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CHAPTER 1

Introduction

I.1. Preliminaries

Phase transitions are determined by non-analyticities of the free
energy density. When such a non-analyticity is caused by a discon-
tinuity of a first-order derivative, one speaks of a first-order phase
transition. A non-analytic behaviour of the free energy density with
its first-order derivatives kept continuous corresponds to a continu-
ous phase transition. Here we shall only consider the former case.
Accordingly, the term phase transitions will henceforth mean phase
transitions of the first order.

The very introduction of the phase transitions is somewhat con-
tradictory. On the one hand, it relies on properties of the free energy
density, a quantity entirely characterizing only the idealized, infinitely
large system (the thermodynamic limit). On the other hand, real sys-
tems are always finite. However, the finite-volume free energy is, as
a rule, analytic, and no discontinuities can therefore appear in its
tirst-order derivatives (like the magnetization or the mean energy)
whatsoever. Rather, the infinite-volume jumps are smoothed out
into rounded transitions (the larger the system is, the more abrupt
the transition becomes), whose positions are, in general, shifted with
respect to those of the infinite-volume jumps, see Fig. 1. Moreover,
one may also analyze the corresponding second-order (the suscepti-
bility, the heat capacity, etc.) and higher-order derivatives; the singu-
larities of the d-function type which these quantities have in the ther-
modynamic limit change into sharp peaks as soon as a finite volume
is considered. The points where the peaks are maximal are suitable
candidates to describe the above-mentioned shifts of rounded tran-
sitions: at these points the transitions are the steepest. The phenom-
ena connected with the asymptotic behaviour of finite systems are
commonly referred to as the finite-size effects (at or near first-order
phase transitions in our case). It is their inherent feature that they
substantially depend on boundary conditions (the incuence of the
environment).

The study of the finite-size effects appears as a quite natural task.
To this end, one constructs — as is usual in statistical mechanics —
simplified microscopic models enjoying all the properties necessary
for explaining their behaviour from the macroscopic point of view.

1
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FIGURE 1. While the infinite-volume magnetization
m(h) has a discontinuity at /, its finite-volume coun-
terpart my (h) is continuous with a rounding steepest
at hy (V) — the maximum of the finite-volume suscep-
tibily xy (h). In general, the point h, (V) is shifted with
respect to ;.

Perhaps the most popular systems of this sort are classical lattice mod-
els, and in this thesis we rigorously examine the finite-size effects for
the simplest of these. In particular, we are predominantly interested
in the Ising and Potts ferromagnets. In order to explain the basic
ideas of the finite-size analysis, let us specify a class of (classical lat-
tice) models with which we shall work in the following.

The lattice is a countably infinite set of elements called sites. Here
we always restrict ourselves to the lattice 74, where d € N is its
dimension. In order to characterise the states at a single site of the
lattice, one introduces the single-spin space S, which we assume to
be a finite set. For instance, the Ising model has S = {—1,1}, and
S =1{1,...,9}, q < o, for the Potts model. The configuration space

of the system is then defined to be QO = &', and elements of Q are
called configurations. In addition, we use wy to denote the value of
the spin at the site x € Z? corresponding to the configuration w € Q ;
hence, w, € S.

When working on a subset A of Z%, we let w to be the restriction
of w € Q to A, thatis ap := {wx}ren. In case A is finite, we write
A €7 Afamily ® := {®y:Q — R|A € 7'} is a potential if, for
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each A under consideration, the function @ 4 depends on the spins in
A only. Throughout the thesis we only deal with a potential of finite
range R < oo, i.e. we set ® 4 = 0 once diam A > R. Given any finite-
range potential ®, any A € 7, and any w € Q, the Hamiltonian in
A associated with @ and with boundary conditions € Q is

)
HP(wn):= Y ®a(waxna), (L11)
A€Zd Ag A
where wp X nac is the configuration which coincides with w on A
and with 7 on A := Z#\A. The corresponding finite-volume Gibbs

measure (or distribution or state) at an inverse temperature 3 > 0 is
defined as

o~ BHS (w|n)
iy () = g (112)
Z, (n)

here Zg\q))(n) is the normalization called the partition function, i.e. it
is the finite sum

zZWm =y o BHL (wln), (1.1.3)
we:
WAC=TIAC

Statistical mechanics postulates that the equilibrium state of a (clas-
sical lattice) system in A interacting with its surroundings described
by the configuration 1 is given by the Gibbs measure (1.1.2). In other
words, expectations of all observables of the system in equilibrium
are available through this measure. These expectations can usually
be expressed as derivatives of the logarithm of the partition function
(the finite-volume free energy).

As mentioned at the beginning, in order to describe phase tran-
sitions, one takes the thermodynamic limit. This allows to get rid
of problems with boundary effects and to retain just the essential in-
formation on the original, finite but large system. Then one is in-
terested in the corresponding infinite-volume measures, i.e. those
whose conditional probabilities for finite subsystems, conditioned
on the outside (boundary conditions), are of the Gibbs form (Do-
brushin [Dob68] and Lanford and Ruelle [LR69]). The set § (@) of
these measures — the DLR-measures — is a simplex and its extreme
points describe possible macrostates of the system; any weak limit of
the finite-volume Gibbs measure (I.1.2) with arbitrary deterministic
or random boundary conditions is an infinite-volume Gibbs mea-
sure. Whenever the set G(®) in not a mere singleton, |G(®)| > 1,
the system is said to exhibit a phase transition. It means that there
is a certain instability with respect to boundary conditions: a small
change on the boundary leads to a dramatic change in the limiting
measure on (). Put another way [Ist79], this may be reformulated
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by means of the lack of differentiability of the free enerqy density in-
troduced as the limit

o) _ i 1 @)y . _ 14 (@)
(I.1.4)
if it exists. Here {A,; Ay € Z%, A, # 0} is a sequence tending to
infinity in the sense of van Hove, i.e. lim,_, |0:A4|/|An| = O for

each r > 0 with 0,A,, := {x € AY : dist(x,A,) < r}. It is known
that for the models which we consider here the free energy density
exists and does not depend on the boundary conditions 7.

I.2. Layout of the Thesis

In the next section we give a non-technical survey of the main
ideas of the rigorous theory of the finite-size effects near first-order
phase transitions worked out by Borgs and Kotecky [BK90, BK95].
After some generalities, we outline our results presented in the rest
of the thesis. The next chapter is devoted to brief reviews of the
techniques and methods which we shall use for the study of the
finite-size effects: the Pirogov-Sinai theory and cluster expansions
on the one hand, and large deviations and convex analysis on the
other hand. These will be applied to the analysis of the high g-state
Potts model in Chapter III and the two-dimensional Ising model in
Chapter IV. Finally, in Chapter V we examine how large-deviation
principles may determine, in general, the finite-size behaviour of lat-
tice systems.

Both Chapter IIl and Chapter IV are actually joint papers (the for-
mer with Christian Borgs and Roman Kotecky, the latter with Roman
Kotecky) being prepared for publication.

I.3. Finite-Size Effects: A Non-Technical Survey

I.3.1. General Results. The theory of the finite-size effects near
tirst-order phase transitions goes back to the work of Imry [Imr80]
and, in the sequel, of Fisher and Berker [FB82], Blote and Nightingale
[BN81], Binder and co-workers [Bin81, BL84, CLB86], Privman and
Fisher [PF83], and others. For a system with two coexisting phases
which are related by a symmetry 1 < —h with respect to the or-
dering field / (like the Ising model) in a cube of the size L under
the periodic boundary conditions, these lead to the prediction that the
magnetization

1 dlogZper(h, L)
BLA dh

Mper(h, L) == (1.3.1)

behaves as
Mper (1, L) ~ M tanh(BMhL?), (1.3.2)
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where Zper(h, L) is the partition function of the system, M is the
(infinite-volume) spontaneous magnetization, 3 is the inverse tem-
perature, and d is the dimension. A formula of the form (1.3.2) was
also obtained for models without a symmetry relating & to —h. In
the latter case, however, controversies on the shift of the susceptibil-
ity maximum with respect to the infinite-volume transition point /;
appeared. Similar (although less dramatic) controversies arose for
temperature-driven first-order phase transitions as well, an exam-
ple being the g-state Potts model, where g ordered low-temperature
phases coexists with one disordered high-temperature phase.

The theory was later systematized in a rigorous framework by
Borgs and Kotecky [BK90, BKM91]. Their results cover the finite-
size effects for systems describing the coexistence of a finite number

of phases with both field- and temperature-driven transitions.! As
the main tool, they used the Pirogov-Sinai theory of first-order phase
transitions [PS75, PS76, Zah84, BI89], and completely succeeded in
resolving the above-mentioned controversies. In addition, they sug-
gest new parameters to locate the transition point from numerical
simulations. Their key point [BK90] consists in representing the par-
tition function as (c.f. Theorem I1.1.15)

Zper(h, L) = ( i e PN 11 4 O(e 4P (1.3.3)

for some & > 0, where N is the number of phases. The central task
concerning this formula is to introduce suitable metastable free en-
ergies f1(h), ..., fn(h) so that fi(h) coincides with the free energy
f(h) of the model once the phase m is stable, while fm(h) > f(h)
if m is unstable. In addition, the metastable free energies are intro-
duced to be differentiable to sufficient an order (although not ana-
lytic). Using (1.3.3), the finite-size behaviour of various quantities
can be evaluated. For instance, in the case of the coexistence of two

phases 4+ and — (N = 2), the magnetization (1.3.1) and the suscepti-
_ dmper(h,L)

bility xper(h, L) := —25-— scale like

my +m_

iper (1, L) ~ %+
my —m_ my —m_
+ % tanh{ /5% (h— Ry, (L)LY} (13.4)

and

my —m_.2 Lo My —Mm_
Xper(h/ L) ~ (%) Ld COSh 2{/3% (h - ther(L))Ld}

(13.5)

1Besides the cubic volumes, Borgs and Imbrie [BI92a, BI92b, Bor92] investi-
gated systems in long cylinders.
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when |h — h;| < O(L™!) and L is large, the errors being of the order
L Yand 41, respectively. Here m_ and m_ are the infinite-volume
magnetization of the phase + and —, respectively, at the infinite-
volume transition point h; and hy,,, (L) is the unique point at which
the susceptibility xper(/, L) attains its maximum. For the remaining
values of the field &, one may show that mper(h, L) and xper(h, L)

differ from their infinite-volume counterparts by a term O(e~%AL).
Notice that the rounding of the infinite-volume transition takes place
in a region of the width L=%. Moreover, the shift of Ryper (L) with
respect to hi; can be explicitly found: it turns out to be of the order
L~24, We formulate the statements precisely in Corollary I1.1.16.
The periodic boundary conditions do not allow the description of
the finite-size effects in real systems, where the incuence of the sur-
face plays a major role. In order to extend the theory to these situa-
tions, Borgs and Kotecky [BK95] studied cubic systems with the free
or, more generally, with the weak boundary conditions — those which
do not strongly favour any of the considered phases near the surface.
This is necessary for applying their techniques, based again on the
Pirogov-Sinai theory. This time, when the volume has a boundary,
one must also take into account the metastable surface free energies

fl(rfl -1 (h), m =1, ...,N, and the corresponding partition function
can now be expressed as (c.f. Theorem 11.1.18)

Zyeak(h, L) = ( % e PEn(WLY[1 4 O(e~PL))] (13.6)
m=1

with
En(h, L) = fu(W)L? + 249"V (n) L7 + O(LT72).  (137)

The metastable surface free energies are typically (for asymmetric
transitions) different at /;, which is the source of the main difference
in comparison with the periodic boundary conditions. Considering
the two-phase coexistence (N=2), the formulas for the finite-volume
magnetization myyeak (1, L) and susceptibility Xweak (%, L) when L is
large and | — hy| < O(L~!) look formally the same as those from
(L.3.4) and (1.3.5), the width of the transition being thus still propor-
tional to L~%. However, the shift of the susceptibility maximum

£V ) = V(1) 24

-2
pr— FHO(L7?).  (138)

theak(L) = ht +

with respect to h; is now proportional to L~1. Similarly, the differ-
ence between Myeax (1, L) and xweak (7, L) and their infinite-volume
counterparts is of the order L~! whenever & is beyond the interval
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FIGURE 2. The infinite-volume magnetization and the
mean energy for the high g-state Potts model. Notice
that m(B) = 0 forall B < B;.

|h — hi] < O(L™1). These results are precisely formulated in Corol-
lary II1.1.20.

1.3.2. Review of the Presented Results. Our first aim is to use
the methods developed in [BK95] to study the finite-size effects for
the ferromagnetic high g-state Potts model in a cube A C 7 of the size
L4, d > 2, with boundary conditions interpolating between the free
and the constant 1-boundary conditions. The configurations of this
model are maps o from A into S = {1, ...,q}, where g < co. Using
B = B(A) to denote the set of all bonds (x, y) of nearest-neighbour
sites x,y € Z“ with both end-points in A and B = dB(A) to de-
note the set of all bonds (x, y) such that x € A and y € Z%\A, the
corresponding Hamiltonian is given by

H(A)(o—/\) = -] Z 50x,0y - A Z 50‘x,1, (1.3.9)

,Y)EOB:
(x,y)eB (x ¥>€A

where | > 0 is the bulk coupling and A > 0 is the surface cou-
pling. The value A = 0 represents the free boundary conditions,
while A = ] represents the standard 1-boundary conditions. It is
well known by now that for all d > 2 and all g > 2 the infinite-
volume system exhibits a phase transition at some value 3; of the
inverse temperature characterized by the appearance of a sponta-
neous magnetization whenever 3 > ;. For g sufficiently large, this
transition is known [KS82] to be first-order with a discontinuity in
both the magnetization m(3) and the mean energy e(3) (see (IIL.2.5)
and (II1.2.6), respectively, for their definitions) , c.f. Fig. 2.

The starting question to be answered is what boundary condi-
tions are weak: while the free boundary conditions favour the dis-
ordered phase near the surface, the standard 1-boundary conditions
tavour the ordered phase. It turns out [Med96] that the weak bound-
ary conditions correspond to A ~ J/2. A direct application of the
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general theory [BK95] to the considered model was done in [Med96].
However, in order to satisfy the assumptions under which the meth-
ods from [BK95] can be used, one needs to impose drastic constraints

on the values of A and 3. Namely, it is necessary that \— — —\ < dand
— 1| < &, where 6 = 5(d) < 115

Our main contribution to this problem is the analysis of the as-
ymptotic behaviour (as L — o0) of the finite-volume magnetiza-

tion M (3, A) and the finite-volume mean energy Er (3, A) (for their
definitions, see (II1.2.7) and (IIL.2.8), respectively) for any A > 0 and
q large. It turns out that the behaviour for A € (0, %) and 3 < B is
qualitatively the same as that for the free boundary conditions: the
spec1f1c magnetization M L(B,A) and the specific mean energy

|f5t

\/\(

TA(D] /\( E L(B,A) still converge to the bulk quantities in the disordered

phase with corrections of the order L~!. Similarly, for A € (%, o)
and 3 > f3;, we are still in the ordered phase. Finite-size behaviour

for intermediate values of A — around A = %, the weak boundary
conditions —and any 3 > 0is governed by the competition between
contributions coming from the configurations which are either in the
ordered or in the disordered phase for the whole of A. Surface ef-
fects, in dependence on the particular value of A, then determine the
resulting finite-size rounding of the phase transition. Introducing

the specific heat C (3, A) := BZ%E’A) and m* = m(fB;),

co=1[ lim e(B)+ lim c(B)]/2, (13.10)
and
be = lim c(f)~ lim e(B))/2, (13.11)

our principal results, when A is around ] /2, are as follows. Letd > 2
and | > 0. Choosing 0 < p < 1, one considers the interval ‘— — —‘<

£ and defines v := 5 min{1,3(1 — p)} > 0. For q and L large
(depending ond, J, and p), the following is true:

(1) There exists a unique point /3§§§X(L) at which the specific
heat Cp (3, A) attains its maximum, and

-v

l—A+O(q

2 logg

Blaa(L) = Bt [1+ é( )7 Lo )], as12)
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@) 1f BBl < 31 then

5Ac T’

My(B,A) = T ’”7 L% tanh (Ae (B — B (L)) L) + O(L4Y),
(13.13)

EL(B,A) = eoL? — Ae L4 tanh (Ae (B — Bl (L)) L) + O(L4 1),
(13.14)

and

CL(B, A) = B2(Ae)2L* cosh ™2 (2e (B — B (L)) L4) + O(L2 1),

(13.15)

/3 [j’ 8d] 1
3) If BBl 841 1 ihen

M (B, A) = m(B)LY + O(L% 1), (13.16)
EL(B,A) =e(B)L? +O(L*1). (1.3.17)
In addition, there exists the derivative c¢(3) = — /32 de( d /3 ) and
Cr(B,A) = c(B)LY +O(L™). (1.3.18)

Although the proof of the above results is based on the tech-
niques developed in [BK95], a more careful evaluation of bound-
ary terms is crucial. As usual, the model is to this end first rewrit-
ten in terms of the Fortuin-Kasteleyn random-cluster representation
[FK72], and then recast as a contour model. A part of our analysis
was used in [VE00] to show that a non-robust phase transition for the
high g-state Potts model occurs at (3;.

Our second aim here is to study the finite-volume specific mag-
netization mp (h, 3) in the two-dimensional Ising model in a square
box Ay of the area L? with the minus boundary conditions and a
positive external magnetic field & of the order L~! for all subcritical
temperatures. The Hamiltonian of the model is

HL h O'L Z O'xO'y Z Oy — h|/\L|5L(O'L), (1.3.19)
x, ye/\L xE/ézl,y;e:/\CL

where o; : Ap — {—1,1} is the spin configuration in Ar, (x,vy)
stands for a pair of nearest-neighbour sites x and y of Z%, and

Si(01) = /3L| P (13.20)

is the average spin. The magnetization my (h, ) is the expected value
of Sy under the Gibbs measure at the inverse temperature 3 corre-
sponding to the above Hamiltonian. The choice # ~ L~! matches the



10 INTRODUCTION

most interesting situation when the bulk effect of the magnetic field
and the surface effect of the boundary conditions are of comparable
strength. Here the methods of [BK95] are not applicable: the im-
posed boundary conditions are not weak and the configurations con-
taining large contours may play a decisive role.? Instead, we employ
the large-deviation results from [SS96, GS97, Vel97, IS98, BIV00] to
treat this situation.

The behaviour of the Ising model at subcritical temperatures with
the minus boundary conditions and & ~ 1/L has been of great in-
terest in recent years. Considering hy = B/L, B € R, and d = 2,
Schonmann and Shlosman [SS96] proved that there exists a unique
point By = By(B) > 0 such that the finite-volume Gibbs measure
at h = B/L converges weakly to the pure minus phase if B < By,
while the limit is the pure plus phase if B > By. In both the regimes,
they investigated the exponential convergence of the average spin Sy
at the surface rate and established a “surface-order’ large-deviation
principle valid at B = 0, extending the results obtained by Ioffe
[I0f94, I0f95]. In the former regime (B < By), the minus boundary
conditions prevail, selecting the minus phase in the box Ar, and Sp,
converges exponentially to —m* < 0, where m* is the spontaneous
magnetization. In the latter regime (B > Bp), however, the mag-
netic field is the dominant effect, and the plus phase is outweighing
in the system. The average spin now converges exponentially to a
point m(B) € (0,m*), see Fig. 3, and a single droplet of the plus
phase within Aj immersed into the minus phase is created. The most
tavourable shape of such a droplet [SS96] is a squeezed version of
the equilibrium crystal (or Wulff) shape — the one which minimizes
the interfacial surface tension, assuming that its volume is given and
that it fits the box Ap. This is caused by the fact that whenever the
droplet really appears, it necessarily touches the boundary of Ar.
Greenwood and Sun [GS97] pointed out (for any dimension d > 2)
how the large-deviation principles with B = 0 and B # 0 are related,
and inspected the surface-rate exponential convergence of Sy, too.

It should be noted that the macroscopic-scale separation of pure
phases along the boundary of the equilibrium crystal shape is an
extremely subtle probabilistic problem. Its first rigorous study was
done by Dobrushin, Kotecky, and Shlosman [DKS92, DS94] for the
2d Ising model at very low temperatures. The main part of their re-
sults was extended to all subcritical temperatures by Ioffe and Schon-
mann [IS98]. The main results of the rigorous microscopic theory of
equilibrium crystal shapes are reviewed in the recent paper by Bod-
ineau, loffe, and Velenik [BIV00].

’In the previous finite-size analysis of the Potts model, for example, this is
embodied in the fact that the situation when A = 0 and A > | are out of scope of
[BK95] if 5 > f3; and 3 < f3¢, respectively.



FIGURE 3. The average spin S| converges exponen-
tially at the surface rate to —m™ if B < By and to m(B)
if B > By. The point B* is also indicated.

Now, let us formulate our results on the behaviour of the magne-
tization my (h, B) as well as the susceptibility x; (1, B) := # dde(}?’B ).
Certainly, this behaviour recects the above-described balance be-
tween the competing incuences of the magnetic field and the minus
boundary conditions in our model.

We consider the interval |Lh — By| < 9, where & > 0 is arbitrary.
Let m4(B) = m(B) for B > B*, whereas m, (B) = m(B*) for B < B*,
where B* € (0,By) is specified in Section IV.2 (see the text before
(IV.2.7)). Introducing the shorthands
() o= ML) gy malB) (),
and A := Am(Bgy) > 0, forany 3 > B, 0 < 8y < 1/4, and L
sufficiently large (depending on 3, J, and &) one has:

(1) The susceptibility x (h, 3) attains its maximal value over the
interval |[Lh — By| < 9 at a unique point 1, (L) (which is in-

dependent of 9), and h,(L) = (B + R(LO))/L with R(LO) =
O(L~%).
(2) For any h such that |Lh — By| < 9 it follows that

my (h, B) = (Lh) + Am(Lh) tanh [BA(h — h, (L)) L2] + RSV ()
(13.22)

(13.21)

and

xi(h, B) = (Am(Lh))? cosh 2 [BA(h — k(L)) L2] + R (i),
(1.3.23)
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where

sup R (k) =0O(L%),i=1,2. (1.3.24)
h: |Lh—Bo| <

We divide the proof of these results into two parts. First, we
prove their weaker version (Theorem IV.3.3) in which it is claimed
that R(LO) and sup,, \Lh—By| <9 R(LZ)(h), i =1,2, tend to zero as L —
oo; this part is based on the large-deviation principle established in
[SS96]. In order to obtain explicit uniform rates at which these errors
tend to zero, we employ the local-limit estimates from [I1S98, BIV00,
DS94] and Theorem 7.4.3 from [Vel97]. It should be pointed out that
the division of the proof into two parts is not necessary and it could
be carried out solely with the help of the local-limit estimates. How-
ever, we believe that it is more transparent to examine the problem
by means of the large-deviation principle at the beginning and use
the more precise information of the local-limit estimates only after-
wards.

The asymptotics (I.3.24) can be slightly improved if taking into
account that Theorem A from [IS98] is applicable in our situation (as
is remarked in [BIV00]), although the proof of this has never been
written down explicitly. In any case, in the course of the proof it
becomes clear that the constant 8 has to be smaller than 1/2.

A few features of the Ising model only play an improtant role in
the first part of the proof of its finite-size behaviour, namely, in the
proof of Theorem IV.3.3. In the last chapter we therefore extract these
essential features, specifying thus a group of models whose finite-
size behaviour we investigate therein. This leads to a generalization
of the results from Theorem IV.3.3 for models describing the coexis-
tence of two phases. To be precise, we consider a sequence {A;} of
finite subsets of the lattice Z9, d > 2, such that lim,,_, |[An| = o0
and we study the models in A, whose single spin-space is a finite
set S and the Hamiltonian has the form

Hyup(0n) = Hulon) — I |An| Xu(0n) (1.3.25)

for all configurations o, € S™7, where & is a real parameter and
H,, and X,, are real-valued functions on S”*. The task is to analyze
the behaviour of the finite-volume ‘magnetization’ (i.e. the expected
value of X;, under the corresponding Gibbs measure) in dependence
on h as n — oo. Writing Ran X, for the range of X, and introducing

x:= lim infRanX,, ¥:= lim sup Ran Xj;, (I.3.26)

n—00 n—00

we suppose that
(A) max {|x|, |x]|} < oo,
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(B) given a sequence {h,}, h, € R, the distribution of X,, un-
der the Gibbs measure with the magnetic field /;, satisfies a
weak large-deviation principle with a rate I # oo.

Moreover, two assumptions on the form of the rate I are made; these
only secure that one looks at the Ising-like situation similar to the
one from Fig. 3. Then, with the help of the large-deviation theory
and convex analysis, we prove results completely analogous to those
concerning the two-dimensional Ising model showing that the cor-

(0) (i)

responding errors R;’ as well as R;;’(h), i = 1,2, tend to zero as
n — oo uniformly within the corresponding interval of h.

As a matter of fact, in the assumption (B) one is interested in
large-deviation principles at surface orders. Although these have
been explicitly established just for the two-dimensional Ising model,
it is anticipated that the Ising model in higher dimension or other
models (like the Potts model) will soon be covered as well. That is
why we find the problem of the connection between the finite-size
effects and large deviations interesting and, hence, worth studying.

In order to carry out the finite-size analysis and prove the results
presented above, we shall employ three techniques: the Pirogov-
Sinai theory, basics of the theory of large deviations, and some con-
vex analysis. We brieay review these in the next chapter.
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CHAPTER 1I

Techniques

I1.1. Pirogov-Sinai Theory

The Pirogov-Sinai theory, whose origin goes back to the work of
Pirogov and Sinai [PS75, PS76], is a general and powerful method of
rigorous study of various low-temperature' aspects for a large class of
two- and higher-dimensional statistical-mechanical models. It pro-
vides detailed control over the behaviour of all phases in all possi-
ble situations (when the phases become, as the driving parameters
are changed, either stable or unstable) in infinite as well as in finite
volumes. Among main achievements of the theory is its ability to
treat models with or without symmetry, i.e. also the cases where other
methods (like the recection positivity) fail. Here we describe the ba-
sic ideas and results of the theory in the case of a Hamiltonian with a
finite number of local ground states, assuming that the potential is of
finite range (and mostly translation-invariant) [Zah84, BI89, Zah98].
Special emphasis is laid on the investigation of the finite-size effects
[BK90, BK95].

Throughout the section we take the dimension d > 2.

I1.1.1. Abstract Pirogov-Sinai Model. The starting point of the
theory is to represent a lattice model in terms of an abstract contour
model. Let us demonstrate how this may be carried out for a model
in®> A € 7 whose Hamiltonian is given by (I.1.1); we shall consider
constant boundary conditions.

First, let a set Q C S be fixed. Given a configuration w € Q,
we define B(w) as the union of those R-cubes in Z? in which w
does not coincide with the constant configuration w’ := {w, =
g forall x € Z9} forany g € Q,

B(w) = |J {Cr(x) : wep(y) # (W) cy(x) forevery g € Q} (IL1.1)

xeZ4

This is connected with the Peierls condition (see Remark 11.1.10). Strictly
speaking, one does not always have to restrict oneself to the low-temperature
regime. For example, it is possible to analyse the g-state Potts model, which un-
dergoes a phase transition as the inverse temperature 3 varies, with the help of
the Pirogov-Sinai theory for any 3 > 0 whenever g is sufficiently large.

2Fach A € 7¢ in this section is assumed to be simply-connected.
17



18 TECHNIQUES

with Cg(x) := {y € Z% : |y; — x| < Rforalll <i<d}. We use
cc B(w) to denote the set of connected components of B(w) and, if
B(w) is finite, we write Ext(w) for the unique infinite component of
78\ B(w). Let us introduce

A
Y(M, w) := MN 4] Oplw), MeZ' weQ, (L12)
Aczd | |
and
DO p(awf
=Y % =y({0},w), ge€Q. (I1.1.3)
A:AS0

Moreover, let AR) := U,cACr(x) and let /\,;R)(w), g € Q, be the
set of all points x € AR such that Weg(x) = (WT)cg(x)- Using the

shorthand wy A = wa X (W)Ac, we have

Palwyn) D 4(wg,n)
H((D) 1) — A\ A Pulwg,n) _
A (CU|CU ) Ag/\c XEZA |A| XG%R) A;/ |A’
AZAC
D 4wy, )
_<§ 2 T2 ><A§x_ 2 >T' (IL1.4)
7'€Q YeA (wg,n) XE (g, A) P
Since
/ A ) A
q7'eQ xe/\ff)(wq,/\) A>Sx | | ) xe/\‘g{)(wq//\) = | |
R
=2 eq/l/\gl)(wq,/\)’, (IL.1.5)
7€Q
z M — CDA (,Uq /\ _
x€B(wg A) Agx ‘Al rECCB Ton) Z'Agx ’A|
= alwgn) _
e 2 TAl
cccB(wg,n) ANTED x€ANT

- ; YT w,a), (ILL6)
Fece B(wg,A)

and

D 4(wg,A) _ D 4(w?)
|A| Al

(I.1.7)

XGA(R) A>x,

v XG/\(R)\/\ A>x,

ACAC
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it follows that

H§\®>(w|wﬂ):Zeq/|/\f]$>(wa,\)|+ S Y(wga)-
q'€eQ Fece B(wg,A)

—C(q,A,R). (IL1.8)
Here C(g, A, R) is the constant given by (II.1.7), which, for a given @,
depends on g, A, and R only. The corresponding partition function
(I.1.3) may now be expressed by
(@) _ ,BC(q,AR)
Zy () = ePH\
A 2

wAC:(wq.)/\C

R
I—l e_ﬁeq’ |/\L(7/ )(wq,/\)‘ %
7€Q

x [ efres). @)
Fece B(wg,A)

Let us next introduce a contour y to be a pair (supp v, cy(-)), where
suppy is a connected subset of Z? and ¢ (-) is an assignment of
a label ¢, (bd ) € Q to the boundaries of each component K of
Z%\ supp y. Observing that any ¥(I, w 4 A) in (IL.1.9) is a function of
the restriction of wy A to I, one may rewrite the partition function as

R) (g,
ZS\CD)(aﬂ) — oBC4,AR) Z l—l o Per Ay {rib)l y
{’)/1/'~°/’)/H}I:A(R> q GQ
n .
X Z o~ BY(suppy;, ) (II.1.10)
w(l) w(") i=1

Here the first sum is over all collections of non-overlapping contours

{¥;} such that suppy; € AR foralli = 1,...,n and the labels

of 1, ..., yxn are constant on the boundaries of each component of
AR\ Ut suppy;; the set Ap(f)({%'}) is the union of all of these
components which have the boundary label 4 € Q. In addition, each
of the last # sums runs over all configurations w!/) € SSUPPYi, | =
1, ...,n, satisfying the condition that (w(®), = c,,(bd K) whenever
x € supp¥; N (UyexCr(y)) for any component K of Z?\ supp v;.
Realizing that

. n i
o~ B¥(suppyi, ) _ REEDI ne—ﬁ‘P<suprw<”>, (IL1.11)
i=1 o0 W) ol =l
we finally obtain

—Be, INB) (1. 1

Z wl) = fC@AR Me SLALON P
(1, ¥ JCAR) 7'€Q i=1

(IL1.12)
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with p(y;) == 3 0 e~ B¥(suppYi, @) This is the desired contour rep-
resentation of the considered lattice model. It may serve as a moti-
vation for the general setting to be now introduced.

Let the Q C S be fixed (the set of colours). A contour is a pair
Y = (suppv,cy(+)), where supp vy, the support of the contour v, is
a connected set® and cy(+) is an assignment of a colour from Q to
the boundaries of each component of Z?\ supp y. Given a contour y
with a finite support, its interior is the union of all finite components
of Z4\ supp vy, its g-th interior is the union of all the components of
its interior which have the boundary colour g € Q, and its exterior is
the (only) infinite component of Z4\ supp y; we use Int y, Int; v, and
Ext y, respectively, to denote them. The colour on the boundaries of
Ext y plays a special role, and, if this colouris g € Q, the contour y is
called a g-contour. As is common, we shall use |y| to denote the size

of supp .

DEFINITION II.1.1. A set of contours & is said to be admissible if

(a) the contours in & are mutually non-overlapping (supp y1
and supp Y are not connected for any y1,y>2 € ),
(b) the colours of contours in & are matching, i.e. constant on

the boundaries of each component of y/a\ Uyes suppy-

External contours of an admissible family of contours are those
which neighbour the infinite component of Z4\ U,ce supp y-

An admissible family of contours & is said to be g-admissible if its
external contours are g-contours.

DEFINITION IL1.2. Let {e;; ¢ € Q} and {E(y)} be real quantities
(the ‘ground-state energies” and the ‘contour energies’, respectively).
For any A € 7% and any admissible family & of contours in A, let

HYY ()= 3 elAg(@)|+ S {E0) +elvl}),  (@113)
q€Q YES

where A4(®) is the union of all the components of A\ Uyce supp y
which have the boundary colour g € Q and e := mingcge;. A
model whose configuration space is the collection {&} of all admis-
sible families of contours in A and whose Hamiltonian is given by
(I1.1.13) is called an abstract Pirogov-Sinai model in A (corresponding

to {8}, {¢;; 4 € Q}, and {E(Y))).

3The exact meaning of connectedness can be in different situations different,
taking thus into account the features and peculiarities of the inspected model. That
is why we refrain from specifying this notion here. However, one may think of
supp ¥ as a connected subset of Z¢, for instance.
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DEFINITION I1.1.3. Let A € Z%. The partition function of the ab-
stract Pirogov-Sinai model in A (corresponding to {&}, {¢;; 4 € Q},
and {E(y)}) is given by

Z(PS)(A) = Z I_l e_ﬁeq|/\q(®)| |_| p(')/), (11114)
BCAGEQ re®

where the sum is over all admissible families of contours in A, the
quantity p(y) := e BEM+elV) is the weight of the contour y, and
the (& = )-term in (I1.1.14) is set to equal J ,co e~PelA The corre-
sponding (specific) free enerqy is the limit

FPS) = — lim log Z(PS)(A), (I1.1.15)

if it exists. The limit is taken in the sense of van Hove.
The g-th partition function in A is defined by (I1.1.14) with the sum
over all g-admissible families of contours in A only; we shall write

Z,SPS) (A) for this quantity.*

Next, we define the central notion of the Pirogov-Sinai theory.

DEFINITION II.1.4. Let g € Q. Given a g-contour v, its contour
functional F,(y) is defined through the relation’

e BE(V) . (IL.1.16)

The contour functional allows to rewrite the g-th partition func-
tion Zéps) (A) so that the matching condition for the contours of the
g-admissible families involved in its definition is removed. One thus
ends up with a system of a hard-core contour gas called the g-th con-

tour model.

LEMMA IL.1.5. Let g € Qand A € 7. Then
Z (A =Pl S e PR (IL1.17)
@;‘E/\yé@;

here the sum is over all families of non-overlapping q-contours in A. The
(0527‘ = (0)-term in the sum in (IL.1.17) is set to equal 1.

4Clearly, ZPS)(A) = Y4€Q Z{gps) (A).
5The expression (I1.1.16) is meaningful since ZEIPS) (A) > 0forany A € Z' by
the very Definition II.1.3.
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PROOF. We shall prove (I1.1.17) by induction on the size of A.
First, if A is so small that it cannot contain any contour, then (I1.1.17)
obviously holds.

Let (II.1.17) be true for the interiors of contours appearing in A.

The summation over all those families of g-admissible contours in

ZL(]PS) (A) that have a fixed collection of external contours produces,

PS
for each external contour v, the factor [,co Zé, )(Intq/ v). Thus,

PS _ ext PS
Zé )(/\) _ Z o~ Beql Exta(65%)] |—| o(v) ]—l Zé/ )(Intq/ )/)},
GX'CA yest 7€Q
(I.1.18)
where the sum is over all families of external g-contours in A and
Exta (85) = A\ Uyceex (suppyUInty). As

p(y) [ 2y (Inty y) = e PRl 77 27 (Inty )
7eQ 7eQ
(11.1.19)

for any g-contour v, the inductive assumption implies

ZFS) (A = Pl [EXABFO43, cqpa (7 [Intn)
GXICA
< T {efﬁf‘f(” Z efﬁfqm},
yeset &;CInty 7EO;
which equals the right-hand side of (I1.1.17). Q.E.D.

Therefore, in order to study the behaviour of contour models, a
control over the contour functional is needed. Namely, if 7;(y) in-
creases with the size of the support of y, then one can use the cluster-

expansion theory and express log Zéps)(/\) as a quickly converging

series. We formulate the statement in the next lemma. It should be
stressed, however, that it can be proved under very general circum-
stances [KP86, Dob94, BZ], in particular, the translation invariance
need not be assumed.

Let us introduce the polymer partition function

Z(A;F) = e PF), (IL.1.20)
QS’%A yll*

where the sum is over all families &* of non-overlapping contours
in A with the (&* = ))-term set to equal 1 and F () is a real-valued
quantity.

DEFINITION IL1.1.6. Let € be the set of all contours. For any multi-
indexC: € — {0,1,...}, let supp C be the union of the supports of
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all contours in € with C(y) > 0. We say that C is a cluster if supp C is
connected. The cardinality of a cluster C is defined to be

Cl:= 5 C¥)Iv]- (IL.1.21)
yee

LEMMA II.1.7 (Cluster Expansion). There exist finite positive con-
stants ey = ¢eo(d) and K = K(d, |Q|) and a combinatorial coefficient ¢¢
for each miltiindex C such that the following is true once

e PF(Y) < (Gl (IL1.22)
v:supp y=G

for some 0 < ¢ < &g and every G € Z°.
(a) For any A € 72, one has

log Z(A; F)= Y gcwe and lpe| < KICT (11.1.23)
C:suppCCA

with pc = 0 once C is not a cluster; here we = [, (e P70NCO). The
sum in (11.1.23) is quickly convergent,

|pc| we < (2Ke)!M (I1.1.24)
C:suppCOM

forany M € Z°.
(b) Let
1 1
§i= —— 7 QcW¢ . (11.1.25)
B C:0esuppC | suppC|

Then 0 > s = O(e) and
log Z(A; F) = —Bs|A| + O(e)|9A|. (IL.1.26)

REMARK II.1.8. Note thatif F(y) > 1y|y| with some 75 > 0, then
e BFY) < Z e PnlGl < o= (Bro—log|QDIGI ~ (11.1.27)
v:supp y=G v:supp y=G

We used that the number of all contours with the same support G

can be bounded from above by |Q|I¢l. Hence, the condition (I1.1.22)
is in this case satisfied as soon as f3 is sufficiently large.
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I1.1.2. Metastable (Truncated) Models. Let us return to the ab-
stract Pirogov-Sinai model. We introduce an additional vector pa-
rameter i € RY (‘external fields’) with v > |Q| — 1 on which the cor-

responding energies {¢;} and {E(y)} will be dependent. Therefore,

we shall now use Z(PS) (A, h) and Z{sps) (A, h) to denote the partition

functions of the model (Definition I1.1.3).

In order to control Z(PS)(A, k), one needs to control each parti-
tion function Z,gps)(/\,h). Lemma I1.1.5 and Lemma II.1.7 suggest
that the latter may be done by a cluster-expansion analysis once the
condition (I.1.22) is satisfied. To this end, the following assumption
is imposed.

ASSUMPTION II.1.9 (Peierls Condition). Let us assume that there
is a constant 7 > 0 such that

E(y) > 1yl (I.1.28)

for any contour y and all i € 4, where il is an open subset of R".

REMARK II.1.10. In fact, one needs the inequality

e PE(Y) < o—BTIGl (IL.1.29)
y:supp y=G
to be true (for some different © > 0). In view of Remark II.1.8, this
tollows from (II.1.28) if 3 is sufficiently large.

Nevertheless, the Peierls condition itself does not guarantee that
(I1.1.22) is automatically fulfilled. On the contrary, it turns out that,
in dependence on &, the inequality (I1.1.22) is not always true. That
is why the metastable (or truncated) q-th contour model is introduced
[Zah84, BI89]. Namely, one constructs the metastable contour func-
tional ]-"(;(7/), which determines the g-th metastable partition func-
tion
2PN h) = e PalN s e PR (IL.1.30)

GICAYED;

and the g-th metastable free energy®

(PS)

fq(h) := — lim L log 7',

(A, h), (I1.1.31)

such that:
(a) F5(y) obeys (I1.1.22) for some small ¢ > 0,

5The limit is taken in the sense of van Hove. Its existence will become clear
later.
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(b) Z’ Igps) (A, h) equals the g-th partition function of the original
model ZL(]PS) (A, h) once f;(h) coincides with mingeq f;(h)
(for such h the colour g is called stable).

Next, we illustrate the construction of the metastable models on
an example of a simplified two-spin system. So, let Q = {+,—}
and let us suppose that Int.y = ) (i.e. Inty = Intyy) for every
+-contour y. We define F/, (y) through the relation [Zah84]

Fli(y) == max{F+(y), T|v|/3}; (I1.1.32)

then Z’(ips)(/\,h) and fi(h) are given by (I1.1.30) and (I.1.31), re-
spectively. Besides, let

£(h) = min{ £ (h), f— ()} (11.1.33)
and
a=(h) == fx(h) — f(h) > 0. (I134)
An immediate consequence of the definition of F’, () is that
e BFL(Y) < p=BTlvl/3 (IL.1.35)
and Z’fs) (A h) < ng) (A, h). Lemma II.1.7 then yields
log Z'P (A, ) = —Bfe(h)|A| + O(8)|0A] (IL.1.36)
with
fi(h) =es(h) +si(h) and &= BT/4 (11.1.37)

whenever 3 > 0 is sufficiently large. Moreover, 0 > s = O($).
Next, assuming that
Z (A, ) < e BfIAIFOB)IOA] (I1.1.38)

we claim that /. (y) = F+(y) as soon as at diamy < 7/2. Let us
show this by induction on the size of the contour y. When Intvy is
too small to contain any other contours, one has

1
Fily) = B logp(y) +e+ly| > (T+e—ex)|y|

= (t—ax+0(8)) vl = (r—1/2=Dy| = 7l¥|/3,
where we recalled the Peierls condition (II.1.28). Let now Inty con-
tain contours. Using the inductive assumption for the latter ones, we
tind
Fe(y) 2 (1 —ar+0(8))|y| = (=f | Inty| + O(8)[v])+
+ (—fx|Inty[ + O(8)[7])
> (r =Dyl =a<[V(¥)l,
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where |V (y)| = | supp ¥ U Inty|; we also used (II.1.36) and the fact
that |0 Inty| < O(]y|) and Z'fs)(Int v, h) < ZSEPS)(Int v, h). Observ-
ing that |V (y)| < diamy |y|, we are done.

It remains to verify the bound (I1.1.38). We again proceed by in-
duction on the size of A. First, let A be so small that it contains no
contours. Since s+ < 0, we get

Zfs)(/\,h) — pBexlAl < pmBfEIAl < o= BfEIAITO(8)[0A]

Now, let A contain contours for whose interiors the bound (II.1.38)
holds. Writing Extp (&%) for A\ Uyesex (supp v UInty), the Peierls
condition (I.1.28), (II.1.18), and (I1.1.36) now yield

ZSIPS)(A’h): z o~ Bex| Exta( (&) |_| {p ZPS Il’ltj/)}

BXCA yest
< o(—Bf=+0(8))| Exta (L] o
_Qii‘t[/\
|—| {e—(ﬁT+ﬁf+O(5))\V\ e—ﬁfllnt7|+0(5)|7|} <
ye®t
< e BfIA Z o(—Ba=+0(8))| Exta (62| |‘| eIV (11.1.39)
BXCA yeBt

With the help of Main Lemma from [Zah84] (see also Lemma 3.2 in

[BI89]), we may bound the last sum from above by e©(®)|9\ as long
as Bas(h) + O(8) > O(e P7*1), justifying thus (I1.1.38) for those
h € U for which Bay(h) > O(8). In order to verify the bound for
any h € 4, the above procedure is to be improved. It turns out that
the remedy is achieved if one also sums over all external contours in
&%t for which ay diamy < 7/2. The details of this procedure may
be found in [Zah84] and [BI89], for instance.

It is now not surprising that the following statement holds (see
Theorem 1.7 in [Zah84] or Section 3 in [BI89]).

THEOREM I1.1.11. Let g € Q and let A € 7. Let Assumption 11.1.9
be satisfied. There exists a metastable contour functional JF3(y) such that
for all sufficiently large 3 > 0 and for all h € 4 we have:

(1) The bound Fg(y) < e~ ™VI/3 holds true.
(2) If ag(h) diamy < /2, then F(y) = Fy(y).
(3) Ifag(h) diam A < /2, then Z PV (A, 1) = Z"°) (A, ).
(4) One has
e faMIA[+O(eFTHA| Zéps)(/\,h) < e fMIAHO(EFTH)oA|
(I1.1.40)
Here f(h) := mingeq fy(h) and ag(h) := fy;(h) — f(h).
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REMARK II.1.12. The part (3) is a direct consequence of the part
(2) if 77 (y) is defined by (I1.1.32). Certainly, the definition of 7 () is
not unique, and it can be introduced slightly differently from (11.1.32),
depending on the problem under consideration.

COROLLARY I1.1.13. The quantity f(h) := mingcq f;(h) equals the
free energy of the model f(FS),

PROOF. Since Z(PS) (A, h) = > 4c0 Z,SPS) (A, h), the corollary read-

ily follows from Theorem II.1.11 (4). Q.E.D.

Few notes concerning the phase diagram of the Pirogov-Sinai
models follow.

Let us consider a driving parameter 1 € # C RY with v =
|Q| — 1, where il is the open set appearing in the Peierls condition
(Assumption I1.1.9). Whenever the energies {¢,(h)} and {E(y)} are
differentiable in , the functional 77 (y) may be introduced in such
a way that it is also differentiable, see Theorem II.1.15 (1). Then in a
great deal of situations one can prove that forall 1 €

(1) the square matrix E of the order |Q| — 1 whose rows are the

vectors V(e,(h) —eqy(h)), g0 € Q fixed, g € Q\{qo}, is reg-

ular (the degeneracy-breaking condition);
(1) its inverse E~1 satisfies the bound

max Yy [(E7),l <M (I1.1.41)
115V 960V o}

for some fixed constant M < oo.

REMARK II.1.14. The condition () is equivalent to saying that the
|Q| vectors Ve, (h), q € Q, are affinely independent, i.e. their convex
hull is a (|Q| — 1)-dimensional simplex. Notice that for Q = {+, —}
the two above conditions only means that | 4. (e, —e_)| > 1/M > 0.

In view of Theorem I1.1.11 (1) and Lemma I1.1.7, one has

falh) = eq(h) + O(e FT/4) (I1.1.42)

forall h € 4, c.f. (I.1.37), which can be generalised to the first deriv-
ative:

dfg(h)  deg(h) _pr/a
= g oY (I1.1.43)
for all h € 4. As a consequence, forall h € U
(") the matrix F whose rows are the vectors V (f,;(h) — f;,(h)) is
regular;
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FIGURE 1. The low-temperature phase diagram (full
lines) of a Pirogov-Sinai model is a deformation of the
zero-temperature one (dashed lines). Here 4 = R?, the
set Q = {A, B,C}, and the regions in which fy4, fp, and
fc, respectively, is minimal, is depicted.

(1) its inverse F~! satisfies a bound of the form (I1.1.41), the cor-
responding constant on the right-hand side being slightly
larger than M.

If there is a point iy € 4 at which all the energies {e;(h)} are equal,
the inverse-function theorem combined with ({’) and ({’) yields the
existence of a unique point i; € i for which all { f;(h)} are equal (all

the colours are stable at /1;), and h; = hy + O(e~?PT). More generally,
it is possible to construct differentiable curves {/;(u)} starting at h;
on which only f; is not minimal (only the colour g is not stable),
surfaces {{;4(u,v)} on which only f, and f; are not minimal (only
the colours g and 7 are not stable), etc. Thus, the phase diagram for
large inverse temperature 3 is |Q|-regular and a deformation of the
order e~?PT of the phase diagram at 3 = oo, see Fig. 1.

In the end, let us point out that each stable colour g € Q leads to
a distinct pure phase (translation-invariant extrem Gibbs measure)
and, moreover, these are all the pure phases of the model (complete-
ness of the phase diagram) [Zah84]. The thermodynamics of the
model can therefore be computed from its metastable free energies

{fs(h)}, after all.

I1.1.3. Finite-Size Effects. When investigating the finite-size ef-
fects for the Pirogov-Sinai models, it is important to introduce the
corresponding metastable models so that the free energies {f,} are
smooth functions of & on the open set 4 C RY (see Assumption
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I1.1.9). To this end, one needs to assume the energies {¢,} and {E(y) }
to be smooth and take care that the metastable functional 7, é (y)isin-
troduced to be smooth as well. Such a construction, basically similar
to the one outlined in the preceding subsection, is given in [BK90]
and [BK95], where the models with the periodic and ‘weak” bound-
ary conditions, respectively, are studied. Here we formulate the
main results of this finite-size analysis. We adhere to the setting used
therein in which the models are equivalently defined by the energies
{eg} and weights {p(y)}, c.f. Definition I1.1.3.

In the case of the periodic boundary conditions [BK90], one studies
translation-invariant Pirogov-Sinai models on a d-dimensional torus
T with sides of the length L € N in each direction. We shall use
Zper(T, h) to denote the corresponding partition function. The sup-
port of a contour is a connected union of closed unit cubes in T, the
connectedness being in the sense of sharing the (d — 1)-dimensional
faces. The energies {¢;} and weights {p(y)} are supposed to be

C*(4) functions of 1 such that for all € 4l one has:

@) |o(y)| < e Bltte)lv| (Assumption I1.1.9), (I1.1.44)
k

(b) ‘ddp}fz/)‘ <Cp e Blrtolr (I1.1.45)
dke

© |2 ‘ < Cy. (IL.1.46)

Here T > Oisa constant, k: {1, ...,v} — {0,1...} is a multi-index
satisfying 1 < |k| = S k; < 4, and Cj, ..., Cy are positive constants
independent of i and 3.

The following is Theorem 4.1 from [BK90]. We note that the con-
stant b below can be chosen arbitrarily close to 1 if 3 is taken large
enough.

THEOREM II.1.15 (Borgs, Kotecky). Let (I1.1.44) to (I1.1.46) be true.
There exists a constant b € (0,1) depending on d and metastable free en-
ergies {f,(h); g € Q} such that for all 3 and L are sufficiently large, for
every multi-index k with 0 < |k| < 4, and for any h € Al the following
holds.

(1) The functions {f,} are C*(Ll) in h, and

dk
dhk (fg —eq) = O(e™"PT). (I1.1.47)

(2) Th€f7’€€ energy f(PS) gquals minqu fﬁl'
(3) We have
k

q€Q
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This theorem permits to carry out rigorous analysis of the finite-
volume quantities with the periodic boundary conditions, namely,
the magnetization and susceptibility,

1 d
Mper(L, 1) := B 10g Zper (T, h) (I1.1.49)
and
d Lh
Xper(L, 1) := %. (11.1.50)

Let us state the results for models with two ground states given in
Section 3 of [BK90].

COROLLARY I1.1.16. Let Q = {+,—} and v = 1. Let there be a
point hg € U such that ey (hg) = e_(hgy). Assuming also that the signs

are chosen so that % (e —e—) < 0, for B and L sufficiently large we have:
(1) There exists a unique point hy € U at which f and f_ coincide,
and hy = hg + O(e~bAT),
(2) There is a single point hy,..(L) € Lt at which the susceptibility
attains its maximum over Y, and

3Ax
hXPer(L) = ht + W

3) If lh— he| < O(LY), precisely, if |f+ (k) — f-(h)| < 7, then

+O(L™3), (IL.1.51)

mper(L h) =mgy + Amtanh{/BAm h ther Ld} L_l)
(IL1.52)
and
Xper(L, 1) = (&m)2L% cosh™>{ BAm(h — h . (L)L} + O(L™1).
(IL.1.53)
@) If |[f+(h) — f-(h)| = 5, then
df (h g
Mper(L, 1) = —% + O(e bATL) (I1.1.54)
and
d2f(h g
Xper(L 1) = — ,;;1(2 ) + O(e BTy, (IL.1.55)
Here
mo = —% (df (hdtth 0) . df (h;h_ 0) ) (IL.1.56)
1 /df(he+0)  df(he—0)
am =~ ( s ) >0, (I11.57)
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and

df(h+0)  d2f (b — o)>.

1
A== ( o o (I.1.58)

REMARK II.1.17.
(i) It is exactly the problem of evaluating of the location of the max-
imum of the susceptibility in the part (4) why one takes the deriva-
tives up to namely the fourth order.

(ii) The widest interval around /; where one has a synchronal cluster-
expansion control over both the +-th and the —-th partition func-
tions in T is exactly given by the condition |f, (h) — f_(h)| < 5, c.f.
Theorem II.1.11 (3). Thus, the system can be examined accurately
here, which is crucial for deriving (I1.1.52), (IL.1.53), and (II.1.51).

(iii) Notice that the quantities mg, Am, and Ay are, for a given model,
universal, i.e. independent of the boundary conditions.

Let us look at the case of the weak boundary conditions [BK95] now.
Here one considers spin models in a finite box B := {1, ..., L} with
L € N and the corresponding volume O := [J,L + 1] C R (the
union of all the closed unit cubes c(x) with centres x € B). Com-
pared to the periodic boundary conditions, the main difference is
caused by the presence of boundary effects, which makes the situa-
tion much more subtle. Introducing the set of elementary cells as the
set of all closed unit cubes in [J, all closed (d — 1)-dimensional faces
of these cubes, ..., and all closed edges of these cubes, two elemen-
tary cells are said to be connected if their intersection is non-empty.
The support of a contour is a connected union of elementary cells.

In order to cover a wider range of realistic situations, one re-
moves here the up-to-now used assumption of the translation in-
variance of the model. Namely, the energies {e;(x); g € Q, x € B}
and weights {p(y)} are supposed to be translation-invariant when-
ever supp Y and c(x) do not touch (have no common points with) the
boundary of [J, while they are assumed translation-invariant along
a (d — k)-dimensional face of dL] every time supp y and c(x) do not
touch the (d — k — 1)-dimensional boundary of this face. The parti-
tion function now has the form

Zoweak (O, h) = ED r!ge—ﬁgq@ﬂ@)) [ o), (I1.1.59)
6rClge yed

where the sum is over all admissible families of contours in [, the set
[;(®) is the union of all the components of [1\ U, ¢ supp y with the
boundary colour g € Q, &([;(®)) := Y x:c(x)Cel O, (&) eq(x), and the
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(6 = (Z))-term is set to equal 2490 e—PE(0), Moreover, one assumes
that {e,(x)} and {p(y)} are C*(U) functions of h obeying

(a) |p(y)| < e PVI=¢0D) (Assumption 11.1.9),  (IL1.60)

¥ st
(0) |TEX| < k1 (Colyl) M e-Bietri=e ), (IL1.61)
dk
(c) ‘%‘ <l and (I1.1.62)
(d) leg(x) —eq] < AT (I1.1.63)

for all h € 4. Here T > 0 is a constant, |y| is the number of elemen-
tary cells (not contained in higher-dimensional cells) of supp vy,
E(y) = > e(x) with e(x) := mine,(x), (IL.1.64)
x:c(x)Csuppy 9€Q
k is a multi-index satisfying 1 < |k| < 4, the constant Cy is inde-
pendent of 1 and 3, the energy e, := ¢;(x) for any x with c(x) not
touching 00J (the bulk energy), and A € (0, 1) is to be specified later.

The condition (d) avoids a situation where the boundary conditions
strongly favour some phases inside U] (hence the name weak b.c.).

Let us define the functions {e,gi) ;i=0,...,d} via

d )
eq(x) = Y e |00, (I1.1.65)
x:e(x)cO i=1
where [0;,00] = || and |9;00], 0 < i < d — 1, is the joint i-dimensional
area of all i-dimensional faces of [J, i.e. |0;(]] = Zd_i(’;l)Li. Note that

egd) = e;. We now state Theorem 3.1 from [BK95]. Again, the con-
stant b below can be chosen arbitrarily close to 1 if 3 is taken large
enough.

THEOREM II.1.18 (Borgs, Kotecky). Let (I1.1.60) through (11.1.63) be
satisfied. There exist constants b € (0,1) and Ay € (0,1/144d) depending

on d and metastable free energies { f,(h) = f;d) (h)}, surface free energies
{ fq(d_l)(h)}, ..., edge free energies { fél)(h)}, and corner free energies

{ fq(o) (h)} such that for all B and L sufficiently large, every multi-index k
with 0 < |k| < 4,any A < Ay, and any h € i the following is true.

(1) The functions {fq(i); i=0,...,d}are C*() in h, and

P e
W(fq(l) — ey = O(e7PP7). (I1.1.66)

(2) The free energy f equals mingcq f,.
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(3) We have
d* BF,(0,h) bBrL BF,(0,h)
L Zea (O ) = 5 e BEODY — e ~BF (O,
dhk{ weak ((J, 1) qezQe ! } O(e )r;leane i ,
(I1.1.67)
where
d
F(Oh) =Y £y 19,00]. (I1.1.68)

REMARK II.1.19.
(i) The requirement that A < @ follows from relations (3.17) and
(4.47b) of [BK95]. It may well happen, however, that in particular
cases this condition can be fairly weakened. We show this for the
Potts model in Chapter III.
(ii) Itis a straightforward consequence of Theorem II.1.18 (1) that for
all h € Y and 3 and L sufficiently large

(") the matrix F| of the order |Q| — 1 whose rows are the vectors

L=V (F,(O,h) — E; (0, h)) is regular;
(1”) its inverse Fgl satisfies a bound of the form (I1.1.41) with a
slightly larger constant on the right-hand side.

So, if there is a point iy € 4 at which all the energies {e;(h)} are
equal, the inverse-function theorem combined with () and (1”) im-
plies that there is a unique point (L) € U for which all {F,;(0J, h)}
are equal, and iy (L) = h; + O(L™1) (here h; is the point introduced at
the end of Subsection I1.1.2). In addition, one may construct differen-
tiable curves starting at /1;(L) on which only F,([J, k) is not minimal,
surfaces on which only F,([J, k) and F;(0J, k) are not minimal, etc.
The picture thus obtained is, for large L, just a deformation of the
order L~! of the low-temperature phase diagram at L = co.

Introducing the finite-volume magnetization and susceptibility

1 d
mweak(Lrh) = W % 10g Zweak(D, h) (I1.1.69)
and
Xweak (L, h) := M, (I1.1.70)

dh
we have this corollary (see Theorem A in [BK95]).

COROLLARY I1.1.20. Let Q = {+, —} and v = 1. Let there be a point

ho € U such that ef)(ho) = e(_d)(ho). Assuming also that the signs are

chosen so that % (egfi) - e(_d)) < 0, for 3 and L sufficiently large we have:
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(1) There exists a unique point hy € Y at which f, and f_ coincide,
and hy = hg + O(e~bFT).

(2) There is a single point hy, . (L) € $ at which the susceptibility
attains its maximum, and

3Ax

2(Am) 32 T O(L™3).

(1+0(L7h) +
(IL.1.71)
(3) If [h —hy| < O(L_l),precisely, if |f+(h) = f-(h)| < 5, then

Myeak (L, 1) = mg + Amtanh { BAm(h — hy,, (L)L} +
+0O(L™h) (11.1.72)

and

Xweak(Lrh) = (Am) 2Ld COSh?Z{ﬁAm(h - theak(L))Ld} +

+O(L4 Y. (I1.1.73)
@) If [f+(h) — f-(h)| = Ff, then
Myeak (L, 1) = —% +O(L™h (IL.1.74)
and
d2f(h _
Xweak (L, 1) = — ;;(2 ) +0(L™Y). (IL.1.75)

Here AF(L) := F4 (O, hy) — F-(O, hy) and my, Am, and Ax are defined
as in Corollary I1.1.16.

REMARK II.1.21.

(i) Note that AF(L) = O(L“~!) because of the part (1). For asym-
metric models, it is typical that fidfl) #+ fﬁdﬁl), i.e. AF(L) is of the
order L4~1, leading to the shift of K, (L) with respect to / of the
order L~!. On the other hand, it could also turn out that AF(L) = 0
in some cases. Then the shift is asymptotically the same as for the
periodic boundary conditions.

(ii) The Taylor expansion reveals that |f| (h) — f_(h)| < 57 is equiv-
alent to the restriction of i to the interval given by the inequality
|h—hy| < g 1 + O(L™2). The point hy,_, (L) lies within this inter-
val. Indeed, using (I1.1.63), (II.1.66), (IL.1.68), and (I1.1.71), we readily
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get
—bt
‘hXWeak(L) _ht| S 2d (ZA;Z;«’/ZOL(E )) + O(L*Z) S 32}217%
T 1
= L 11.1.7
— 48Am L ( 6)

forany A € (0,1/1444d) and all T and L large.

(iii) Let A be either the torus T or the box [J and Z°< (A, h) the cor-
responding partition function (here ‘b.c.” stands either for ‘per” or
‘weak’). Writing

Zpe (A h) = Z5%(A, h) + Z5%(A, h), (IL.1.77)

an essential part of the proof of Corollary II.1.16 and Corollary I11.1.20
is, arguably, to show (see Theorem 3.3 (ii) of [BK90] and Lemma 6.2
of [BK95]) that there exists a single point 4P (L) such that

ZE)_.C.(A’ h?C(L)) _ ZE-O(/\’h]th'(L)) (I1.1.78)

and guarantee (by rejecting of inappropriate boundary conditions)
that |fy (hb<(L)) — f—(h><(L))| < 5 (that is, both Z5<(A, k) and
Zb<(A,h) can be controlled by cluster expansions around 1 (L)).
As one intuitively anticipates, it is a point near which the rounded
transition takes place. In fact, it turns out that

3Ax 1

— + O(L™3). (I1.1.79)

hyo (L) — h?'c'(L) = W [2d

II.2. Large Deviations

Let us consider a sequence of probability measures { P, } converg-
ing weakly to the unit point measure 6y, as 1 — oo and let A be
an event for which xy ¢ clA. Then, according to a standard re-
sult, one has lim,_,o, Py(A) = 6y,(cl A) = 0; the point x is typi-
cal (the event A is deviant) with respect to the probability measures
P, as n increases. Could we say anything about the rate at which
P,(A) tends to zero? Although the answer is in general negative,
in the case of extremely deviant events — for which P, (A) decays
to zero exponentially fast — the situation is more promising: a va-
riety of techniques and methods has been developed to this end,
see [DS89, DZ98, ElI85], for instance. Basically, an assertion that
P,(A) — 0 at a specific exponential rate is called a large-deviation
principle for the sequence {P, }.

From a physical point of view, the extremely deviant events cor-
respond to large cuctuations of the densities of the order parameters
(e.g., the mean energy or magnetization). However, it is character-
istic of physical systems to exhibit phase transitions, which makes
their large-deviation analysis rather complicated.
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In this section we present the very basic notions and statements
of the large-deviation theory. Throughout this section we restrict
ourselves to the probabilities on the measurable space (RN, B(RN)),
N € N, where B(RY) is the Borel o-field on RN, although everything
can be formulated in a much more general setting [DS89, DZ98].

DEFINITION II.2.1.
(1) A sequence {(P,)“"}, where P, is a probability measure and
lim, o0 €n = 01in (0,1], is called a large-deviation sequence

(LD sequence).
(2) A rate is a lower semi-continuous’ function I : RN — [0, co].

DEFINITION II.2.2. We say that an LD sequence {(P,)®"} satisfies
the full large-deviation principle with the rate I (notated as (P,) —
e~ ! tully) if

supe”! < lim (P,(G))™ forall G C RN open and (I1.2.1)

G n— 00
lim (P, (F))® < supe™! forall F C RN closed. (I1.2.2)
n—oo )

A weak large-deviation principle for {(P,)% } with the rate I is the state-
ment (I1.2.1) and

lim (P,(K))® < supe™! forall K ¢ RN compact. (11.2.3)
n—oo K

In this case the notation is (P,)¢" — e~ ! weakly.

REMARK I1.2.3. If (P,)® — e~! fully or weakly, then the rate I is
unique (Lemma 4.1.4 and Exercise 4.1.30 in [DZ98]).

It is now natural to ask when (P,)® — e~ ! weakly implies that
(Py)é" — e~ ! fully (the converse implication is clearly always true).
One anticipates that this can only happen when the probability mea-
sures P, are (on an exponential scale) concentrated on compact sets.
The answer is given by the next lemma (see Lemma 2.1.5 in [DS89]).

DEFINITION II.2.4.

(1) An LD sequence {(P,)*"} is said to be exponentially tight if
for every € > 0 there exists a compact set K (depending on

€) such that lim, ., (P,(K))® < e.
(2) A rate I is good if each level set lev,(I) of I is compact.

"That is, the level set lev,(I) := {x € RN : I(x) < r}is closed for all 7 < co.
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LEMMA I1.2.5. Let (P,) — e~ ! weakly. If {(P,)®} is exponentially
tight, then (P,)® — e~! fully and, moreover, the rate I is good.

Let us introduce further useful notions and state basic properties
concerning a rate I.

DEFINITION I1.2.6. Let I be a rate.
(1) Its effective domain is the set dom I := {x € RN : I(x) < co}.
(2) Its minimum set is defined as the set of those points where I
attains its global infimum, i.e. M(I) := leving 11 C dom 1.

(3) Aset A € B(RN) is I-continuous if infine 4 I = infy 4 I.

LEMMA 11.2.7. Let (P,)e — e~ fully.
(1) If A € B(RN) is I-continuous, then

lim (P,(A))* = sup e L. (11.2.4)
n—oo A

(2) The minimum set of I is closed and M(I) = {x € RN : I(x) =
0}, ie. infgy I = 0.

(3) It follows that dom I # (). In addition, whenever I is good, then
also M(I) # (.

PROOF. The part (1) is obvious. In order to prove the part (2),
note first that each level set of I is closed, and therefore so is M (I).
Moreover, as RV is always I-continuous and P,(RN) = 1 for all n,
the part (1) now yields that infgy I = 0. It remains to prove the part
3).

The fact that dom I # () is clear: the contrary would imply I =
0o, and the global infimum of I could not be zero.

Let I be good and let x € dom . Then the level set levy(, I
is non-empty (it surely contains the point x) and compact. Since a
lower semi-continuous function achieves its infimum over any com-
pact set (Theorem B.1 of [DZ98]), there exists a point y € levyy I
such that I(y) = inflevl(x) (1. As 0 = infgom I = inflevl(x) 11, we see
that I(y) = 0. Q.E.D.

The following lemma gives a standard expression of a rate of a
weak large-deviation principle.

LEMMA I1.2.8. Let Uc(x) be the open ball of the radius € > 0 around
the point x € RN. Then (P,)* — e~ weakly iff

lim Lim (P,(Ue(x)))™ =71 = lim Tim (P, (Ue(x)))™"

e—0T n—oo e—0t n—oo
(11.2.5)
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PROOF. (a) Let (P,)" — e~ weakly first, and let us consider
the function @x(€) : € € (0,00) — infy () with any x € RN.
Since @y (€) is non-increasing, for every continuity point € > 0 of
this function we have infy (,) I = infqy () I. Lemma I1.2.7 (1) now
yields that

lim (Py(Ue(x)))™ = sup e ! (I1.2.6)
n—oo Z/[e(x)
is true for a dense subset of (0, c0). Since I(x) = lim._,g+ infy, (y) |
by the lower semi-continuity of I, we arrive at (IL.2.5).
(b) Let (II.2.5) holds. Given any G C RN open, there is € > (0 small
such that U (x) C G for all x € G. Hence,
lim (Py(G))*" > lim (Py(Ue(x)))" (I12.7)
n—oo n—oo
Taking the limit e — 0" and using that x € G is arbitrary, this yields
(IL.2.1). Next, let K C RN be compact and let € > 0. From the open

cover UyexUe (x) of K we can always extract its finite open cover. Let
itbe Uijlde(x;), where x; € Kandi =1, ..., N with N < oo fixed. As

Py (K) < Py (Uilhe(x;)) < ZP” ) <N maxPn(Ll (xi))
for all n, we find
lim (P,(K))* < max lim (P, Ue(x:)))™" (IL.2.8)
—00 i —00
The limit € — 0T leads to (I1.2.3). Q.E.D.

Next, we state an important Varadhan’s theorem of the large-
deviation theory, see Section 2.1 in [DS89] or Section 4.3 in [DZ98].
We shall later use it to control the asymptotics of the partition func-
tion. First, however, let us introduce

PO (A) = /A e%/51 P, (dx) (I1.2.9)

for any LD sequence {(P,)®}, any set A € B(RV), and any continu-
ous function ¢ : RN — R.

THEOREM I1.2.9 (Varadhan). Let (P,)é" — e~! fully with the rate I
being good. Let ¢ : RN — R be a continuous function.

(1) As soon as supgn ¢ is finite, we have

lim (P (RN))* = supe®~. (11.2.10)
n—oo RN

(2) More generally, whenever

lim Tim (PY” ({x e RN: ¢ > D}))™ =0, (I12.11)

D—o00 n—00
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the statement (11.2.10) is true.

Given an LD sequence { P, }, it is usually a non-trivial task to es-
tablish that (P,)é" — e~! weakly or fully for some rate I. The below-
stated Géartner-Ellis theorem (see Section 2.3 in [DZ98] for its proof)
provides a solution of this task in some cases. Namely, let us con-
sider a sequence {X,} of random vectors taking values in RN and
let {P,} be a sequence of distributions of X,, on RN,

DEFINITION I1.2.10. The logarithmic moment-generating function of
X, is
on(&) :=log Ex[e*X], & RV, (I1.2.12)
where E, is the expectation with respect to P, and (:,-) is the Eu-
clidean inner product on RV,

THEOREM I1.2.11 (Gértner, Ellis). Let {X,,; X, € RN} be a sequence
of random vectors. Let {(P,)*"} be an LD sequence such that Py is a dis-
tribution of X, on RN, For any & € RN, let the limit

(&) == lim &, @u(&/en) (I1.2.13)

exists as an extended real number and let the origin belong to the interior
of the set dom ¢ := {& € RN . p(&) < oo}
(1) It follows that
lim (P,(F))®" < supe™ (IL.2.14)
n—oo F
for all F C RN closed. Here @* is the Legendre-Frenchel trans-
form of @,

@*(x) := sup {{x,&) — (&)}, xe€RN (I1.2.15)
E€RN

(2) If @ is in addition lower semi-continuous and such that
(a) it is differentiable throughout int dom ¢,
(b) im0 [V@(&n)| = oo whenever {&,} is a sequence of
points converging to a boundary point of intdom ¢,
then (Py)en — e~ fully, the rate @* being good.

REMARK 11.2.12.
(i) Due to Holder’s inequality, each ¢, is a convex function on RN;
s0 is ¢ as convexity is preserved under pointwise limits.
(ii) Note that the assumptions of the part (2) are in particular satisfied
if ¢ is differentiable (since then the condition (b) holds vacuously).
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IL.3. Convex Analysis

In this section we introduce the concept of a convex function on
RN, N € N, and several related notions needed in the following,
especially the notion of the sub-differential and convex conjugate
(Legendre-Frenchel transform). A standard reference to the topic is
the monograph by Rockafellar [Roc70], and we refer it for the proofs
of the forthcoming statements; another excellent source is [HL93].

DEFINITION I1.3.1. A function f : RN — R U {co} which is not
identically equal to oo is called convex when

flax+ (1 —a)y) <af(x) +(1-a)f(y) (I.3.1)
holds as an inequality in R U {co} for all x,y € RN and any a €
(0,1). We shall write Conv RN for the class of convex functions on
RN,

The (effective) domain of f € Conv RN is the set

dom f:={x e RN : f(x) < oo} # 0. (11.3.2)

An affine function is a finite function f : RN — R such that f as
well as its negative — f are both convex.

We say that f € Conv RY is closed if it is lower semi-continuous.
We use Conv RN to denote the set of such convex functions on RY.

REMARK 1L1.3.2.

(i) The above definition coincides with that of the proper convex
function used in [Roc70]. Since we exclude the value —oo from the
range of any f € Conv RV, the distinction is supercuous.
(ii) The domain dom f of any f € ConvRY is a convex set in RV,
i.e. the point ax + (1 — )y is in dom f for all x,y € RN and any
a e (0,1).
(iii) A function f is lower semi-continuous iff

f(xp) <liminf f(x) = lim inf f(x) (I1.3.3)

X—X(

e—0% |x—xg|<e

holds in R U {co} for all xy € RN,

Although the interior of a line segment or triangle embedded in
IR? is empty, these do have non-empty interiors in R and R?, respec-
tively (on the contrary, their closures are the same in any R"). This
fact leads to the definition of the relative interior.

DEFINITION I1.3.3. The affine hull aff S of any S C RY is the affine
set® given as the intersection of all affine sets containing S.
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The relative interior ri C of a convex set C C RN is the interior of C
for the topology relative to aff C; in other words, x € ri Ciff x € affC
and there is 6 > 0 such that aff C NU;s(x) C C. Its relative boundary is
rbd C := clC\ riC.

The dimension of a convex set C is the dimension of its affine hull.

REMARK I1.3.4. It is obvious that riC C C C cl C. Moreover, for
any N-dimensional convex set C one has aff C = RN by definition,
so riC = intC. The convex set C for which ri C = int C is relatively
open.

EXAMPLE IL1.3.5. Let us consider the convex set C to be a singleton
{x},aline segment [x, y], x # y, and the open ball Us(x) in RN. Then
aff C,dim C, and ri C are {x}, 0, and {x}; line passing through x and
y,1,and (x,y); and RN, N, and Us(x), respectively.

Convex functions turn out to possess remarkable continuity and
differentiability properties. We shall now list most important results
concerning this point.

Let us say that a function f on RN is continuous relative to a set
S C RN if the restriction of f to S is a continuous function.

THEOREM I1.3.6 ([Roc70]: Theorem 10.1). A function f € Conv RN
is continuous relative to ri(dom f). More generally, it is continuous rela-
tive to any relatively open convex set C C dom f.

COROLLARY I1.3.7. Aslong as f € Conv RN is finite on the whole of
RN it is necessarily continuous.

A convex function f does not have to be continuous up to the rel-
ative boundary of dom f. However, once f is closed, its continuity
on rbd(dom f) is guaranteed. Indeed, according to the above theo-
rem the property of being closed only involves the behaviour of f on
rbd(dom f). If x € RN and y € dom f, the convexity of f implies

fnc‘)gf(x +a(y—x)) < Ej(xf(y) + (1 —a)f(x)} = fx).
(IL3.4)

[24

On the other hand, the closedness of f yields
lim f(x+a(y—x)) > f(x), (IL.3.5)

a—0t

8A set M C RN is affine if it contains the line passing through any two points
x,y € M.
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cf. (I.3.3). Asx + a(y — x) € ri(dom f) whenever x € rbd(dom f),
y € ri(dom f), and « € (0, 1] (see Theorem 6.1 in [Roc70]) , we have
the following statement.

THEOREM I1.3.8. Let f € Conv RN and let x € rbd(dom f), while

y € ri(dom f). For any « € (0,1], the point x + a(y — x) lies in
ri(dom f), and

lim f(x+a(y—x)) = f(x). (I1.3.6)

a—0Tt

REMARK II.3.9. A function f € Conv R can be easily character-
ized. Namely, a convex function on R is closed iff it is continuous
(relative to dom f) at each end-point of dom f which lies in dom f
and f(x) tends to oo as x approaches a finite end-point not in dom f.

Let us turn to the differentiability properties of convex functions.
We recall that f : RN — [—o0,00] is differentiable at x € RN in
which f is finite if there exists a vector Vf(x) € RN (necessarily
unique) such that

f(y) = f(x) +(Vf(x),y —x) +o(ly —x|) (IL3.7)

as y — x. The vector Vf(x) is then called the gradient of f at x.
Moreover, the one-sided directional derivative f'(x;y) of f with respect
to any vector y exists, is two-sided,” and a linear function of y,

flx+Ay) — f(x)

"(x;1) := 1 = . I1.3.
filxy) = lim 3 (VF(x),y) (11.3.8)
Thus, the partial derivatives a](;gcf), i=1,...,N,exist, and it follows

that

Vix) = (M 0f (x) ) (I1.3.9)

6x1 T ax N
For convex function these implications can almost always be con-
versed.

THEOREM I1.3.10 ([Roc70]: Theorem 23.1,25.2, and 25.5). Let f &
Conv RN and let x € dom f. For any vy, the difference quotient in the
definition (11.3.8) of f'(x;y) is a non-decreasing function of A > 0, i.e.
f'(x; y) exists, and

f'(xy) := inf flr+2Ay) = f(x) (I1.3.10)

9The one-sided derivative of f is two-sided iff f/(x;y) = —f'(x; —y), as one
may easily observe from (I1.3.8).
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The directional derivative f'(x;y) is linear in y iff f is differentiable at x.
The latter holds iff all the partial derivatives agi’; ,
and are finite.

Let D C int(dom f) be the set of points x where f is differentiable.
Then D is a dense subset of int(dom f) and int(dom f)\D is a set of
measure zero. Moreover, the mapping Vf : x +— Vf(x) is continuous
relative to D.

i=1,...,N,existat x

REMARK II.3.11. In the one-dimensional case, N = 1, we have
these results (Theorem 24.1 of [Roc70]). Let f € ConvR and, for
convenience, let us extend the right and left derivatives f/ and f’
beyond the interval dom f by setting both to be co for the points
lying to the right of dom f and —oo for the points lying to the left
of dom f. Then f’ and f’ exist, are non-decreasing functions on R,
finite on int dom f (so that f is continuous on intdom f), and

fe(x) < fL(y) < fi(y) < fL(2) (I1.3.11)
for every triple x < y < z. If f is also closed, then

lim fi(y)=f.(x) and lim fi(y)=f"(x). (IL3.12)
y—x+0 y—x-0

for any x € R.

When f € Conv RV is differentiable at x € dom f, then

f(y) > f(x) +(Vf(x),y—x) (IL3.13)

for all y € RN (Theorem 25.1 in [Roc70]). The notion of sub-gradient
extends the concept of differential to point at which f is not differen-
tiable.

DEFINITION I1.3.12. Let f € ConvRY and let x € RN. A vector
o € RN is a sub-gradient of f at x if
f(y) > f(x) + (o, y — x) (I1.3.14)
for all y € RN. The sub-differential of f at x is the set
df(x) := {0 € RN : ¢ is a sub-differential of f at x}.  (IL.3.15)
If af (x) # 0, we call f sub-differentiable at x.

REMARK II.3.13.
(i) The inequality (I1.3.14) has a simple geometric interpretation if
f is finite at x: the graph of the affine function g¢(y) := f(x) +
(o, y — x) is anon-vertical supporting hyperplane in RN "1 to the epi-
graph of f at the point (x, f(x)), see p. 215 in [Roc70].
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(ii) For any f € Conv R one has (p. 229 of [Roc70])

f(x) ={c eRN: f (x) <o < flL(x)}, (11.3.16)
c.f. the previous remark.

(iii) The definition of the sub-gradient of a function f € ConvRN
implies that f attains its minimum at a point x iff 0 € df(x).

The following theorem relates the properties of a convex function
to topological properties of its sub-differential. For N = 1 the proof
is a direct consequence of (I1.3.16).

THEOREM I1.3.14 ([Roc70]: p. 215, Theorem 23.4 and 25.1). Let us
consider f € Conv RN, Then:

(1) For any x € RN the sub-differential 0f (x) is a closed convex set
which may be empty.

(2) If x ¢ dom f, then 0f (x) = ().

(3) If x € ri(dom f), then 0f (x) # .

(4) The set 0f (x) is non-empty and bounded iff x € int(dom f).

(5) The function f is differentiable at x iff 0f (x) is a singleton. If
0f(x) is a singleton, then af (x) = {V f(x)}.

At the end of this section, we introduce an important notion of
the convex conjugate and outline its basic properties.

DEFINITION I1.3.15. Let f : RN — [—o00, 00] be an arbitrary func-
tion. Its convex conjugate (or Legendre-Frenchel transform) f* is defined
by the formula

f*(&) = sup {(x,&) — f(x)}, &cRN (I1.3.17)

xERN

If f is finite at least at one point in RN and majorizes at least one
closed convex function, we let its closed convex hull cof be the largest
closed convex function majorized by f.

REMARK I1.3.16. Obviously, the supremum over RN can be re-
placed by the supremum over dom f := {x € RN : f(x) < oo}.
Moreover, if f is convex, it can actually be replaced by the supremum
over ri(dom f), see Corollary 12.2.2 in [Roc70], and dom f* # (). Let
us prove the latter.

If dom f = {x¢}, then f(x) > f(x9) + (§,x — xo) for any x,& €
RN (notice that the inequality is surely true for x = xq, while f(x) =
oo for x # xg). Thus, we have (x,&) — f(x) < (xg,&) — f(xg) <
o0, i.e. f*(§) < oo. On the other hand, if dom f contains more
than a single point, then ri(dom f) # (. Since 0f(xg) # 0 for
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any xo € ri(dom f) according to the part (3) of the preceding the-
orem, it follows that f(x) > f(xg) + (&, x — xo) for all x € RN and
all & € 0f(xp), and f* (&) is therefore finite.

THEOREM I1.3.17 ([Roc70]: p. 104). Let f : RN — [—o0, 00] be any
function finite at least at one point in RN and majorizes at least one closed
convex function. Then f* € Conv RV, and

f*=(cof)" and f** =cof. (11.3.18)

REMARK II.3.18. In view of the above theorem, the conjugacy op-
eration f — f* induces a symmetric one-to-one correspondence on
Conv RMN.

THEOREM I1.3.19 ([Roc70]: Theorem 23.5). Let f € Conv RN and
x € RN. The following three conditions on a vector & are equivalent:

(1) & € af(x);

(2) (z,&) — f(z) attains its supremum over z at z = x;
@) f(x) + f7(&) = (x,&).

If f is even closed, two more conditions can be added:

4. x € 0f*(&);
5. (x,{) — f*(Q) attains its supremum over  at { = &.

REMARK II.3.20. Since
fx)+ (&) = (x,&) (IL3.19)
holds for any f € Conv RN and for all x, £ € RN (Frenchel’s inequal-
ity), the condition (3) is in fact the same as f(x) + f*(&) < (x, &).

Finally, let us prove the following useful lemma.

LEMMA I1.3.21. Let f : RN — [—o0, 00]. Then:
(1) x € af*(&) iff & € 9f**(x);

(2) f achieves its infimum at a point xq iff f** achieves its infimum
at xo and f**(xo) = f(xo).

PROOF. (1) First, let us observe that, for any x € RN,

7 (x) = sup {(x,&) — sup {(&,v) — f(¥)}}

EERN yERN
< sup (§,x—y)+f(y) VyeR".
EERN

Therefore,
< (I1.3.20)
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Using now the definition of the sub-differential, we may write that
x € 0f*(&) iff

Sf () = f (&) +(x,(—&) VY(eRY
& inf {£(0) {00} = £(6) ~ (x8)

& —f7(x) 2 (&) = (x&) = (f)7(&) = (x,&)
(X&) —f7(x) = 51%%{@,5) ~ @} 2 (28— f*(z) VzeRY

S+ (&,z—x) < f*(z) VzeRY,

ie iff & € af*(x).

(2) Let 0 € 9f**(xp) (the function f** achieves its infimum at
xg) and f**(xg) = f(xg) be true. With the help of (I1.3.20) and the
definition of the sub-differential, these conditions yield

flz) > f(z) = f**(x0) = f(x0) (IL3.21)

for all z € RYN. Hence, the point xg is a minimum of f.

Let xg be a point where f attains its minimum. Let us consider
the constant function ¢(x) := f(xg), x € RY; it is an affine function
majorized by f. Since f** is a pointwise supremum of the collection
of all continuous affine functions majorized by f, we get f** > g.
Thus, f**(x9) > f(xo), but this is the same as f**(xg) = f(x¢) due
to (I1.3.20). Moreover,

F*(z) > ¢(z) = flxo) = f**(x0) (I1.3.22)
for all z € RN so that 0 € 9f**(xo). Q.E.D.
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CHAPTER III

Finite-size effects for the Potts model with weak
boundary conditions

C. BorgsT, R. Koteckyi* I. Medved?

ABSTRACT. Using Pirogov-Sinai theory, we study finite-size ef-
fects for the ferromagnetic g-state Potts model in a cube with
boundary conditions that interpolate between free and constant
boundary conditions. If the surface coupling is about half of the
bulk coupling and g is sufficiently large, we show that only small
perturbations of the ordered and disordered ground states are
dominant contributions to the partition function in a finite but
large volume. This allows us to rigorously control the finite-
size effects for these “weak boundary conditions.” In particular,
we give explicit formulee for the rounding of the infinite-volume
jumps of the internal energy and magnetization, as well as the
position of the maximum of the finite-volume specific heat.

II1.1. Introduction

First-order phase transitions are characterized by discontinuities
in the mean values of order parameters in the thermodynamic limit.
However, in a finite volume the transition is rounded and, possibly,
shifted with respect to the infinite volume transition point.

The details of the finite-size effects depend crucially on the choice
of boundary conditions that, in turn, depend on the physical situa-
tion under consideration. The simplest and best studied case is that
of classical lattice systems with periodic boundary conditions. This
investigation goes back to the work of Imry [15], Fisher and Berker
[12], Blotte and Nightingale [4], Binder and co-workers [1, 2], and
others. Rigorous results concerning finite-size effects with periodic
boundary conditions [8, 9, 11, 7, 6, 5] show a universal behaviour
of the rounded transition and yield details of the asymptotics of the
finite-size shift of the transition. One of the results of these papers
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is that for cubic volumes of linear size L, the inzection point 1;(L)
of the mean value of the order parameter is shifted by a correction
which is typically of order L=, where d > 2 is the dimension of the
lattice under consideration. For the special case of two phase coexis-
tence, this shift is much smaller, namely of order O(L~2%).

While periodic boundary conditions are studied most often (and
are the easiest to implement in computer simulations), free bound-
ary conditions, constant boundary conditions, and, more general,
boundary conditions with boundary fields are more natural from
the point of view of realistic systems. The case of fixed constant
boundary conditions, where one has to investigate the balancing
effect of boundary conditions and an opposite driving force (say,
the external magnetic field) is rather difficult to control rigorously,
and only results for two-dimensional Ising model are available [16].
On the other hand, when boundary conditions are sufficiently weak
(“close” to the free boundary conditions), a rather general class of
models was rigorously studied in [10]. The asymptotics of the round-
ing and the shift of the transition point were precisely evaluated. In
contrast to periodic boundary conditions, the shift is of order L1,
due to the contribution of the surface free energies.

Even though the results of [10] cover a rather general class of
systems, the case of the temperature-driven transition for the Potts
model is included only in principle. The details of the contour anal-
ysis depend on a slightly different type of contours and, in addition,
the discussion of the Fortuin-Kasteleyn representation with the cor-
responding boundary conditions has to be included. Given also the
fact that the Potts model is often used as a typical case of a weak and
asymmetric first-order transition for computer simulations, we find
it useful to present it separately in the present paper. Finally, it is
interesting to discuss the very meaning of “weak” boundary condi-
tions for the Potts model. While the free boundary conditions at the
phase coexistence temperature actually strongly enforce the disor-
dered phase, the role of “weak” boundary conditions turns out to be
played by constant boundary conditions with a boundary coupling
constant that is roughly half of the coupling constant for the bulk.

In the following section we introduce the model and present our
results. It is useful to consider three separate regions for the strength
A of the boundary condition: the interval [] 1_T“, ] HT”], where | is
the bulk coupling parameter and p an arbitrary fixed parameter p €
(0,1), and the complementary intervals [0, 1_7“] and [] HT“, 1]. The
behaviour for A in the latter two intervals is close to the correspond-
ing (ordered or disordered) phase, as described in Theorem III.2.1,
while the former yields a transition region where the interpolation
between two phases occurs. The corresponding results are presented
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in Theorem III.2.2, including the claim that the maximum of the
specific heat occurs at the inverse temperature
W) (L) = Al 7)1 -2
ﬁmax(L)—ﬁt [1—’_&(2 A—’_O(logq)) ‘I'O(L )

with v of the order 18_—d”'

Note that our results in the window [0, | 1_7”] imply that the phase
transition in the Potts model is not robust. Here robustness is defined
in the sense introduced by Pemantle and Steif in [18]: A phase tran-
sition is said to be robust if the different extremal states can be ob-
tained as limit Gibbs states with arbitrarily weak boundary fields.
Theorem III.2.1 immediately yields that the temperature driven first-
order phase transition of the Potts model is not robust, for sufficiently
small boundary fields lead to the disordered, and not the ordered
Gibbs state. A proof of this statement was already sketched in [19],
but the details were not provided there.

In Section 3 we use the Fortuin-Kasteleyn representation to de-
rive a suitable contour representation of the model. Sections 4 and
5 are then devoted to proofs of Theorem III.2.2 and Theorem II1.2.1,
respectively. Proofs of several technical lemmas are deferred to three
appendices.

II1.2. Results

In this paper, we shall consider the g-state Potts model in the d-
dimensional cube

A = A(L) ={xe Zd‘—% <x < % forall i = 1,...,d}, LeN,
(II1.2.1)
with boundary conditions interpolating between free and constant
1-boundary conditions.! As usual, the spin configurations of this
model are maps o from A into Q = {1,...,q}. Weuse B = B(A)
to denote the set of all bonds (x, y) of nearest-neighbour sites x, y €
Z# with both end-points in A and B = 9dB(A) to denote the set
{{x,y)|x € A, y € Z*\A}. The Hamiltonian with boundary condi-
tions interpolating between the free and the 1-boundary conditions
is
HMoA) = =T Y boey— A S So, (II1.2.2)

x,y)E0B:
(x,y)eB (x Z>€/\

where | > 0 is the bulk coupling and A > 0 is the surface coupling.
The value A = 0 represents free boundary conditions, while A = | rep-
resents standard 1-boundary conditions. The Gibbs state corresponding

IWithout loss of generality, we use 1-boundary conditions, oy = 1 for all x €
ZA\A, instead of general fixed boundary conditions.
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to the Hamiltonian (II1.2.2) is given by

ey 1 . e BHY(on) (I1.2.3)
< >L ZL(ﬁ/ A) O_AEZQ/\ s
where Zj (3, A) is the partition function,
Zu(BA) = § e PHYOn), (I11.2.4)
GAGQA

It is well known by now that for all 4 > 2 and all g > 2 the
infinite-volume system exhibits a phase transition at some value f3;
characterized by the appearance of a spontaneous magnetization for
B > B:. For q sufficiently large, this transition is known to be first-

order with a discontinuity in both the magnetization®

(BA=])

1 1
m(f) = lim — —— (965,1—1) (I11.2.5)
L—oo Ld q —1 <x€;(L) >L
and the mean energy
. 1 A=
e(B) = lim — (HD (o0 1)) A, (II1.2.6)

The magnetization m(3) is zero for 3 < f3;, jumps from

mgis(Bt) = 0
to

mord(ﬁt) = %lfgtm(ﬁ) = m(ﬁt) >0

at 3¢, and is strictly increasing for 3 > f;, while the mean energy
e(p) is strictly decreasing for all 3, with a jump from

egis(Bt) = ETIE e(3)

to

eord(ﬁt) }SIlI/?te(ﬁ) E(Bt)
at ﬁf.
Here we study the finite-volume magnetization and the mean en-
ergy defined by

1 (B,A)
Mp(B,A) = —— (9651 —1) (IIL.2.7)
q—1 <x€;(L) >L

2The existence of the limits (II1.2.5) and (I11.2.6) with the constant 1-boundary
conditions follows from either GKS-inequalities [14] or FK-monotonicity, see e.g.
[3]. By the same methods, one can also show that the functions m and e are right
continuous, m(B) = m(3+0), e(8) =e(B +0).
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and

EL(B, ) = (HO (o)) =~ log Zu(B, ), (12
respectively. The case of the free boundary conditions (A = 0) can,
for g sufficiently large, be analyzed by the standard Pirogov-Sinai
theory as long as 3 < f3;, while the case of the standard 1-boundary
conditions (A = J) can be analyzed as long as 3 > (3;. This, in partic-
ular, gives

1 .1
lim — My (;,0) =0, lim —Er(8,0) = eqs(B)  (L29)

L—oo
and
) 1 . 1
Lhigo ﬁ ML(ﬁt/ ]) = mord(ﬁt)r Lhif)lo ﬁ EL(ﬁt/ ]) = eorcl(/gt‘)-

(I11.2.10)

The main contribution of this paper is the analysis of the asymp-
totic behaviour (as L — oo) of My (3,A) and E (B, A) for any A > 0
and g large. It turns out that the behaviour for A € (0, %) and 3 < B¢
is qualitatively the same as that for the free boundary conditions: the

specific magnetization TA(D] /\( M L(B, A) and the specific mean energy

A /\( E L(B,A) still converge to the bulk quantities in the disordered
/

phase with corrections of the order L™!. Similarly, for A € (4, c0)
and 3 > f;, we are still in the ordered phase. These two cases are
jointly referred to as the strong boundary conditions. Finite-size be-
haviour for intermediate values of A — ‘around’ A = %, the weak
boundary conditions — and any 3 > 0 is governed by the competi-
tion between contributions coming from the configurations which
are either in the ordered or in the disordered phase for the whole of
A. Surface effects, in dependence on the particular value of A, then
determine the resulting finite-size rounding of the phase transition.

Our results are summarized in the following theorems. In order
to state them, we first introduce the specific heat

CL(ﬁ,A) _ ﬁz (<(H(A)(O—/\))2>§ﬁ’/\) - (<H()\)(O_A) (/3,?\))2) _

0EL(B,A)
2 0L
- P 36 (II1.2.11)
and the shorthands m* = m(f3;), the derivative c(3) = —p? d;(g )
(known to exist as a smooth function as long as 3 # f3¢),

eo = edis (Bt) —;eord(ﬁt) and Ae = edis (Bt) ;eord(ﬁt) .

(I11.2.12)
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THEOREM III.2.1. Let d > 2, ] > 0, and un > 0. For q and L
sufficiently large, we have:

(@) If0 <AL 1(1— w) and 3 < B¢, then

M (B,A) = O(L1) (II1.2.13)
and
Er(B,A) =e(B—0)LY +O(L* ). (II1.2.14)
() IfA > §(1+ ) and B > Py, then
M (B,A) = m(B)LY +O(L™1) (I11.2.15)
and
Er(B,A) =e(B)L? +O(L* ). (I11.2.16)

Our second theorem concerns weak boundary conditions, i.e. val-
ues of A in the interval [] 1_7“, ]HT”], where p is an arbitrary fixed
parameter u € [0,1). For these boundary conditions we control
the finite-size behaviour of My (f3,A), EL(B,A), and Cr(3,A) for all
3 € (0, 00). To state our results, it will be convenient to distinguish
values of § inside a window of the form [3; — AB(L), 3+ + AB(L)],
and values of 3 outside this window. Here AB(L) is a function which
goes to zero as L — oo fast enough to ensure that AB(L)logL — 0,
and slow enough to guaranty that A3(L) L is bounded away from
zero. To be more precise, we will consider functions AB(L) of the

form
_dvjpe 1
AB(L) = 50 (L)’ (II1.2.17)
where
= 544 min{1,3(1 —u)}, (II1.2.18)
and w : N — [0, 00) is chosen in such a way that
lim sup M < Y and liminf &2 w(l) = 00. (II1.2.19)
L—00 L 8 L—oo IOgL

THEOREM III1.2.2. Letd > 2, ] > 0,and 0 < p < 1. If w : N —
0, 00) is a function obeying (II1.2.19), then for all q, L sufficiently large
and |§ — 3| < &, we have:

(a) There exists a unique point ﬁl(li\gx(L) at which the specific heat Cp (3, A)
attains its maximum. Furthermore, there exists a function b(]J, A, q) such
that

d (]

(L) = B [HE(E—AMU A q))1 +0(L3)] @220
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and b(], A, q) < const % uniformly in 3, J, and A.
(b) If | B — Bi| < AB(L), with AB(L) as in (IIL.2.17), then

* * d
Mi(B,A) = " 19+ ™ L tanh (e (B~ BYk (L)) L) +O( ),

2 2 w(L)
(I1.2.21)
EL(B,A) = el — Ae L9 tanh (e (B — Bl (L)) L) + o(%),
(I11.2.22)
and
CL(B,A) = B2(8e) 2L cosh ™ (e (B — Biamx(L)) L) + O(%).
(I11.2.23)
(c) If | B — B¢| > AB(L), then
M (B, A) = m(B)LY + O(L% 1), (IIL.2.24)
Er(B,A) =e(B)LT +O(L* ), (I11.2.25)
and
CL(B,A) = c(B)LY +O(L™). (I11.2.26)

REMARK II1.2.3. (i) In Theorem II1.2.1 (a), it is meaningful to con-
sider 0 < p < 1 only. Note also that ]ﬁggx(L) — B¢ < AB(L) =

d;%s L ﬁ for any 0 < A < J and g, L large due to (II.2.20) and the
first condition in (I11.2.19).
(ii) Notice that the results of Theorem I11.2.1 and Theorem II1.2.2

are, in the regions of overlapping parameters, in agreement. Indeed,

let A € (O,%) and B < B first. If B < f;, then Theorem III.2.2
(c) yields (111.2.13) and (III.2.14), respectively, whenever one takes L

such that w(L) > %ﬁtﬁjﬁ. If B = ¢, the equations (II1.2.13) and

(IIL.2.14) follow from Theorem II1.2.2 (a) and (b): one just uses that

tanhx = 1+ O(e~?¥) for x >> 1 and observes that 3; — ﬁg\gx(L) is

negative and of the order L~! by virtue of (I[1.2.20). The case A €
(%, J) and 3 > f3; is similar.

(iii) In order to prove the above theorems, one in fact needs to
exclude the values of 3 close to 0 (c.f. Lemma III.A.1), and we take
3 > 1 where necessary. Nevertheless, the restriction of 3 to the inter-
val [1, 00) is not serious: if B < 1, we may use, for g large, a standard
high-temperature expansion to obtain the results of Theorem III.2.1
(a) and Theorem I11.2.2 (a), (c).
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(iv) The techniques used in this paper do not allow to study the
finite-size scaling of My (3, A) and Er(f3, A) for boundary conditions
which strongly favour the ordered or the disordered phase near the
boundary of A. In this case, the leading contributions to Z; (3, A)
feature a wip along a large contour from one of the two phases near
the boundary to the other phase within the bulk. To analyze the
finite-size scaling, a control over the behaviour of this large contour
would be necessary, involving, in particular, the analysis of the so-
called Wulff shape of a contour filling essentially the whole volume.
This is out of the scope of this paper. As will be shown in Section 4,
such a detailed analysis of large contours is not necessary in the case
of the weak boundary conditions.

(v) A general concept of the finite-size effects for first-order phase
transitions was developed in [10] on the basis of Pirogov-Sinai the-
ory, and one may try to apply it to our model. To this end, the model
must be first rewritten in terms of contours and then the assump-
tions under which [10] can be used are to be satisfied; this was done
in [17]. Whereas the assumptions (3.7) to (3.9) of [10] are fulfilled
in our situation (if we suppose that, say, 3 > 1), the assumption
(3.11) of [10] imposes drastic constraints on the values of A and S.

Namely, one must assume that ]% - %| < é and |% — 1] < 5, where

5 = 5(d) < =5, see (4.47b) in [10]. With such restrictions, the general
setting of [10] enables us to establish the results of Theorem III1.2.2
(with w(L) = L). Here we weakened these constraints (both for A
and ), using the methods of [10] with a more careful evaluation of
boundary terms.

II1.3. Contour Representations

In order to analyze the finite-volume quantities My (3,A) and
Er(B,A), we use the machinery of the Pirogov-Sinai theory in the
form developed in [10]. To this end, we rewrite the partition func-
tion (II1.2.4) in terms of contours.

Throughout this section, we assume thatd > 2, ] > 0, A > 0 and
3 > 0. Moreover, the cube A (and, thus, the sets B = B(A) and 0B)
is fixed, and we write B for B U dB.

First, we express Z1 (3, A) with the help of the Fortuin-Kasteleyn
random-cluster representation [13]. Modifying the approach of [11]
to take into account the effect of the boundary, one obtains

Zr(B,A) = z e—G(X)q—zle5X||+Cin(X)’ (IIL.3.1)
XCB

see [17] for details. Here Cj,(X) is the number of the connected
components of X which do not include any bond of dB, |[6X| =
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|61X| + 28, X|, where

5X = {(xy) eB\X: {x,y}nS(X)| =i}, i=12,
with

S(X)={xeA: (x,y) € Xforsomey € Zd},
and G(X) = ZbGE gx(b), with

—log(¢/f—1) ifbeBNX,
b 111.3.2
8x(b) {—log(ew—l) ifb € aBNX, 32

—~llogg ifbeB\X
b) = d ’ I11.3.3
gx(b) {—ﬁlogq if b € 0B\ X. ( )

REMARK III.3.1. Note that for the free boundary conditions, A =

0, the contribution of any random-cluster configuration X C B to
Z1(B,A) vanishes unless X N B = ().

Next, let us introduce V = V(L) as the closed d-dimensional cube
in R?, of side length® L 4 1, centred at the same point as A. Our aim
is to rewrite every random-cluster configuration X C B in terms of
collections of contours. It turns out that it is convenient to introduce
two different types of contours, depending on the boundary condi-
tions: for weak boundary conditions it is natural to consider open
contours “ending on the boundary 0V”, while for strong boundary
conditions the natural setting is to consider closed contours only. Ac-
cordingly, the following definition distinguishes these cases. Never-
theless, the differences concern only contours “touching” the bound-
ary 0V — for those in the interior, all the definitions are independent
of the boundary conditions.

Let X C B be a random-cluster configuration. In order to define
contours, we first identify the bonds (x, y) € X with the correspond-
ing line segments in R?, and then define a closed k-dimensional unit
hypercube ¢ C R¢ with vertices in Z? to be occupied if all bonds
b C c are bonds in X. We use P(X) to denote the union of all occu-
pied hypercubes. In a similar way, we define P(X) > P(X) as the
union of all closed unit hypercubes ¢ with vertices in Z“ for which
allbonds b C cliein X U dV.

Consider the sets of contours Y(X), Yo(X), and Y4(X) defined
respectively as the sets of connected components of the boundaries
of the following sets (see Fig. 1):

(a) the intersection of the i-neighbourhood of P(X)\0V with
V, o
(b) the intersection of the §-neighbourhood of P (X) with V,

3Note that V(L) is thus defined to be the smallest closed cube containing all
bonds from B.
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(c) the z-neighbourhood of P(X) N {x € V : dist(x,0V) > 1}.

|l | =

FIGURE 1. Contours under different boundary conditions.

Here the neighbourhood is defined with respect to the /., dis-
tance, dist(x, y) = max;—1__4|x; — yi|. Elements of Y(X) are called
w-contours, while elements of Y, (X) or Yy(X) are called s-contours,
and we shall use y to denote any of them. Furthermore, we say
that a set 0 of w-contours (s-contours) is admissible if there exists a
configuration X C B such that 3 = Y(X) (0 = Yo (X) or d = Y4(X)).
This configuration is necessarily unique whenever 0 is not empty,
while

Y(B) =Y(0) = Yo(B) = Yq(0) = 0.
If 0 # (), we use X(0) to denote the unique configuration corre-
sponding to 0.
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Define the ‘octant” O (k) of each corner k = [k1, ..., k4] of the box
V by

Ok)={xeR¥: x; >k ifiel ,x<k if icl,}, (IL3.4)

wherei € I_aslongasy; > k; forall y € V, whilei € I as long as
yi < k; for all y € V. If, for a given v, there is a corner k of V such
that yN oV C 00(k), then inty, the interior of y, is defined as the
finite component of O(k)\y.* However, if there is no such a corner,
then inty is defined as the smaller of the two components of V\y.?
In addition, we set V(y) = yUinty and Exty = V\V(y). Any y
from an admissible set of w- or s-contours 0 is external if there is no
¥ € 0 such that y C int 7.

The set {y} with y arbitrary is admissible and non-empty, and
thus there exists a unique configuration X, C B for which Y(X,) =
{y} if v is a w-contour, while Y,(X,) = {y} or Yq(X,) = {y}if
Y is an s-contour. We call y ordered (or o-labelled) if X, C Exty and
disordered (or d-labelled) if X, C inty. If X, = (), one necessarily has
{v} = Yo(X,), and we say that y is o-labelled. Note that all the
external contours of an admissible set of w- or s-contours are either
ordered or disordered; for instance, the external contours of Y (X)
with m = 0,d and any X C B are m-labelled.

Let the length ||y|| of a contour y be the number of its intersections
with the bonds of B. Observing that for any set of admissible con-
tours 0, the number of disordered contours in d with dist(y,dV) > %
is Cin(X(0)), we introduce the weight of y by

q_lei vl if v is ordered or if y is disordered with
p(y) = dist(y,0V) < %,
g~ 2IMI+1 " if 1 is disordered with dist(y, aV) > 3
(II1.3.5)

If 0 is a non-empty admissible set of w-contours, then one easily sees
that

> vl =lleX(a)l, (I1L.3.6)
veo

4This definition clearly does not depend on the choice of k if more corners are
possible.

5If both the components of V\y are of the same size, take the one which con-
tains the corner k of V for which k; < x;,i=1,...,d,forallx € V.
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whereas if 0 is a non-empty admissible set of s-contours, then

|6X(0)|| + [0B\X(9)| if external s-contours in 0
are ordered,

y%& IVl = |16X(0)|| + [0B N X(0)| if external s-contours in 0

are disordered.
(I11.3.7)

Here X(0) is the unique configuration corresponding to 0.

Aset{y1,...,vn} of w-contours (s-contours) is called a set of non-
overlapping w-contours (s-contours) if dist(y;, vj) > % foralll <i <
j < n. Any admissible set of w-contours (s-contours) may serve as
an example.

Let W C V be of the form

V\ U V(y) or intyo\ |J V(v), (I11.3.8)
y€Eo* yeo*

where v, is a w-contour (or an s-contour) and 8* and 0* are, pos-
sibly empty, sets of non-overlapping w-contours (s-contours) with
V(y) C intyg for all ¥ € 8*. Then B(W) and dB(W) stand for the
sets of all bonds of B and 9B, respectively, whose centres lie in W
and B(W) = B(W) U0B(W). In order to express the weight of a
configuration X in terms of its contours, we also introduce the or-
dered and disordered “regions”,

B(W)NnX(0) ifm=o,

BW)\X(@) ifm=d, (I13.9)

for any admissible set of w- or s-contours 9, where we set X(()) to be
equal to Bif m = oand to () if m = d.

When expressing the partition function in terms of contours, we
distinguish the case of weak and strong boundary conditions.

Weak b.c. For every B C Band m = o,d, we set

Gm(B) = %m B B| + hm |0B N B| (I11.3.10)

with
9o = —dlog(e/ —1), g¢4=—logg, (I1.3.11)
ho = —log(e? —1), hg= —;—d log g. (I11.3.12)

Let us call y short if® diam y < w(L) and long otherwise; the param-
eter w(L) is supposed to be fixed so that 1 < w(L) < L. Later, it will

5The diameter of any subset W of R4, diam W, means the length of the side of
the smallest square box in R into which W can fit.
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be chosen to obey the condition (II1.2.19) from Theorem II.2.2. For
W of the form (II1.3.8), we define

Zew(B,A) = z(m) o~ Go(Qo(W,0))=Gq(Qq(W,0)) |_| p(y), m=o,d,
oW yea
(II1.3.13)
where the sum is taken over all admissible sets 0 of short w-contours
such that the external contours in @ are m-labelled and V(y) C W
forall y € 0.

As it is standard in the Pirogov-Sinai theory, one may derive an-
other, more suitable expression for the partition function (II1.3.13) (in
a context similar to the present one, see e.g., Subsection 4.2 of [10]),
namely,

Zmw(B,A) = e B § MK (1), m=o,d. (I13.14)
0*CW  yeo*

Here the summation is over all sets 0* of non-overlapping short m-
labelled w-contours with V(y) C W for every y € 0* and

Zd,inty(ﬁ/A) Zo,inty(ﬁ/)\)

Ko(y) = ply) 23003020 ky(y) = ply) Sointribe 2]

W= 7 B ) =e B
(111.3.15)

where we skipped the dependence of Ky (y) on 8 and A.
In addition, we introduce

lon, _ _
Zoig v (B,A) = 3 1) ¢Go(@o(V0)-Gal04(VA) M p(y) (1IL3.16)
2 y€EQ

with the sum going over all the admissible sets d of w-contours which
contain at least one long y € 9. Given such a set 9, let 9; be the set of
its long w-contours; it is obviously admissible. Then V'\9; splits into
connected components Cy,...,Cy and, for eachi = 1,..., N, either
B(C;) C Qo(V,0;) or B(C;) C Qq(V,d;). We use Wy (9;) to denote
the union of the former components and W4(0;) to denote the union
of the latter ones. Now, let us decompose 9 into the disjoint union
0;Ud°U 99, where ™, m = o, d, is the set of all the short w-contours
of 0 with V(y) C Wn(0;) for every y € 0™. Clearly, the external
w-contours of 0™ are m-labelled and

Qm(V,0) = Qm(Wm(9;),0™) U Qm(Wme(9;),0™)  (IIL3.17)

is also a disjoint union (here m“ = o if m = d and vice versa). Re-
summing all the short w-contours contributing to Zy;, v(3,A), we
therefore obtain

g (8,0 = 3 Zomo0 (B.) Zagnon (B, ] o). (1318
YE0
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Let 0 be an admissible set of w-contours. Then the number of dis-
ordered w-contours in 8 with dist(y, dV) > 3 is Cin(X(9)). Hence,

[ e(y) = q_217’ 15X (3) ]|+ Cin(X(2)) (I11.3.19)
y€EQ

by (IIL.3.6) and the definition (II1.3.5) of p(y). Combining this with
(IIL.3.1), (1I1.3.13), and (IIL.3.16), we arrive at a contour representation
for the partition function (IIL.2.4):

Zi(B,A) = Zoy(r)(B,A) + Za,vw) (B, A) + Zpig,v(r) (B, A). (1I13.20)
We shall use it to prove Theorem II1.2.2.

Strong b.c. For these boundary conditions, our definitions are
slightly more involved. This stems in part from our definition of
contours, in particular from the extra terms in (III.3.7), and in part
from our desire to rewrite Zy (3, A) as a partition function with dis-
ordered or ordered boundary conditions, depending on whether we
are in the situation of Theorem II1.2.1 (a) or (b).

For every B C B, let
m (B = % BAB|+h™ [dBNB|, m,m =o,d, (IL321)

m/

where g, and g4 were defined in (II1.3.11) and

—log(e™ —1) ifm=o,
ht = 111.3.22
© {—log(e}\ﬁ—l)—%logq if m = d, ( )
~dlogg ifm=o0
hy =9 @ ’ 111.3.23
d {—2—1dlogq ifm=d. ( )

Moreover, for any W of the form (II1.3.8), we define

Zmw (B, A) = z(m) e~ GM(Q0(W,0)) -G (Q4(W,0)) [e(), m=o,.d,
oW yeo
(I11.3.24)
where the sum goes over all admissible sets 0 of s-contours such that
the external s-contours in 0 are m-labelled and V(y) C W for every
Y € 0. With this definition, we get

ZL(B,A) = Zo vy (B, A) = Zavw)(B,A). (II1.3.25)

Indeed, consider Z, (3, A) defined by (I11.3.24). Then every d con-
tributing to it contains exactly Ci,(X(0)) disordered s-contours, all
with dist(y,dV) > 2. Analogously, any 0 contributing to Z4 (3, A)
contains Ci,(X(0)) disordered s-contours for which dist(y,dV) >
3. Combining this with (IT.3.1), (I1.3.5), (TI.3.7), and (I1.3.21) —
(I11.3.24), we obtain (II1.3.25), and hence two more contour represen-
tations for our model. They will be used to prove Theorem III.2.1.
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Again, it will be useful to rewrite Zm,W( B,A) as
Zow(B,A) = e CREMW) OV M R (), m=o,d, (IL3.26)
O°CW  yeo*

where the sum goes over all collections 0* of non-overlapping m-
labelled s-contours such that V(y) C W for every y € 0* and

= 1 det ( )

Ro(y) = p(y) g2 19B(inty)] 4, (I1L.3.27)
( ) ( )q 01ntj/(ﬁ/A)

- 1 i int (ﬁ/A)

Ry(y) = ply) gz 19B(inty)| L (I11.3.28)
d( ) ( )q dety(ﬁ/)\)

REMARK III.3.2. Since the partition functions defined by (I11.3.13)
and (II1.3.24) depend on A only through the quantities G, ((Qo (W, 9))
and GJ'((Qo(W,0)), respectively, they are independent of A once
0B(W) = 0, i.e. once dist(W,0V) > 3. As a result, the activities
Km(y) and Ky (y), m = o,d, are independent of A if dist(y,dV) >
%7 Note also that the partition functions Z, (3, A) and Zm, w(3, A)
coincide whenever W is ‘not too large and not touching the bound-
ary’. Namely, we have Zy, w(B,A) = Znw(B,A) and Kn(y) =
Rin(y) as soon as diam W < w(L), dist(W,dV) > 3 and diamy <
w(L), dist(y,dV) > 3, respectively.

I11.4. Proof of Theorem II1.2.2

The decomposition (II1.3.20) of the partition function Zj (3, A)
suggests that the finite-size scaling for the energy E; (3, A) and the
heat capacity C; (3, A) may be evaluated via a cluster-expansion anal-
ysis of Zy, w(B,A), m = o,d. To this end, a bound Kp(y) < el
where € > 0 is small, would be needed for every short w-contour .
It turns out, though, that a bound of this form does not hold for both
m = o,d and for all 3 > 0. Therefore, one first constructs [8, 10]
truncated contour activities K (y) and the corresponding partition
functions®

Zw(B,A) = e W) $ M K (y), m=o,d, (IL41)
0*CW  yeo*

defined for every W of the form (IIL.3.8). This will be done in such

a way that Ky, () are smooth functions of 8 and K (y) < el”ll for

"Note that in this case the multiplicative factor qlei OB(intY)| jn (I11.3.27)
vanishes.

8The sum in (IIT.4.1) runs over the same collections of w-contours as in
(1I1.3.14).
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some small € > 0. In addition, whenever

fm(B) = — lim % 108 Zm v (1) (B, A) (111.4.2)
equals
f(B) = min{fo(B), fa(B)}, (II1.4.3)

then, necessarily, Km(y) = Km(y) so that Zy, w(B,A) = Zmw (B, A).

As in [10], the truncated model will be constructed inductively.
However, to get weaker constraints on the surface coupling A, we
have to repeat the argument of [10] with a more careful evaluation
of boundary terms. This will be done in Appendix III.B. Introducing

Fn(B(W)) = = fn [B(W)| + 5o [9B(W)], (11144
where
1
sm(B) = — Him =g (Zon vy (B, A) + fm( )IBl),  (IL45)

we formulate the results in the next lemma. Its proof is also given in
Appendix IIL.B.

LEMMA IIL4.1. Letd > 2,] >0,0<u<1,ky€Z, ky >0, and
let

1 v
= 5ad min{1, 3(1—pu)} and o= 5 logg — 1. (Il1.4.6)

There exists a finite positive constant Dy such that, for any function w :
N — [0, oo] for which w(L) < L, w(L) — oo as L — oo, a truncated
activity K (y) exists, for any m-labelled short w-contour y, m = o,d,
satisfying the following claims (a)—(d) whenever q, L are large enough, | % -

%| < %,andeithero <k<koand B> 1lork=0and 8 > 0:
(a) K (y) is a C* function of B and ‘a/sk m(¥)| < (Do q—zv)llvl\_

(b) Let am(B) = fm(B) — f(B). If am(B) diamy < «, then one has
K (v) = Km(7)

(¢) Ifam (B) min{diam W, w(L)} < a, then Zy w(B, A) = Zmw (B, A).
(d) If am(B) > 0, then, for any W of the form (II1.3.8) we have’

ok _

ok Zmw (B, 2) | < Do [BW)[*Zmw (B,2) <
< Dy |]E3(W)]ke*FmC(E( )+(331ogg+0(q7)) [0B(W)] 5,

« O )IoW]+0(g~) (I1L4.7)

9Given 20 C V, we write ||023|| for the number of intersections of the bound-
ary 020 with B U 0B (20°).
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Here m® = o if m = d and vice versa.

REMARK II1.4.2. Lemma IlI.4.1 (a) and (c) allows us to analyze the
functions log Z,, w(B,A), m = o,d, and their derivatives up to the
ko-th order by convergent cluster expansions once we assume that
am(B) min{diam W, w(L)} < aand 8 > 1. This then leads to the
relations

o O Fn (B(W))

—log Znw(B,A) = 35"

35" +0(g)llow|l +0(g~")

(I11.4.8)
forallk = 0,..., ko and g, L sufficiently large. Moreover, fi, and sm,
are Cko functions of 3 on the interval [1, c0), and

d o d*gm d*sy  d¥hy

——=—-+4+0("), =——+0(g" 111.4.9
for any k = 0, ..., ko and g large enough. Combined with Lemma
III.A.5 (a), one can show the existence of a unique point (3 such that

fo(B) = fa(B). (I1.4.10)
Moreover,
_ {JolB) B2 5 1.4.11
e {fdm) if B < B, (41D
and
b= %q +03™). (I1.4.12)
Notice that
afy o _dfp o _dlfo—fa)| - .
i6lsc0 dBlpo = dp  lp= 0@ 7)) <0 (H413)

due to (I11.4.9) and (II1.3.11). In Remark IlI.4.5 we shall show that
B =B

In view of (IIL.4.11), the functions a,(/3) and a4 () vanish for 3 >
B and B < 3, respectively. Moreover, for 1 < 3 < f, the function
a0(B) = (fo — fq)(B) > 0 is decreasing, whereas for > (3 the
function a4(B8) = —(fo — fq)(B) > 0is increasing.

It is worth noting that Lemma III.A.7 applied to 1 (x) = e** and
Y2(B) = Zmw(B,A), m = o,d, combined with (IIL4.8), (II1.4.9), and
Lemma III.A.1 gives

ok +1

3t Zmn (B )| < Do [BOW) [ (Zme(B,2)) 7, 1<k <k

(I1.4.14)
for some finite constant Dy > 0 once am (B) min{diam W, w(L)} <
aand 3 > 1.
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For the rest of this section, we choose the function w(L) to satisfy
the condition (II1.2.19) from Theorem II1.2.2. Let us provisionally
introduce the energy jump at j3,

_d(fo—fa)
fei=—1 dp d‘g

it will turn out that it actually coincides with Ae from Theorem II1.2.2.
The next corollary immediately follows from Lemma II1.4.1 and is
the first step in the proof of (II1.2.20).

= g +0(g7) > 0; (I11.4.15)

COROLLARY II1.4.3. Letd > 2,] > 0,and 0 < p < 1. Let us define
v and o by (111.4.6) and (3 by (I11.4.10). For q and L sufficiently large and

% — % < %, we have:

(a) The equation am () = —%*~, m = o, d, has a single solution Sm (L),

w(L)
and
Bo(L) =B — ﬁ % + O((w(L))™?), (IIL.4.16)
Ba(L) =B+ ﬁ %L) + O((w(L))™?). (I11.4.17)

In addition, ao(B) < wLL) iff B > Bo(L), while ag(B) < ﬁ iff B <
Ba(L).

(b) There is a unique point Y (L) € (Bo(L), B4(L)) at which Zy, v (3, A)
and Zq4 v (B, A) coincide, and
/

Wy —glie L] q
b= (L)_ﬁ[1+Ae(2 A+O(logq

—v

1
)) =+ o(L ). (m41s)

PROOF: (a) Let us consider m = o, for instance. For 0 < 3 < 1,
we have

a0(B) —

o x

(@) > logqg —dlog(e/ —1)+0(g7") — (@) >0
whenever g and L are large enough; we used (II1.4.9) with k = 0
and the second condition in (II1.2.19). Since a,(/3) is continuous and
decreasing on [1, 3) once g is large, while a,(3) = 0 for 3 > 3,
there is a single solution 3,(L) € (1, ). The Lagrange mean-value
theorem then yields

LI —(f _ _ gy o~ fa)

wimy ~ "oBo(L)) = (fo = fa) (Bo(L)) = (BolL) = B) ==73 ‘B
) (ITL.4.19)
for some S between 3,(L) and B. Since the derivatives of f, and
fq are bounded due to (IIL.4.9) and Lemma III.A.1, it follows that

Bo(L) — B = O((w(L))~!). Using this, Taylor expansion around fJ3
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gives
« B _py4fo—fa)
iy = Vo= F(Bo(L) = (BolL) - B) “Wor o)

+O((w(L))™2), (II1.4.20)

which along with (II1.4.15) implies the first equality of (II1.4.16). One
proceeds similarly for m = d.
(b) Let us introduce

Zov (1) (B, A)
Zav) (B, A)

If B € [Bo(L), Ba(L)], we may use the proved part (a) of this corol-
lary, the relation (IIL.4.8) with k = 0, and Lemma III.A.1 to get

EL(Bm(L)) = —(fo = fa) (Bm(L))|B|/d—

- [(s0 —54)(B) + o(ﬁ)} 0B| + O(g~"L) (I114.21)

form = o,d. Since e? — 1 = q%(l +0(q ™)) for any ¢ > % (so that
di] > v), see (II1.A.10), the relations (I1I.4.9) and (IIL.3.11) give

éL(B) = log

3 5 1,2 1
(S0 —=8a)(B) = (ho —ha)(B) +O(q7") = —3(7 - 5) logg+0(q7").
(1I1.4.22)
Observing that
Bl = [B(A(L))| = dL*" (L~ 1), [0B|= |0B(A(L))| = 24L""",
(111.4.23)

and taking into account (II1.4.19), (1I1.4.6), and (II1.2.19), we eventu-
ally obtain

(.« L-1 ,A 1 4 \\qd-1
EL(BO(L))—( Togq (L) 2(] 2)+O(1qu)>L log g+
Ld—l
+0( (L)>—

(Y, L6 NI Lt
= (2 logq)v+“+ (logq)]L logq+O<w(L)>§
34 R _rd-1
<L 1ogq[1+o(w(L))}§ L4 logg <0 (IL4.24)
for g, L large. Similarly,
&r(Ba(L)) > L logg > 0 (I11.4.25)

once g, L are large enough.
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Next, combining the proved part (a) of the corollary, (III.4.8),
(II.4.9), and Lemma III.A.1, one readily gets

o m ~ _
35 log Zm v(L (/3 A) = d[j;fk i +O(|/3—/3|Ld) —|—O(Ld b,
(I11.4.26)

m = o,d, forall k € Nand 8 € [Bo(L), B4(L)]. This and (II1.4.16)
yield, for any 8 € [Bo(L), B4(L)] and large g and L,
0&r
B
Since & (3) is continuous, a result of (I11.4.24), (II1.4.25), and (I11.4.27)
is that the equation Z, (3, A) = Z4 v (8, A) has necessarily a unique

solution ﬁ(:A ) (L) on the interval (3,(L), B4(L)). To find its position,
we first use the Lagrange mean-value theorem to write

0=e(BY(L)) = £L(B) + (BY(L) — ma&

—2AeLd[1—|—O(|B Bl) +O(L )}>o. (IIL.4.27)

(IT1.4.28)

where j3 is a point between ﬁ(:}\ ) (L) and 3. Due to (I1.4.8), (I1.4.22),
and (I11.4.23), we have

£L(B) = (sa —50)(B) |0B| +O(g ") =

=2 [(? - %) log g + O(q—V)} 1471, (I1.4.29)

In view of (I11.4.27), we thus observe that /3(:)\)(L) — B = O(L™1).

Using this, the Taylor expansion of EL(/3(:A ) (L)) around B along with
(IIL.4.26), (IIL.4.9), and Lemma IIL.A.1 imply

&1

0=£0(B)+ (BL(L) = B) 5|, + O™, (I11.4.30)
Combined with (II1.4.27), (IIL.4.29), and (111.4.12), we get (II1.4.18).
Q.E.D.

In Appendix III.C we prove
COROLLARY II1.44. Letd >2,] >0,0<u<1,andkyg=0,1,.

For all q, L sufficiently large, |— — 1| <5, and 0 < k < ko, we have:
@ If B € [Bo(L), Ba(L)], then
ok Zpig,v(1)(B,A)

L a(l)
< 20d . I11.4.31
0B% Zoy(1)(B,A) + Zgvr) (B, A) ‘ 7 ( )

(b) If B > B4(L), then

Ok Zd V(L)(ﬁ/A) +Zbig V(L)(B/ A) 1y (L)
: - < g 204 ) 111.4.32
ot Zoy(1)(B,A) ‘ 7 ( )
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In addition, if 1 < B < Bo(L), then

o Zoy(1)(B,A) + Zpigy(1)(B,A)
0k Zavw)(B,A)

<gwied) (114.33)

REMARK II1.4.5. Let us show here that the quantity f defined by
(I11.4.3) is actually the free energy of our model. Assuming first that
3 > B, where 3 was defined by (II1.4.10), we write

N -
— fim TACD)] log Z1(B,A) =

= — lim 1
L—oo |A(L)|

(log Zo,y (1) (B, A) + X1(B,A)). (IIL4.34)

Here
Zd,V L (}8, A) Zbi V(L (/6/ A)

since all three terms Z,, v (3,A), Zq,v(B,A), and Zy,;g v(3, A) are pos-
itive. Hence,

) >0

1
lim ——— X;(B,A) > 0.
L—oo |A(L)] ( )

On the other hand, if 3 > B4(L), then
X1(B,A) < log(1+q = ¢(L))
due to Corollary I11.4.4 (b), while if 3 < B < 34(L), then

Zg,vr)(B,A)
Zoy(r)(B,A)

Zigv(1)(B,A) Zov)(BA) + Zg,vr)(B, A)) -
Zoyw)(BA)+Zgvr)(B,A) Zoy(1)(B,A) -

d _ d _
< 10g<1+60(ﬁ)+o@d 1)+q_12—T;w(L)(1+eO(ﬁ)+O(U’ 1)))

Xi(B,A) = 10g<1 +

_|_

=LY (O((w(L))"Y) + O(L™1)) (I1.4.35)
in view of (II1.4.26). Thus, using also (II1.2.19),

1 _
.1 _ .
ngrolo A X (B,A) =0 forall>p

As a result,

: 1 _

Lh—{go IA(L)]| logZ1(B,A) = fo(B) = f(B) forall B > p.
The case when 3 < f is treated similarly. Finally, notice that (II1.4.13)
implies B = f3;. Consequently, the quantity A¢ introduced in Corol-
lary II1.4.3 is identical to Ae defined in (I11.2.12).
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Let us now use Lemma II1.4.1 and Corollary I11I.4.3 and II1.4.4 to
study the behaviour of the finite-volume mean energy E; (3, A) and
its derivatives (with respect to 3) for large values of g and L.

In the first step, we consider 3 € [35(L), B4(L)]. In this case, we
use (I11.3.20) and write

d
EL(BA) = — 35 | 108(Zoy(w) (B, A) + Zay) (B ) +

+log(1+ bg}\‘)/+zdlv (/3,7\))] -

log(ZO,V(L) (B, A)Za, vy (B,A))—

0 o,v(1)(B,A) n(l Zoyw)(BA)y
08 av) (B 7\)> fan <2 08 Zd,V(L)(ﬁ/A))
0 Zpig,v(r)(B,A)
1 1 .
- 0B og( "z )(B,A) +Zd,V(L)(5/7\))

Applying Lemma III.A.7 to the functions 1 (x) = log x and ¢»(f) =
Zpigv(B,A)

1
2

el

(IT1.4.36)

1+ Zov BN+ Zay (B and using Corollary 111.4.4 (a), we get
k Zy; A
6_10g<1+ big,v(z) (B, A) )
op* () (B, A) +Zdv )(B,A)

k .
Z(l—i—O(q zod ! w(L )))_]O(q—jﬁw(L)) _ O(q_lz_Tcliiw(L))
(1I1.4.37)

for any k € N. Therefore, taking into account (II1.4.26) and Remark
111.4.5,

Zovr)(B,A)
Zyv )(517\)>+
O(|B — Be|L%) + O(L¥~1) + O(g~ =t @(L)), (I11.4.38)

EL(B,A) = ey L4 — AeLdtanh(% log

where

ld(fo +fd)
27 dp

ey = =—-A+0(g7")<0 (II1.4.39)
was introduced in (I11.2.12).

Next, let us find expressions for the derivatives of E;(f3,A). As
the derivatives of tanh x are bounded because of Lemma (III.A.13),
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Lemma III.A.7 and (I11.4.26) yield

k 1 Zoy(r)(B,A)
apF tanh<2 log Zd,V(L)(ﬁ,A)>
d* 10 Zo (L) (B, A)\K
= — tanhx ——1 d +
i 5y o (33 1 70 5
k-1 ,
+ ¥ oL =
=
dk
= (AeL%)*—— tanhx zo vy e (L+O(|B = Bel) + O(L71)) +
dx x=3 log > ( )([3 5
av(r) B

+ O(L*14)  (111.4.40)
for any k € N. Along with (II1.4.36) and (II1.4.26), this implies

ak

357 EL(B ) = O(L) -

1.0 Zoy(w)(B,A)y oF Zo (1) (B, A)
1 h(= log =—/————
<5ﬁ o8 Zd (B, A )> apr " ( %7, v(w)(B,A) ) "

+ Z O(LHYO(L*= ) 4 O(q~ =0t @(L)) =

B NN
= —(LeL?) 7 - tanh x

» Zovy @ [1+ OB = Be])+
Zorwby

x=41log
+O(L™YH] +O(LM) (111.4.41)

for all k € N.
Finally, we Taylor expand log

of Corollary II1.4.3 (b) and obtain

v(BA)
Zav(BA)

around the point g ( )

V(L) (B, A) _an (fd fO)
to gZdVL (B,A) = (F-h2 (L))< g g

=20 (B—BML)LA(1+O(L™Y)) (II1.4.42)

LMO(UH)) -

according to (111.4.26), (II1.4.15), Lemma III.A.1, and Remark II1.4.5.
Using now Lemma III.A.8, we get

+0o(L™h

(I11.4.43)
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for any k = 0,1,... Recalling that |3 — 3;| = O((w(L))™!) for all
B € [Bo(L),Ba(L)] due to (II1.4.16), the relations (I11.4.38), (I11.4.41),
and (I11.4.43) lead to

LEMMA II1.4.6. Letd >2,] > 0,0 <
q and L large enough, |% — %| <5 B¢eBo
we have

u<landkg=1,2... For
(L), Ba(L)], and 1 < k < ko,

Ld
EL(B,A) = eo L' — Ae L tanh (2e(B — 8P (L))L4) +o( )

w(L)
(IT1.4.44)
a—kE (B,A) = —(Ae L9)k+1 d—ktanhx +
opk “E\P dxk x=0e(B—pL) (L)L
1, (k+1)d
+O< w(L) )
(IT1.4.45)

Here ﬁ(:}\ ) (L) is the temperature introduced in Corollary I111.4.3 (b).

Let us consider now 3 € [1, 8o(L)] and any k € N. This time we
use (I11.3.20) to write

ok 1EL (B, A) o
aﬁkil :_aﬁk[logzdv ([51 )
Zoy(1)(B,A) + Zpigv(1)(B,A)
+log(1+ — - . (IIL.4.46
g( Za,y () (B, A) ﬂ ( :
The relation (I11.4.8) and Lemma III.A.1 imply that
o A fa 4 -1
6[3 log Zg vt (ﬁ A) = a6k LY+ O(L*™). (111.4.47)

Moreover, similarly to (II1.4.37),

o (B, A) + Zbig,v(L)(ﬁ,?\)> T )
ok Zq,v(1)(B,A)
(II1.4.48)
due to Corollary II1.4.4 (b) and Lemma III.A.7. Treating the case 3 €

[Ba(L), 00) analogously and using (I11.4.11) and Remark II1.4.5, we
may state

log<1 + &

LEMMA II1.4.7. Letd>2]>00§ <1, ndk0:1,2...
Then, for all q and L sufficiently large, ]] - %] < 5 B € [1,B.(0) U
[Ba(L), 00), and 1 < k < ko,

k-1 k
g EL(B,A) = F(B) L4+ O(L% 1), (I11.4.49)

a/_;k—l d[3k
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Here f is the free energy introduced by (111.4.3), and

(I11.4.50)

k .
gt | B> B

5 B) {dké';‘fk”’) i < B

In the end, let us prove

LEMMA II1.4.8. Letd > 2, ] > 0,and 0 < p < 1. For qand L

sufficiently large and |% — 3| < &, the specific heat C1(B, A) attains its

maximal value at a unique temperature /SQQX(L). Moreover,
B(L) = (L) +O(L~2), (II1.4.51)

where /3(:}\) (L) was introduced in Corollary 111.4.3 (b).

PROOF: Let the assumptions of the lemma be fulfilled. First,

we observe that if the temperature 5§§§X(L) exists, then ﬁg\gx(L) €
[Bo(L), B4(L)]. Indeed, the definition (II1.2.11) of C1.(3, A) along with
(II1.4.41) yield that C; (B2 (L), A) = B2(AeL?)2(1 + O(L~1)). How-
ever, as soon as 3 € (0, Bo(L)] U[B4(L),00), we have C.(B,A) =
O(LY) in view of Lemma II1.4.7, Remark II1.2.3 (iii), and Lemma
III.A.1. In other words,

CL(B,A) < CL(BY(L),A)

forall B & [Bo(L), B4(L)] and g, L large enough.
Let us, therefore, take 8 € [Bo(L), B4(L)] in the following. Then
Lemma II1.4.6 gives

L3d

9 _ 2Lty L
op CLBAN) = B ALYy agtanhx] e s s +O<w(L)>'
(IIL.4.52)
02 Y s @& —L4d
o2 CL(BA) = F(ae L) g tanh x x—Ae</s—ﬁ9><L>>Ld+o<w(L)>'
(IIL.4.53)

L2 . . . .
The function % is odd and negative for x > 0, while there exists

3
A > 0 such that % < 0 once |x| < 2A. As a consequence,

if g and L are large, the above two equations imply the existence
of a unique temperature Bo(L) € [Bo(L), B4(L)] such that |3o(L) —

[SQ)(L)| < éﬁ and

Cr(Bo(L),A) > CL(B,A)
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for all g 7é Bo(L) and |[3—/3(A)( L) < g% However, if |3 —
ﬁ( (L) > £ Ld,’chem in view of (I11.2.11) and Lemma I11.4.6,

LZd
CL(B,A) = B2(Ae L9)? cosh ™2 (2e(B — B (L))LY) + O<W> <
) 1
< B2(LeL?)? [cosh 24 4 o(m)] (IT1.4.54)
so that
CL(BY(L),A) = CL(B,A) >

> 32(Ae L9)2 [1 —cosh 2 A+ o( ! )> + O(L—l)] >0 (IL4.55)

w(L)

once g and L are large. Hence, 3o(L) = ﬁg‘gx(L).
It remains to prove (II1.4.51). According to the Lagrange mean-

value theorem, there is 3 between /5$Q§X(L) and ﬁ(:A ) (L) such that
aCr (B3, A) _ 0C.(B,A)
0B Iahk() o 18Yw)
02Cr(B, A
+ (Biaax(L) = B(L) %] N

Now, from (II1.2.11), (IIL.4.41), and Corollary II1.4.3, it follows that

the derivative aCLa(ﬁﬁ 2) = O(L*) as & dfaght — 0 at x = 0. On

0= +

(I11.4.56)

)
B="(L)
the other hand, the relation (II1.4.53) and the fact that d’ tanh x tanhx
implies

|, <0

ach(ﬁ/ A)
02

4%‘14 +O(w(L)) =

1 d% tanh x
< g Pl

< B*(LeL?)

‘A (I11.4.57)

whenever | — ﬁ(: (L) < Ae Ld and g, L are large. Combined with
(I11.4.56), this yields (IIL.4.51). Q.E.D.

In view of the preceding lemma, Corollary I11.4.3 (b), and Lemma
III.A.8, we have

dk
—_tanhx =
dok te(B—pN(L))Ld
dk
— ~_tanh O(L~2+1y  (111.4.58
dxk Ae(/s—/SEQQIX(L))LdJr ( ) )
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for all B € [Bo(L),B4q(L)]. Moreover, with the help of (II1.4.16),
(II1.4.6), and (II1.4.12), we observe that

1 —
[Bm(L) — 5t|_2Ae oy HOolew) 2y =
- 5% <1 logq - %>ﬁ +O((w(L))?) =
:%wfiz) (1 O(@HO((w(L) ))_% fz) (IT1.4.59)

m = o,d, for g, L large. Recalling Lemma III.4.6, Lemma III.4.7, and
Lemma I11.4.8, we get Theorem II1.2.2.

II1.5. Proof of Theorem II1.2.1

We shall proceed similarly as in the proof of Theorem II1.2.2. We
begin with
LEMMAIIL5.1. Letd > 2,] > 0,kg =0,1,...,and a = 5 logg—
1. There exist meta-stable specific free energies fo and fgq such that the
following is true for all q, L is sufficiently large, 3 > 1,0 < k < ko, and
m = o, d.
(a) The quantity fu(B) is a CK function of B, and
d* fm dkgm
5 = i +0(g~ z4d) (II1.5.1)
where gm was defined in (I11.3.11).

(b) For any m-labelled s-contour vy with dist(y,0V) > %, the activity
K (y) does not depend on A. Introducing f(B) = min{fo(B), fa(B)}
and dm(B) = fm(B) — f(B), we further have: If im(B) diamy < «,
then Km(y) is a C* function of B, and |%Km()/)] < (Dyq 1),
Here Dy > 0 is the constant of Lemma I11.4.1.

(c) For any volume W of the form (IIL3.8) with dist(W,dV) > 3, the
partition function Zy, w(3, A) is independent of A. In addition, whenever
im(B) diam W < «, then

ok i

35 198 Zmw(B,A) = = 2F [B(W)|/d +O(q™2i7) [W]. (115.2)

PROOF: We first observe that any s-contour y with dist(y, 0V) >
3 satisfies |0B(inty)| = 0. Thus, using Remark II1.3.2, Kin(y) =
Km(y) once we choose w(L) = L. It then suffices to apply Lemma
I1.4.1 in which we may put v = ;. Indeed, if [dB(inty)| = 0 for
some contour y, then the bound (III.B.27) is to be skipped.  Q.E.D.
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REMARK IIL.5.2. Let X, be the random-cluster configuration con-
sisting of all the bonds of B whose both end-points have the distance
from 0V less than or equal to 1. Moreover, let X4 = B and consider
the only s-contours I',(L) and Ty (L) corresponding to X, and Xy, re-
spectively. Note that dist('m(L),0V) > 3 for both m = o,d and
diamTo(L) = L — 3, diamT4(L) = L — 3. Then, in view of (IIL5.2),

: 1 . y 3
- Lh_{{}o TA(D)] 108 Z it () (B, A) = fm(B) = f(B)  (IL5.3)
as soon as im(3) = 0. However, it is easy to observe that

Zo,intl“o(L) (/3' A) = ZL—Z(/3/ ])/ Zd,intl"d(L)(ﬁrA) = ZL—Z(ﬁ/ O)/

c.f. Remark II1.3.1 and II1.3.2. Because do(f3) = 0 or d4(3) = 0 for

every 3 > 0, we may conclude that f introduced above is the free

energy of our model and, thus, coincides with f defined by (IIL.4.3).
Furthermore, we may apply Lemma III.A.5 (a) to show that

2o ) fo(B) if B> B
d (B)‘{fdus) it 8 < By (LS4

since
afy o _afy _do—fa)| L
A6lse0 dBlso= — dp g = T Ol ) <0 (IL55)

according to (III.5.1) and (II1.3.11). It also follows that fmn = fm when-
ever dm = 0. Here fn, was defined in (II1.4.2).

COROLLARY III.5.3. Letd > 2,] > 0,and kg = 0,1,... Let « =
ﬁ log g — 1. There exist meta-stable specific surface free energies §, and
Sq such that, for all g, L large enough, A > 0, 3 > 1,0 < k < ko, and
m = o,d, we have:

(a) The quantity 3m(B) is a C* function of 3, and
A5y, dFhm d*h,
=M1 0O@EY)=""40@"), IIL.5.
where h and hy, were defined in (111.3.22) and (I11.3.11), respectively.

(b) Let W C V be of the form (I11.3.8) with dist(W,0V) > 1. Whenever
im(B) diam W < «, then
o Fn(B(W)

a7 log Zow(B,A) = i5F

—v —vL
36 +0(g)[[oW]| +0(g).

(IIL5.7)
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Here Fin(B(W)) = fm|B(W)| + 8m|0B(W)|. On the other hand, once
dm(B) > 0, then

ak 5 _ ~
- Zoow (B, A) | < Do|B(W)[*Z (B, A) <

< Do|B(W) |Fe Fme (BOV)) +max{08pme —Sm-tetm} OB(W)] 5

w O MIOWIF0( ™) (p1.5.8)

2 . .
forany 0 < e < dAT' Here m® = o if m = d and vice versa.

PROOF: Let W be of the form (II1.3.8) with dist(W,0V) > 1.
Then, for any contour y contributing to Zm,W( B,A), one has that
dist(y,0V) > 3. Lemma IIL5.1 (b) implies that log Z, (3, A) and
its derivatives can be controlled by convergent cluster expansions if
im(B) diam W < «. This yields (II1.5.6) and (IIL.5.7).

In order to prove (II1.5.8), we use Lemma III.5.1 and completely
follow the proof of Lemma III.B.1 (d) in Appendix IILB. Q.E.D.

REMARK IIL.5.4. Applying Lemma III.A.7 to 11 (x) = e~ * and the
function Y (B) = log Zmw(B,A), where W is the volume consid-
ered in Corollary II1.5.3 (b), and using (IIL.5.1), (IIL.5.6), and Lemma
III.A.1, it follows that

—(zm,w(/s,;\))‘l‘ < kI (Do|BOW) ) (Zmw(B,A)) " (I1L5.9)

due to (II.5.7), c.f. Remark I11.4.2.

Finally, let us prove

LEMMA IIL.5.5. Letd >2,] >0, u>0,and kg =0,1... Let
. 1 . L 1
V=0 min{1,3u}, &=¥logyg >

There exists a finite constant Dy > 0 such that, for all q, L sufficiently
large, 3 > 1, and 0 < k < ko, we have:

(a) If Go(B)diamV < &and 0 < A < %(1 — 1), then Ko(y) is a Cko
function of B for any ordered s-contour y, and | % Ro(y)| < (Dog=™)IMl,

(b)Ifaq(p)diamV < &and A > %(1 + ), then Ry(y) is a C* function
of B for any disordered s-contour v, and ]% Ry(y)| < (Dog=")l.
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PROOF: According to Lemma II1.5.1 (b), the above lemma holds
for any s-contour y with dist(y,dV) > %. Hence, let us consider
only those contours with dist(y,dV(L)) = 1. Givenky = 0,1,...
and m = o, d, let us assume that i (3) diamV < &and 3 > 1 and
take any 0 < k < kg. Then (II1.3.27), (I11.3.5), (IIL.5.8), and (IIL.5.9)

yield the bound

k
aa—ﬁk R ()] < (2koDo[B(int ) )"oK (). (IT1.5.10)

Observing that
im(B)|B(inty)| < 2dim(B) diamy [|y[| < 2d& ||y|l,
we use (II1.5.7) and (IIL.5.8) to get

Zoeinty (B A) ot sup 2V e =) 0B ity
Zm,int)/(ﬁz A) B: g c(B)=0,

im (B) diam y<a&
sup emax{gm—gchraﬁmc,0}|0B(int7/)|}eO(q*V)IMI (IIL.5.11)
ﬁ:ﬁmc(ﬁ)>0

similarly to (III.B.23). In view of Lemma III.A.2, Lemma III.A.5 (b),(c),
and (II1.4.22), we obtain

Z~mc,int7/(ﬁr)\) < (28 (=D10g+04 ) I (I115.12)
Zm,int)/(ﬁ; A)
where the sign ‘4" applies for m = d, while the sign ‘—’ for m = o.

Combined with (II1.3.27), Lemma III.A.2, (II1.3.5), and the definition
of vV and &, it thus follows that

Ron(y) < (i =)0 g (=)0l < =29l (513
Combined with (IIL.5.10) and Lemma III.A.3, the lemma is proved.
Q.E.D.

We may now verify Theorem II.2.1. Let us do so for its part (a)
only. By virtue of Lemma IIL.5.5, the function log Z4 (3, A) and its

derivatives can be analyzed by convergent cluster expansions for ¢, L
large and any 0 < A < % whenever d4(f) diamV < & and 3 > 1.
Taking an arbitrary k € N, we then have

ok . d*E4(B)

——logZ JA) = —

35" ogZq,v(B,A) a6k

Combining this with (II1.3.25) and (II1.2.8), we get

dk—l
dﬁk_l

+0(g7 ).

EL(B,A) = % LY+ o(L% 1)
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due to Lemma IIl.A.1, (IIL.5.6), and (1I1.4.23). Since 3 < B iff 44(B) =
0, the relation (II1.2.14) follows in view of (II1.5.4) and the fact that f
is the free energy of our model.

III.A. Auxiliary Lemmas

LEMMA IIILA.1. For any k € N, there exists a finite constant Dy > 0
such that the k-th derivative (with respect to [3) of any of the functions g,
ho, and hy', m = o, d, defined by (111.3.11) and (II1.3.22), respectively, can
be uniformly bounded by Dy on the interval [1, c0).

PROOF: Consider the function f(x) = —log(e™ — 1) witha > 0
is arbitrary. Obviously,
af _~  a
dx  1—e ™
can be uniformly bounded on [1, c0). Using the identity
- ()
a2~ "ax T \dx

one shows by induction that, forany k = 1,2, ..., there exist positive
constants Cyq, . .., Cyr such that
dk k d
f Z C k i ( f )
dxk

Thus, any derivative of f can be uniformly bounded on [1, c0). Tak-
ing into account the definitions (II1.3.11) and (II1.3.22), the lemma is
proved. Q.E.D.

LEMMA IIILA.2. Let 'y be a contour with diamy < diam V. Then
0B(inty)| < |[v||

PROOF: If diamy < diam V, then there is a corner k of V for
which ¥y NV C 00 (k). If dist(y,dV) > 2, then the lemma is trivial
as |0B(inty)| = 0 in this case. Therefore, assume that dist(y, 0V) <
1. Letb € 0B(inty), let p(b) C R? be the line which passes through
the end-points of b, and let

B(b) = {(x,y) € B: x € p(b), y € p(b)}\{b}-
Necessarily, the line p(b) intersects the boundary of V(y) at least
twice. Once at a point which lies on the bond b (considered here
as a closed unit line segment). All the other intersections are with
a contour v itself and cannot occur neither at points which would
lie on 0V (otherwise diam y would be equal to diam V' if y is a w-
contour, while V(y) N0V = { for any s-contour), nor at the end-
points of bonds of B(b) (contours are defined not to pass through
any site of Z%). In other words, to every b € dB(inty), there is at least
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one bond of B(b) which intersects y. Observing that B(b) # B(b’) for
any two different bonds b, b’ of 9B, the lemma is proved. Q.E.D.

LEMMA III.A.3. Let y be an arbitrary contour. Then |B(inty)| <
Iyl

PROOF: Let i, = min{n € N : n < diamvy}. Recalling the
definition of the set B(int7y), we may bound its cardinality by the
number of the centres of the bonds of B which are contained in the
closed d-dimensional box centred at the origin and whose side length

is i,. This number clearly equals to if/, i.e. we have
Blinty)| < &,
Now, it suffices to observe that i, < ||y||. Q.E.D.

LEMMA IIL.LA 4. For any contour y, let KC(y) > 0 be an arbitrary
contour activity. Let us define

ZW)= 5 ] K@)
0*CW yeo*

for any W of the form (I11.3.8), where the sum is over all families 0* of
non-intersecting contours with V(y) C W for every v € 0*. In addition,
let

¢ =— Llim id log Z(V(L)), (IIL.A.1)
) 1
0= — lim ~— (log Z(V(L)) + ¢|B| /d). (IILA.2)

IfK(y) < 2l with e > 0 sufficiently small, then, for any c; > —¢ and
2 Z —0,

e—cl\B(Ext)|/d—c2\6IB(Ext)| I—l ]C(Y) SeO(e)HOWH—!—O(eL)’
OextCW Y EDext

where the sum goes over sets Oext Of contours which are all external with
V(y) C W forany y € Oext and Ext = W\ U, ¢cp,, V(7).

PROOF: If K(y) < €2, then KC(y)el”l < €317l for ¢ small
enough. Hence, the partition function Z can be controlled by a con-
vergent cluster expansion, yielding

log Z(W) = —® (B(W)) + O(e)||oW|| + O(er) (IIL.A.3)
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with ® B(W)) = ¢|B(W)|/d + o|0B(W)|. Assuming now that ¢; >
—¢ and c; > —o and using (II1.A.3), we get

o—C1|B(Ext)|/d—ca| OB (Ext)| [1 KO <

OextCW Y EOext
< e(D BW)) }C(,y)e—CD B(inty)) _
aethEW Yelz!zxt< >

_ @ BW)) S <lC(y)Z(inty)eO(€)H7/H>§
OextCW YE€Dext

< e BW) Z() < (O@IW[+0(e)

Q.E.D.

LEMMA IIILA.5. Let m = o,d, while m® = o if m = d and vice
versa. Let k > 0 be arbitrary and let gm, hm be the quantities defined in
(II1.3.11). Let om () and om () be arbitrary functions which

(i) are continuous, and om = gm + O(~%), om = hm + O(g7");
(ii) are differentiable on [1, c0), and

Apm _ d8m o ooy A0m _ o o
For all q sufficiently large and A € (0, ), ] > 0, we have:

(a) There exists a unique point B such that ¢o(3) = @4(f3). Moreover,

(ITL.A.4)

i _ (Po(ﬁ) lfﬁ > Br LA.5
®(B) = min{po(B), pa(B)} {(Pd(ﬁ) i< B, (II.A.5)
and

p=1089 1 5(x). (ITL.A.6)

dJ
2
(b) Let Fy = Om — Ome + %((pmc —@). If¢ < (%) , then
sup  Fm(B) = Fm(B).
B:o(B)=em(B)
(c) Let Gy = Oy — Ome — %((pm — @). Then

sup Gm(B) = Gm(B).

B>0

PROOF: Throughout the proof, we assume that g is large.
(a) The function @, — @4 is decreasing on [1, 00) since

d d
15(00—00) = 1L+ 0(g™%) < —d] +0(g7) <0

dp
(IIL.A.7)
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by (I1I1.3.11) and (III.A.4). In addition,

(00 — ¢a)(B) > logq —dlog(e/ —1)+O(g7%) > 0
forall B € (0,1] and limg_, o0 (@0 — @4)(B) = —oo. Using that ¢, —
@4 is continuous by assumption, we get the existence of a unique
pointﬁforwhichq)o —@q > 0if p < fand @, — pq < 0if B > f3. Fi-
nally, the relation (III.A.6) is and immediate consequence of (IIL.A.4).
(b) Let & < (%)2 We start with shoving that /1 = h, — % Soisa
decreasing function of 3. Indeed,

dly &J A

A T 1—e B 1_¢ 7B

—CcX

in view of (IIL.3.11). Using that m.(x) = (17‘367_”)2 is a decreasing
function of ¢ > 0 for all x > 0, we get
d>(
1 = EPmB) + X m(B) > (A —£)) m(B) = 0.
Thus,
daty _ dby A
ST —goa<-A(1-5) <o
a5 = dp lp- ! u=y)

forall A € (0,]) as was claimed.
Now, by virtue of the assumption (i), we have

Fa(2) = Fa(B) > €a(B) — £1(2) + O(g ™) >
> 01(1) = £1(2) +O(g%) > 0 (IILA.8)

forall 3 € (0,1] since ¢1(1) — ¢1(2) is, according to the monotonicity
of /1, a positive number which, in addition, does not depend on 4.
Next, with the help of the assumption (ii), (III.A.5), and (II.A.7), we
observe that Fr,, m = 0, d, is differentiable in 3 on [1, 00)\ { ﬁ} The
Lagrange mean-value theorem thus yields

. d
FolB) - FalB) = (B9 54|
L dty N A AL
= (B=8) (~ 5], +O™) 2507 (B-p) >0
for any 3 € [1, 3) and some B € (3, 3). Similarly,
. \ de
FolB) = FolB) 2 (B~ ) (], +06™) >
> —% (1- %) (B—pB)>0 (ILA.J9)

for any B € (f3,00) and some 35 € (j3,3). The last three bounds
justify the statement (b).
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(c) Let us only prove the statement for m = o. First, we prove
that /o = hy — % go is an increasing function of 3. To this end, one

observes that n.(x) = ;&= isan 1ncreas1ng function of ¢ > 0 for all
x > 0, which, in view of (II.3.11), implies % a3 = m(B) —m(B) > 0.
Next, using (III.A.6), we have

P —1=qlI(14+0(5), &=max{g*~q 71} (ITL.A.10)

for any 0 < a < J. Combined with the assumption (i), (IIL.A.5), and
(II1.3.11), we get

Go(B) — Go(B) = £2(B) — £2(B) + O(q™*) >
e —1ef 1
M —1 eszg -1
_J—-A
2]

A

> 02(8) — £2(5) + 0147 = tog(

) +0(7) =

logg+0O(5) >0

forall B € (0, g] Analogously, using also the assumption (ii),

dGo| _ dly
ap lap  dp

O(g7*) = ny(aB) —m(aB) + O(q7*) =
—J—A+0(5) >0

ap

foralla € [%, ), whereas

dGo  dhy A p _
= — = - < — K
B dﬁJrO(q “) 1_€_M3+O(q )< —=A+0(37%) <0
for all B > . As a result, Go(3) > Go(B) for any B > g by the
Lagrange mean-value theorem (see above). Q.E.D.

For any non-empty admissible set 0 of w-contours, let us con-
sider the connected components Cy, ...,C, of V\0d. Observing that
B(C;) C Qo(V,0) or B(C;) C Qq(V,0) for every 1 < i < n, we define
W, (0) as the union of all of the former components and W4(0) as the
union of the latter ones.

LEMMA IIL.A.6. Let 0 # () be an admissible set of w-contours and let

Wo(0), W4(0) be defined as above.
(a) For any m = o, d, we have the bound
2|B( W
Y vl = | == 2BWe Ol 53w, (2)) . (ILA11)
yea

(b) Let m = o,d. If © is an admissible set of w-contours which are all
external and V(y) C Wm(0) for every y € ©, then

S v+ S 91 < cm [B(Extm)].
y€E €0
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Here Exty = Wi (0)\ Uyco V(v) and co =2(2d — 1), ¢4 = 2.

PROOF: (a) Let m = o or m = d. Given C; € W (9), let 0C; be
the boundary of C; and 0; = {y € 0 : ¥ C 0C;\0V}. One obviously
has

Oiﬂaj:@fora111§i<j§n, 0= U 9;.
i C,‘GWm(a)
In addition, let C; = {x € C; : dist(x,0V) > 1} and let ||T}|| be the
number of the intersections of the boundary of C; with the bonds of
B. Clearly,

Il = > vl +1eBC)l, > Il = Iyl +[0B(Wm(9))].
YEO; i:C;EWm (0) yea

Finally, let 7 be the set of all the lines in RY each of which passes
through the end-points of some b € 0B. Then |B(C;)| < |m N B,
where m; = {p € m: pNC; # 0}. Moreover, for any line p € ,
the set p N B contains either at least one bond of B such that the
boundary of C; intersects it twice or at least two bonds of B such that
the boundary of C; intersects each of them once. In any case, there
are at least two intersections of this boundary with B corresponding
to every line p € m, i.e. 2|m;| < ||I}||. Since |[pNB| = L — 1 for any
p € m, we get

B(C)| < |mnBl=Y [pNB|=(L-1)|m| < (L—1)”riH,
pET; 2
Consequently,
S vl +10BWn@) = Y Nz
v€o i: Ci€ Win (9)
S 2[B(Win (0))|
> B(C))| = ——-
L-1 i:cl-e;vm(a) L-1

and the lemma holds as soon as w — |0B(Wm(0))| > 0.
However,

2Bl oy (@y)] + 2PN 5w )| =
2B
=

due to (I11.4.23). Thus, the absolute value in (III.A.11) is the same for
both m = o and m = d and non-negative for one of them.

(b) Let m = o,d be fixed. If a contour Yy of d or O intersects a
bond b € B, then either one of the end-points of b lies in A N Exty,
(when vj is ordered) or the centre of b has to lie in Exty, i.e. b €
B(Extm ) (When vy is disordered).
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Let us take, in the former case, any x € A N Exty and consider
all the 2d bonds of B whose one end-point is x. Necessarily, at most
2d — 1 of them are once intersected by some contour of d or ©, while
at least one of them is in B(Exty, ). Since every bond of B(Exty ) has
at most two end-points from A N Exty,, we get

S Ivl+ 3 190 < (24— 1)|ANExtn |, |A N Extn | < 2/B(Extm)|.
yED 7=e)

In the latter case, one just observes that any b € B can be inter-
sected at most twice. Q.E.D.

LEMMA IILA.7. Let ¢, : R — R, v = 1,2, be two C*™ functions.
Then, for any k € N,

Mzid"%(}/)‘ 5 I dlbyy(x)
= Ay e g Syt dalil

where {Iy, ..., 1 ]-}, j=1,...,k, is aset of non-empty sub-sequences which
partition {1,...,k}and |I;|,i =1,..., ], is the cardinality of I;.

PROOF: By induction on k € N. Q.E.D.

LEMMA IIILA.8. Let x1, x5 be two real numbers. Foranyk = 0,1, ...,
there is a constant 6, > 0 such that

dk d*
A — | — <
’ <dxk tanh x) o (dxk tanh x) ol S
. (tanhx; tanhux,
< — . A
< 6 mm{ P } | x1 — xp]. (IIILA.12)

PROOF: Let x1,x2 € R be given. Without loss of generality, we
may suppose that x; > xp. Then tanhx; > tanhx; and —taI;};xl <

tanh x, Thus
Xy 4

X1 tanh x»
tanh x; — tanh :(1— )
|tanhx; — tan x2|tanhx1 tanh x | <
X2
<|1——1‘|X1|—|X1—XZ|,

which verifies the lemma for k = 0 with 6, = 1.
Let k > 1 be fixed now. It is easy to show by induction that there
exist constants Z;q, . . . , =g such that

k k

d d ;
- - ( = . ]
¢ tanhx < tanh x) ]zo Zkj tanh’ x (TIT.A.13)
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for any x € R. Using that | tanh x| < 1 for real x € R, we get

dk dk x2 dk+1 tanh x
_ — -z <
) <dxk tanh x) o <dxk tanh x) Y /x1 s dx| <
k41 *2 d tanh
<‘ Z ~k+1]H/2 anh ¥ x’:9k|tanhx2—tanhx1|.

Q.E.D.

II1.B. Proof of Lemma I11.4.1

Let us define the truncated activities Kn(y), m = o,d, for any
short w-contour 7y in the following inductive manner.

Let m = o,d and an arbitrary n € N be given. Assuming that
Km () has already been defined for any short w-contour y for which
IB(inty)| < n, we introduce an auxiliary contour model with the

activities!?

K("_l)( ) = Km(y) ifyisshortand [B(inty)| <n—1,
m Yi= 0 otherwise,

(II.B.1)
and define the corresponding partition function

U (B A) = e GBI § N k() W c v, (TLB2)
0*CW  yeo*

(here the sum is going over the same collections 0* of contours as in
(II1.3.14)) and

FV(B) = - lim —logZ (/5 A), (IIL.B.3)

L—oo L

s0(g) = - lim Zdle - (log Z{0 o0, (B.A) + £ (B) [Bl/d).
(TIL.B.4)

Now, let ¥ be a short w-contour with |B(int )| = n. Introducing a
smoothed version of the characteristic function x : R — [0,1] as a
C* function such that

@0<x<1,
(b) x(x) =0if x < —1, while x(x) =1ifx > 1,

(c) for every k € N, there exists a positive constant C; such that
‘ o xl(x ‘ Colk), (IILB.5)

10Njote that KI(S) (7) = 0 because there are no contours with |B(inty)| = 0.



I11.B Proof of Lemma 111.4.1 87

we put
Kn(7) = xim (o (7) 015, (IILB.6)

where m¢ = o if m = d and vice versa and
Xon(7) = x (4 + 2) [ 7)) = (F 7V = £ ) [B(int 7)| /). (WB7)
The constant @ was defined in (I11.4.6). If

K V() < el (IIL.B.8)
for some € > 0 small, then log Zf;l,i_nlt)y( 3, A) can be controlled by a
convergent cluster expansion. As a result, one is then able to estab-

lish the bound Ky, (7) < el7ll. We shall prove this as a part of the
next lemma. Before stating it, let us define

£ (B) = min{£" (B), £ (B}, ) (B) = f)(B) — £ (B)
(I1L.B.9)
foreveryn =0,1,... and

o(W)= max |B(inty)] (II1.B.10)
¥ Vt(V)CV\{,
v short w-contour

for every W C V of the form (II1.3.8).

LEMMA IIIL.B.1. Letd > 2, ] > 0,0 < u < 1,and ky = 0,1,...
Let us define v and « by (I11.4.6). There exist finite constants D1, Dy > 1
such that, for any function w : N — [0, co| for which w(L) < L and
w(L) — oo as L — oo, a truncated activity Ky (y) exists for any m-
labelled short w-contour y, m = o,d, such that the following claims hold
whenever g, L is large enough, \% - %\ <50<k<kjand B > 1or
k=0and B> 0,anyn =0,1,..., |B(inty)| < nand o(W) < n, and
m = o, d.

(a) K (y) is a C¥o-function of B and ‘% Km(']/)‘ < (D q—Zv) Il

(b) If alf (B) diam y < a, then xlp(v) = 1 and Ken(v) = Kmn(7).

(c) Whenever ag)(ﬁ)min{diam W,w(L)} < « then ng/)w(ﬁ,A) =
Zm,W(ﬁ/ /\)

(d) Let EY) (B(W)) = £ |B(W)|/d + s |0B(W)]. If all (B) > 0,
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then, for any W of the form (111.3.8), we have

k
a_zmlw(/s,)\) < D3 [B(W) [ Zm,w (B, A) <

< Dy [B(W)[Fe~Fné (BOV)+ (4 log+0(g ™)) [OB(W)|
er(q*V)||aW||+O(q*VL), (IILB.11)
where m® = o if m = d and vice versa.

REMARK III. B 2 As a result of the claim (a), one can analyze the
logarithm logZ w(B,A), r <n,m=o,d,if B > 0, as well as its
derivatives up to the ko-th order, if 3 > 1, by convergent cluster
expansions. This yields

ak dkFr(r:) L
a5 log Z\1)yy (B, ) = 5" +O(q7")[[oW[| +O(g~)
(IILB.12)
and
L AL o dsD kg .
T +0(q7Y), T +0(g7) (IILB.13)

forallk = 0,...,ky and g, L large. As a consequence, for any r < n

Lemma IILA.5 (a) implies that there exists a unique point 3(") such
that

(r) . a(r)
gy~ dfo (B) B =P, 111.B.14
e {fé’)(m if p < B0, D

Note that applying Lemma III.A.7 to the functions 11 (x) = e** and

¥2(B) = log (B, 7) and employing Lemma IILA.1, (IILB.12),
and (III.B.13), one easily finds that

)] < Ds [BW)[H(Z (B,A) 7, 1<k <k,
(IIL.B.15)

FAte
for some finite constant D3 > 0 whenever 3 > 1.

PROOF OF LEMMA III.B.1: We proceed by induction on n € Z,
assuming that kg = 0,1, ... is given.
e Proof of Lemma I11.B.1 for n = 0. Since there is no w-contour y with
IB(inty)| = 0, there is nothing to prove in the parts (a) and (b) of the
lemma.
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Next, let W C V be of the form (II1.3.8) with (W) = 0.!' Then
(II1.3.14), (IIL.B.2), and (II1.B.3) directly yield

Zanw(B,2) = e om B = L0 (B, 1), ) = gm, and spy’ = i
(I1L.B.16)

because K. (v) = 0 (see the footnote on p. 86). Hence,

Zonw (B A) = e S BV /a=sVOBOW)| < o= Fd (BOW) (st —sin) 9B (W)
(II1.B.17)
for all 3 > 0 such that afﬂ) () > 0. This proves the parts (c) and (d)
for k = 0 because the right-hand side of (IIL.B.17) is smaller than or
equal to the right-hand side of (III.B.11) with k = 0.
Let 1 < k < kg now. Due to Lemma III.A.1, the derivatives of gm
and hy, are bounded once 3 > 1. It then follows that

ak
apk
for some finite constant C > 0 and all 3 > 1. Combined with
(IV.3.18) and (II.B.17), we arrive at (IIL.B.11) for any k < ky and
B > 1. This concludes the proof of the lemma for n = 0, once we
choose Dy > C.
Next, we shall prove the lemma for any n > 1, assuming that it
has already been proved for all integers smaller than n.
e Proof of Lemma IIL.B.1 (a) for n > 1. If |B(int y)| = n, then v(inty) <
n — 1. By the inductive assumption (a), log Z r(n int 7,(ﬁ A) can be con-
trolled by a convergent cluster expansion, and we have (II1.B.12)
with r = n—1and k = 0. In order to control Zpcint, (3, A), we

may use either the inductive assumption (c) or (d), according to the
value of 3. This gives

Gm(B(W)) | < C|B(W)] (II1.B.18)

Zuneinty (B A) _ al = B(inty)) a4+ (sl =) 0B int ) [+0(5~) I
n—1
Ziinty (B A)

(I1L.B.19)

for all 3 > 0 such that a( b diamy < «a (the former case) and, as
[oint || < v,

qut—y(ﬁ}\)g (#10g9+0(q~)10B(int»+0(g vl (111.B.20)
Zirity (B )

otherwise (the latter case). Without loss of generality, we may as-
sume that x},(y) > 0 (if Km(y) = 0, the statement (a) is trivial). By

Hgych a volume certainly exists: take, for example, W = int ¢ with ¢ such
that |B(int ¢)| = 1.



90 POTTS MODEL WITH WEAK BOUNDARY CONDITIONS

the definition of x},(y), this means that

(fn=D _ f=DyiBinty)|/d < 1+ (da+2)|ly]| < (da+3) |7,
(II1.B.21)
which in turn implies

U(B(inty)|/d < (4a +3)||y]. (IILB.22)

As a result,

me 1nty(/3 A)

Z(n 1) <
mmt)/(ﬁ/ )
< max{ sup p(4a+3) [+ (s sflf;”—aﬁ,’f‘”/d)|aB(mw)\’
B: Xm (¥)>0,
(n-1)

i <
ac diam y<«

o(2710g4+0(47)) |0]E(in’fY)|} Pl IVl (111.B.23)
Using Lemma III.A.5 (c), we get

me,int)/(ﬁ/ )\)

Z0 ) (B,A)

< max{e (dac+3) ]|+ (st =Dy (Bn= )\6B(inty)\’

(27 10g4+0(47)) |5155(in’f7/)|} P MY (111.B.24)
Combined with Lemma III.A.2 and (II1.4.22), we finally obtain

Zme,inty(B,A) < (4aA3+0(7)) 7l + 5 log q|0B(int )] (II1.B.25)

Z0 (B,A)

since |A —i<s

If 0B (int )/)| = 0, wehavedist(y,dV) > 3 3and p(y) < q*617|m|.12
Then (IILB.6), (IILB.25), (IIL4.6), and the fact that x < 1 yield

Km(y) < e t20IYI, (IIL.B.26)

On the other hand, if [0B(inty)| > 1, then dist(y,dV) = 0 and
p(y) = q_ﬁ”ﬂ'. Using Lemma II1.A.2 again, we have

Km(y) < g2 #2901, (IIL.B.27)

In view of the definition of v, the last two bounds justify the state-
ment (a) of the lemma for k = 0 and any 3 > 0.

Now, let us consider an arbitrary 1 < k < kg and 3 > 1. By virtue
of the inductive assumptions (a), (c), and (d), Remark III.B.2, Lemma

1275 see the latter bound, we use (II1.3.5) and realize that the shortest disor-
dered contour y with dist(y,0V) > 2 has the length 4d — 2.
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III.A.1, and (III.B.15), the bound (III.B.23) can be generalized to the
k-th derivative. Namely,

ak ch,intj/(ﬁ/ A)
0Bk —~(n-1)
BE Zy iy (B, A)

m,int

< k! (2D,|B(inty)| ) ‘Z“‘T—M (IIL.B.28)
Zin ity (BA)

m,inty

Next, Lemma III.A.1 and (II1.B.13) imply the k-th derivative of flg? -1
is bounded, which, according to the definition of x}, (), implies that

ak

5 Xa(v)| < C|B(inty)|* (IIL.B.29)

for some C > 0 finite. In view of (IIL.B.6), we thus obtain

me,inty(ﬁ/ /\)
Z (B, A)

with ¢ = max{C, 2D,}. Lemma IIL.A.3 and (IIL.B.25) to (IIL.B.27)
then conclude the proof of the part (a).

e Proof of Lemma I11.B.1 (b) for |B(int7y)| = r < n with n > 1. Because

we proved the part (a) of the lemma, we can analyze fr(rf) forallr <n
by a convergent cluster expansion (see Remark III.B.2). Any contour

< (2koC|B(inty)|)*op(y)

Km(y)

k
‘ 9 (I1.B.30)

ap*

¥ contributing to the difference fg) — frgf ), r < n—1, obeys the lower
bound

/u=
/U=

7] > [Blint9)|7 = (r+ 1)1 > 7 (IILB.31)
by Lemma III.A.3. Therefore,
D — W) < g <, (IIL.B.32)
and we have
75— OBy < g D < g anBas)

whenever g is large enough. Observing that agf ) > fé’f ) _ frglnc) and
estimating

IB(inty)| < 2d diamy (||y|| + |0B(inty)|) < 4d diamy ||y||

(II1.B.34)
with the help of Lemma III.A.2, we get
(V) (T) = /. (Vl) _ 2 .
(fm" = fme) [B(inty)[/d < am |B(1nt7/)|/d+a g7v <

2
< 44 diamy |y| + 5 4 (ILB.35)
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(n)

As a result, if ap,” diamy < «, then

r NP 2,
(4o +2) 7]l = (fi) = fud) [BlintY)|/d = 2]|yl| = 5 47 >

2
>2-597">1, (ILB36)

i.e. X (v) = 1. Moreover, it may now be easily shown that K (y) =

Km(y) once agf ) diamy < a. A formal proof based on the induction

on the sub-volumes of int y is given in [8].

e Proof of Lemma 1I1.B.1 (c) for n > 1. This part is an immediate con-
sequence of the just proved parts (a) and (b).

e Proof of Lemma III.B.1 (d) for n > 1. Let us consider k = 0 and
B > 0. We call a contour y stable if afﬁ ) (B) diamy < a and unstable if
al) (B) diamy > a. Splitting the external w-contours of every set d
contributing to Zy, w(3, A) in (II1.3.13) into stable and unstable and
summing over non-external and stable external w-contours of 0, we

get

Zow(B,A) = 3™ Z3R (B, 2) [7[0(Y) Zint (B, ).

OextCW ¥ E0ext

(IILB.37)

Here the sum is over sets of m-labelled unstable short w-contours
such that every y € 0ext is external and V(y) C W. Moreover, we
use Ext to denote W\ U, ¢p,, V(y) and Zfrtlagi‘i( /3, A) is obtained from
Zm ext(B, A) by dropping all the unstable external short w-contours.
Since all external w-contours contributing to Z;ﬁaﬁ’}(‘i(ﬁ, A) are sta-
ble, so is any other w-contour contributing it. Thus, using the induc-
tive assumptions (a) and (c), we can control this partition function

by a convergent cluster expansion, obtaining

frtlag)lﬁ(ﬁ, ) = Frséable(B(Ext))wLO(fi*V)HaEXtH, (I1L.B.38)
where F3f2ble(B(Ext)) = fstable|B(Ext)|/d + s5taPle|aB(Ext)| and the

quantities f5fble and s$table corresponding to the contour model with
the activities

Km(y) if yis a stable short w-contour and
Kstable (1) — |B(inty)| < n,
0 otherwise.
(I1L.B.39)

Because 2||yp|| > diam 1y for any w-contour yp, we have a lower
bound on the length of every unstable w-contour, namely, ||y| >
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(= ﬁ)(ﬁ) Hence,
) = e < g7 < ) (B) < 5 e () (I1LB4O)
and, similarly,
s _ gstable] < p=vC < £ o £ (B) (ITLB.41)
for any € > 0 once g is sufficiently large. Consequently,
Z3able (g, ) < o~ (BEXD)) 5 an ([B(EXY)]/d+[2B(Ext)|) +O(g ) |oBxt],
(I11.B.42)

Now, since v(inty) < v(W) < n and af;lc)(ﬁ) = 0 by assump-
tion, we can apply the proved parts (a) through (c) of the lemma to
Zme,inty(B, A). In view of (IIL.B.12) with r = n and k = 0, this allows
to establish

Zoeinty(B,A) = ZU) (inty; B, A) = ¢~ Fré (Blint)+0 )

(II1.B.43)
for all 3 > 0 such that ar(gc)([a’) =0.
Combining (II1.B.37), (1II.B.42), and (II1.B.43) with
IB(W)| = |B(Ext)| + Z |B(inty)], (II1.B.44)
YEOext
|0B(W)| = |0B(Ext)| + Z |0B(inty)| (II1.B.45)
YEDext

and [|0Ext|| = [[OW|| + ¥ eca.,, ||V, it follows that

Zmw(B,A) < o~ Ful (B(W))+O(g ™) |ow] Z(m) o—(1=5)al [B(Ext)|/d o,
antEW

w plsul=si)+5al)) aB(Ext)| [[p() €@ ] < (ILB.46)

YE€Dext

FUBW))+0(q) oW | +max{s") —s\) +eal), 0} |oB(W)

<e | x

v z““)e 5 i (|B(Ext)|/d-+{0B (Ext)|) Mle(r) M. (LB.47)
OextCW Y€ Dext

Next, let us take K(y) = p(y) el if y is a w-contour contributing
to the sum in (II1.B.47), whereas IC(y) = 0 otherwise. Since p(y) <

q_6171 IVl (c.£. the footnote on p. 90), we have K(y) < g~ 2"II"ll. Because
llv|| < ¢, where ¢ > 0 is the constant from (II1.B.40) and (II1.B.41), for
¢ and o introduced in Lemma III.A 4, this yields 0 < —¢ < q‘vé and

0< —0<g ™ Asg ™ < £ aﬁn), Lemma III.A 4 allows to bound
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the sum in (II1.B.47) from above by O OWI+0(a™") | Moreover,
Lemma III.A.5 (b) and (I11.4.22) yield

sup (s — s 1 cal)(B) = (s — s + eal) (B <
B:all) (B)>0

< o £ Jogg+0(q7) (IILB.A4S8)

for all |— — i <tande< ] Since ¢ > 0 can be chosen arbitrarily
small (for q large enough) and, by assumption, we consider 3 such

that al” () > 0, we come to (IILB.11) with k = 0.
Let us prove the part (d) for any 1 < k < ky. Supposing that

a(”)(ﬁ) = 0 and B > 1 and recalling that all the contours con-

m¢

tributing to Z51¢(j3, A) are stable, we can control log Z$%2P1¢(j3, A)

and log ch,mty(ﬁ A) along with their derivatives up to the ko-th
order by convergent cluster expansions due to inductive assump-
tions (a) and (c). Because any unstable w-contour vy satisfies ||y| >

(= 2 ) , the bounds (II1.B.40) and (II1.B.41) can be generalized to

the k th derivative. Hence, the functions f5ab!e and s$fable have uni-
formly bounded derivatives as fi, and s, do (by Lemma III.A.1 and
(IIL.B.13)). By virtue of(II.B.18), we thus get

0" iable o ok _ _
5 e (BON)) | < | 325 Fn(BOW)) |+ O3 [B(W)] <

< (2C+0(¢™9)) [B(W)| < C*[B(W)| (IILBA9)

for some C* > 0 finite since ¢ > 0 by assumption. This all then yields
relations for Zs2Pl¢(8 1) and Zme,inty (B, A) analogous to (IIL.B.15) if

m,Ext

we choose D, = max{2C*, 1}, say. Using now (III.B.37), we readily
get

o _
35 Zenw (B,A)| < K (D2|B(W)|)*Zmw (8,4)  (ILB50)
as was to be proved. Q.E.D.

PROOF OF LEMMA II1.4.1: Since one has f, = lim;,—. fr(r?) and

Sm = limy,, sr(r’f ), Lemma II1.4.1 follows from Lemma III.B.1 if tak-
ing Dyg = max{D1, Dy }. Q.E.D.

III.C. Proof of Corollary III.4.4

Let the assumptions of the corollary be satisfied and let ky =
0,1,...

(a) Forany S € [Bo(L), B4(L)], the function log Z, w(B,A) (B, A),
m = o,d, and its derivatives can be controlled by convergent cluster
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expansions. Let us only consider 3 € [/3(:7\) (L), B4(L)], where /3(:}\) (L)

was introduced in Corollary I11.4.3 (the case 8 € [Bo(L), ﬁ(:A ) (L)] can
be treated analogously).
Clearly,

Zpig,v(B,A) Zpig,v(B,A)
ZO,V(ﬁ/A) +Zd,V(/3/A) ZO,V(BIA) .

Combining (II1.3.18) and (II1.4.8), we get the estimate

<é(B) = (I11.C.1)

5(B) < O Z e fo=fa)B(Wa(0)))]/d+(so—s4)[0B(Wq (01))| 5
0

x [ e(y) eI @mc2)
YE0

because [[0Wn(9))|| = ¥ycq, [|¥|| for both m = o and m = d. We
now observe that f, — fq and s, — s4 are decreasing functions of 3
on [1, 00) if g large enough:

d(fo—fa) _dS0 | o _ N
B _dﬁ+o(q )< —d]+0(g7") <0,

d(so — 54)
dp
where we used (II1.4.9) and (IIL.3.11). Hence, we may bound the

first exponential in (II1.C.2) from above by its value at ﬁ(:]\ ) (L). As

Fo(B) = F4(B) + O(g%) at Y (L) by virtue of Corollary I11.4.3
(b), we have

(fo— fa) (BY(L))[B|/d = —(so — sa) (BY)(L))|0B| + O(g ).
Along with (I11.4.23) and Lemma III.A.6, this yields

<=A+0(g7") <0,

5(B Z ol So=sa)( ))|| \B(Wd(az))|—|0B(Wd(az))|‘ X
% |—| p(y vl <
YEO,

<20y p(y)e(uso*sd)(mwm M+O(L) Il
0; Y€0,

Observing that 2||yy|| > diam y holds for every w-contour y,, any
long w-contour  satisfies ||y|| > ¢y = 3 w(L). Then (IIL.3.5) gives
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p(y) < gl with ¢ = ﬁ — —2_. Combined with (I1.4.22), we get

w(L)
5(8) < S T gt + Oligy) + () + 0L ™Il
0, vY€0,
< ¢0l™) g W ac.3)
0; v€0

for all g and L large enough. Now,

SMo @M<y 5 [oh<

0, Y€0, n=1 9 |01\:n V€O,

(00] 1 _ n
< n; — (Z g7 ||YH> , (IILC.4)

where the last sum is over all long w-contours y in V(L). Bounding
the number of w-contours in V(L) whose length is £ by C’L¢, where
C > 0O is a constant depending on d, it follows that

_1-p s 1- kg lrd _17#5
SRy vy ey clnig <
Y {=ly v:||v||=¢ =Ly

=

(e.¢]
<1y gl < g =g m el qes)
=
whenever g and L are taken large enough. As a result,

“How(L)

_1-u _
5(ﬁ) eO(q”/L)( g 12d ( _ 1) < q_lngw(L) (II1.C.6)

forall 3 € [ﬁ: (L), B4(L)] as soon as q and L are sufficiently large.
Let 0 < k < kg. In view of (I11.4.14), we bound

ak
apk

> A

(Zow(B,N) +Zay(B, V)] <

< k! (Do|B)*(Zo,v (B, A) + Zav(B, A))-
Therefore, applying Lemma III.A.7 to ll)l(x) = x 1 and Yp(B) =
Zoyv(B,A)+Zgqy(B,A), one gets
ak
55t Zov (B + Zav(B,A) 7| <
< k! (Do|B|)*(Zo,v (B, A) + Za,v(B,A)) " (IILC.7)

On the other hand, we may combine (III.4.14) and (III.3.18) to esti-
mate

‘ 0" Zpig,v (B, A)

Y ‘ < k! (Do[B|)* Zuig,v (B, 7). (IIL.C.8)
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Combining (III.C.7) and (II1.C.8), we thus have

ok Zpigv(B,A) - (2koDo|B|)*0 Zpig,v (B, A)
0BF Zov(B,A) +Zayv(BA)! = Zov(BA)+Zav(B,A)
(II.C.9)

Taking into account (III.C.1) and (IIL.C.6), this verifies the part (a) of
the corollary.

(b) Let us suppose that 3 > B4(L). Then aq(3) > 0 and the log-
arithm log Z, w (3, A) and its derivatives can be controlled by con-
vergent cluster expansions. Moreover, analogously to (II1.B.46), we
get

Zav(B,A) < e~ Fo(B) Z(d) o~ (1=€)aq B(Ext)| /d+(so—sq+eaq) |OB(Ext)|
aext
o o5 % (IB(Ext)|/d-+|aB(Ext)|) M [e(y) @M. awc.10)
Y E0Dext
Here the sum is running over sets dext Of unstable disordered short
w-contours, Ext stands for V\ U,¢4,, V(¥),and € € (0, ;2) Because
aq is an increasing function of B on (3, c0), see Remark I11.4.2, we
have aq(B) > aq(B4(L)) = ﬁ for all B considered. Using also

Lemma III.A.5 (b) and (1I1.4.22), we may write

Zav(B,A) < e Fol®) 5 (Wm0l BEDIL,
aext

e (£ logg+0(47)) |0B(Ext)|—$ (\B(Ext)|/d+|6B(Ext)|)x

x 1 () O IV @mcan)
YEDext
First, let |B(Ext)| > 2 |B|. Since [B| = 1|9B|(L — 1) by (IIL4.23),
we then have

Zav (B, 7\) < o—FolB),(— 1 £+ loga+0(¢4™)) 10B|

X Z e~ 2 4d(|B(Ext)|/d+|0B(Ext)|) I—l [p(v) eO(q’V)Hvll} (IIL.C.12)
Oext YEDext
forany 0 < ¢ < min{6, i 2} Observing that L ( ) > é in view of

the first condition in (IIL.2. 19) and bounding the sum in (III.C.12) by
O™ ¢ f. (IIL.B.A47), we get

Zd V(ﬁ/ A) < e_FO(E)+O(q7VL)e( +2d+o( )+O( ))|0B|10gq <

1

< e F®— 21" (11.C.13)
for sufficiently large g and L.
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On the other hand, if |B(Ext)| < 2 = |B|, then, due to (II1.B.34), one
has

1 [B(inty)| _ |B|— [B(Ext)] _ 1 L-1
_ > >
Z vl = 44 zext diamy ~— 4d w(L) — 20d w(L)

|0B|

as every y € Oext is short. Observing also that
p(y) CT I < gVl < g~ (a2l

due to (III.3.5) and (Il1.4.6), from Lemma III.A.4 and (ITII.C.11) we
obtain

Zaw(B,A) < e~FoBI+0 ) (~ (i oty LA —£)+0(L,)) 08|
< e FB)g- 51" (11.C.14)

once g, L are large enough; we used that £ —) > £ and that v < 517
by (II1.4.6).
Combining (II1.C.13), (III.C.14), and (II1.4.8), it thus follows that
Zay(B,A) _ _toupas
ZO,V(/3/ A) o
for all B > B4(L) and g, L large. Consequently, taking any 0 < k <
ko, we may use (111.4.14), (II1.B.50), and (III.C.15) to bound
* Zav(B,A) Zay(B,A) _ g
0BF Zo,v (B, A) Zoyv(B,A) ~
forall > B4(L) and g, L large.
Zblg V(/Sr )

Let us now bound the derivatives of the ratio BN Given
k=0,..., ko, by virtue of (1I1.4.14), (II1.4.7), and (IIL 3 18) one finds

ak ZblgV 6/ blgV(ﬁ/ )
0Bk Zo,v(B,A) Zoyv(B,A)

Next, we rewrite the partition function (II1.3.13) by summing over

all those sets 0 contributing to it whose external contours are fixed.
This yields

Zoow (B, A) = X(m) e_Gd(E(EXt))me,int(ﬁ,)\) I—l p(y), (ILC.18)
OextCW YEDext

(IIL.C.15)

‘ < (2koDo|B|)k0 (IIL.C.16)

‘ < ko! (2Dp[B|)*0 (IILC.17)

where int = U, inty and Ext = W\ U,¢g_, V(¥) and the sum-
mation is over sets Oext Of short m-labelled w-contours which are all
external with V(y) C W. Combined with (I11.3.16), we then find

Zpigv(B,A) (d) -
T D R e

al 7/661 aextEWd(al) 77€aext
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where

Zo,Wo(0) (B A) Zy i (B, A)
Zoyv(B,A)

V(y). With the help

&(B) = —Gq(B(Ext)) + log (IIL.C.20)

and int = Used,, INtY, Ext = Wy(9;)\ U
of (II1.4.8), one easily establishes

77€éext

d d -~ -~
75 = 25 (Ro(B(EXY) — Ga(B(ExD) +
+0(g7) (I10Wo(8)) || + [|dint]|) + O(g—*). (IILC.21)
However,
d _ o _
dﬁ( o(B(Ext)) — Ga(B(Ext))) < (—A+O0(q7"))[B(Ext)|
(II.C.22)
due to (II1.4.9) and (I11.3.11). Hence,
d
dé (=A+0(q7))IB(Ext)| + O(q~) ([[0Wo(3))[| + [|9int]|) +

+0(g™h). (IIL.C.23)
Since, obviously,
|int|| = > 7l llewe(an) ] = llowa(anll = 3 vl
V€ Oext VU
Lemma III.A.6 (b) yields

10Wo (3)) | + [|int|| < 2|B(Ext)|. (I1L.C.24)

Observing that [B(Ext)| > 1, we finally get Z—/‘g < 0 for all q large.

. Zbig,V(ﬁ/A) . . . .
As a consequence, the ratio Zow (B is a decreasing function of 3 if

B > B4(L), and, in view of (ITI1.C.17) and (II1.C.1), we have

a Zb1gV blg V(ﬁd( ) A) _
opk Zo v (B, 7\ Zov(Ba(L),A)
— (2koDo|B)* 5(Ba(L)) (IIL.C.25)

forall k = 0,1,...,kyp. Together with (IIL.C.6) and (IIL.C.16), this
yields (II1.4.32). The estimate (111.4.33) is proved analogously.

\ < (2koDo|B|)

REMARK III.C.1. In the proof of Theorem III.2.1 and III.2.2, it
Zm,W(ﬁ/A)
ZmC,W(ﬁ/A)
that ame(8) min{diam W, w(L)} < a.!® To find it, we combine a

is crucial to have upper bound on the ratio on condition

13Here again W is of the form (IIL.3.8) and m® = o if m = d, while m® = d if
m = o.
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cluster-expansion control over log Zc w (3, A) with (II1.4.7). Nev-
ertheless, we would like to point out that one could do without
the latter bound and use convergent cluster expansions only (even
when one has that ap, () min{diam W, w(L)} > «). Indeed, from
(IIT.C.18) it follows that

Zm,W(ﬁ/A) _ z |—| P(Y) 619([5),

ch,W(ﬁ/ A) OextCW YEDext
with , o
9(B) = ~G(B(Ext)) +log Z44 0

for all B > 0. Copying the procedure used above, Lemma IIL.A.6 (b)
Zm,W(ﬁrA) <
ZmC,W(ﬁrA) -

, where B, (W) is the unique point at which one has

implies that J is a monotonous function of 3 such that
Zm,W([—)’m(W)/A)
Zune,w (Bm(W),A)
am(B) min{diam W, w(L)} equals a. At B (W), however, the func-
tion log Z, w (B, A) can be controlled by a convergent cluster expan-
sion.

An analogous remark is true for the ratio Z{;‘5W4(/3’]\)), too.
mC W7
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CHAPTER 1V

Finite-Size Scaling for the 2D Ising Model with Fixed
Boundary Conditions

R. Kotecky' I. Medved'*

ABSTRACT. We study the magnetization my (h, ) for the Ising
model on a large but finite lattice square under the minus bound-
ary conditions. Using known large-deviation results evaluating
the balance between the competing effects of the minus bound-
ary conditions and the external magnetic field &, we describe the
details of its dependence on & as exemplified by the finite-size
rounding of the infinite-volume magnetization discontinuity and
its shift with respect to the infinite-volume transition point.

IV.1. Introduction

The ferromagnetic nearest-neighbour Ising model on 74,d > 2,
is perhaps the most familiar spin system undergoing a first-order
phase transition. Its formal Hamiltonian is

H(o) = — Z ox0y —h Z Ox, (IV.1.1)
(x,y) X

where o is the spin at the site x € Z? in the configuration o €

{-1, 1}Zd, h € R is the external magnetic field, and (x, y) stands for
a pair of nearest-neighbour sites x and y of Z“. The phase transition
occurs at 1 = 0 whenever the inverse temperature (3 is sufficiently
large: there exists a point 3 < oo such that, for inverse tempera-
ture B > ., the set of infinite-volume Gibbs states of the model at
h = 0 contains two distinct pure phases (called the plus and the mi-
nus phase). Physically, the phase transition is characterized by the
discontinuity of the specific magnetization m(h, ) = —m(—h, 3):
whereas the one-sided limit! m (0%, 8) := lim;,_ o+ m(h, ) equals
zero for 0 < 3 < f, it is positive once 3 > f, i.e. the spontaneous
magnetization m* := m(07, ) appears at sub-critical temperatures.

fCenter for Theoretical Study, Charles University, Prague.
'Nuclear Physics Institute, 250 68 Re# near Prague, Czech Republic.

1This limit exists and is non-negative for all 3 > 0, see [15], for instance.
103
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Equivalently, since the (specific Gibbs) free energy f(h, 3) is a con-
cave function of i for any 3 > 0, it has one-sided partial derivatives

af (h B) for all B > 0and h € R, and these do not coincide if and only

1fh —0and B > B. Clearly, —2048) — 1y (p* ).

In general, any dlscontmu1t1es that arise in a system exhibiting a
tirst-order phase transition are smoothed out once the system is of a
tinite size. While the limiting free energy f (as well as its one-sided
derivatives) does not depend on boundary conditions, its smoothed
finite-volume version is heavily depending on particular boundary
conditions. In [2, 3, 5] and [4] specific cases of periodic and free
boundary conditions, respectively, were considered with a rather
mild and well-controlled size dependence. Here we turn to the case
of fixed (minus) boundary conditions. This is the case with a rather
strong incuence of the boundary conditions, and (as will be clarified
later) one has to take into account the competing effects of boundary
conditions and “long contours”.

Let A1 be the square in Z? centred at the origin whose side-length
is L € N. In the present paper we examine the ferromagnetic nearest-
neighbour Ising model in A with the minus boundary conditions
and an external field 1 € R at a sub-critical temperature. Writing

L+ Ar — {—1,1} for a configuration in A, the corresponding
Hamiltonian under the fixed minus boundary conditions is given by

Hp p(or) = z 020y + Z ox — h|AL|Sc(op). (IV.1.2)
xye/\L xE/\L ye/\f
Here
Sp(oy) == ! Oy (IV.1.3)
|AL| XEAL

is the average spin and A§ := Z?\ AL. The finite-volume Gibbs measure
at the inverse temperature 3 associated with the Hamiltonian (IV.1.2)
is

e—BHLu(o1)

upn(or) = 7o (IV.1.4)

with the partition function Zyj := 3, (1 13a e~ PHLi(9L); in order
to avoid heavy notation, we abstain here and hereafter from refer-
ring explicitly to the dependence of the various quantities on 3, and
we stress that we always take fixed minus boundary conditions. We
shall use (-); ;, to denote the expected value with respect to pr ; and
Pr j, to denote the distribution of Sy under yy j,.

Let 3 > .. If h # 0, boundary effects in the bulk of A} disap-
pear as A extends to the whole lattice Z¢ because there is a unique
Gibbs measure in the infinite volume. Nevertheless, the asymptotic
behaviour of the Ising system may become rather delicate once we
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consider a magnetic field iy which depends on L and decreases to
zero as L — oo. This time, the boundary conditions could play an
important role: while they force the system to be in the minus phase,
a magnetic field iy — 0" draws it toward the plus phase. The sit-
uation when the incuence of the magnetic field /1 (a bulk effect)
is comparable to that of the minus boundary conditions (a surface
effect) is of particular interest; this requires /1 to be of the order
1/L. Therefore, it is natural to consider hy = B/L, B € R. Schon-
mann and Shlosman [16] proved that there exists a unique point
Bo = Bo(B) > 0such that p; p/; converges weakly to the pure minus
phase if B < By, while the limit is the pure plus phase if B > By. In
both regimes, they investigated the exponential convergence of the
average spin Sy, under puy gy at the surface rate. To this end, they es-
tablished a ‘surface-order’ large-deviation principle valid at B = 0,
extending the results obtained by loffe [11, 12]. Greenwood and Sun
[10] pointed out (for any dimension d > 2) how the large-deviation
principles with B = 0 and B # 0 are related, and inspected the
surface-rate exponential convergence of S, under py /1, too.

The basic picture behind these results is as follows. Let Ay be
large but finite. If B < B, the minus boundary conditions pre-
vail, selecting the minus phase in the box A, and S; converges ex-
ponentially to —m* < 0. If B > By, however, the magnetic field
has the dominant effect, and the plus phase is outweighing in the
system. This time, the average spin converges exponentially to a
point 0 < m(B) < m*, cf. (IV.2.6), and a single droplet of the plus
phase within A immersed into the minus phase is created. The most
favourable shape of the droplet is not the usual equilibrium crystal
(or Wulff) shape,2 but rather its squeezed version (see [16]): when-
ever the droplet really appears, it necessarily touches the boundary
of Ay along four equally long segments.

As a matter of fact, the droplet cuctuates around its determin-
istic Wulff shape. Accordingly, the macroscopic-scale separation of
pure phases along the boundary of the equilibrium crystal shape is
a subtle probabilistic problem. Its first rigorous study was done by
Dobrushin, Kotecky, and Shlosman [8, 9] for the 2d Ising model at
very low temperatures, using the cluster expansion analysis. The
main part of their results was extended to all sub-critical tempera-
tures in a non-perturbative approach of Ioffe and Schonmann [13].
In particular, they gave explicit asymptotics on the probabilities of
the deviation of S; from —m* at h = 0 under the minus boundary
conditions. For a recent review of main results of the rigorous mi-
croscopic theory of equilibrium crystal shapes, see [1].

2Roughly speaking, the Wulff shape is the one which minimizes the interfacial
surface tension, assuming that its volume is fixed, see [8, 16] for instance.
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IV.2. Main Result

For any 0 < 9 < oo, let us consider the open interval
JL(®):={h eR: |Lh— By| < 9}. (Iv.2.1)

Our aim here is to examine, for any 3 > [, the asymptotic be-
haviour of the finite-volume specific magnetization

my(h, B) = 9

1
S = —— —logZ V2.2
< L>L,h ﬁ’AL’ oh & &L ( )
and susceptibility

1 0
xu(h, B) := <SL2>L,h —((Su))’ = GA e 082 (V29

on the interval J; () with L — oo. The resulting asymptotics pre-
sented in Theorem IV.2.2 recects the mentioned balance between the
competing induences of the magnetic field and the minus boundary
conditions in our model. First, however, relying on results from [16]
and [10], we explicitly show the limiting values with properly scaled
external field, h ~ 1/L.

PROPOSITION IV.2.1. Let B > f3., B € R, and let {hy } be a sequence
of real numbers such that limy_,., Lhy = B. Then the limit
1 .. 1 Zin
B):=—= lim =1 L
°(B) =5 fim 7 log
exists and does not depend on the sequence hy, it is a convex continuous
function, and there exists a single point By = By(f3) > 0 at which ¢ is not
differentiable. Moreover,

(IV.2.4)

Llim mL(hL, /3) = (p/(B) (IV25)
for every B # By and ¢’ is explicitly given as
—m* fB < B
‘B =3 " 5 < Bo V2.
¢ (B) {m(B) =m* —«/(2B)? if B> B, (1v-2.6)

with k = k(B) € (0,4(m*)?).

The first part of Proposition IV.2.1 readily follows from the Varad-
han lemma [6, 7] and Theorem 1 from [16], and can be found in [10]
for the special case h; = B/L with B > 0; the rest of the proposition
is then easy to verify. We present the proof in the next section. It will
turn out there that the point By from this proposition coincides with
the critical point By of [16] mentioned before — allowing thus to use
the same symbol to denote it.

Let B~ := By(3 + W). Because k < 4m*(Bp)?, one has

B* € (Byp/2,3By/4); it will be shown later that m(B*) > —m™*, see the
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remark after Theorem IV.3.2. Let us extend the function m defined
on the interval (By, co) by (IV.2.6). Namely, we take

m(B)  for B > B*,
B) := Iv2.7
m+(B) {m(B*) for B < B*. ( )

It is a continuous and non-decreasing function satisfying m(B*) <

m4 < m*. Introducing the shorthands

_ m+(B) + (=m") _ m+(B) = (=m")
2 ’ 2 ’

and A:= Am(B ) > 0, we now formulate our main result.

m(B) :

(IV.2.8)

THEOREM IV.2.2. Let B > 3,0 < O < 0o, and 0 < & < 1/4. There
exists Lo = Lo(3,9,6) < oo such that for all L > L the following it true.

(a) The susceptibility xp(h) attains its maximal value over the interval
JL(9) at a unique point h,,(L) (which does not depend on 9).

(b) The functions R(LO), R(Ll) (h), and R(Lz) (h) defined by the equalities

hy(L) = (Bo+ R\")/L, (IV.2.9)
my (h, B) = m(Lk) + Am(Lh) tanh [BA(h — h, (L)) L2] + R (1),
(IV.2.10)
and
xi(h, B) = (Am(Lh))? cosh 2 [BA(h — h(L))L2] + R (i),
(IV.2.11)
satisfy the following bounds:
IRY| < 3(By)3L?/x (IV.2.12)
and
sup [RM(m)|<cL?k=1,2, (IV.2.13)
he]L(9)

with a fixed finite constant C (not depending on 3, 9, 6, and L).

We divide the proof of Theorem IV.2.2 into two parts. First, we
prove a weaker version of the above theorem in which it is only
claimed that R(LO) as well as SUPpey, (9) Rg)(h), i = 1,2, vanish as
L — oo; this part is based on the large-deviation principle estab-
lished in [16] and it is the content of Section IV.3. In particular, re-
sults from [16] yield explicit values for parameters By and « above.
In order to obtain then the explicit bounds (IV.2.12) and (IV.2.13), we
employ the local-limit estimates from [13, 1, 9] and Theorem 7.4.3
from [17]; this second step is presented in Section IV.4.
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It should be pointed out that the division of the proof into two
parts is not necessary and it could be carried out solely with the help
of the local-limit estimates. However, it seems to be more transpar-
ent to examine the problem by means of the large-deviation principle
at the beginning and use the more precise information of the local-
limit estimates only afterwards. Moreover, once the class of mod-
els for which the surface-order large-deviation principles are estab-
lished is extended (at present it only contains the two-dimensional
Ising model), the first part of the proof will be readily applicable,
yielding a result similar to Theorem 1V.3.3 below (see [14]).

Finally, let us notice that, using more detailed analysis of the
errors in the surface-order large deviations of the two-dimensional
Ising model [13, 1], one could expect that the upper bounds (IV.2.12)

and (IV.2.13) may be improved to be of the order L~'/#1og? L. How-

ever, one should not expect that, for supj,c;, (o) |R(Lk) (h)|,k=1,2,an
improvement of the order over L~1/2 is possible. This follows from
the fact that surface large-deviation rate function Wg(m) introduced
below in (IV.3.6) behaves (for B > By) like (m — m(B))? around its

minimum at m(B). This results in the bound (IV.4.40) below, and
inspecting it one could argue that L1/2 SUPje), (9) \R(Lk)(h)| — 00,
k=1,2.

IV.3. Magnetization and the Large-Deviation Rate Function

The aim of this section is to analyze the asymptotic behaviour (as
L — oo) of the magnetization my (h, 3) and susceptibility xr (4, )
when /1 € J;(9) and B > fB, using the large-deviation principle and
the related results from [16, 10]. First, let us fix some notation.

DEFINITION IV.3.1. Let I : R — [0, c0] be a (lower semicontin-
uous) function with compact level sets®, I # oo, and let {¢,} be a
sequence of positive numbers such that lim, .., ¢, = 0. We say that
a sequence {P,} of probability measures on (R, B(R)), where B(R)
is the Borel o-field on R, satisfies the large-deviation principle with the
powers {¢,} and the rate I, and write (P,)®" — e~ !, if

supe ! < lim (P,(G))* forall G C R open and (IV.3.1)
G n—00

lim (P,(F))® < supe™! forall F C R closed. (Iv.3.2)
F

n—oo

In the next theorem we gather up the results of Theorem 1 from
[16] and Theorem 3.3 from [10]. To this end, we introduce T = 7(3)

3That is, the level sets lev,(I) := {x € R : I(x) < r} are compact for all r < co.
Such a function is automatically lower semi-continuous.
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and w = w(f3) to be the zero-field surface tension in the direction
(0,1) and the Wulff functional of the minimizing Wulff shape, re-
spectively (see e.g., [16] for precise definitions). They satisfy the re-
lations 0 < 47/3 < w < 47 forall B > f.

THEOREM IV.3.2 ([16], [10]). Let 3 > .. Setting

167> — w?
=—>0 IV.3.3
K 2m* - ( )
and e+
T+ w
= V.34
By am* ( V.3 )
we have:
(1) Let my := —m*(1 — %) € (—m*,m*) and
w ()2 if —m* < m < m,
Wo(m) := ¢ 4t — [k(m* —m)]Y2 if my < m < m*, (IV.3.5)
00 otherwise.
Then (Pp o)Vt — e~ AW,
(2) Let
Wg(m) := Wy(m) — Bm + W} (B), (IV.3.6)

where W is the Legendre-Fenchel transform of Wy. Let {hr},
hy € R, be a sequence with lim;_,,, Lhy = B € R4 Then
(P )V — e B,

(3) The derivative of the Legendre-Fenchel transform Wy of W has a
unique discontinuity at By. Moreover, for all B # By, the equation
Wg(m) = 0 has a unique solution that equals the derivative %

of Wy, while for B = By it has two solutions: Z%‘] and Z)I;V_O .

PropositionIV.2.1is a quite direct consequence of Theorem IV.3.2.
In particular, it turns out that one can identify the function ¢ with
W (this was anticipated by denoting By the discontinuity point of

both of them). Notice also that the constant B* := Bo(% + W)

defined in the previous section actually coincides with 7/m*. More-
over, one has m(B*) = my > —m™*.

PROOF OF PROPOSITION IV.2.1. Let 3 > 3. and B € R. Con-
sider the limit

1 1
— : BBLS;,
P(B) = Lhm i log <e >L,0' (IvV.3.7)

“In fact, Theorem 3.3 of [10] only deals with ij = B/L, where B > 0. Itis clear,
however, that the arguments used there work in our slightly more general case as
well.
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In view of the Varadhan lemma® [6, 7] and Theorem IV.3.2 (1), the
limit exists and we get

1
W(B) = 5 sup{BBx — PWo(x)} = Wi (B). (IV3.8)
With the help of (IV.3.5), one may easily find [10] that
) —m"B if B < By,
w(B) = {m*B — [47 — «/(4B)] if B> By, (1v-39)

where By = (47 + w)/(4m*). This point coincides with the critical
point By of [16], see Theorem 2 stated therein.

We now show that the functions ¢ from (IV.2.4) and ¢ defined
above actually coincide. Let thus {h; }, h; € R, be an arbitrary se-
quence such that limy_,, Lh; = B. Since

ZL,hL . e[th|/\L|SL(cTL) IJL,O(O'L) — <e[3hL\/\L\SL>

Z L0 L,0

ore{-1,1}\

(IV.3.10)
and the range of the average spin Sy is contained, by definition, in
the interval [—1, 1], we may evaluate

¢~ BILhi—B|L <eﬁBLsL> < <eﬁhL|AL|8L> < BILhL—B|L <eﬁBLsL>L

Lo — Lo — ,0
(Iv.3.11)
As a result,
1 .. 1 Zip
— lim — log =~ = y(B). IV.3.12
g i los 7 Y(B) (IV.3.12)

Thus, one has Y(B) = ¢(B), and in order to verify (IV.2.5), we notice

il BBLS|
that mp (hy, B) = <SL>L,hL = %%w , , getting the limit
L

whenever the derivative of ¢ exists. Q.E.D.

The main result of the section is this simplified version of Theo-
rem IV.2.2.

THEOREM IV.3.3. Let 3 > B, and 0 < O < oo. There exists Ly =
Lo(B,9) < oo such that for all L > Ly the claims a) and b) of Theorem
1V.2.2 hold with (IV.2.12) and (IV.2.13) replaced by

lim R(LO) =0 and lim sup |R(Lk)(h)| =0, k=1,2,

Lo L=00 e (9)
(IvV.3.13)
respectively.
SNotice that lim e imy e 1108 S meran s, pasm PP P o (m) = —oo

because the range Ran S of average spin S| is bounded, Ran S; C [—1,1]. This
allows us to apply an extended version of Varadhan lemma [6], Theorem 4.3.1.



IV.3 Magnetization and the Large-Deviation Rate Function 111

IV.3.1. Proof of Theorem IV.3.3. Let 3 > 3. and L € N. Given
h € Rand aset A € B(R) (which may depend on /) such that

Zip(A)i= 5 e FHula) >, (IV.3.14)
O'LEQLZ
SL(D'L)EA
we define
(-]4) e o) (IV.3.15)
L,h o O'LEZ)LZ ZL,h(A) . o
SL(O'L)EA

In order to control the most relevant contributions to the parti-
tion function on J; (9), & > 0, we split — independently of L — the
interval J; (9) into a finite number of disjoint sub-intervals as follows.
Let e € (0,€(9)) with

€o(®) :=2min{m(By + 9) — m(By), m(By) — m(B*), Am(B*)/4}

(IV.3.16)
and let us consider the sequence {m; = my + ie}, i € 7Z, where
mo = my(By) — 5. As the function m is bounded, there clearly
exist unique natural numbers N; = N j([a’,19, €), j = 1,2, for which
M+(BO - 19) S [m,Nl,m,NlJrl) and 111+(B0 + 19) € [mNz, mN2+1). Let
us consider now the sequence B() with B(-N) = By — 9, B(N2+1) —
By + 9, and B fori = —Nj +1,...,Nj taken as the unique solution
of the equation m, (B)) = m;.> We split the interval J; (9),

Ny
L= U 7.7, (IV3.17)
=Ny

by taking

(BO/L,BE+Y /L] ifi=—Ny,...,—1,
7, .= { (BO/L,BY/L)  fori =0, (IV.3.18)
BY/L, B+ /L) ifi=1,...,Na.

Moreover, introducing
C (e):==(—m"—¢,—m" +¢€), (IV.3.19)
and
Ct(Lh,€) := (m; —e,miy1 +€) foranyh € I(i-), (IV.3.20)
we have

| <5L|C+>L/h —m(Lh) \ < 2e and ‘ <5L|C*>L,h ~ (—m) ‘ <e
(IV.3.21)
for every h € Jp(9).

6Since € < eo(9), it follows that B* < B(O) < By < B() < By + 9.
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Taking C(Lh, €) := C*(Lh,e) UC™ (e), we prove Theorem IV.3.3
with the help of the following sequence of lemmas.”

LEMMA IV.34. Let B > fc, 9 > 0, and 0 < € < eo(9). For any
L>e Y2andh € Ji(8), we have

| (SL)pp — T(&) (h);m(Lh), Am(Lh)) | < 2P,(C) + 3e. (IV3.22)
Here

T(x;a,b) :=a+Dbtanhx, x,a,b€eR, (IV.3.23)
and
1 Zip(CT) 1 P ,(CH)
(L) (h) = = log =X 2 = ~ log L 1V.3.24
d) ( ) 2 g ZL,h(C_) 2 g PL,h(C_) ( )

PROOF. Let B > B, 0 >0, ¢ < €(?d), and L > e 1/2 be given.
Let hh € J(9) be arbitrary. Evidently,

(SL)pn = (SLIC) Ly PLu(C) + (SLIC) , PLu(CE) = (IV.3.25)
= (SLIC) + ((SEIC)p — (SLIC) L) PLA(C). (V326
Thus, using that |Sy| < 1, one has
[(SL)p = (SLIC) L] < 2PLu(CE). (IV.3.27)
Observing that C* NC~ = () (since € < Am(B*)/2)and Z; ,(C*) > 0

(since L > e~V 2), we readily get

(SLICT) L ZLn(CT) +(SLICT )y ZLn(CT)

S C = pr—
SLIC) L Zip(CH)+ ZLn(C7)
B (SLICT) Ly +(SLICT )y
Sr|CtHY, , —(St|C™
o {8LlC 5 SLC )L tanh(¢(€) (h)). (IV.3.28)
Since | tanh x| <1 for all x € R, in view of (IV.3.21) it follows that
(S11C) L — T(&E) (h); (L), Am(Lh))| <36 (IV3.29)
Combined with (IV.3.27), we obtain the lemma. Q.E.D.

The next lemma provides bounds on the derivatives of (Sp);
analogous to that from (IV.3.22). To this end, we start with the fol-
lowing definition.

"The fact that C* and C~ are open is not important: the arguments of the proof
also work if these are closed or half-open.
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DEFINITION IV.3.5. Let k € N. Given a set {g1,..., gk} of k real-
valued functions in R, we introduce

k

_ j
Fgh =YD G-0r ¥ J_| 81|/ (IV.3.30)
{Ii, 1} =1

=1

where the second sum is over all partitions {Iy,...,[;},j =1,...,k,
of theset{1,...,k} and |I;|, £ =1..., ], is the cardinality of I,.

LEMMA IV.3.6. There exist finite constants Cy, Ky, k € N, such that if
B>Pe,d>00<e<en(d),andL > e V2, then

1 ak—l

(BIAL|)*=1 onk=1

(St)pp— F({T(@ (h); &7, )}) | <
< Cx PL,h(CC) + Kre (IV.3.31)
forall h € J.(9). Here

po_ (m (L)) & (=m)]
i = 2 ’

i=1,...,k (IV.3.32)

PROOF. In order to prove (IV.3.31), it suffices — by Lemma IV.A.2
— to show that for any k € N there exists a finite positive constant
Kj such that

[ F{((S01e), D)~ FUT@ M6, £))) | < Kee. (1V3.33)

Indeed, taking into account (IV.3.15) and (IV.3.19) (cf. (IV.3.21)), we
have

}<(SL)H|C+>L,I’Z — (m4(Lh))"| <

< T (Sulon) — (me (L) S
(0} —(m —_—
SL<O'L)EC+
< S Sulon) - me (LR)|x
O'LE L:
SL(O'L)EC+
n—1 L e BHun(on)

x Y [Selon) | fmy (Lh) "7 < Kye (IV.3.34)
r=0

Zrn(CT)
forall n € Nand K, = 2n. Similarly, [((S)"|C™) — (—m*)"| < Kye
for all n € N with the same constant K,,. Combined with the equality
. ((S"CT )y Zeu(C) +((SL)"|C7)j ZLu(CT)
((SL)"[C)p =

Ziu(CT)+2Zpp(C) '
(IV.3.35)
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n € N, valid once e < Am(B*)/2and L > e /2, referring to (IV.3.28)
it follows that

[((SL)"IC) .y — T(d\O(h); &7, &7)] < Rue (IV.3.36)

foralln € N.
Letnow k € N. Forany j = 1,...,k and any partition {1y, ..., I;}
one gets

Jj ((suic),, ﬂ T(e ‘5|u|'5|u|)
+XC(Z",} ,,L_J(T £|I\’£|Ir)

X£{1,...,
I . -~
< N (<(SL)| |C>L,h —T(¢1)(h);&f &7 ). (IV:337)
se{l,...,j}\X
By virtue of (IV.3.36), the obvious bound || < 1 for any n € N, and
the fact that e < Am(B*)/2 < 1, we arrive at (IV.3.33). Q.E.D.

Next, let us examine the behaviour of the ¢ (k) defined by
(IV.3.24).

LEMMA IV.3.7. Let B > B¢, 9 > 0,and 0 < € < €(9).

(a) Let L > e V2. Then the function ¢\¢)(h) is finite on Ji(9).
In addition, it is analytic and increasing on Zéei) for each i =
—Ni,...,Ns.

(b) There exists a constant L1 = L1(f3,9,€) < oo, L1 > e 12 such
that for L > Ly the function ¢p€)(h) vanishes inside Ji (9) at
a unique point ho(L, €). Moreover, the limit limp o, Lho(L, €)
exists, it is independent of e, and®

lim Lho(L, €) = Bo. (IV.3.38)

(c) Let’
w(h) = B (h—ho(L,€))|AL|A (IV.3.39)
There exist finite constants Ly = Ly(f,9,€), My, k € N, such
that if L > Ly, then

| Fe{T(@" (m); 65,601 = Fl{T(w(h); &, &)} | <
< My (|am(Lig(L,e) + L7 Y2) — A] +€)/A (IV.3.40)

8Notice that (1V.3.38) implies (P, ( L,e))l/ L, ¢ AW by Theorem IV.3.2 (2),
where Wp is given by (IV.3.6).
Recall that A = Am(B ).
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forallh € J (9) and k € N.

PROOF. Let 3 > B, 9> 0,and 0 < € < ¢y(I).

(a) Let L > e Y2, First, if h € Ji(9), then Z1 1 (CE) > 0 (since
L > e~1/2),and ¢(L¢)(h) is finite by its very definition (IV.3.24). Sec-
ond, let i = —N3,..., N> and let us consider the interval Iéi.). By

its definition, the set C* is independent of 1 on Z (e) and, hence, the

Li’
function Z; ;,(C™") is analytic in / on Iéei). The same is thus true for

€)

the function ¢(L€). Moreover, for any / in the interior of Z £ / one has

1 apWe(h)  (SiICT)p,—(SLICT) L, -
BIALl  on 2 B
my(Lh) +m* 3 €o(9)
L S L
= 2 2€¢7 2
with the help of (IV.3.21). Thus, the function pLe) is increasing on
()
7,9
(b) Leti = —Ny,..., 1. Then (P, i)Yt — e V5640 in
view of Theorem IV.3.2 (2). Observing further that, due to Theorem
IV.3.2 (3), one has inf,,c.- Wg(m) = 0 whenever B < By, we get

(IV.3.41)

lim S ¢@OBEV/L) = B g Wy () =

L—oo L xXE€[m;—e,mj1+e€

== —g WB(i+1) (xl-) (IV342)
for some x; € [m; — €,m; 1 + €]. Taking into account the bounds
m;—e >my(By—9) —2e > —m™ 4 4eg(d) — 2e > —m™ 4 2€9(I)
| (IV.3.43)
as well as the fact that B(t1) < By, we can use Theorem IV.3.2 (3)
once more to get Wi11)(x) > 0 and thus

oL (B /1) < —BL Wy (x:)/4 < 0 (IV.3.44)
once L is sufficiently large (depending on 3, 9, €, and 7). In a similar
way,

oL (BY/L) > BL W,y (xi) /4 > 0 (IV.3.45)
forany i = 1,...,N; and some x; € [m* —¢e,m* + €] once L is
sufficiently large (depending on 3, ¥, €, and 7). Referring to the fact
that (l)(L'e) is increasing on Iéi.) for every i = —Nj,..., N, by the
claim (a) of this lemma and that N7 + N is finite, one concludes that

de)(h) £ 0forallh € Jp (19)\I£€3 as soon as L is large enough
(depending on 3, 9, and €).
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Lethe £€0 now. According to the mean-value theorem,

(Le) (1,
¢ () = ¢ (Bo/L) + (h — Bo/L) &PTL(}Z)

for some /1 between h and By /L. Since Wg,(m(By)) = 0 and thus
inf,,cc+ Wg,(m) = 0, we get

(L) P ct
lim ¢ (Bo/L) _ ! lim 1 log 7L’BO/L( 7)
L—oo L 2 Lo L PL,BO/L(C )
according to Theorem IV.3.2 (3). With the help of (IV.3.46) we thus
get

(IV.3.46)

=0 (IV.347)

By —BO BIALen(9)

¢ (h) < @9 (Bo/L) — =7 <
(Le)(By/L
<L (W — g (By — BL0) 60(19)> <0 (IV.3.48)

for any h € Ig such that 1 < (Bg + B(®)/(2L) once L is large
enough (depending on 3, J, and €). Analogously, one proves that
¢(L€) (k) > 0 for any h € I\ such thath > (Bo + B(!))/(2L) if L is
sufficiently large (depending on 3, 9, and €). Since ¢(1€) is continu-
ous (it is analytic) and increasing on 7 £€3 for L > €~1/2, this means
that, for L large (depending on 3, 9, and €), a unique point hy(L, €)
at which ¢(5€) (ho(L, €)) = 0 exists, and

(Bo+B©)/2 < Lhy(L,€e) < (By +BWM)/2. (IV.3.49)

Moreover, the relation (IV.3.46) with i = hy(L, €) along with (IV.3.41)
and (IV.3.47) readily implies (IV.3.38).

(c) Leti = —Nj,..., Ny be such that i # 0 and let h; € Ié,ei). Us-
ing that pLe) s increasing on Iﬁ for L > L; and recalling the

bounds (IV.3.44) and (IV.3.45) valid for L > L;, we get |¢L€) (h;)| >
BLi(B,9,€)/4 for L > L1, where o; > 0 stands for Wyiy1)(x;) if
i < —1or Wy (x;) ifi > 1. Moreover,

\w(h;)| > Bmin{Lhy(L,e) — B, BN — Lhy(L,e)} LA>
> Bmin{By — B, BV — B;} %A (IV.3.50)

for L > L; by (IV.3.49). Hence, since 1 — 2¢721l < tanh x| <1, we
have

| tanh (¢ (1)) — tanh(w(h;))| < 2e~2mindloC ()l i)} <
< e BLa(Bbe)/2 (IV.3.51)
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for L larger than some L, = L,(B,9,€), L, > L1, with

a(B,9,€) := min{ ‘min a;(B,9,€), (IV.3.52)
—Np=isNp
140
2min{By — B, BV — By}A},
(IV.3.53)

which is positive. Now, let us consider / € Ig:g and take L so large
