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Néazev prace: Studium rezonanci v anomalnim sektoru kvantové chromodynamiky
Autor: Toméas Kadavy

Katedra: Ustav ¢dsticové a jaderné fyziky

Vedouci bakalarské prace: RNDr. Karol Kampf, Ph.D.

Abstrakt: V neddvné dobé byla ve ¢lanku [I] formulovédna béze operdtoru pro
nejdulezitéjsi resonance v tzv. sektoru liché parity. Pomoci téchto operatoru
muzeme zkonstruovat Lagrangiany odpovidajicich Feynmanovych diagrami, které
nam dale umoznuji popsat a pochopit ruzné interakéni procesy. V tomto clanku
byly detailné studovany Greenovy funkce pro korelatory (VV P) a (VAS).

Tato prace by tak méla navazat na zminény ¢lanek a formulovat Feynmanova
pravidla pro Greenovy funkce odpovidajici dosud ne zcela zndmym korelatorum
(AAP), (VVA) a (AAA). Jelikoz témto korelatorum nebylo dosud vénovano
prilis pozornosti, a to jak teoretické, tak i experimentalni, nebude mozné blize
provést fenomenologickou analyzu, oproti ¢lanku, na ktery tato prace navazuje.
Takové problematice pak muze byt vénovana prislusna pozornost v nékteré z
navazujicich pracich béhem magisterského studia.

Klicova slova: Kvantova chromodynamika, chirdlni poruchova teorie, resonanéni
chiralni teorie.
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Abstract: The independent operator basis of the most important resonances in
the so-called odd-intrinsic parity sector was formulated in [I]. Using these op-
erators we can construct Lagrangians of corresponding Feynman diagrams, that
allow us to describe and understand several interaction processes. In the men-
tioned article were studied Green functions for (VV P) and (VAS) correlators
including their phenomenological aspects.

This thesis should establish the Feynman rules for not so much known Green
functions corresponding to (AAP), (VV A) and (AAA) correlators. Because not
enough theoretical or experimental attention has been paid to these correlators,
we will not be able to perform phenomenological study. But we can return to
this point in the future during master degree studies.
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Introduction

Processes followed by rules of quantum chromodynamics can give us answers
to fundamental questions of particle physics. However, understanding to these
processes is very difficult because of the quark-gluon field properties, such as
asymptotic freedom. This phenomena tells us that quarks are free on short dis-
tances but for increasing distances the mutual strength grows.

Because of that we need to use appropriate approaches based on the energy
of studied processes. The methods we pay an attention to in this thesis are chiral
perturbation theory and resonance chiral theory. Properties of both methods will
be discussed later in details. For now let us just settle for the fact that using
special Green functions in anomalous sector of QCD we can find a way to describe
behaviour of some processes including, for example, rare decays of mesons which
can be useful in determination of validity of some theories.

Chiral perturbation theory and resonance chiral theory offer several formalisms
how to describe and calculate Green functions [2]. In this thesis we restrict our-
selves to vector field formalism and antisymmetric tensor formalism.

The solution of any calculation should be independent on used formalism.
However, because we work with perturbation theories, we calculate only up to
some order and this makes different formalisms non-equivalent. Our task is then
not only to find a solution but also to determine what formalism is more conve-
nient in particular case.

We will start our calculations of (AAP) with vector formalism which is basi-
cally the most natural of all formalisms.

Motivation

The general motivation of this thesis is to finish systematic study of contributions
of vector, axial-vector and pseudoscalar resonances into three-point Green func-
tions. This thesis is supposed to be an extension of [I] for new correlators (AAP),
(VVA) and (AAA) which have not been studied before, except for especially [3]
in the case of (AAP) correlator.

Our intention is to calculate specific correlator in two different formalisms -
antisymmetric tensor and vector field. Both formalisms start at different order
which is important for satisfying OPE coupling constraints, as we will show later.
The formalism, which satisfies these conditions better, gives us simplification of
the particular calculated result.

Outline

This thesis has completely six chapters, including Conclusion and Appendix. In
the first chapter we describe quantum chromodynamics (QCD), its basic prop-
erties and mathematical structures. We also pay an attention to different ap-
proaches to QCD, such as chiral perturbation theory and resonance chiral theory.
Second chapter is dedicated to the description of resonances.

In the third chapter we study (AAP) correlator using two methods - vector



field formalism, also known as the Proca field formalism, and antisymmetric ten-
sor formalism. We also discuss behaviour of this correlator using OPE technique.
In the fourth chapter we show possible Lagrangians and Feynman diagrams
contributing to (VV A) and (AAA) correlators. At the end of the thesis we sum
up all obtained results for these correlators including final discussion.
The last chapter contains useful mathematical structures we have used in the
thesis, including an example calculation of Feynman rules.



1. Quantum chromodynamics
and chiral symmetry

Quantum chromodynamics (also known as QCD) is a quantum field theory of
the strong interaction, a fundamental force describing the interactions between
quarks and gluons. This theory is a special kind of a non-abelian gauge theory,
consisting of a 'color field” mediated by a set of exchange particles - the gluons, and
is based on SU(3)¢ Yang—Mills theory of colour-charged fermions - the quarks.

QCD is an important part of the Standard model of particle physics and a lot
of experimental evidences exist for its benefit.

Let us start this paper with basic introduction to mathematical structures of
quantum chromodynamics, so we could build our calculations on this later.

It is well-known, that number of colours in the Standard model including
QCD is Ng = 3. These colours are called red (r), green (g) and blue (b). We
present the quark colour triplet as the basic building block

qy
a=\a} |, (1.1)
a

where f stands for flavour of the quark. In Standard model we have six types of
flavour, according to the three two-quark generations, such as u,d, s, c, b, t.
The quark triplet transforms as

qr — U(z)qy (1.2)

where U(z) is an element of SU(3)¢ group.
We can write SU(3)¢ invariant quark Lagrangian in the form [4]

Ly=> q(IV"V, — my)ay, (1.3)
!

where V, is the covariant derivative and
Vg = Ouay — iqAu(r)gy, (1.4)
where
8 a
Auz)=>" S AL(@) (1.5)
a=1
is the octet of SU(3)x gauge fields. The octet transforms as

Ay () = U@) Ay (@)U (z) - é@uU(x)UT(x). (1.6)

As an invariant object made of gluon fields we present nonabelian stress tensor
4]
Go, = 0, A% — 0,A% + gf ™" AL AL (1.7)
with its transformation
G — U(2)G,, U (2). (1.8)

4



The only nontrivial scalar, considering dimension < 4, made of ((1.3) and (|1.7) is
the contraction of two stress tensors. Thus we have the complete QCD Lagrangian
4]

£QCD = qu(i’}/‘uv mf Qf — — Z Q“ ga’”” (19)
f

As we mentioned before, there are six quarks in the flavour sector. In the
respect to their masses we can divide them into two parts consisting of quarks
with masses less or greater than 1 GeV, which is so called hadron scale Ag.
Schematically, we have

My, Mg, M <K 1 GeV < m,, my, my. (1.10)

In the low-energy region only first three quarks are necessary to be taken into
account. The approximation, based on the massless quarks, is called chiral limit.
In this case (1.9) has the form [4]

Locp = Z qu’Y“Vugf— Zga ger. (1.11)

f=u,d,s

Massless QCD Lagrangian is invariant under SU(3)c and even possesses
U(3) symmetry.

In order to exhibit the global symmetries of , we consider the chirality
matrix s, also known as the fifth Dirac matrix, and projection operators

1 1
PL:§(1+75), PR:§(1_75)7 (1.12)

These operators satisfy their expected properties, such as idempotent

P; =P,  Pj=DPp, (1.13)
orthogonality
PLPr =0, PrPp =0 (1.14)
and completeness
P+ Pp=1. (1.15)

The properties (1.13]) - (L.15)) guarantee that Py, and Pg project from the quark
field ¢ to its chiral components q;, and qg,

qr, = Prq, qr = Pgyq, (1.16)
where
q = 4L+ qg- (1.17)

In the respect to the properties of Dirac matrices (4.32)), we can rewrite the
massless QCD Lagrangian ((1.11))

ﬁQCD = Z (@R 1"V ulrys +qr 7"V ouqr) — Z G, G . (1.18)
f=u,d,s



Now we can see that (1.11]) is also invariant under the independent transforma-
tions of chiral components ¢;, and gg,

qr. — Urqr, qr — Urqr, (1.19)

where Uy and Ug are unitary 3 x 3 matrices. We say that has a classical
global U(3), x U(3)g symmetry.

The result of Noether’s theorem is that there are 18 conserved currents associ-
ated with the mentioned transformations of left-handed and right-handed quarks

_At s _ = ‘
L =g an, R =0p0"an (1.20)
with
9L =0,  9,R™ =0. (1.21)
Instead of ((1.20)) it is more useful to take into account its linear combinations
/\a
Va,,Uz — Rauuf + Lanu' — quiu‘gq (1.22)
and a
AP — Ra,,u — [H — @7”’75?61' (123)

In addition to the vector ([1.22)) and axial-vector ([1.23]) currents we also define
scalar density S*

)\a
S = ng (124)
and pseudoscalar P* density
Pt = i§757q. (1.25)

All mentioned currents and densities transform under parity transformations [4]

VEr(x,t) = Vi(=x,1), A (x,t) = = AL (=%, 1)

(1.26)
S4x,t) = 9 (—x,1), PYx,t) - —P*(—x,1t).
Very useful is also to define external fields
8 8 8
A A A A

that in the flavour sector are represented by Hermitian 3 x 3 matrices. Coupling
vector and axial-vector currents to external fields we can get

L="Lhep+ Leat = (1.28)

_ 1 _ :
= Loep + Tu (v“ + g“é) + %a”) q —q(s — ivsp)q.

If we define vector and axial-vector currents in the form

1 1
vt = 5(7““ + 1), a’ = §(r“ — ", (1.29)



Lagrangian ((1.28)) has now the form

1 1
L= Liop + 7" (lu + gUZ) qr. + qpY" (Tu + gUZ) qr— (1.30)

—qr(s+ip)gr — G (s — ip)gr-

This Lagrangian is invariant under the local group SU(3), x SU(3)g x U(1)y .
Depending on energy region, we have several approaches to QCD. First of
them is Chiral perturbation theory.

1.1 Chiral perturbation theory

Spontaneous symmetry breaking in QCD leads to the presence of Goldstone
bosons [4]. Identifying them with the octet of pseudoscalar mesons, as the light-
est hadrons, we can construct so called Chiral perturbation theory (xPT), which
is an effective theory for QCD in low-energy region, especially for energies less
than 1 GeV.

According to and its invariance, the eight pseudoscalar mesons trans-
form as an octet under the subgroup SU(3)y. The basic building block of yPT

is [1]
1
u = e —_— 5 131
(0) = e (o) (131
where . ] e o
7 )
and P N o+
\/571' +\/6778 ™
_ 1 1
¢(r) = Q —7§7T0_40r s K° (1.33)
K~ K —\/lg??s

is the matrix of pseudoscalar meson fields.

In Chiral perturbation theory we assume that external momenta p is much
smaller than an energy scale, which is typically A &~ 1 GeV. After that, we can
write an expansion of the Lagrangian in terms of p in the form

L=LP+LW+LO9+. (1.34)

where we already considered symmetry conditions and some of the contributing
terms. In (.34) £™ stands for a part of the Lagrangian of the n-th order, i.e.
L) — on)

The Lagrangian of the lowest term is [I]

F2
£ = - (uu + x4, (1.35)
where we have defined following covariant tensors
Uy, = uL =1 [uT(GM —iry,)u — u(0, — iﬁu)uq (1.36)
and
e = ulyul £ ux'u, (1.37)

7



where

X = 2By(s + ip). (1.38)
We have also defined
W= uFu £ u PR (1.39)
with
FB = otr? — OVrt — i [rt r¥], FIY = oMY — 0" 1" — i [I*,17] (1.40)
and
hyw = Vyu, + Vyu,. (1.41)

The covariant derivative is defined by
VX =9, X + [y, X, (1.42)

where the chiral connection is

1
r, = 3 [uf(0, — ir,)u +u(d, —il,)u'] . (1.43)
Because in the fourth chapter we will be interested only in the first terms of

previous chiral building blocks and covariant tensors, we can simplify (1.31]) and

(1.36) - (1.43) as follows

(@) ~ 1+ ﬁaﬁ, ut(g) ~ 1 - ﬁaﬁ, (1.44)
i
uu(¢) ~ \/_F N, uu(¢) ~ _Wauﬁb’ (1.45)
Uy, = uL ~ —g o (1.46)
V2 .
Y200 ifr,=1,=0
w, = uf, ~ p e Bl (1.47)

2a,, ifu=u=1.

The difference in u = u' in comparison to (1.31)) depends on specific situation
and we will discuss it later. Next we have

2\/‘ 2B,

X+ ~ {6.p},  x— ~4DByip, (1.48)
2
i~ Jﬂwv Far, g, Y~ —2(0"a — &), (1.49)
and
Fi ~ ola” — dat,  FP ~ —0"a” + 0al. (1.50)

Now we also have V, X = 0,X, so

V2 .
_?(Qﬁugb + ayﬁugb) ifr,=10,=0
By ~ (1.51)

2(0,ay + 0yay) if u=ul=1.



1.2 Resonance chiral theory

Taking number of colours in the limit No — oo we can construct the effective
theory of QCD for intermediate energy region that also satifies all symetries in
the underlying theory [5]. This effective theory is called Resonance chiral theory
(RxT) and is relevant for energies 1 GeV < E < 2GeV. For bigger energies RxT
looses its convergence and can not be properly used because of the higher masses
that become significant in hadron dynamics.

Up to the order O(p®) we can write Lagrangian in the form

'CRxT = ‘CGB + ['res - (152)
= LO 4+ L+ O+ W 4 O

Tes res’

where Lgp contains only Goldstone bosons and L, is resonance Lagrangian.
On the other hand, after integrating out resonance fields from ([1.52)) and
expanding to the given chiral order, we can get an effective yPT Lagrangian

(1.34). Up to the order O(p®) we can write
Lypr = EGB + Lyeff = (1.53)
(4)
E —|—£GB E 5+ L eff—I—/JX@ff

That means

2 2

8 = g, (1.54)
4 4 4

Lopr = Lap+ Lk (1.55)
6 6 6

LOr = LOh+ LY, (1.56)

Resonance chiral theory increases the number of degrees of freedom of Chi-
ral perturbation theory by including massive multiplets of vector V(177), axial-
vector A(171), scalar S(0™) and pseudoscalar P(0~) resonances, denoted gener-
ically as a nonet field R. We assume that this field can be decomposed into singlet
Ry and octet Rg such as

1 i
R=—Ry+ ~—R;, 1.57
where R =V, A, S, P.

In this thesis we are interested only in cases of R = V, A, P so we can write
specifically

P+ st P K+t
Viw = r _\fp +\[W8+\f 1 K*0
*— — 1 1
K —76608 + Tgwl w
(1.58)
and
s+ G+ G af Kt
Aw = ap —\%a?—l—\%@ f—i—\% 11 K?A
- =0
Ky Ky, _\/léff_{_\%fll
(1.59)



Both octets have the same form in the antisymmetric tensor and vector formalism.
Resonance fields R,,, transform under the following symmetries [4], [5], [7]

P : RM+—— RN,
C : R"+— —REV,
hic. : R"™ — R,,.

(1.60)

In the leading order in 1/N¢ the interaction resonance Lagrangian has the
form [I]

. .dm
ﬁ%) = cd(Su“uu) + Cm<SX+> + de<PX*> + ZNFO <P> <X*>+
Fy Z'GV Fa
——— VV i VV Ha Y o /5 A v EV 1.61
+2\/§<u +>+2\/§<u[u u]>+2\/§<uf> ( )

and is invariant under symmetries ((1.60)). Of course, for our purposes we do not
consider terms with scalar field S in (|1.61)).

10



2. Description of resonances

2.1 Wess-Zumino-Witten Lagrangian

The leading order of odd-intrinsic parity sector of resonance chiral theory starts
at O(p*) and the parameters are set only by the chiral anomaly. The Lagrangian
is defined as [§]

NC ! ¢ . vo
EWZW = 4872 |:/0 d€<‘72‘75030f3f> - Z<WHVQB(U7 l7 7’) - W,Lwaﬁ(l? l7T)> gt g
(2.1)
iNC Vo
~ _@WMB(U, Lr) = Woap(1,1,7))eo?
with [1],[9]
1
Wywap = LyLy Lo R + ZLMR,,LQRg +iL,, LoRg + iR, Lo Rg—
—i0, L, RoLg + 0, Rya Ly — 0,0,R0Lg+ 0L, Lo+
1
+ouLyoLg —io,L,LoLg + §UHL,,JQL5 —10,0,0,L5—
where we have defined
L,= ulour , Ly =ud,lu', (2.3)
R, =u'r,u, R, =u0,ru
and
o= {uf, d,u} (2.4)

In (2.1) the power & stands for a change of u to uf = exp(i€¢/(Fv/2)) and in
[2.2) (L ++ R) stands also for o <+ o' interchange.

2.2 Vector formalism

First method we will use to describe resonances is vector formalism.

__ Vector fields describing the vector and axial vector resonances are labeled as
V, and A,. Building blocks are partially the same as in previous chapter, but we
now have different notation, such as [3]

N AT
R,=) =Ry (2.5)
and

R, = VR, —V,R,. (2.6)

11



The resonance Lagrangian in the vector formalism is given by [3]
Lres =Ly + L+ ﬁgg/ + »C(Q) + £ (27)
where individual terms are as following

1 ~ =~ 55 5 1 i v . > v
Ly = _Z<VWVW — 2MpV, V") — T(fv<vuvfi )+ igy (Vi u])) +

+iay (V,Ju, ) + B (Vi ut, x_]) + i0y (ViU uCu®)e ap+
+ hy (VA FE ) e pag, (2.8)

1 ~ =~ v . n v
La=—(AuA" ~ 2M3A,AM) — Ffﬂ A 1) + ioa( Ay, F27)+

+ 5 Q) + DAL }) + 95 (A (w) +
F A ) + hal A F e s (29)

L 4),0 5 L @0 o L )0 5
L7y = 50 ViV ut) + 567 (Ve Vi) + 5607 (VW at) +
N 1 PN PN
+ 50 VuVouta) + 560 (Vi Vou + Vyu, V) +
~ N 1 N N
+ v (VuVx4) + —Z¢V< WVo, FE]) + §UV<V“{U”a V) epas,  (2.10)

n 1 ~ o~ 1 ~
51(41)(AMA"UVUJ”> + 5(5? (A u, AMu”) + Eéf)<AMA,,u“u”>—|—

SO A Ay + 30D (A A + A, A+
+§HA<MMX+> —z¢A< AA,, 11 1>+§UA<ﬁ“{u”ﬁaﬁ}>ewﬁ (2.11)
and finally
L3, = iAWV [A,, 1) + APV, [u,, A7) +iAP(A, [, V) +
+ B[, X)) + HVH{A, £2N) e pap + 12D (b { A, VP e s+
+ i ZO (WP AU VPV yyas. (2.12)

2.3 Antisymmetric tensor formalism

In the antisymmetric tensor formalism, we will use the independent operator
basis, relevant in the odd-intrinsic parity sector, which was formulated in [I].
Every operator has the form

OX = gmeb X (2.13)

i prafs

Lon? = Z Z kXOF, (2.14)

where X stands for resonance fields contrlbutmg to the Lagrangian. For our
purposes we only show operators contributing to (AAP), (VVA) and (AAA)
correlators without further discussion. We will also use strictly the same notation
as in [I] and consider this as a referent basis, especially with indices ¢ standing
for a serial number of the Lagrangian. For more details see [I].

thus the Lagrangian is

12



3. (AAP) correlator

The standard definition of this correlator is

I (p, q) = / d'z d'y e’ (0] T [Aj () A} (y) P(0)]]0). (3.1)

ju

3.1 (AAP) correlator in vector formalism

3.1.1 Lagrangian basis
For our cases of three-point correlators we will need modificated Lagrangians

- ([2:12)), such as:

One axial-vector resonance field (A)

1 N v 1 Ta Ta v v
‘Cﬁl = _ﬁf/l(Ayyfﬁ > ~ §<8MAV - 8VAN)(8NCZG -0 GZ), (32>

£{4] = hA<Izl\'u{uV, ffﬁ}>8,uuaﬁ ~

2v/2 ~ A
~ 20 G el - 9P5) + R0l — 0P P butpuend™. (33

Two axial-vector resonance fields (AA)

2 1 1 v Qo
[’541)4 = §UA<AH{U 7A 5}>€uva[3 ~

N—%PMW%—W&yMMW@_M@WWEWMm_ (3.4)
3.1.2 Feynman rules
Vector propagator

Vector propagator is formed by kinetic and mass terms [6].

. a Z p pl/ a
2AR<p)ul; = _p2 —m2 (g,ul/ - :12 )5 b (35)

Aa..U p ) Ab,v

Figure 3.1: Feynman diagram of vector propagator

Pseudoscalar propagator

The kinetic term comes from £§f). Pseudoscalar mesons are massless in chiral
limit [6].

mgmzéw. (3.6)

13



(Da

(I)b

Figure 3.2: Feynman diagram of pseudoscalar propagator

Vertex x (pseudoscalar source - pseudoscalar)

(2)

To this vertex contributes £y’. The Feynman rule is

(V)4 = iF Byd“. (3.7)

p°

(Dd

Figure 3.3: Feynman diagram of vertex y

Vertex WZ (axial source - axial source - pseudoscalar)

To this vertex contributes the anomaly Wess-Zumino-Witten Lagrangian. The
Feynman rule is

aoe NC aoe
(VWZ) ’ = 48 2F5uua/3p qﬁd b . (38)
Due to Bose statistic we get
aoe NC aoe
(VWZ) b == 24 2F5;u/aﬂp qﬁd b . (39)
de

l r
Y
aﬂ?a ®® :v,b

Figure 3.4: Feynman diagram of vertex WZ

Important note is that vertices y and W2 have the same form even in the
antisymmetric tensor formalism.

Vertex 1 (axial source - resonance)

To this vertex contributes Lagrangian £4. The Feynman rule is

(%)Zi = ifA<p29ua - pupa)(sad- (310)

14



lp

Q@

Aa, d

Figure 3.5: Feynman diagram of vertex 1

Vertex 2 (resonance - resonance - pseudoscalar)

To this vertex contributes Lagrangian C(AZI)L‘. The Feynman rule is

gA

(Vi) = i

r’i(paemwzp - pﬁganpﬁ + qagpfwca - qﬁgpﬁaﬁ)ddef'

Ard Aoe

Figure 3.6: Feynman diagram of vertex 2

Vertex 3 (axial source - resonance - pseudoscalar)

To this vertex contributes Lagrangian £L. The Feynman rule is

ae 21\/§h V(. K ae
(‘/?)l)uad - - F AT (p Cavkp — pﬁgau,u6>d d7
2ivV2ha ., o
(‘/32)1{2’(1 = _TAT (q EBkav — quﬁHV)\)dfbd-
\°
e
/) \\
AO’,Q (Dd

Figure 3.7: Feynman diagram of vertex 3 - first variant

15
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\a

J/A\Y

A,@,f (I) d

v.b

Figure 3.8: Feynman diagram of vertex 3 - second variant

Subdiagram 1 (vertex 1 - vector propagator)

This subdiagram consists of vertex 1 and vector propagator. The Feynman rule

(S1(p))ih = (Vi)sdi( Ay (p)) ™4 = 2fA

pe—m

/"
p Acr,d
——»(::3 a’u'a

Figure 3.9: Feynman subdiagram 1

(P*9us — Pupp)0™. (3.14)

Subdiagram y (vertex y - pseudoscalar)

This subdiagram consists of vertex y and pseudoscalar propagator. The Feynman

rule is
(Sy)% = (V)i (Ap(r))™ = Do gee. (3.15)

r2

Figure 3.10: Feynman subdiagram x

3.1.3 Feynman diagrams
Diagram y
This diagram consists of one subdiagram and one vertex. The Feynman rule is

abc c a . B NC
(HX),ulz;/ = (SX) d(VWZ),LL?Jd = °

ngwjaﬁpaqﬁdabc (316)
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PC®4;
(I)d

P\ /aq
a¥a ®® a”b

Figure 3.11: Feynman diagram y

Diagram 1

This diagram consists of three subdiagrams and one vertex. The Feynman rule
is

(H1)Zl;c = (51(p))%(sl(q))gz(sx)cd(%)ﬁa,def _
4iBof30Ap2q2 o B jabe
(02 — M2)(q? — M2)p2 el 4 d

(3.17)

X
pC

(I)f

Ap.d Ao

p ap,a av,b

e ‘Ci

Figure 3.12: Feynman diagram 1

Diagram 2

This diagram consists of two subdiagrams and one vertex. The Feynman rule is

abc e c ae _4®\/§B fAhAp2 e abc
() = (S () = TP e (a1

abc a c _47'\/53 fAh’Aq2 ey abc
()5 = SupDLE(SI™ Vs’ = —m gy cwesp™d ™ (3.19)
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\r
pc
(I)d
aﬂfa avb
p_(X) (X ~J

— Aa’e

Figure 3.13: Feynman diagram 2 - first variant
\r
pc
D d
av,b ap,a

LXI NBf ®‘\p

Figure 3.14: Feynman diagram 2 - second variant

Taking all contributions multiplied by i together, we get that in the vector
formulation (3.1]) has the form (3.60]), where

By N, 4By f2oap*q?
2 2 9oy oiVe 0JAYA
Haap(p™, ¢, 77) = T o4n2rz (P2 —Mi)((f —fo)rz

4N2Byfahap*  4V2Bofahad?
N S

_|_

(3.20)

3.2 (AAP) correlator in tensor formalism

For our purposes we will use only terms of ([1.61)) that include octets of pseu-
doscalar or axial-vector resonances. Hence the term proportional to (P)(x_)
vanishes because of the null trace of y_ in our case, we have

LY =id, (Px_) + %(AW iy (3.21)

18



3.2.1 Lagrangian basis

One axial-vector resonance field (A)

L4 = (A {NV B ug}) RS € pvas ~
~ —ﬁ{/w” [ ag 0°0°0° ¢, + (0°0%a + aaaoa{j)awf] n

—I—Agll[ oaaaﬁao(b + (aaaﬁaa_i_aa&o B)ao¢i|},€3€‘mja67 (322)

L = (A {7, W7} kg e pvap ~
A2 {A“” [aa 7 989 b, — affag“aﬁa%c} n

+ Algl’ [aaag aﬂaggbc — 60&3‘8580%} }/{1845111/0457 (323)

5141 = i<AuV{ffB, X*}>I€i41€/ﬂjaﬁ ~
~ 8V2B, (0%al A¥p, + 8‘“@514’;"]96) K\ o d™, (3.24)

‘Cl2 - Z<AMV{VO[X—7 u6}>/{11425uua6 ~
~ —4v/2B, (Ag”a,’[j@o‘pc + AL al0°p.) kive pvapd™, (3.25)

‘61145 = <AMV{vOéfBU UU}>R145€MVO¢B ~
2\/_ v aaqf 0' a o V([ a« B o aao B o A abc
[A“ (0°0%af — 0707 a}) + AL (6°0°ag — 007 af) |0 dekiheymand™,

(3.26)

Lig = (A" {Vo 2 u"})KigEpwas ~

~ ﬂ A (70rag — 0707 ag) + AL (670%aT — 0707 aZ) |0 unihewand™

(3.27)
Pseudoscalar resonance field (P)
Ef = <P{fl_“/7 fﬁ}>/{/f{5w/a5 ~
~ 8V2(0"al0%ay P, + 0"ay0*a’ P.) kY € apd™. (3.28)
Two resonance fields of the same kind (AA)
LA = i({ A" AP Y Yk e s ~ —8BoAM AV pokiie npd®, (3.29)
L34 = ({V A" A% P ke s ~
2
~—= (A270, ALY 0% ¢ + 0, A AP° 0P b ) 15 e papd ™. (3.30)
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Two resonance fields of different kinds (AP)

LI = (A, PY2 ) 2 s ~
~ —4( AR 3G P + A 00l P AT € o gd™, (3.31)

L3P = ({A" VPPV k5 e yap ~
~ 2(AM @) 0°P, + AL al0° P.) kg e apd™. (3.32)
Three resonance fields (AAP)
L3 = (A A PYrg A e g ~ V2AR A P M e o pd™. (3.33)

3.2.2 Feynman rules

Here we calculate Feynman rules of all contributing Lagrangians.

Tensor propagator

The kinetic and mass terms form the tensor propagator [6].

ab Z'éab
((AR(D)) o0 = ARG =) (90950 (M® =D?) + gapDsPo = GaoDspp— (a0 4 B)].
(3.34)
a,af P b.po
A > A
Figure 3.15: Feynman diagram of tensor propagator
Pseudoscalar mass propagator
The kinetic and mass terms form the mass pseudoscalar propagator.
. i ab
ZAP(’T‘, M) = m(s . (335)
r
(O (I)b

Figure 3.16: Feynman diagram of pseudoscalar mass propagator

Vertex 1 (pseudoscalar source - resonance)

To this vertex contributes resonance Lagrangian [,g) (3.21) by its part propor-
tional to d,,. Feynman rule is

(V1) = =2iv2Bod,, 6. (3.36)
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Lp

pC

o
Figure 3.17: Feynman diagram of vertex 1

Vertex 2 (axial source - axial source - resonance)

To this vertex contributes Lagrangian £I. Due to Bose statistic the Feynman
rule is
(Vo) = 161721 0" papd™ (3.37)

272

\p

ap,a av,b

Pde
Figure 3.18: Feynman diagram of vertex 2

Vertex 3 (axial source - resonance)

To this vertex contributes resonance Lagrangian Eg) (3.21) by its part propor-
tional to F4. Feynman rule is

Fy

(‘/:3)1;6(];46 = 7(91/&]),8 - guﬁpa)ébd (338)

lp

até@

Aaﬁ’, d

Figure 3.19: Feynman diagram of vertex 3
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Vertex 4 (resonance - resonance - pseudoscalar)

To this vertex contributes Lagrangian £44. Feynman rule is

de i e
(V‘il)paj;é - frﬁ(%fvépﬁ — 4pErs08 T P5EpoyB — pvgpoéﬁ)“?/‘dd . (3.39)
(I)f
{
74\
p0.q, 5e
A AvS.

Figure 3.20: Feynman diagram of vertex 4

Vertex 5 (resonance - resonance - resonance)

To this vertex contributes Lagrangian £44F. Feynman rule is

(Va)2ed, = iV2k§ A e pd ™. (3.40)

Ay o.e

Figure 3.21: Feynman diagram of vertex 5

Vertex 6 (axial source - resonance - pseudoscalar)

To this vertex contribute Lagrangians £4', £, £4% and £{}. Feynman rule is

212

(‘/61)2?166 = ja {rnsaﬁun [p2/’{'16 - (p2 - q2 + 7"2)/{14} —

1
= 5P Camn” = ¢ 4 )+ ) b (3.41)

e _2V2¢
(Vﬁz)%ﬁ = P {7“ Eafurk [q2f€16 - (—p2 + q2 + TZ)I{?} —
1

— 50 (=P + ¢ 1) (5 + i) b (3.42)
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v
/ANy

AO’,B, e d d

Figure 3.22: Feynman diagram of vertex 6 - first variant

\a
a” b
o/l \
AaBe (I)d

Figure 3.23: Feynman diagram of vertex 6 - second variant

Vertex 7 (axial source - resonance - resonance)

To this vertex contribute Lagrangians ££¥ and £4¥. Feynman rule is

(‘/'71)32% — Q(KAPT)\ . 2/€AP A)daedga,ﬁ)\y

(VP)vas = 2(r3 71 — 2697 ) d" e,

at@

Aaﬁ,e ) d

Figure 3.24: Feynman diagram of vertex 7 - first variant

Vertex 8 (pseudoscalar source - resonance - resonance)

To this vertex contributes Lagrangian £54. Feynman rule is

(V)15 = —8iBokieagpnd’™.

Vertex 9 (axial source - pseudoscalar source - resonance)

To this vertex contribute Lagrangians ££, and £%,. Feynman rule is

(V1>a6d = 4\/530(2/-@11;9 - ’?127” )dadcgpmw

pop
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av,b
AG,S.EA ) d

Figure 3.25: Feynman diagram of vertex 7 - second variant

pc
Aaﬁ,e Apo,f

Figure 3.26: Feynman diagram of vertex 8

\P
avaa pC
Apcr, d

Figure 3.27: Feynman diagram of vertex 9 - first variant

\q
av,b pc
Apo, d

Figure 3.28: Feynman diagram of vertex 9 - second variant



(V)i = 4V2Bo(26114% — Kiyr®)d™ e poan (3.47)

pov

In order to simplify our calculations as much as possible, we now construct
subdiagrams consisting of one vertex and one propagator. In the case of AAP
correlator we have following subdiagrams.

Subdiagram 1 (vertex 1 - pseudoscalar mass propagator)

This subdiagram consists of one vertex and ” pseudotensor” propagator. Feynman
rule is
_ 2V2Byd,,

(S1)° = (V)i (Ap(r, M))™ = 52

Ve

q)d

5ee. (3.48)

p°

Figure 3.29: Feynman subdiagram 1

Subdiagram 2 (vertex 3 - tensor propagator)

This subdiagram consists of one vertex and tensor propagator. Feynman rule is

ac a . aB,po . F. ac
(SQ(p)),LLpJ - (%)),uiﬁl(AT(p))dc = _Zpg_—%(g,uppa - g,uapp>6 . (349)
/Apcr,c
/.
P
—

a*@

Figure 3.30: Feynman subdiagram 2

Now we have everything we need to construct complete Feynman diagrams
and calculate their contributions. These diagrams consist of inner vertex which
links to other subdiagrams.

3.2.3 Feynman diagrams
Diagram y

First of all, in tensor formalism also contributes diagram y and has the same
form as (3.16)).
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pCX-«—-

r

(I)d

P\ /aq
a¥a ®® a”b

Figure 3.31: Feynman diagram y

Diagram 1
This vertex consists of one subdiagram and one vertex. Feynman rules give us

64ZBodm P

()% = (S1) (Vo) = —Mgfﬁ Euvapp™q d™ (3.50)
\,O
ap,a av,b
(1)9
,
P¢ (X) <

Figure 3.32: Feynman diagram 1

Diagram 2
This vertex consists of three subdiagrams ond one vertex. Feynman rules give us
abe de c
(HZ) b= (Vzl)pafyé(sx)f (52( )),upo(S2< ))761/ =

B 4iByF? -
(p? — M3)(q* — M3)r?

=@+ )/13 € uvasP Rl (3.51)

Diagram 3

This vertex consists of three subdiagrams and one vertex. Feynman rules give us

(H3)abc = (SQ( ))upo‘(‘s’g( ))VV(S(Sl)fc(‘/}))igﬁo =
1GZBOFAdm AAP a B jabc
TP - MR a9
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Figure 3.34: Feynman diagram 3

Diagram 4
This vertex consists of two subdiagrams and one vertex. Feynman rules give us

(g = (S2(@))2as (S0 (Ve gty =

4iv2ByFy [1 a8 Jabe
{_( —p*+ ¢ —r?) (K + 265 + Ki5) + PQHfG] Ewasp”q d”

2
(3.53)

" M)

(T3)5 = (S2(p))es (Sx) ™ (Vi ey =
4iv2ByFy |1 o B abe
04 {— (p2 — q2 — 7’2) (FL? + 2/<;§ + Hﬁ,) + q%&ﬁ;} € waBD qﬁd b

2
(3.54)

- r(p? - Mj)

Diagram 5
This vertex consists of two subdiagrams and one vertex. Feynman rules give us

(IIL)be = (S1)°(Sa(q)) e (Vi)ied =

SZﬁBOFAdm A A o abc
T2 M) (g2 — M) (261" + K37) €pvappq’d® (3.55)
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,,®/:=®

AGB e
Figure 3.35: Feynman diagram 4 - first variant

\f
pc

,®/==®

AGB e

Figure 3.36: Feynman diagram 4 - second variant

(TI2)e% = (S1)“(Sa(p)) s (VF)oedy =
8iv/2ByFad,,

AP AP fey abc
(7”2 — M%,)(pQ _ Mi) (251 + Ko )5uua,6’p qﬁd (356)

a'”'a

AG,G e

VA

Figure 3.37: Feynman diagram 5 - first variant

Diagram 6

This vertex consists of two subdiagrams and one vertex. Feynman rules give us

(H6>abc (82( ))ua6<52( ))Vpo(vé)gcﬁepa =

322B0FA AA l/aﬁ e B abc
— d (3.57)
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v,b

Aa,G e

VA

Figure 3.38: Feynman diagram 5 - second variant
p°
Aaﬁ,e Apo',f

v. b -

ai-"ra a 1
Figure 3.39: Feynman diagram 6

Diagram 7

This vertex consists of one subdiagram and one vertex. Feynman rules give us

(I = (Sa(q))ot, (Vo oot =
8iv/2BoF 4

- q2 _ M2 (2/{1141 + KfQ)Euuaﬁpaqﬁdabc (358)
A

() = (S2(0))ior (V& )i =

8iv/2ByF 4 .
-T2 - 2 (2"1{11 + ’{142)5,uuaﬁp qﬂd b (359)
p" = MA

NG

ae p°
Apa, d
(X))

Figure 3.40: Feynman diagram 7 - first variant

Taking all calculated contributions multiplied by i together, we get that in
the antisymmetric tensor formulation (3.1)) has the form

HAAP<p7 Q> - HAAP(p q r )guuaﬁpaqﬁdabc, (360)
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a"b p°
Apa, d
(X)L

Figure 3.41: Feynman diagram 7 - second variant

where

BoNe  64Bodm p

— K
24m2r2  p2 — M2

Waap(p®, ¢*,r%) =

4BOF3& 2 2 2\,.AA
G A I
B 16B0Fjdm AAP_
(P> — M3)(q> — M3)(r> — M3) ™
4V2BoFy [1
A

4V2BoFs [1

- —Tg(pg —OME) {5 (p2 - QQ - 7’2) (/<;3A + 2/<;8A + mﬁ) + q2/<a‘146} —

8v2ByFadyy 9 AP AP
BGET [ T
8v2ByFad,,
(P M) (@ M)
32B,F?
(p* — M3)(q* — M3)
8v2ByF 4 (20 4 k) + 8v2ByF 4
p2 _ ME& 11 12 q2 _ M124

(2617 + k3")+

/QQAA‘F

(267} + Kiy)- (3.61)

3.3 Operator product expansion

In this chapter we will pay our attention to the operator product expansion of
(AAP) correlator. Operator product expansion (OPE) is an expression of prod-
ucts of composite operators (known also as local operators) at short distances.
It means that in our case we will compute the term

(01T (A% () AL () P(0)]]0) = <0|T[(am5%q) <va%q> (m%q)nm,
(3.62)

where we have

1 1
A = EW‘VE’T‘L% P = —qin°T", (3.63)

>
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and

1
T = —)\°
V2

(3.64)
Thus we have, only for non-numerical part of (3.62)),

01T (7, Tq) (2) (77,75 T°q) (v) (ig7sT°) (0)|0) =
(0] : g(@) 75T iS(x — y) 15T iS(y) ivsTq(0) : [0)+

&'@

-y
+(0] : q(y) s TP 1S (y) i T iS(—a

YuvsT%q() = |0)+
i

—d P
+(0] : g(0)insT¢iS (=) v vsT iS(x — y) v Tlq(y) « [0)+

~—

q (3.65)

4 M
]

—p i
+(0] : g(0)is T iS(—y) TP iS(y — ) vvsT () = |0)+
—f p
+0] : g(y) TP iS(y — ) 75T S () i T (0) « |0)

(4

—4 f

Using obvious identity 1/¢ = ¢/a? and trace properties of Dirac matrices we can
get that (AAP) correlator in OPE has the form

(), () )2 o — BoF? p? + % — 12

1
AAP T 94 P2q2r2 +0 (E) <3'66>

Our task is now to determine if tensor and vector formalism satisfy OPE result.
Satisfying this behaviour in the case of antisymmetric tensor formalism gives us

the following coupling constraints:

N,
_EAP =0, 24; + 64d kT + 8V2F 1kl =0, (3.67)
F2
5(&? + 268 F R — R =0, Kyt —8kpt = ST (3.68)
A
2V/2F
202k +riY) Rk =0, 2 4P = \df A, (3.69)
For vector formalism we obtain the condition
N,
24;2 —4f20 4+ 8V2f1ha = 0. (3.70)
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From complete calculation of we know that vector formalism is not consis-
tent with OPE at order ~ 1/A* because of the missing terms ~ 1/p?¢?,1/p*r? and
~ 1/¢*? in . Now we will pay our attention back to antisymetric tensor
formalism which OPE conditions satisfies.

By employing coupling constraints (3.67)) - (3.69)) into (3.61) we can get

1 8V2F 4k Ng M?
| 2 16 P _
B a5 ) = S5t o e )
- (%2 +32F2 AA)(p2+q2 _7,2>_
(p? — M3)(¢? — M3)r?
4\/_FA“16 [Zp — M3i(p*+¢ )]
(p? —MQ)(q —1\42)7“2
B 32F2 k4 (p? + ¢ — 2M?% + M%)
@—M%@—M%W—M@

(3.71)

Considering only axial-vector interactions, which we can satisfy taking Mp — oo,
we get

e, ) = RN P =)
By (p? — M3)(q* — M3)r?
 WREaRG[20°¢ - MAW + )]
(p? —M2)(q —J\42)7“2
_R2FR 0+ ¢ —2M?2 + M3)
(p? = M3)(¢* - Mi)(?‘2 - M;)

(3.72)

The important note is that (AAP) correlator satisfies OPE only in antisymmetric
tensor formalism. This formalism we will use in (AAA) and (VV A) correlators
later.
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(AAA) and (VV A) correlator

The standard definitions of these correlators are

T (p, g) = / Az dty e PPH ) (O[T[A(2) AL () AS(2)][0),  (4.1)

I (p, q) = / d'z d'y e P (0| TV, () V) (y) A5 (2)]]0). (4.2)

In this chapter we will just show possible Lagrangians contributing to re-
maining correlators. We will not compute these Lagrangians now, because we
will return to them in the future studies.

4.1 Lagrangian basis of (AAA)

[,34 = <A"”{Vahﬁ", ua})/-i?eumﬁ, (4
Ly = (A" 27 WP} Rg S ass (4
0145 = <Aw{vaffg7 u0}>’i11455#l/a,8; (4.
Lig = (A" {V, f27, u"}) Kl mas, (4
EAA ({V, A" A”}u )14;3 €waB (4

= ({VPA, A%} ) ke vag. (4

4.2 Lagrangian basis of (VV A)

LY = i(V* £ upu)) Ky €pvap, (4.9
ﬁA (AW {NV*hP7, u,,})/f?) € uvaf (
LG = (A2 hP7Y}) Kg € pwaps (
L = (A" {V [ 16}V K5 uwas, (4.12
(
(
(

(
‘61146 - <AHV{V fOtU B}>’£16£uyaﬂ; 4.13
L3t = ({Vo A", A ) kg e pag, 4.14
‘CAA <{V5A’ul/ Aaa}”a)"@; Euvafs 4.15

LY =iV AP uu,)) kY A€ s (4.16

We will have to answer the question if there are any contributions from vertices

with pion fields coming out of axial sources, i.e. vertices proportional to the terms
with f1.
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Conclusion

Our task at the beginning of the thesis was to study new correlators (AAP),
(AAA) and (VVA). On the case of (AAP) we have established that vector
formalism does not satisfy OPE conditions. We also stated that antisymmetric
tensor formalism these conditions satisfies and then we decided to use this for-
malism in the cases of (AAA) and (VV A).

We have also suggested the part of the independent operator basis for (AAA)
and (V'V A) which we will pay attention to. One of the related questions needed
to be answered is if there are any contributions from terms with fi".

As we just mentioned, we plan to continue in this work during future studies.
Hopefully, some experimental data should be available in a couple of years so
we could study phenomenology of these correlators, just like in [I] in the case of
(VVP) and (VAS).

The main results of this work were partially presented at MesonNet meeting
in Prague [12].
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Appendix

In this chapter we present very useful properties of basic mathematical structures
used in this thesis. The idea of this part is just to sum up these properties, without
any proof.

Example of using Feynman rules

Here we explicit calculation of Feynman rules from contributing Lagrangians on
some examples. Let us start for example with Lagrangian contributing to vertex
of diagram 2 in tensor formulation. The Lagrangian is

L3t = ({Vo A" AV kg A s ~
2
~ (AT, AL e+ 0, A A0 6 ) i e (4.17)

and let us assume that we want to have the Feynamn diagram of this vertex as
follows:

(DE
1

/AN
Aﬂﬁrd Aydf

Figure 4.1: Feynman diagram

In a few following steps we will explain the procedure to calculate contribution
of this vertex.

Step 1: changing indices

First of all we need to consider indices. On the figure we can see that we already
used indices a and [ which are same as in (4.17)) - that means we can not use
these indices in the Lagrangian. Let us use this substitution: « — s and 5 — A.

(4.17) then becomes

2
L34~ = (AT0, AL O 6 + 0, ALY AL 00) ke ad ™. (4.18)

Step 2: using basic Feynman rules

Next we can imply basic Feynman rules. By that we mean transformation that
gives to all Lagrangian terms its mathematical representation. One of these rules
is that whenever we have a derivation in Lagrangian, to this term belongs its
impulse with index same as the index of the derivation. The sign of the impulse
depends on the fact if this is incoming (—) or outgoing (+) impulse. Because of
the different indices in the Lagrangian and in its Feynman diagram we have to
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multiply this impulse by metric tensor. Let us show this on particular term A%.
Let us pressume that we want to identify term A% from with A28 i.e.
terms with Latin index a with terms with index d. Feynman rules in that case
dictate that we have to write this mathematical representation of A°:

Feynman rule 1

AN ey i(gmggﬁ» — gmg,ilg)é"d (4.19)

and for the other term A~” with derivation,
uv Feynman rule . 1 ab
8‘7Aa ; (_ZPU)§(gua9Vﬁ - guaguﬁ)5 . (4.20)

Step 3: multiplication of particular Feynman rules

Using this example we can write Feynam rule for (4.18) after multiplication by i
as

ebf 21

a . 1 . ce
Vaﬁ»y& = _lf é(gmagaﬁ — goagnﬂ)(S d(_lQU)é(g/J’ygl/(S - guwg;ﬁ)ébf(_”n)\)é +

. 1 a 1 . ce
+ (_@pa)i(guaguﬁ - guaguﬁ)5 dE(gK/YgO'(S - gavgnd)ébf(_lr)\)é X
X K5 pead™. (4.21)

Finally we get

e Z €
Vishs = T M(@587500 — GaCoox + Psasn — PrEason) g L. (4.22)

Gell-Mann matrices

The Gell-Mann matrices are one of the possible representations of the infinitesimal
generators of the special unitary group SU(3) with dimension eight. That means
that it has a set with eight linearly independent generators g;, wwhere il...8.
These generators satisfy conditions [11]

(93, 9] = i [ g1, (4.23)

where f¥* are completely antisymmetric structure constants. A particular choice
of mentioned representation is g; = \;/2, where [11]

01 0 0 —i 0 1 0 0
M=[100], x=1i 0 0], x=]0-10
00 0 0 0 0 0 0 0
00 1 00 —i 00 0
M=(0oo0 o], x=lo0 0], x=[001], (@2
100 i 0 0 01 0
00 0 L (10 o0
=00 =], xm=—[01 0]
0 i 0 3\0 0 —2



are known as the Gell-Mann matrices.
The most important properties are [L1]:

4
Al=N, A =200, AN = 0%+ 2d7°N (4.25)

and
(\*) =0, ()\“)\b) = 25“b, <)\“)\b/\c> = 2(d“bc + if“bc), (4.26)

where d® is totally symmetric and f%¢ is antisymmetric tensor. Non-zero ele-
ments of these tensors are shown in tables below.

abc | 118 | 146 | 157 | 228 247 256 338 | 344
d L 1 1 1L _1 1 1 1
abc | /3 2 2 /3 2 2 /3 2
abc | 355 | 366 | 377 | 448 558 668 778 | 888
d T Iy _ T _ 1 | _ 1 [ __T |_1
abe | 2 2 2 23| 23| 23| 23| B

Table 4.1: Totally symmetric non-vanishing d symbols of SU(3)

abe | 123 | 147 | 156 | 246 | 257 | 345 | 367 | 458 | 678
fabc 1 ! \/75 \/Tg

Table 4.2: Totally antisymmetric non-vanishing f symbols of SU(3)

N [ =
()
N [ =
N [ =
N [ =
()

Dirac y-matrices

Dirac gamma matrices, {7°,~v%,7?%,73}, are a set of conventional matrices with
specific anticommutation relations. These matrices ensure that they generate a
matrix representation of the Clifford algebra C/; 3(R) and they are defined as
[11]

10 0 0 0O 0 01
o 101 0 O 1 |0 0 10
T7loo -1 0" 7TTlo -100]|"
00 0 -1 -1 0 00
_ (4.27)
0 0 0 —i 0 01 0
> [0 0 % O 3 |0 00 -1
Tl o io0o o T T|-100 0
—i 0 0 O 0 10 0
It is useful to define the product of the four gamma matrices as follows:
0010
0001
5 o 0.1.2.3
V=YY =11 0 0 0 (4.28)
0100
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We can define 7° also as

s L

- 4!&:“”&67#71’7@75" (429>

g

The most important properties of Dirac matrices are [I1]:

Vi =4, Y =-29 Ay = 40P, (4.30)
VANV Y= =27 AV = 0 N — N — ey,

(4.31)

(=0, ) =4, (0 = (") =0, (4.32)

and

(YA YTy = 47—t +0M7nP), (Y9 4Py7%) = —4ieh"*?. (4.33)

Feynman slash notation

Let us assume that A is an covariant vector. Then a product of Dirac matrix and
this vector we can define as

A=A"A,. (4.34)

Levi-Civita tensor

The Levi-Civita symbol, also called the permutation symbol, antisymmetric sym-
bol, or alternating symbol, is a mathematical symbol used in particular in tensor
calculus. In our case we use Levi-Civita symbol in four dimensions defined as

+1 if (4,7, k, 1) is an even permutation of (0, 1,2, 3)
Eijp = €M =< —1 if (7,7, k,1) is an odd permutation of (0, 1,2, 3)
0 otherwise
(4.35)
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