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Abstrakt: V nedávné době byla ve článku [1] formulována báze operátor̊u pro
nejd̊uležitěǰśı resonance v tzv. sektoru liché parity. Pomoćı těchto operátor̊u
můžeme zkonstruovat Lagrangiány odpov́ıdaj́ıćıch Feynmanových diagramů, které
nám dále umožňuj́ı popsat a pochopit r̊uzné interakčńı procesy. V tomto článku
byly detailně studovány Greenovy funkce pro korelátory 〈V V P 〉 a 〈V AS〉.
Tato práce by tak měla navázat na zmı́něný článek a formulovat Feynmanova
pravidla pro Greenovy funkce odpov́ıdaj́ıćı dosud ne zcela známým korelátor̊um
〈AAP 〉, 〈V V A〉 a 〈AAA〉. Jelikož těmto korelátor̊um nebylo dosud věnováno
př́ılǐs pozornosti, a to jak teoretické, tak i experimentálńı, nebude možné bĺıže
provést fenomenologickou analýzu, oproti článku, na který tato práce navazuje.
Takové problematice pak může být věnována př́ıslušná pozornost v některé z
navazuj́ıćıch praćıch během magisterského studia.
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Abstract: The independent operator basis of the most important resonances in
the so-called odd-intrinsic parity sector was formulated in [1]. Using these op-
erators we can construct Lagrangians of corresponding Feynman diagrams, that
allow us to describe and understand several interaction processes. In the men-
tioned article were studied Green functions for 〈V V P 〉 and 〈V AS〉 correlators
including their phenomenological aspects.
This thesis should establish the Feynman rules for not so much known Green
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Introduction

Processes followed by rules of quantum chromodynamics can give us answers
to fundamental questions of particle physics. However, understanding to these
processes is very difficult because of the quark-gluon field properties, such as
asymptotic freedom. This phenomena tells us that quarks are free on short dis-
tances but for increasing distances the mutual strength grows.

Because of that we need to use appropriate approaches based on the energy
of studied processes. The methods we pay an attention to in this thesis are chiral
perturbation theory and resonance chiral theory. Properties of both methods will
be discussed later in details. For now let us just settle for the fact that using
special Green functions in anomalous sector of QCD we can find a way to describe
behaviour of some processes including, for example, rare decays of mesons which
can be useful in determination of validity of some theories.

Chiral perturbation theory and resonance chiral theory offer several formalisms
how to describe and calculate Green functions [2]. In this thesis we restrict our-
selves to vector field formalism and antisymmetric tensor formalism.

The solution of any calculation should be independent on used formalism.
However, because we work with perturbation theories, we calculate only up to
some order and this makes different formalisms non-equivalent. Our task is then
not only to find a solution but also to determine what formalism is more conve-
nient in particular case.

We will start our calculations of 〈AAP 〉 with vector formalism which is basi-
cally the most natural of all formalisms.

Motivation

The general motivation of this thesis is to finish systematic study of contributions
of vector, axial-vector and pseudoscalar resonances into three-point Green func-
tions. This thesis is supposed to be an extension of [1] for new correlators 〈AAP 〉,
〈V V A〉 and 〈AAA〉 which have not been studied before, except for especially [3]
in the case of 〈AAP 〉 correlator.

Our intention is to calculate specific correlator in two different formalisms -
antisymmetric tensor and vector field. Both formalisms start at different order
which is important for satisfying OPE coupling constraints, as we will show later.
The formalism, which satisfies these conditions better, gives us simplification of
the particular calculated result.

Outline

This thesis has completely six chapters, including Conclusion and Appendix. In
the first chapter we describe quantum chromodynamics (QCD), its basic prop-
erties and mathematical structures. We also pay an attention to different ap-
proaches to QCD, such as chiral perturbation theory and resonance chiral theory.
Second chapter is dedicated to the description of resonances.

In the third chapter we study 〈AAP 〉 correlator using two methods - vector
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field formalism, also known as the Proca field formalism, and antisymmetric ten-
sor formalism. We also discuss behaviour of this correlator using OPE technique.

In the fourth chapter we show possible Lagrangians and Feynman diagrams
contributing to 〈V V A〉 and 〈AAA〉 correlators. At the end of the thesis we sum
up all obtained results for these correlators including final discussion.

The last chapter contains useful mathematical structures we have used in the
thesis, including an example calculation of Feynman rules.
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1. Quantum chromodynamics
and chiral symmetry

Quantum chromodynamics (also known as QCD) is a quantum field theory of
the strong interaction, a fundamental force describing the interactions between
quarks and gluons. This theory is a special kind of a non-abelian gauge theory,
consisting of a ’color field’ mediated by a set of exchange particles - the gluons, and
is based on SU(3)C Yang–Mills theory of colour-charged fermions - the quarks.

QCD is an important part of the Standard model of particle physics and a lot
of experimental evidences exist for its benefit.

Let us start this paper with basic introduction to mathematical structures of
quantum chromodynamics, so we could build our calculations on this later.

It is well-known, that number of colours in the Standard model including
QCD is NC = 3. These colours are called red (r), green (g) and blue (b). We
present the quark colour triplet as the basic building block

qf =

qrfqgf
qbf

 , (1.1)

where f stands for flavour of the quark. In Standard model we have six types of
flavour, according to the three two-quark generations, such as u, d, s, c, b, t.

The quark triplet transforms as

qf → U(x)qf (1.2)

where U(x) is an element of SU(3)C group.
We can write SU(3)C invariant quark Lagrangian in the form [4]

Lq =
∑
f

qf (iγ
µ∇µ −mf )qf , (1.3)

where ∇µ is the covariant derivative and

∇µgf = ∂µqf − iqAµ(x)qf , (1.4)

where

Aµ(x) =
8∑

a=1

λa

2
Aaµ(x) (1.5)

is the octet of SU(3)C gauge fields. The octet transforms as

Aµ(x)→ U(x)Aµ(x)U †(x)− i

g
∂µU(x)U †(x). (1.6)

As an invariant object made of gluon fields we present nonabelian stress tensor
[4]

Gaµν = ∂µA
a
ν − ∂νAaµ + gfabcAbµA

c
ν (1.7)

with its transformation
Gµν → U(x)GµνU †(x). (1.8)
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The only nontrivial scalar, considering dimension ≤ 4, made of (1.3) and (1.7) is
the contraction of two stress tensors. Thus we have the complete QCD Lagrangian
[4]

LQCD =
∑
f

qf (iγ
µ∇µ −mf )qf −

1

4

8∑
a=1

GaµνGa,µν . (1.9)

As we mentioned before, there are six quarks in the flavour sector. In the
respect to their masses we can divide them into two parts consisting of quarks
with masses less or greater than 1 GeV, which is so called hadron scale ΛH .
Schematically, we have

mu,md,ms � 1 GeV < mc,mb,mt. (1.10)

In the low-energy region only first three quarks are necessary to be taken into
account. The approximation, based on the massless quarks, is called chiral limit.
In this case (1.9) has the form [4]

L0
QCD =

∑
f=u,d,s

qf iγ
µ∇µgf −

1

4

8∑
a=1

GaµνGa,µν . (1.11)

Massless QCD Lagrangian (1.11) is invariant under SU(3)C and even possesses
U(3) symmetry.

In order to exhibit the global symmetries of (1.11), we consider the chirality
matrix γ5, also known as the fifth Dirac matrix, and projection operators

PL =
1

2
(1 + γ5), PR =

1

2
(1− γ5), (1.12)

These operators satisfy their expected properties, such as idempotent

P 2
L = PL, P 2

R = PR, (1.13)

orthogonality
PLPR = 0, PRPL = 0 (1.14)

and completeness
PL + PR = 1. (1.15)

The properties (1.13) - (1.15) guarantee that PL and PR project from the quark
field q to its chiral components qL and qR,

qL = PLq, qR = PRq, (1.16)

where
q = qL + qR. (1.17)

In the respect to the properties of Dirac matrices (4.32), we can rewrite the
massless QCD Lagrangian (1.11)

L0
QCD =

∑
f=u,d,s

(qR,f iγ
µ∇µqR,f + qL,f iγ

µ∇µqL,f )−
1

4

8∑
a=1

GaµνGa,µν . (1.18)
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Now we can see that (1.11) is also invariant under the independent transforma-
tions of chiral components qL and qR,

qL → ULqL, qR → URqR, (1.19)

where UL and UR are unitary 3 × 3 matrices. We say that (1.18) has a classical
global U(3)L × U(3)R symmetry.

The result of Noether’s theorem is that there are 18 conserved currents associ-
ated with the mentioned transformations of left-handed and right-handed quarks

La,µ = qLγ
µλ

a

2
qL, Ra,µ = qRγ

µλ
a

2
qR (1.20)

with
∂µL

a,µ = 0, ∂µR
a,µ = 0. (1.21)

Instead of (1.20) it is more useful to take into account its linear combinations

V a,µ = Ra,µ + La,µ = qγµ
λa

2
q (1.22)

and

Aa,µ = Ra,µ − La,µ = qγµγ5
λa

2
q. (1.23)

In addition to the vector (1.22) and axial-vector (1.23) currents we also define
scalar density Sa

Sa = q
λa

2
q (1.24)

and pseudoscalar P a density

P a = iqγ5
λa

2
q. (1.25)

All mentioned currents and densities transform under parity transformations [4]

V a,µ(x, t)→ V a
µ (−x, t), Aa,µ(x, t)→ −Aaµ(−x, t)

Sa(x, t)→ Sa(−x, t), P a(x, t)→ −P a(−x, t).
(1.26)

Very useful is also to define external fields

υµ =
8∑

a=1

λa
2
υµa , aµ =

8∑
a=1

λa
2
aµa , s =

8∑
a=1

λa
2
sa, p =

8∑
a=1

λa
2
pa (1.27)

that in the flavour sector are represented by Hermitian 3× 3 matrices. Coupling
vector and axial-vector currents to external fields we can get

L = L0
QCD + Lext = (1.28)

= L0
QCD + qγµ

(
υµ +

1

3
υµ(s) + γ5a

µ

)
q − q(s− iγ5p)q.

If we define vector and axial-vector currents in the form

υµ =
1

2
(rµ + lµ), aµ =

1

2
(rµ − lµ), (1.29)
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Lagrangian (1.28) has now the form

L = L0
QCD + qLγ

µ

(
lµ +

1

3
υsµ

)
qL + qRγ

µ

(
rµ +

1

3
υsµ

)
qR− (1.30)

− qR(s+ ip)qL − qL(s− ip)qR.

This Lagrangian is invariant under the local group SU(3)L × SU(3)R × U(1)V .
Depending on energy region, we have several approaches to QCD. First of

them is Chiral perturbation theory.

1.1 Chiral perturbation theory

Spontaneous symmetry breaking in QCD leads to the presence of Goldstone
bosons [4]. Identifying them with the octet of pseudoscalar mesons, as the light-
est hadrons, we can construct so called Chiral perturbation theory (χPT), which
is an effective theory for QCD in low-energy region, especially for energies less
than 1 GeV.

According to (1.30) and its invariance, the eight pseudoscalar mesons trans-
form as an octet under the subgroup SU(3)V . The basic building block of χPT
is [1]

u(φ) = exp

(
i√
2F

φ

)
, (1.31)

where

φ =
1√
2
φaλa (1.32)

and

φ(x) =


1√
2
π0 + 1√

6
η8 π+ K+

π− − 1√
2
π0 + 1√

6
η8 K0

K− K
0 − 2√

6
η8

 (1.33)

is the matrix of pseudoscalar meson fields.
In Chiral perturbation theory we assume that external momenta p is much

smaller than an energy scale, which is typically Λ ≈ 1 GeV. After that, we can
write an expansion of the Lagrangian in terms of p in the form

L = L(2)
χ + L(4)

χ + L(6)
χ + . . . , (1.34)

where we already considered symmetry conditions and some of the contributing
terms. In (1.34) L(n) stands for a part of the Lagrangian of the n-th order, i.e.
L(n) = O(n).

The Lagrangian of the lowest term is [1]

L(2)
χ =

F 2

4
〈uµuµ + χ+〉, (1.35)

where we have defined following covariant tensors

uµ = u†µ = i
[
u†(∂µ − irµ)u− u(∂µ − i`µ)u†

]
(1.36)

and
χ± = u†χu† ± uχ†u, (1.37)
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where
χ = 2B0(s+ ip). (1.38)

We have also defined
fµν± = uF µν

L u† ± u†F µν
R u (1.39)

with

F µν
R = ∂µrν − ∂νrµ − i [rµ, rν ] , F µν

L = ∂µlν − ∂νlµ − i [lµ, lν ] (1.40)

and
hµν = ∇µuν +∇νuµ. (1.41)

The covariant derivative is defined by

∇µX = ∂µX + [Γµ, X] , (1.42)

where the chiral connection is

Γµ =
1

2

[
u†(∂µ − irµ)u+ u(∂µ − i`µ)u†

]
. (1.43)

Because in the fourth chapter we will be interested only in the first terms of
previous chiral building blocks and covariant tensors, we can simplify (1.31) and
(1.36) - (1.43) as follows

u(φ) ∼ 1 +
i√
2F

φ, u†(φ) ∼ 1− i√
2F

φ, (1.44)

∂µu(φ) ∼ i√
2F

∂µφ, ∂µu(φ) ∼ − i√
2F

∂µφ, (1.45)

uµ = u†µ ∼ −
√

2

F
∂µφ, (1.46)

uµ = u†µ ∼


−
√

2

F
∂µφ if rµ = lµ = 0

2aµ if u = u† = 1.

(1.47)

The difference in u = u† in comparison to (1.31) depends on specific situation
and we will discuss it later. Next we have

χ+ ∼
2
√

2B0

F
{φ, p}, χ− ∼ 4B0ip, (1.48)

fµν+ ∼
2
√

2i

F
[∂µaν − ∂νaµ, φ], fµν− ∼ −2

(
∂µaν − ∂νaµ

)
, (1.49)

and
F µν
R ∼ ∂µaν − ∂νaµ, F µν

L ∼ −∂
µaν + ∂νaµ. (1.50)

Now we also have ∇µX = ∂µX, so

hµν ∼


−
√

2

F

(
∂µ∂νφ+ ∂ν∂µφ

)
if rµ = lµ = 0

2(∂µaν + ∂νaµ) if u = u† = 1.

(1.51)
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1.2 Resonance chiral theory

Taking number of colours in the limit NC → ∞ we can construct the effective
theory of QCD for intermediate energy region that also satifies all symetries in
the underlying theory [5]. This effective theory is called Resonance chiral theory
(RχT) and is relevant for energies 1 GeV ≤ E ≤ 2 GeV. For bigger energies RχT
looses its convergence and can not be properly used because of the higher masses
that become significant in hadron dynamics.

Up to the order O(p6) we can write Lagrangian in the form

LRχT = LGB + Lres = (1.52)

= L(2)
GB + L(4)

GB + L(6)
GB + L(4)

res + L(6)
res,

where LGB contains only Goldstone bosons and Lres is resonance Lagrangian.
On the other hand, after integrating out resonance fields from (1.52) and

expanding to the given chiral order, we can get an effective χPT Lagrangian
(1.34). Up to the order O(p6) we can write

LχPT = LGB + Lχ,eff = (1.53)

= L(2)
GB + L(4)

GB + L(6)
GB + L(4)

χ,eff + L(6)
χ,eff .

That means

L(2)
χPT = L(2)

GB, (1.54)

L(4)
χPT = L(4)

GB + L(4)
χ,R, (1.55)

L(6)
χPT = L(6)

GB + L(6)
χ,R. (1.56)

Resonance chiral theory increases the number of degrees of freedom of Chi-
ral perturbation theory by including massive multiplets of vector V (1−−), axial-
vectorA(1++), scalar S(0++) and pseudoscalar P (0−+) resonances, denoted gener-
ically as a nonet field R. We assume that this field can be decomposed into singlet
R0 and octet R8 such as

R =
1√
3
R0 +

∑
i

λi√
2
Ri, (1.57)

where R = V,A, S, P .
In this thesis we are interested only in cases of R = V,A, P so we can write

specifically

Vµν =


1√
2
ρ0 + 1√

6
ω8 + 1√

3
ω1 ρ+ K∗+

ρ− − 1√
2
ρ0 + 1√

6
ω8 + 1√

3
ω1 K∗0

K∗− K
∗0 − 1√

6
ω8 + 1√

3
ω1


µν

(1.58)
and

Aµν =


1√
2
a01 + 1√

6
f 8
1 + 1√

3
f 1
1 a+1 K+

1A

a−1 − 1√
2
a01 + 1√

6
f 8
1 + 1√

3
f 1
1 K0

1A

K−1A K
0

1A − 2√
6
f 8
1 + 1√

3
f 1
1


µν

.

(1.59)
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Both octets have the same form in the antisymmetric tensor and vector formalism.
Resonance fields Rµν transform under the following symmetries [4], [5], [7]

P : Rµν 7−→ Rµν ,

C : Rµν 7−→ −RT
µν , (1.60)

h.c. : Rµν 7−→ Rµν .

In the leading order in 1/NC the interaction resonance Lagrangian has the
form [1]

L(4)
R = cd〈Suµuµ〉+ cm〈Sχ+〉+ idm〈Pχ−〉+

idm0

NF

〈P 〉〈χ−〉+

+
FV

2
√

2
〈Vµνfµν+ 〉+

iGV

2
√

2
〈Vµν [uµ, uν ]〉+

FA

2
√

2
〈Aµνfµν− 〉 (1.61)

and is invariant under symmetries (1.60). Of course, for our purposes we do not
consider terms with scalar field S in (1.61).

10



2. Description of resonances

2.1 Wess-Zumino-Witten Lagrangian

The leading order of odd-intrinsic parity sector of resonance chiral theory starts
at O(p4) and the parameters are set only by the chiral anomaly. The Lagrangian
is defined as [8]

LWZW =
NC

48π2

[ ∫ 1

0

dξ〈σξµσξνσξασ
ξ
β

φ

F
〉 − i〈Wµναβ(U, l, r)−Wµναβ(1, l, r)〉

]
εµναβ

(2.1)

' − iNC

48π2
〈Wµναβ(U, l, r)−Wµναβ(1, l, r)〉εµναβ

with [1],[9]

Wµναβ = LµLνLαRβ +
1

4
LµRνLαRβ + iLµνLαRβ + iRµνLαRβ−

− iσµLνRαLβ + σµRναLβ − σµσνRαLβ + σµLνLαβ+

+ σµLναLβ − iσµLνLαLβ +
1

2
σµLνσαLβ − iσµσνσαLβ−

− (L↔ R) , (2.2)

where we have defined

Lµ = u lµu
† , Lµν = u ∂µlνu

†,

Rµ = u†rµu , Rµν = u ∂µrνu
† (2.3)

and
σµ = {u†, ∂µu} (2.4)

In (2.1) the power ξ stands for a change of u to uξ = exp(iξφ/(F
√

2)) and in
(2.2) (L↔ R) stands also for σ ↔ σ† interchange.

2.2 Vector formalism

First method we will use to describe resonances is vector formalism.
Vector fields describing the vector and axial vector resonances are labeled as

V̂µ and Âµ. Building blocks are partially the same as in previous chapter, but we
now have different notation, such as [3]

R̂µ =
8∑

a=1

λa√
2
R̂a
µ, (2.5)

and
R̂µν = ∇µR̂ν −∇νR̂µ. (2.6)
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The resonance Lagrangian in the vector formalism is given by [3]

Lres = LV + LA + L(2)
V V + L(2)

AA + L(2)
V A (2.7)

where individual terms are as following

LV = −1

4
〈V̂µνV̂ µν − 2M2

V V̂µV̂
µ〉 − 1

2
√

2

(
fV 〈V̂µνfµν+ 〉+ igV 〈V̂µν [uµ, uν ]〉

)
+

+ iαV 〈V̂µ[uν , f
µν
− ]〉+ βV 〈V̂µ[uµ, χ−]〉+ iθV 〈V̂ µuνuαuβ〉εµναβ+

+ hV 〈V̂ µ{uν , fαβ+ }〉εµναβ, (2.8)

LA = −1

4
〈ÂµνÂµν − 2M2

AÂµÂ
µ〉 − 1

2
√

2
fA〈Âµνfµν− 〉+ iαA〈Âµ[uν , f

µν
+ ]〉+

+ γ
(1)
A 〈Âµuνu

µuν〉+ γ
(2)
A 〈Âµ{u

µ, uνuν}〉+ γ
(3)
A 〈Âµuν〉〈u

µuν〉+
+ γ

(4)
A 〈Âµu

µ〉〈uνuν〉+ hA〈Âµ{uν , fαβ− }〉εµναβ, (2.9)

L(2)
V V =

1

2
δ
(1)
V 〈V̂µV̂

µuνu
ν〉+

1

2
δ
(2)
V 〈V̂µuνV̂

µuν〉+
1

2
δ
(3)
V 〈V̂µV̂νu

µuν〉+

+
1

2
δ
(4)
V 〈V̂µV̂νu

µuν〉+
1

2
δ
(5)
V 〈V̂µu

µV̂νu
ν + V̂µuνV̂

νuµ〉+

+
1

2
κV 〈V̂µV̂ µχ+〉+

1

2
iφV 〈V̂µ[V̂ν , f

µν
+ ]〉+

1

2
σV 〈V̂ µ{uν , V̂ αβ}〉εµναβ, (2.10)

L(2)
AA =

1

2
δ
(1)
A 〈ÂµÂ

µuνu
ν〉+

1

2
δ
(2)
A 〈ÂµuνÂ

µuν〉+
1

2
δ
(3)
A 〈ÂµÂνu

µuν〉+

+
1

2
δ
(4)
A 〈ÂµÂνu

µuν〉+
1

2
δ
(5)
A 〈Âµu

µÂνu
ν + ÂµuνÂ

νuµ〉+

+
1

2
κA〈ÂµÂµχ+〉+

1

2
iφA〈Âµ[Âν , f

µν
+ ]〉+

1

2
σA〈Âµ{uν , Âαβ}〉εµναβ (2.11)

and finally

L(2)
V A = iA(1)〈V̂µ[Âν , f

µν
− ]〉+ iA(2)〈V̂µ[uν , Â

µν ]〉+ iA(3)〈Âµ[uν , V̂
µν ]〉+

+B〈V̂µ[Âµ, χ−]〉+H〈V̂ µ{Âν , fαβ+ }〉εµναβ + iZ(1)〈uµuν{Âα, V̂ β}〉εµναβ+

+ iZ(2)〈uµÂνuαV̂ β〉εµναβ. (2.12)

2.3 Antisymmetric tensor formalism

In the antisymmetric tensor formalism, we will use the independent operator
basis, relevant in the odd-intrinsic parity sector, which was formulated in [1].
Every operator has the form

OXi = εµναβÔXiµναβ, (2.13)

thus the Lagrangian is

L(6,odd)
RχT =

∑
X

∑
i

κXi OXi , (2.14)

where X stands for resonance fields contributing to the Lagrangian. For our
purposes we only show operators contributing to 〈AAP 〉, 〈V V A〉 and 〈AAA〉
correlators without further discussion. We will also use strictly the same notation
as in [1] and consider this as a referent basis, especially with indices i standing
for a serial number of the Lagrangian. For more details see [1].
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3. 〈AAP 〉 correlator

The standard definition of this correlator is

Πabc
µν (p, q) =

∫
d4x d4y ei(px+qy) 〈0|T [Aaµ(x)Abν(y)P c(0)]|0〉. (3.1)

3.1 〈AAP 〉 correlator in vector formalism

3.1.1 Lagrangian basis

For our cases of three-point correlators we will need modificated Lagrangians
(2.8) - (2.12), such as:

One axial-vector resonance field (A)

LIA = − 1

2
√

2
fA〈Âµνfµν− 〉 ∼

1

2
(∂µÂ

a
ν − ∂νÂaµ)(∂µaνa − ∂νaµa), (3.2)

LIIA = hA〈Âµ{uν , fαβ− }〉εµναβ ∼

∼ 2
√

2hA
F

[
Âµa(∂αaβb − ∂

βaαb ) + Âµb (∂αaβa − ∂βaαa )
]
∂νφcεµναβd

abc. (3.3)

Two axial-vector resonance fields (AA)

L(2)
AA =

1

2
σA〈Âµ{uν , Âαβ}〉εµναβ ∼

∼ −σA
F

[
Âµa(∂αÂβb − ∂

βÂαb ) + Âµb (∂αÂβa − ∂βÂαa )
]
∂νφcεµναβd

abc. (3.4)

3.1.2 Feynman rules

Vector propagator

Vector propagator is formed by kinetic and mass terms [6].

i∆R(p)abµν = − i

p2 −m2

(
gµν −

pµpν
m2

)
δab (3.5)

Figure 3.1: Feynman diagram of vector propagator

Pseudoscalar propagator

The kinetic term comes from L(2)
χ . Pseudoscalar mesons are massless in chiral

limit [6].

i∆P (r) =
i

r2
δab. (3.6)
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Figure 3.2: Feynman diagram of pseudoscalar propagator

Vertex χ (pseudoscalar source - pseudoscalar)

To this vertex contributes L(2)
χ . The Feynman rule is

(Vχ)cd = iFB0δ
cd. (3.7)

Figure 3.3: Feynman diagram of vertex χ

Vertex WZ (axial source - axial source - pseudoscalar)

To this vertex contributes the anomaly Wess-Zumino-Witten Lagrangian. The
Feynman rule is

(V ′WZ)abeµν = −i NC

48π2F
εµναβp

αqβdabe. (3.8)

Due to Bose statistic we get

(VWZ)abeµν = −i NC

24π2F
εµναβp

αqβdabe. (3.9)

Figure 3.4: Feynman diagram of vertex WZ

Important note is that vertices χ and WZ have the same form even in the
antisymmetric tensor formalism.

Vertex 1 (axial source - resonance)

To this vertex contributes Lagrangian LIA. The Feynman rule is

(V1)
ad
µα = ifA(p2gµα − pµpα)δad. (3.10)
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Figure 3.5: Feynman diagram of vertex 1

Vertex 2 (resonance - resonance - pseudoscalar)

To this vertex contributes Lagrangian L(2)
AA. The Feynman rule is

(V2)
def
ρσ = i

σA
F
rκ(pαεσκαρ − pβεσκρβ + qαερκασ − qβερκσβ)ddef . (3.11)

Figure 3.6: Feynman diagram of vertex 2

Vertex 3 (axial source - resonance - pseudoscalar)

To this vertex contributes Lagrangian LIIA . The Feynman rule is

(V 1
3 )aedµα = −2i

√
2hA
F

rν(pκεανκµ − pβεανµβ)daed, (3.12)

(V 2
3 )fbdνβ = −2i

√
2hA
F

rκ(qαεβκαν − qλεβκνλ)dfbd. (3.13)

Figure 3.7: Feynman diagram of vertex 3 - first variant
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Figure 3.8: Feynman diagram of vertex 3 - second variant

Subdiagram 1 (vertex 1 - vector propagator)

This subdiagram consists of vertex 1 and vector propagator. The Feynman rule
is

(S1(p))
af
µβ = (V1)

ad
µαi(∆V (p))αβ,df =

fA
p2 −m

(p2gµβ − pµpβ)δaf . (3.14)

Figure 3.9: Feynman subdiagram 1

Subdiagram χ (vertex χ - pseudoscalar)

This subdiagram consists of vertex χ and pseudoscalar propagator. The Feynman
rule is

(Sχ)ce = (Vχ)cdi
(
∆P (r)

)de
= −FB0

r2
δce. (3.15)

Figure 3.10: Feynman subdiagram χ

3.1.3 Feynman diagrams

Diagram χ

This diagram consists of one subdiagram and one vertex. The Feynman rule is

(Πχ)abcµν = (Sχ)cd(VWZ)abdµν = i
B0NC

24π2r2
εµναβp

αqβdabc (3.16)
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Figure 3.11: Feynman diagram χ

Diagram 1

This diagram consists of three subdiagrams and one vertex. The Feynman rule
is

(Π1)
abc
µν = (S1(p))

af
µβ(S1(q))

be
να(Sχ)cd(V2)

βα,def =

=
4iB0f

2
AσAp

2q2

(p2 −M2
A)(q2 −M2

A)r2
εµναβp

αqβdabc (3.17)

Figure 3.12: Feynman diagram 1

Diagram 2

This diagram consists of two subdiagrams and one vertex. The Feynman rule is

(Π1
2)
abc
µν = (S1(q))

be
να(Sχ)cd(V 1

3 )aedµα =
−4i
√

2B0fAhAp
2

(p2 −M2
A)r2

εµναβp
αqβdabc (3.18)

(Π2
2)
abc
µν = (S1(p))

af
µβ(Sχ)cd(V 2

3 )fbdνβ =
−4i
√

2B0fAhAq
2

(q2 −M2
A)r2

εµναβp
αqβdabc (3.19)

17



Figure 3.13: Feynman diagram 2 - first variant

Figure 3.14: Feynman diagram 2 - second variant

Taking all contributions multiplied by i together, we get that in the vector
formulation (3.1) has the form (3.60), where

ΠAAP (p2, q2, r2) = − B0NC

24π2r2
− 4B0f

2
AσAp

2q2

(p2 −M2
A)(q2 −M2

A)r2
+

+
4
√

2B0fAhAp
2

(p2 −M2
A)r2

+
4
√

2B0fAhAq
2

(q2 −M2
A)r2

. (3.20)

3.2 〈AAP 〉 correlator in tensor formalism

For our purposes we will use only terms of (1.61) that include octets of pseu-
doscalar or axial-vector resonances. Hence the term proportional to 〈P 〉〈χ−〉
vanishes because of the null trace of χ− in our case, we have

L(4)
R = idm〈Pχ−〉+

FA

2
√

2
〈Aµνfµν− 〉. (3.21)
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3.2.1 Lagrangian basis

One axial-vector resonance field (A)

LA3 = 〈Aµν{∇αhβσ, uσ}〉κA3 εµναβ ∼

∼ −2
√

2

F

{
Aµνa

[
2aσb ∂

α∂β∂σφc +
(
∂α∂βaσb + ∂α∂σaβb

)
∂σφc

]
+

+ Aµνb

[
2aσa ∂

α∂β∂σφc +
(
∂α∂βaσa + ∂α∂σaβa

)
∂σφc

]}
κA3 εµναβ, (3.22)

LA8 = 〈Aµν{fασ− , hβσ}〉κA8 εµναβ ∼

∼ 4
√

2

F

{
Aµνa

[
∂αaσb ∂

β∂σφc − ∂σaαb ∂β∂σφc
]
+

+ Aµνb

[
∂αaσa ∂

β∂σφc − ∂σaαa∂β∂σφc
]}
κA8 εµναβ, (3.23)

LA11 = i〈Aµν{fαβ− , χ−}〉κA11εµναβ ∼
∼ 8
√

2B0

(
∂αaβaA

µν
b pc + ∂αaβbA

µν
a pc

)
κA11εµναβd

abc, (3.24)

LA12 = i〈Aµν{∇αχ−, u
β}〉κA12εµναβ ∼

∼ −4
√

2B0

(
Aµνa a

β
b ∂

αpc + Aµνb a
β
a∂

αpc
)
κA12εµναβd

abc, (3.25)

LA15 = 〈Aµν{∇αfβσ− , uσ}〉κA15εµναβ ∼

∼ 2
√

2

F

[
Aµνa

(
∂α∂βaσb − ∂α∂σa

β
b

)
+ Aµνb

(
∂α∂βaσa − ∂α∂σaβa

)]
∂σφcκ

A
15εµναβd

abc,

(3.26)

LA16 = 〈Aµν{∇σf
ασ
− , uβ}〉κA16εµναβ ∼

∼ 2
√

2

F

[
Aµνa

(
∂σ∂αaσb − ∂σ∂σaαb

)
+ Aµνb

(
∂σ∂αaσa − ∂σ∂σaαa

)]
∂βφcκ

A
16εµναβd

abc.

(3.27)

Pseudoscalar resonance field (P )

LP1 = 〈P{fµν− , f
αβ
− }〉κP1 εµναβ ∼

∼ 8
√

2
(
∂µaνa∂

αaβbPc + ∂µaνb∂
αaβaPc

)
κP1 εµναβd

abc. (3.28)

Two resonance fields of the same kind (AA)

LAA2 = i〈{Aµν , Aαβ}χ−〉κAA2 εµναβ ∼ −8B0A
µν
a A

αβ
b pcκ

AA
2 εµναβd

abc, (3.29)

LAA3 = 〈{∇σA
µν , Aασ}uβ〉κAA3 εµναβ ∼

∼ − 2

F

(
Aασa ∂σA

µν
b ∂

βφc + ∂σA
µν
a A

ασ
b ∂βφc

)
κAA3 εµναβd

abc. (3.30)
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Two resonance fields of different kinds (AP )

LAP1 = 〈{Aµν , P}fαβ− 〉κAP1 εµναβ ∼
∼ −4(Aµνa ∂

αaβbPc + Aµνb ∂
αaβaPc)κ

AP
1 εµναβd

abc, (3.31)

LAP2 = 〈{Aµν ,∇αP}uβ〉κAP2 εµναβ ∼
∼ 2
(
Aµνa a

β
b ∂

αPc + Aµνb a
β
a∂

αPc
)
κAP2 εµναβd

abc. (3.32)

Three resonance fields (AAP )

LAAP3 = 〈AµνAαβP 〉κAAP3 εµναβ ∼
√

2Aµνa A
αβ
b Pcκ

AAP
3 εµναβd

abc. (3.33)

3.2.2 Feynman rules

Here we calculate Feynman rules of all contributing Lagrangians.

Tensor propagator

The kinetic and mass terms form the tensor propagator [6].

i
(
∆R(p)

)ab
αβ,ρσ

= − iδab

M2(p2 −M2)

[
gαρgβσ(M2−p2)+gαρpβpσ−gασpβpρ−(α↔ β)

]
.

(3.34)

Figure 3.15: Feynman diagram of tensor propagator

Pseudoscalar mass propagator

The kinetic and mass terms form the mass pseudoscalar propagator.

i∆P (r,M) =
i

r2 −M2
δab. (3.35)

Figure 3.16: Feynman diagram of pseudoscalar mass propagator

Vertex 1 (pseudoscalar source - resonance)

To this vertex contributes resonance Lagrangian L(4)
R (3.21) by its part propor-

tional to dm. Feynman rule is

(V1)
cd = −2i

√
2B0dmδ

cd. (3.36)
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Figure 3.17: Feynman diagram of vertex 1

Vertex 2 (axial source - axial source - resonance)

To this vertex contributes Lagrangian LP1 . Due to Bose statistic the Feynman
rule is

(V2)
abe
µν = 16i

√
2κP1 p

αqβεµναβd
abe (3.37)

Figure 3.18: Feynman diagram of vertex 2

Vertex 3 (axial source - resonance)

To this vertex contributes resonance Lagrangian L(4)
R (3.21) by its part propor-

tional to FA. Feynman rule is

(V3)
bd
ναβ =

FA
2

(gναpβ − gνβpα)δbd (3.38)

Figure 3.19: Feynman diagram of vertex 3
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Vertex 4 (resonance - resonance - pseudoscalar)

To this vertex contributes Lagrangian LAA3 . Feynman rule is

(V 1
4 )defρσγδ =

i

F
rβ(qσεγδρβ − qρεγδσβ + pδερσγβ − pγερσδβ)κAA3 ddef . (3.39)

Figure 3.20: Feynman diagram of vertex 4

Vertex 5 (resonance - resonance - resonance)

To this vertex contributes Lagrangian LAAP3 . Feynman rule is

(V5)
def
γδρσ = i

√
2κAAP3 εγδρσd

def . (3.40)

Figure 3.21: Feynman diagram of vertex 5

Vertex 6 (axial source - resonance - pseudoscalar)

To this vertex contribute Lagrangians LA3 , LA8 , LA15 and LA16. Feynman rule is

(V 1
6 )adeµαβ =

2
√

2

F

{
rκεαβµκ

[
p2κ16 − (p2 − q2 + r2)κA8

]
−

− 1

2
pλεαβλµ(p2 − q2 + r2)(κA3 + κA15)

}
dade (3.41)

(V 2
6 )bdeναβ =

2
√

2

F

{
rκεαβνκ

[
q2κ16 − (−p2 + q2 + r2)κA8

]
−

− 1

2
qλεαβλν(−p2 + q2 + r2)(κA3 + κA15)

}
dbde (3.42)
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Figure 3.22: Feynman diagram of vertex 6 - first variant

Figure 3.23: Feynman diagram of vertex 6 - second variant

Vertex 7 (axial source - resonance - resonance)

To this vertex contribute Lagrangians LAP1 and LAP2 . Feynman rule is

(V 1
7 )aedµαβ = 2(κAP2 rλ − 2κAP1 pλ)daedεαβλµ (3.43)

(V 2
7 )bedναβ = 2(κAP2 rλ − 2κAP1 qλ)dbedεαβλν (3.44)

Figure 3.24: Feynman diagram of vertex 7 - first variant

Vertex 8 (pseudoscalar source - resonance - resonance)

To this vertex contributes Lagrangian LAA2 . Feynman rule is

(V8)
fce
αβρσ = −8iB0κ

AA
2 εαβρσd

fce. (3.45)

Vertex 9 (axial source - pseudoscalar source - resonance)

To this vertex contribute Lagrangians LA11 and LA12. Feynman rule is

(V 1
9 )acdρσµ = 4

√
2B0(2κ

A
11p

α − κA12rα)dadcερσαµ, (3.46)
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Figure 3.25: Feynman diagram of vertex 7 - second variant

Figure 3.26: Feynman diagram of vertex 8

Figure 3.27: Feynman diagram of vertex 9 - first variant

Figure 3.28: Feynman diagram of vertex 9 - second variant
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(V 2
9 )dbcρσν = 4

√
2B0(2κ

A
11q

α − κA12rα)ddbcερσαν (3.47)

In order to simplify our calculations as much as possible, we now construct
subdiagrams consisting of one vertex and one propagator. In the case of AAP
correlator we have following subdiagrams.

Subdiagram 1 (vertex 1 - pseudoscalar mass propagator)

This subdiagram consists of one vertex and ”pseudotensor” propagator. Feynman
rule is

(S1)
ce = (V1)

cdi
(
∆P (r,M)

)de
=

2
√

2B0dm
r2 −M2

δce. (3.48)

Figure 3.29: Feynman subdiagram 1

Subdiagram 2 (vertex 3 - tensor propagator)

This subdiagram consists of one vertex and tensor propagator. Feynman rule is

(S2(p))
ac
µρσ = (V3)

ad
µαβi

(
∆T (p)

)αβ,ρσ
dc

= −i FA
p2 −M2

(gµρpσ − gµσpρ)δac. (3.49)

Figure 3.30: Feynman subdiagram 2

Now we have everything we need to construct complete Feynman diagrams
and calculate their contributions. These diagrams consist of inner vertex which
links to other subdiagrams.

3.2.3 Feynman diagrams

Diagram χ

First of all, in tensor formalism also contributes diagram χ and has the same
form as (3.16).
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Figure 3.31: Feynman diagram χ

Diagram 1

This vertex consists of one subdiagram and one vertex. Feynman rules give us

(Π1)
abc
µν = (S1)

ce(V2)
abe
µν =

64iB0dm
r2 −M2

P

κP1 εµναβp
αqβdabc (3.50)

Figure 3.32: Feynman diagram 1

Diagram 2

This vertex consists of three subdiagrams ond one vertex. Feynman rules give us

(Π2)
abc
µν = (V4)

def
ρσγδ(Sχ)fc(S2(p))

da
µρσ(S2(q))

eb
γδν =

=
4iB0F

2
A

(p2 −M2
A)(q2 −M2

A)r2
(−p2 − q2 + r2)κAA3 εµναβp

αqβdabc (3.51)

Diagram 3

This vertex consists of three subdiagrams and one vertex. Feynman rules give us

(Π3)
abc
µν = (S2(p))

ad
µρσ(S2(q))

be
νγδ(S1)

fc(V5)
def
γδρσ =

=
16iB0F

2
Adm

(p2 −M2
A)(q2 −M2

A)(r2 −M2
P )
κAAP3 εµναβp

αqβdabc (3.52)

26



Figure 3.33: Feynman diagram 2

Figure 3.34: Feynman diagram 3

Diagram 4

This vertex consists of two subdiagrams and one vertex. Feynman rules give us

(Π1
4)
abc
µν = (S2(q))

be
ναβ(Sχ)dc(V 1

6 )adeµαβ =

=
4i
√

2B0FA
r2(q2 −M2

A)

[
1

2

(
− p2 + q2 − r2

)(
κA3 + 2κA8 + κA15

)
+ p2κA16

]
εµναβp

αqβdabc

(3.53)

(Π2
4)
abc
µν = (S2(p))

ae
µαβ(Sχ)dc(V 2

6 )bdeναβ =

=
4i
√

2B0FA
r2(p2 −M2

A)

[
1

2

(
p2 − q2 − r2

)(
κA3 + 2κA8 + κA15

)
+ q2κA16

]
εµναβp

αqβdabc

(3.54)

Diagram 5

This vertex consists of two subdiagrams and one vertex. Feynman rules give us

(Π1
5)
abc
µν = (S1)

cd(S2(q))
be
ναβ(V 1

7 )aedµαβ =

=
8i
√

2B0FAdm
(r2 −M2

P )(q2 −M2
A)

(
2κAP1 + κAP2

)
εµναβp

αqβdabc (3.55)
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Figure 3.35: Feynman diagram 4 - first variant

Figure 3.36: Feynman diagram 4 - second variant

(Π2
5)
abc
µν = (S1)

cd(S2(p))
ae
µαβ(V 2

7 )bedναβ =

=
8i
√

2B0FAdm
(r2 −M2

P )(p2 −M2
A)

(
2κAP1 + κAP2

)
εµναβp

αqβdabc (3.56)

Figure 3.37: Feynman diagram 5 - first variant

Diagram 6

This vertex consists of two subdiagrams and one vertex. Feynman rules give us

(Π6)
abc
µν = (S2(p))

ae
µαβ(S2(q))

bf
νρσ(V8)

fce
αβρσ =

= − 32iB0F
2
A

(p2 −M2
A)(q2 −M2

A)
κAA
2 εµναβpαqβdabc (3.57)
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Figure 3.38: Feynman diagram 5 - second variant

Figure 3.39: Feynman diagram 6

Diagram 7

This vertex consists of one subdiagram and one vertex. Feynman rules give us

(Π1
7)
abc
µν = (S2(q))

bd
νρσ(V 1

9 )acdµρσ =

= −8i
√

2B0FA
q2 −M2

A

(
2κA11 + κA12

)
εµναβp

αqβdabc (3.58)

(Π2
7)
abc
µν = (S2(p))

ad
µρσ(V 2

9 )bcdνρσ =

= −8i
√

2B0FA
p2 −M2

A

(
2κA11 + κA12

)
εµναβp

αqβdabc (3.59)

Figure 3.40: Feynman diagram 7 - first variant

Taking all calculated contributions multiplied by i together, we get that in
the antisymmetric tensor formulation (3.1) has the form

ΠAAP (p, q)abcµν = ΠAAP (p2, q2, r2)εµναβp
αqβdabc, (3.60)
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Figure 3.41: Feynman diagram 7 - second variant

where

ΠAAP (p2, q2, r2) = − B0NC

24π2r2
− 64B0dm
r2 −M2

P

κP1 −

− 4B0F
2
A

(p2 −M2
A)(q2 −M2

A)r2
(−p2 − q2 + r2)κAA3 −

− 16B0F
2
Adm

(p2 −M2
A)(q2 −M2

A)(r2 −M2
P )
κAAP3 −

− 4
√

2B0FA
r2(q2 −M2

A)

[
1

2

(
− p2 + q2 − r2

)(
κA3 + 2κA8 + κA15

)
+ p2κA16

]
−

− 4
√

2B0FA
r2(p2 −M2

A)

[
1

2

(
p2 − q2 − r2

)(
κA3 + 2κA8 + κA15

)
+ q2κA16

]
−

− 8
√

2B0FAdm
(r2 −M2

P )(p2 −M2
A)

(
2κAP1 + κAP2

)
−

− 8
√

2B0FAdm
(r2 −M2

P )(q2 −M2
A)

(
2κAP1 + κAP2

)
+

+
32B0F

2
A

(p2 −M2
A)(q2 −M2

A)
κAA
2 +

+
8
√

2B0FA
p2 −M2

A

(
2κA11 + κA12

)
+

8
√

2B0FA
q2 −M2

A

(
2κA11 + κA12

)
. (3.61)

3.3 Operator product expansion

In this chapter we will pay our attention to the operator product expansion of
〈AAP 〉 correlator. Operator product expansion (OPE) is an expression of prod-
ucts of composite operators (known also as local operators) at short distances.
It means that in our case we will compute the term

〈0|T [Aaµ(x)Abν(y)P c(0)]|0〉 = 〈0|T [

(
qγµγ5

T a√
2
q

)(
qγµγ5

T b√
2
q

)(
iqγ5

T c√
2
q

)
]|0〉,

(3.62)
where we have

Aaµ =
1√
2
qγµγ5T aq, P a =

1√
2
qiγ5T aq, (3.63)
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and

T a =
1√
2
λa. (3.64)

Thus we have, only for non-numerical part of (3.62),

〈0|T
(
qγµγ5T

aq
)
(x)
(
qγµγ5T

bq
)
(y)
(
iqγ5T

cq
)
(0)|0〉 =

= 〈0| : q(x)γµγ5T
a iS(x− y)︸ ︷︷ ︸

i

−/p

γνγ5T
b iS(y)︸ ︷︷ ︸

i

/r

iγ5T
cq(0) : |0〉+

+〈0| : q(y)γνγ5T
b iS(y)︸ ︷︷ ︸

i

−/q

iγ5T
c iS(−x)︸ ︷︷ ︸

i

/p

γµγ5T
aq(x) : |0〉+

+〈0| : q(0)iγ5T
c iS(−x)︸ ︷︷ ︸

i

−/r

γµγ5T
a iS(x− y)︸ ︷︷ ︸

i

/q

γνγ5T
bq(y) : |0〉+

+〈0| : q(x)γµγ5T
a iS(x)︸ ︷︷ ︸

i

−/p

iγ5T
c iS(−y)︸ ︷︷ ︸

i

/q

γνγ5T
bq(y) : |0〉+

+〈0| : q(0)iγ5T
c iS(−y)︸ ︷︷ ︸

i

−/r

γνγ5T
b iS(y − x)︸ ︷︷ ︸

i

/p

γµγ5T
aq(x) : |0〉+

+〈0| : q(y)γνγ5T
b iS(y − x)︸ ︷︷ ︸

i

−/q

γµγ5T
a iS(x)︸ ︷︷ ︸

i

/r

iγ5T
cq(0) : |0〉.

(3.65)

Using obvious identity 1//a = /a/a2 and trace properties of Dirac matrices we can
get that 〈AAP 〉 correlator in OPE has the form

Π
(
(λp)2, (λq)2, (λr)2

)
AAP

=
B0F

2

2λ4
p2 + q2 − r2

p2q2r2
+O

(
1

λ6

)
. (3.66)

Our task is now to determine if tensor and vector formalism satisfy OPE result.
Satisfying this behaviour in the case of antisymmetric tensor formalism gives us
the following coupling constraints:

κAAP3 = 0,
NC

24π2
+ 64dmκ

P
1 + 8

√
2FAκ

A
16 = 0, (3.67)

1

2
(κA3 + 2κA8 + κA15)− κA16 = 0, κAA3 − 8κAA2 =

F 2

8F 2
A

, (3.68)

2(2κA11 + κA12) + κA16 = 0, 2κAP1 + κAP2 =
2
√

2FA
dm

κAA2 . (3.69)

For vector formalism we obtain the condition

− NC

24π2
− 4f 2

AσA + 8
√

2fAhA = 0. (3.70)
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From complete calculation of (3.70) we know that vector formalism is not consis-
tent with OPE at order ∼ 1/λ4 because of the missing terms ∼ 1/p2q2, 1/p2r2 and
∼ 1/q2r2 in (3.20). Now we will pay our attention back to antisymetric tensor
formalism which OPE conditions satisfies.

By employing coupling constraints (3.67) - (3.69) into (3.61) we can get

1

B0

ΠAAP (p2, q2, r2) =
8
√

2FAκ
A
16

r2 −M2
P

+
NC

24π2

M2
P

r2(r2 −M2
P )
−

−
(
F 2

2
+ 32F 2

Aκ
AA
2

)
(p2 + q2 − r2)

(p2 −M2
A)(q2 −M2

A)r2
−

−
4
√

2FAκ
A
16

[
2p2q2 −M2

A(p2 + q2)
]

(p2 −M2
A)(q2 −M2

A)r2
−

− 32F 2
Aκ

A
2 (p2 + q2 − r2 − 2M2

A +M2
P )

(p2 −M2
A)(q2 −M2

A)(r2 −M2
P )

. (3.71)

Considering only axial-vector interactions, which we can satisfy taking MP →∞,
we get

1

B0

ΠAAP (p2, q2, r2) = −
(
F 2

2
+ 32F 2

Aκ
AA
2

)
(p2 + q2 − r2)

(p2 −M2
A)(q2 −M2

A)r2
−

−
4
√

2FAκ
A
16

[
2p2q2 −M2

A(p2 + q2)
]

(p2 −M2
A)(q2 −M2

A)r2
−

− 32F 2
Aκ

A
2 (p2 + q2 − r2 − 2M2

A +M2
P )

(p2 −M2
A)(q2 −M2

A)(r2 −M2
P )

. (3.72)

The important note is that 〈AAP 〉 correlator satisfies OPE only in antisymmetric
tensor formalism. This formalism we will use in 〈AAA〉 and 〈V V A〉 correlators
later.
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4. 〈AAA〉 and 〈V V A〉 correlator

The standard definitions of these correlators are

Πabc
µν (p, q) =

∫
d4x d4y ei(px+qy) 〈0|T [Aaµ(x)Abν(y)Acη(z)]|0〉, (4.1)

Πabc
µν (p, q) =

∫
d4x d4y ei(px+qy) 〈0|T [V a

µ (x)V b
ν (y)Acη(z)]|0〉. (4.2)

In this chapter we will just show possible Lagrangians contributing to re-
maining correlators. We will not compute these Lagrangians now, because we
will return to them in the future studies.

4.1 Lagrangian basis of 〈AAA〉
LA3 = 〈Aµν{∇αhβσ, uσ}〉κA3 εµναβ, (4.3)

LA8 = 〈Aµν{fασ− , hβσ}〉κA8 εµναβ, (4.4)

LA15 = 〈Aµν{∇αfβσ− , uσ}〉κA15εµναβ, (4.5)

LA16 = 〈Aµν{∇σf
ασ
− , uβ}〉κA16εµναβ, (4.6)

LAA3 = 〈{∇σA
µν , Aασ}uβ〉κAA3 εµναβ, (4.7)

LAA4 = 〈{∇βAµν , Aασ}uσ〉κAA4 εµναβ. (4.8)

4.2 Lagrangian basis of 〈V V A〉
LV5 = i〈V µν [fαβ− , uσu

σ]〉κV5 εµναβ, (4.9)

LA3 = 〈Aµν{∇αhβσ, uσ}〉κA3 εµναβ, (4.10)

LA8 = 〈Aµν{fασ− , hβσ}〉κA8 εµναβ, (4.11)

LA15 = 〈Aµν{∇αfβσ− , uσ}〉κA15εµναβ, (4.12)

LA16 = 〈Aµν{∇σf
ασ
− , uβ}〉κA16εµναβ, (4.13)

LAA3 = 〈{∇σA
µν , Aασ}uβ〉κAA3 εµναβ, (4.14)

LAA4 = 〈{∇βAµν , Aασ}uσ〉κAA4 εµναβ, (4.15)

LV A1 = i〈V µν [Aαβ, uσuσ]〉κV A1 εµναβ (4.16)

We will have to answer the question if there are any contributions from vertices
with pion fields coming out of axial sources, i.e. vertices proportional to the terms
with fµν+ .
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Conclusion

Our task at the beginning of the thesis was to study new correlators 〈AAP 〉,
〈AAA〉 and 〈V V A〉. On the case of 〈AAP 〉 we have established that vector
formalism does not satisfy OPE conditions. We also stated that antisymmetric
tensor formalism these conditions satisfies and then we decided to use this for-
malism in the cases of 〈AAA〉 and 〈V V A〉.

We have also suggested the part of the independent operator basis for 〈AAA〉
and 〈V V A〉 which we will pay attention to. One of the related questions needed
to be answered is if there are any contributions from terms with fµν+ .

As we just mentioned, we plan to continue in this work during future studies.
Hopefully, some experimental data should be available in a couple of years so
we could study phenomenology of these correlators, just like in [1] in the case of
〈V V P 〉 and 〈V AS〉.

The main results of this work were partially presented at MesonNet meeting
in Prague [12].
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Appendix

In this chapter we present very useful properties of basic mathematical structures
used in this thesis. The idea of this part is just to sum up these properties, without
any proof.

Example of using Feynman rules

Here we explicit calculation of Feynman rules from contributing Lagrangians on
some examples. Let us start for example with Lagrangian contributing to vertex
of diagram 2 in tensor formulation. The Lagrangian is

LAA3 = 〈{∇σA
µν , Aασ}uβ〉κAA3 εµναβ ∼

∼ − 2

F

(
Aασa ∂σA

µν
b ∂

βφc + ∂σA
µν
a A

ασ
b ∂βφc

)
κAA3 εµναβd

abc (4.17)

and let us assume that we want to have the Feynamn diagram of this vertex as
follows:

Figure 4.1: Feynman diagram

In a few following steps we will explain the procedure to calculate contribution
of this vertex.

Step 1: changing indices

First of all we need to consider indices. On the figure we can see that we already
used indices α and β which are same as in (4.17) - that means we can not use
these indices in the Lagrangian. Let us use this substitution: α→ κ and β → λ.
(4.17) then becomes

LAA3 ∼ − 2

F

(
Aκσa ∂σA

µν
b ∂

λφc + ∂σA
µν
a A

κσ
b ∂

λφc
)
κAA3 εµνκλd

abc. (4.18)

Step 2: using basic Feynman rules

Next we can imply basic Feynman rules. By that we mean transformation that
gives to all Lagrangian terms its mathematical representation. One of these rules
is that whenever we have a derivation in Lagrangian, to this term belongs its
impulse with index same as the index of the derivation. The sign of the impulse
depends on the fact if this is incoming (−) or outgoing (+) impulse. Because of
the different indices in the Lagrangian and in its Feynman diagram we have to
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multiply this impulse by metric tensor. Let us show this on particular term Aκσa .
Let us pressume that we want to identify term Aκσa from (4.18) with Aαβa , i.e.
terms with Latin index a with terms with index d. Feynman rules in that case
dictate that we have to write this mathematical representation of Aκσa :

Aκσa
Feynman rule−−−−−−−→ 1

2
(gκαgσβ − gσαgκβ)δad (4.19)

and for the other term Aµνa with derivation,

∂σA
µν
a

Feynman rule−−−−−−−→ (−ipσ)
1

2
(gµαgνβ − gναgµβ)δab. (4.20)

Step 3: multiplication of particular Feynman rules

Using this example we can write Feynam rule for (4.18) after multiplication by i
as

V ebf
αβγδ = −i 2

F

[
1

2
(gκαgσβ − gσαgκβ)δad(−iqσ)

1

2
(gµγgνδ − gνγgµδ)δbf (−irλ)δce+

+ (−ipσ)
1

2
(gµαgνβ − gναgµβ)δad

1

2
(gκγgσδ − gσγgκδ)δbf (−irλ)δce

]
×

× κAA3 εµνκλd
abc. (4.21)

Finally we get

V ebf
αβγδ =

i

F
rλ(qβεγδαλ − qαεγδβλ + pδεαβγλ − pγεαβδλ)κAA3 ddef . (4.22)

Gell-Mann matrices

The Gell-Mann matrices are one of the possible representations of the infinitesimal
generators of the special unitary group SU(3) with dimension eight. That means
that it has a set with eight linearly independent generators gi, wwhere i1 . . . 8.
These generators satisfy conditions [11]

[gi, gj] = if ijkgk, (4.23)

where f ijk are completely antisymmetric structure constants. A particular choice
of mentioned representation is gi = λi/2, where [11]

λ1 =

0 1 0
1 0 0
0 0 0

 , λ2 =

0 −i 0
i 0 0
0 0 0

 , λ3 =

1 0 0
0 −1 0
0 0 0


λ4 =

0 0 1
0 0 0
1 0 0

 , λ5 =

0 0 −i
0 0 0
i 0 0

 , λ6 =

0 0 0
0 0 1
0 1 0

 ,

λ7 =

0 0 0
0 0 −i
0 i 0

 , λ8 =
1√
3

1 0 0
0 1 0
0 0 −2

 .

(4.24)
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are known as the Gell-Mann matrices.
The most important properties are [11]:

λ†i = λi, [λa, λb] = 2ifabcλc, {λa, λb} =
4

3
δab + 2dabcλc (4.25)

and

〈λa〉 = 0, 〈λaλb〉 = 2δab, 〈λaλbλc〉 = 2(dabc + ifabc), (4.26)

where dabc is totally symmetric and fabc is antisymmetric tensor. Non-zero ele-
ments of these tensors are shown in tables below.

abc 118 146 157 228 247 256 338 344
dabc

1√
3

1
2

1
2

1√
3

−1
2

1
2

1√
3

1
2

abc 355 366 377 448 558 668 778 888
dabc

1
2
−1

2
−1

2
− 1

2
√
3
− 1

2
√
3
− 1

2
√
3
− 1

2
√
3
− 1√

3

Table 4.1: Totally symmetric non-vanishing d symbols of SU(3)

abc 123 147 156 246 257 345 367 458 678

fabc 1 1
2
−1

2
1
2

1
2

1
2
−1

2

√
3
2

√
3
2

Table 4.2: Totally antisymmetric non-vanishing f symbols of SU(3)

Dirac γ-matrices

Dirac gamma matrices, {γ0, γ1, γ2, γ3}, are a set of conventional matrices with
specific anticommutation relations. These matrices ensure that they generate a
matrix representation of the Clifford algebra C`1,3(R) and they are defined as
[11]

γ0 =


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

 , γ1 =


0 0 0 1
0 0 1 0
0 −1 0 0
−1 0 0 0

 ,

γ2 =


0 0 0 −i
0 0 i 0
0 i 0 0
−i 0 0 0

 , γ3 =


0 0 1 0
0 0 0 −1
−1 0 0 0
0 1 0 0

 .

(4.27)

It is useful to define the product of the four gamma matrices as follows:

γ5 = iγ0γ1γ2γ3 =


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

 . (4.28)
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We can define γ5 also as

γ5 =
i

4!
εµναβγ

µγνγαγβ. (4.29)

The most important properties of Dirac matrices are [11]:

γµγµ = 4I4, γµγνγµ = −2γν , γµγνγργµ = 4ηνρI4, (4.30)

γµγνγργσγµ = −2γσγργν , γµγνγλ = ηµνγλ + ηνλγµ − ηµλγν − iεσµνλγσγ5,
(4.31)

〈γµ〉 = 0, 〈γµγν〉 = 4ηµν , 〈γ5〉 = 〈γµγνγ5〉 = 0, (4.32)

and

〈γµγνγργσ〉 = 4(ηµνηρσ−ηµρηνσ+ηµσηνρ), 〈γµγνγργσγ5〉 = −4iεµνρσ. (4.33)

Feynman slash notation

Let us assume that A is an covariant vector. Then a product of Dirac matrix and
this vector we can define as

/A = γµAµ. (4.34)

Levi-Civita tensor

The Levi-Civita symbol, also called the permutation symbol, antisymmetric sym-
bol, or alternating symbol, is a mathematical symbol used in particular in tensor
calculus. In our case we use Levi-Civita symbol in four dimensions defined as

εijkl = εijkl =


+1 if (i, j, k, l) is an even permutation of (0, 1, 2, 3)
−1 if (i, j, k, l) is an odd permutation of (0, 1, 2, 3)
0 otherwise

(4.35)

38



Bibliography

[1] K. Kampf and J. Novotny, Resonance saturation in the odd-intrinsic parity
sector of low-energy QCD, Phys. Rev. D 84 (2011) 014036 [arXiv:1104.3137
[hep-ph]].

[2] K. Kampf, J. Novotny and J. Trnka, On different lagrangian formalisms
for vector resonances within chiral perturbation theory, Eur. Phys. J. C 50
(2007) 385 [hep-ph/0608051].

[3] M. Knecht and A. Nyffeler, Resonance estimates of O(p6) low-energy con-
stants and QCD short distance constraints, Eur. Phys. J. C 21 (2001) 659
[hep-ph/0106034].

[4] S. Scherer, Introduction to chiral perturbation theory, Adv. Nucl. Phys. 27
(2003) 277 [hep-ph/0210398].

[5] J. Trnka. Resonances in chiral perturbation theory. Prague: Faculty of math-
ematics and physics, Master degree thesis, 2007.

[6] J. Trnka. Lagrangians for massive spin one particles. Prague: Faculty of
mathematics and physics, Bachelor thesis, 2006.

[7] S. Scherer and M. R. Schindler, A Chiral perturbation theory primer, hep-
ph/0505265.

[8] E. Witten, Global Aspects of Current Algebra, Nucl. Phys. B 223 (1983) 422.

[9] G. Ecker, Chiral perturbation theory, Prog. Part. Nucl. Phys. 35 (1995) 1
[hep-ph/9501357].

[10] A. Pich, Chiral perturbation theory, Rept. Prog. Phys. 58 (1995) 563 [hep-
ph/9502366].

[11] V. I. Borodulin, R. N. Rogalev and S. R. Slabospitsky, CORE: COmpendium
of RElations: Version 2.1, hep-ph/9507456.

[12] MesonNet meeting, Prague, http://www-ucjf.troja.mff.cuni.cz/mesonnet13/

39


	Introduction
	Quantum chromodynamics and chiral symmetry
	Chiral perturbation theory
	Resonance chiral theory

	Description of resonances
	Wess-Zumino-Witten Lagrangian
	Vector formalism
	Antisymmetric tensor formalism

	"426830A AAP "526930B  correlator
	"426830A AAP "526930B  correlator in vector formalism
	Lagrangian basis
	Feynman rules
	Feynman diagrams

	"426830A AAP "526930B  correlator in tensor formalism
	Lagrangian basis
	Feynman rules
	Feynman diagrams

	Operator product expansion

	"426830A AAA "526930B  and "426830A VVA "526930B  correlator
	Lagrangian basis of "426830A AAA "526930B 
	Lagrangian basis of "426830A VVA "526930B 

	Conclusion
	Appendix
	Bibliography

