)(Vn > no)

new

UG [fe(n), fe(n) + &+ 1) codes ay,)}.

Assuming x is strong limit, |J] . A = &% = 2% by 2% < 2Xiewt = [[.. 2"

1€W
[Lic, & = &% and % < K" = 2%. Thus it is sufficient to show that (V& € x)(|h(€)]
k) and Ugeer ME) = [leo A Indeed, then v = s¥xw > |[Uegor R(S)]

| T1,c Ail = 2% and we are done.

To show (V& € k) (Jh(§)| < k) let

ncw

VARVAN

[no] = {{a; | i <w) € h(§) | no is the least number such that
(Vn > no) (| Gullfe(n), fe(n) + & + 1) codes ay)}.

Observe that (Vs € [n])(s = s, (a; | n < i < w)) for some fix (o; | n < i < w) and
suitable s,. Since |s,| = n it is easily seen that |[n]| = k" = & for every n € w and
hence [A(€)] = | Upeu ]l < &

Now we show that (Jec.+ h(§) =[], Ni

For every p € P we define a set

Codee(p) = {{a; | 1 <w) € H i | (3ng € w)(Vn > nyg)

new

(p(n)I1fe(n), fe(n) + & +1) codes ap}.

Let s = (f;]i € w) € [],,c, \i be given, we show that a set D, = {p € P| (3¢ € x¥)
(s € Codeg(p))} is dense which implies s € h(&) for some . Let p € P be given.
Let 7; < A; be an upper bound of rng(p(i)), then a function g : w — k defined by
g(i) = 7; is in J[,., Ai. By Theorem 5.2.6 (i.e. by cofinality of (f; | £ € k™) with
respect to <pyn) there exists some { € 17 such that g <pyy fe. Then a function p’
defined by ¥i € w: /(i) = p(i) U{(6,1) | 8 € [feld) + B+ D} O{((feli) + i+ 1), 0)}
is an element of D, below p. O]
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Note. Let M be a model for ZFC, recall a cardinal k is A-hypermeasurable if there
exists an elementary embedding j : V- — M with critical point k (i.e j[k = id and
j(k) > k), for which A € M. Recall further Ps3(k) = P(P(P(k))). As was shown by
James Cummings [Cum92], it is possible to find a generic extension of ZFC +Psk
- hypermeasurable, where GCH fails on N, but holds below.

After we introduced two examples of formula which cannot be forced by trivial
use of Cohen forcing, we show an interesting example of formula which is not as
trivial but is forcable by Cohen forcing.

Since we are by Theorem 5.1.2 able to find model of ZFC where GCH fails
on arbitrary finitely many N,, smaller than N, there rise a question whether we
are able to find a model where GCH fails on each (or infinitely many) ®,, smaller
than N,. Once we know that Fn(X, o x 8,,2,R,) ensure 2% = N, ., it seems
new F(Rp o x R, 2,R,) might

force (Vn € w)(2% = N,,;») which is a content of the following theorem:

intuitively that full support product forcing P = []

Theorem 5.2.7. Let M be a countable transitive model for ZFC+GCH, f :w — w
new F(Rpy, 2,8,)M a full
support product forcing. Then if G is a P-generic over M, M|G] |= (Vn € w)(2% =
Nyn))-

Proof. At first to make a notation of the proof easier we introduce following short

a strictly increasing map with f(0) > 0 and P = []

cuts:

Pn:Fn(Nf(n),Q,Nn), ]P)Z_: H Fn(Nf(n),Q,Nn), P, = H Fn(Nf(n),Q,Nn).

k<ne€w n<k,ncw

In the first part of this proof we show that G,, = {p(n)| p € G} is P,- generic over
M whenever GG is a P-generic over M. In a next part we show that P preserves
cardinals below R, including R, and in the last part we conclude that M[G]
(Vn € w)(2% = Ry(,)) whenever G is a P-generic over M.

Let G be a P-generic over M and n € w be given, then G, = {p(n)| p € G}
is P,,- generic over M: We define a function i, : P, — P by i,(p) = ¢ if ¢(z) = p
whenever © = n and ¢(x) = 1, otherwise, which is by the same argumentation as
in Lemma 3.4.2 a complete embedding. Whence by Lemma 3.2.7 G,, = i/"'G is a

P,,-generic over M.
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Now we show that P preserves cardinals below X,,. Let n € w be given, then:
(i) P} is N, 4q-closed: Let X; < N, 41 and (p, | @ < N;) be arbitrary decreasing

n

sequence of elements from P. Define
p:w—(n+1)— U P, x {n} by p(k) = U Palk).
n<k€w a<®;
Since [p(k)| = |Uqcx, Pa(k)] < maz(R;, Ry) = Ry < N,iq we have p(k) € P, for all
k € (w—(n+1)) and hence p € P}. It is straightforward according to the definition
of p that (Vo < R;)(p < pa).

(i) P, is N, ;-Knaster and hence ¥, ,;-cc:

Since for every ¢ € w it holds that P; is by Lemma 4.1.1 R;,;-Knaster whenever
2<% = N; we have by Lemma 3.4.5 that P, is X, ;-Knaster and hence R,,;i-cc as
2<¥ = N, for all i < n by GCH.

(iii) P preserves W,: Let K be P-generic over M and definei_ : P, , — P, X
Pyyand iy c Py — Py x PPy by i(p) = (p, 1) respectively i, (p) = (1_,p)
which are by Claim 3.4.2 complete embedings. Let further j be any isomorphism
fromPto P, ,xP} ; and G~ =" '(j"K) and G* =i '(j"K). As j"K = G~ xG~
is Py x P generic over M and M[K]| = M[j” K] by isomorphicity of j, we derive by
Lemma 3.4.4 that M[K] = M[GT][G™]. Now from P} ; being X,-closed by (i) we
derive RM = N7 Since Pt | is N,-closed and GCH holds in M, P; | preserves
for every i < n the equality of the form 2<% = N, and it follows by (ii) that (P,_,
is N,-cc)M(G"] and whence RYFTT = NMIETIETT o M — WMIKT,

(iv) IP preserves N,: Since PP preserves R, for every n € w it preserves by Lemma
3.3.1N,,.

Let G be a P-generic over M and let n € w be given. We show that (2% =
Nf()) M€ which finishes the proof. Since G,, = {p(n)| p € G} is P, - generic over
M, JG(n) =JG, is by Lemma 4.2.1 a function adding N%n) new subsets of RM.
By (iii) N%n) = N%S{] and RM = R and whence (2% > Wy ,))MIE. To show
(2% < Rp)) M we follow the notation and argumentation of (iii) replacing n by
n+1. Asit is PM = pMIETT pMIETT i Ni\ﬁfﬂ—cc and whence by |P,| = N%}gﬂ there
exist at most (N?&’;)N” = Ny(,) nice names for subsets of X,, in the sense of M[G*].
Finally since P preserves cardinals below R, M[G] = M[GT][G7] | 2% < Ry,

and we are done. n
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6 Minimality of Forcing Extensions

Definiton 1. A generic filter G is minimal over the ground model M if for every
set of ordinals X in M[G], either X € M or G € M[X].

We make a short note to the minimality of forcing extensions in this section
showing that extensions produced by Cohen forcing are not minimal and defining a

forcing notion whose generic extensions are minimal.

6.1 Non-minimality of Cohen Extensions

Definition 1. Let g be a set and M a countable transitive model of ZFC. Then
we define M|g] to be the least countable transitive model of ZFC such that ORD N
Mgl = ORDNM, M C M[g| and g € M|g].

Lemma 1. A Cohen real is not minimal over the ground model.

Proof. Let M be a countable transitive model for ZFC, P = Fn(w,w,w)M, G a
[P-generic filter over M and g a Cohen real. Due to an isomorphism of Fn(w,w,w)
and F'n(w,w,w) X Fn(w,w,w), Lemma 3.4.3 and Lemma 3.4.4 there exists Gy a
Fn(w,w,w)-generic over M and G; a Fn(w,w,w)-generic over M[Gy] such that
M|G] = M[Gy][G1]. Since a generic filter G can be reconstructed from the Cohen
real g by G = {p € P | p C g} and the same holds for Gy, G, we get M C M[go] C
M]go][g1] = M|[g] and whence for gq (identified with a set of ordinals): gy ¢ M and

9 & Mlgo)- 0

Since the Cohen extensions are not minimal, there rise a question, whether there
exists any forcing notion whose extensions are minimal. The next part shows there
exists such, however, it also shows that the forcing notion becomes more complicated

while demanding minimality.

6.2 Sacks Forcing

Definition 6.2.1. Let \ be a cardinal. We say that a set p € <*2 is a A\-tree if it
satisfies (Vt € p)(Ft' € p)(t € t') and whenever t € p and s = t|a for some o €
A, then s € p.
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We say further that a set p €<* 2 is a perfect tree at X if it is a \-tree whenever
t € p there exists s € p such thatt C s and s™0,s"1 € p. Finally we call nodes the

elements of a tree.

Definiton 6.2.2. Let A\ be a cardinal. We define a set
S(\) = {pc€ <*2| pis a perfect tree at \}

and say that S(X\) ordered by inclusion is a Sacks forcing at \.

Note that f = J{s | (Vp € G)(s € p)} called a Sacks real is a function from w
to 2 whenever G is a S(w)-generic over a ground model. Indeed, since G is a filter
it is the case that Vp € G : (0) € por Vp € G : (1) € p and further by induction:
if there exists a sequence s of length n which is a node of every p € G then s™0
or s 1 is a node of every tree in GG otherwise G would not be a filter or would
include nonperfect trees. Since G = {p € S(w) | (Vn € w)(f[n € p)} it holds that
M[f] = MIG].

Definition 6.2.3. Let p be a tree. A node s € p is a splitting node if both s—0,s1
are in p. If p is a w-tree, we say that s € p is n-th splitting node if there are exactly

n splitting nodes t in p such thatt C s.

Definition 6.2.4. Let p,q € S(w). For every n € w define an ordering <,, by:
p <, q if and only if p < q and if s € q is an n-th splitting node in q, then s is an
n-th splitting node of p.

Definition 6.2.5. We say that a sequence (p; | i € w) of elements of S(w) is a

fusion sequence if p, <, pn_1 for everyn > 1.

Lemma 6.2.6. If {p,}nco is a fusion sequence of elements from S(w) then p =

(Nnew Pn @5 a perfect tree.

Proof. Observe that p is clearly a tree at w. To show it is a perfect tree suppose
s € p and |s| = m. Since the rank of n-th splitting node in py can only decrease,
it must be the case that at least from p,,,; there is some splitting node t above s

which is preserved by the ordering of fusion sequence. m
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Definition 6.2.7. Let p be a perfect tree and s € p then we define a perfect tree
pls={tep|tCsort2Ds}. Let Abea setof pairwise incompatible nodes of p
and for every s € A, qs C pls is a perfect tree. Then amalaganation of {qs | s € A}
intopisatree{t €p| (Tse€t)(s Ct—teEqs} ie. atree derived from p by
replacing every pls by qs.

The following theorem is due to Gerald E. Sacks and was first published in
[SACKST1]. However, the proof given here follows [Jech02] Theorem 15.34.

Theorem 6.2.8. (Sacks) Let M be a countable transitive model for ZFC and G a

S(w)-generic over M. Then G is minimal over M.

Proof. Let X be a set of ordinals in M|[G] which is not in M and X any of its name.
let further p € S(w) be such that for every A € M pIF X # A. We find a condition
q < p and a set of ordinals {7, | s is a splitting node of ¢} such that ¢[s™0, ¢[s™1
decides v; € X but in opposite ways. Then we are able to reconstruct Sacks real f by
f=U{s|(glslF7, € X) & (7, € X)} and argue that f € M[X¢] i.e. G € M[X4].

To find such a condition ¢, we construct a fusion sequence {p; };c.. Let pg = p. To
construct p, for n > 1 proceed as follows: Let 5, be the set of all n-th splitting nodes
in p,_1. For every s € S, there is an ordinal v, such that p,_;[s does not decides
Fs € X. Indeed, otherwise Y = {Vs | pn-1ls Ik 35 € X } would be a set definable in
M,Y = X and whence X € M. Let further gs—¢ < pn_1]s~0 and ¢s~1 < pls~1 be
conditions deciding 7, € X in the opposite way (again they exist otherwise p,_1[s
would decide 4, € X). Let p, be an amalganation of {¢.~; | i€{0,1} & s€S,} into
Pn—1. Then clearly p, < p,_; and whence {p;}ic. is a fusion sequence. Finally it is

sufficient to let ¢ = (,,c,, Pn- ]

The last thing that remain before we conclude that Sacks real is the real we are

looking for is to show that S(w) preserves cardinals.

Lemma 6.2.9. Let M be a countable transitive model for ZFC, G a S(w)-generic
filter over M and X a set of ordinals in M[G]|. Then there exists a set A € M,
countable in M, such that X C A.

Proof. We will proceed similarly as in the proof of Theorem 6.2.8. Let X be a count-

able set of ordinals in M[G] and F a name for an enumeration function of X. Let
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p € S(w) be such that p IF ‘F is a function from w to ORD’. We are going to find
a condition ¢ < p and a set A in M such that ¢ I+ rng(F ) C A. Assume a fusion se-
quence constructed as follows: Let py = p and for given n > 1 let .S,, be a set of all n-
th splitting nodes of p,,_;. For every s € S, there exist (for i = 0 and fori = 1) a g,—;
and as—; such that ¢,~; < p,_1]s and ¢,~; IF F(n —1) = d4~;. Indeed, it cannot be
the case that (Vas~; € ORD)(p,—1[s IF F(n — 1) # Gs~;) since p,_1]s < p. Let p, be
an amalgamation of {¢s~; | s € S, & i € {0,1}} into p,—;. Nowif welet ¢ = (), ., Pn

and
A= Has~i | s € S, & i € {0,1}}, then since every S, is finite, A is count-
able in M and it follows that X C A by ¢ I rng(F) C A. O

Corollary 6.2.10. If CH holds in a ground model then S(w) preserves cardinals.

Proof. Assuming CH and |S(w)| = 2% we can infer that S(w) is Np-cc, whence it
remains to show that S(w) preserves X;. However, according to the previous lemma,
an existence of a map in generic extension collapsing 8; of ground model to w would
lead to a contradiction since in ground model this map is and is not countable in

the same time. O]
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7 Conclusion

In this bachelor thesis we introduced the technique of forcing with aim to investigate
properties of Cohen forcing.

In section 4 we showed that many of variations of Cohen forcing collapse car-
dinals and thus are not suitable for use in case of proving of an independence of
statements about ZFC. In section 5 we analysed whether it is possible to find a
model of ZFC where ‘GCH fails on R, but holds below’ and showed some patholo-
gies while using different support of product of Cohen forcings. After that we find
a model of ZFC where ‘GCH holds on R, but fails below’ using simple ad hoc ar-
gumentation following the technique of Easton forcing. In the last section we gave
a brief note on non-minimality of generic filters on Cohen forcing and showed that
generic filters on Sacks forcing are minimal. We illustrate in the same time how

simple the notion of Cohen forcing is in compare to another forcing notion.
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