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Abstrakt: Necht R je komutativni 1-Gorensteiniiv okruh. Hlavnim vysledkem této
prace je charakterizace vSech vychylujicich a kovychylujicich moduli nad R, az na
ekvivalenci, jsou charakterizovany podmnozinami mnoziny vsech prvoidealu vysky
jedna. Presnéji, kazdy vychylujici (kovychylujici) R-modul je ekvivalentni néjakému
Bassovu vychylujicimu (kovychylujicimu) modulu. Tato charakterizace byla zndma
ve specidlnim piipadé Dedekindovych oboru integrity, v kapitole 4 je uveden novy
a jednodus$si dikaz tohoto faktu. Dikaz hlavniho vysledku je proveden v kapi-
tole 5 a kapitola 6 zahrnuje kovychylujici piipad. V kapitole 4 je jesté uveden
dikaz nepfilis znamého faktu, ze konetné generované vychylujici moduly nad komu-
tativnimi okruhy jsou projektivni.
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Abstract: Let R be a commutative 1-Gorenstein ring. Our main result character-
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by subsets of the set of all prime ideals of height one. More precisely, every tilt-
ing (cotilting) R-module is equivalent to some Bass tilting (cotilting) module. This
characterization was known in the particular case of Dedekind domains: Chapter 4
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1 List of symbols

Mod-R
R-Mod

C<w
CM
Add(T)

Prod(C)

CTi
CToo
(M)

Q~(M)
mSpec R

Spec R
dim R

the class of all right R-modules

the class of all left R-modules

the class of all modules of finite projective dimension

the class of all modules of projective dimension < n

the class of all modules of finite injective dimension

the class of all modules of injective dimension < n

the class of all modules of finite flat dimension

the class of all modules of flat dimension < n

the class of all modules possesing a projective resolution consisting of
finitely generated modules

the subclass of C formed by all the modules possessing a projective
resolution consisting of < k-generated projective modules

=C Nmod-R

the class of all cyclic modules

the class of all direct summands of arbitrary direct sums of copies of a
module T

the class of all direct summands of arbitrary direct products of copies of
a module C'

= Ker Exth(C,—) (= {N € Mod-R | ExtL(C, N) = 0 for all C' € C})

= Ker Ext%(C, —)

= ﬂ1§i<w che

= Ker Exth(—,C) (= {N € Mod-R | ExtL(N,C) = 0 for all C € C})

= Ker Extl(—,C)

= ﬂ1§i<w e

= Ker Torg(C,—) (= {N € Mod-R | Tor(C,N) = 0 for all C € C})

= Ker Tor’z(C, —)

= ﬂ1§i<w cr

the class of all the i-th syzygies occurring in all projective resolutions of
a module M

the class of all the i-th cosyzygies occurring in all injective coresolutions
of a module M

the set of all maximal ideals of a ring R

the set of all prime ideals of a commutative ring R

the Krull dimension of a commutative ring R
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In the following, ring will allways mean an associative ring with a unit.

2 Basics

2.1 General case

In this subsection we will prove some basic facts from the theory of modules over

generally non-commutative rings.

Definition 2.1. Let C be a class, for each pair A, B € C, let morc (A, B) be a set.
Write the elements of morg (A, B) as 'arrows’ f: A — B for which A is called the
domain and B the codomain. Finally, suppose that for each triple A, B, C' € C there
is a mapping

o: morc(B,C) x morg(A, B) — morg(A,C).
We denote the arrow assigned to a pair

gB—-C f:A—B

by the arrow gf: A — C. The system C = (C, morc, o) consisting of the class C,
the mapping morc: (A, B) — morc(A, B), and the partial mapping o is a category

in case

(i) for every triple h:C — D, g: B—C, f: A — B,
ho(gof)=(hog)of,

(ii) for each A € C, there is a unique idg € morc(A, A) such that if f: A — B
and g: C' — A, then

foidg=f and idgog=yg.

If C is a category, then the elements of the class C are called the objects of the
category, the 'arrows’ f: A — B are called the morphisms, the partial mapping
o is called the composition, and the morphisms id 4 are called the identities of the
category.

Ezample 2.2. 1. Let R be the class of all rings, let morg(R, S) be the set of all
ring homomorphisms from R to S and o be the usual composition of mappings.
Then R = (R, morg, o) is the category of rings.

2. Let R be aring, let Mp be the class of all right R-modules, let mor s, (M, N)
be the set of all right R-module homomorphisms from M to N and o be
the usual composition of mappings. Then Mod-R = (Mg, mory,,, o) is the
category of right R-modules.
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3. Let R be aring, let g M be the class of all left R-modules, let mor 3/ (M, N) be
the set of all left R-module homomorphisms from M to N and o be the usual
composition of mappings. Then R-Mod = (grM, mor s, 0) is the category of
left R-modules.

Definition 2.3. A category D = (D, morp, o) is a subcategory of C = (C, morc, o)
provided D C C, morp(A, B) C morc(A, B) for each pair A,B € D, o in D is the
restriction of o in C. If in addition morp(A, B) = morc(A, B) for each A, B € D,
then D is a full subcategory of C.

Definition 2.4. Let C = (C,morc,0) and D = (D, morp, o) be two categories. A
pair of mapping (F’, F") is a covariant functor from C to D in case F’ is a mapping
from C to D, F” is a mapping from the morphisms of C to those of D such that for
all A,B,CeCandall f: A— Band g: B— C in C,

(F1) F"(f): F'(A) — F'(B) in D,
(F2) F"(go f)=F"(g) o F"(f),
(F3) F"(ida) = idp(a)-

A contravariant functor is a pair F' = (F', F") satysfying instead of (F1) and (F2)
their duals

(F1)* F'(f): F'(B) — F'(A) in D,
(F2)* F'(go f)=F"(f)o F"(g),
(F3) F"(ida) = idp(a)-

Remark 2.5. Given a functor F' = (F', F"), we will write F/(A) and F(f) instead of
F'(A) and F"(f).

Definition 2.6. Let C and D be categories. Let F' and G be functors from C to
D, both covariant (the ’contravariant version’ is at the end of this definition). Let
n=(na| A €C) be a family of morphisms in D such that for each A € C,

14 € morp(F(A), G(A)).

Then 7 is a natural transformation from F to G, denoted n: F — G, in case for
each pair, A, B € C, and each f € morg(A, B) the diagram



commutes, that is ng o FI(f) = G(f) ona. (If both F' and G were contravariant, the
only change would be to reverse the arrows F(f) and G(f).)

Remark 2.7. Let R, S be rings. Let F,G: Mod-R — Mod-S be additive functors,
both covariant or contravariant. Let hp; : F(M) — G(M), M € Mod-R be a
homomorphism such that h = (hys | M € Mod-R) is a natural transformation from
F to G. Then we say that hjs is natural and we often write A instead of hj; when
it is clear which hj; is ment.

Definition 2.8. Let R, .S be rings. Let C be a full subcategory of the category of
right (left) R-modules and D be a full subcategory of the category of right (left)
S-modules. Then a functor F' (covariant or contravariant) from C to D is additive
in case for each M, N, modules in C, and each pair f,g: M — N in C,

F(f+g)=F(f)+ F(g)

In particular, if F' is additive and covariant, then the restriction
F:Hompg(M,N) — Homg(F(M),F(N))

is an abelian group homomorphism, whereas if F' is additive and contravariant, then
the restriction
F:Homp(M,N) — Homg(F(N), F(M)

is an abelian group homomorphism.

Definition 2.9. Let R be a ring. A non-zero element a € R is called left zero-
divisor if there is a non-zero element b € R such that ab = 0. A non-zero element
a € R is called right zero-divisor if there is a non-zero element b € R such that
ba = 0. A non-zero element a € R is called zero-divisor if it is both a left and a
right zero-divisor. Note that if R is commutative then a non-zero element a € R is
a left zero-divisor iff it is a right zero-divisor iff it is a zero-divisor.

A non-zero element a € R is left reqular if it is not a left zero-divisor. A non-zero
element a € R is right reqular if it is not a right zero-divisor. A non-zero element
a € R is regular if it is both left and right regular.

Note that if R is commutative then a non-zero element a € R is left regular iff
it is right regular iff it is regular.

Definition 2.10. Let R be a ring. A right (left) ideal m of R is mazimal if the
following two conditions hold

(i) m # R,

(ii) there is no right (left) ideal I of R satisfying m C I C R.

13



The set of all maximal right (left) ideals of R is denoted by mSpec R.

Definition 2.11. Let R be a ring and M be a right (left) R-module. Then a
submodule A of M is mazimal if

1. A+ M,
2. there is no other right (left) R-submodule A’ of M satysfying A C A" C M.
And a submodule B of M is minimal if
1. B#0,
2. there is no other right (left) R-submodule B’ of M satysfying 0 C B’ C B.

Remark 2.12. Let R be a ring, M be a right (left) R-module and N be a submodule
of M. If N # M then we say that N is a proper submodule of M.

Definition 2.13. Let R be a ring and let M be a right (left) R-module. Then we
define a cardinal gen(M) in the following way

gen(M) = min {|X| | X is a generating subset of M }.

If gen(M) < k, where £ is an infinite cardinal, we say that M is < k-generated, if
M is < Ny-generated we say that M is countably generated, if M is < Ny-generated
we say that M is finitely generated and if gen(M) = 1, we say that M is cyclic. The
class of all cyclic right (left) R-modules will be denoted CM.

Theorem 2.14. Let R be a ring and M be a finitely generated right (left) R-module.
Then every proper submodule of M is contained in a maximal submodule. In par-

ticular, M has a mazximal submodule.

Proof. We will prove the 'right’ version, the proof of the ’left’ version is analogical.
Let K be a proper submodule of M. Then there is a finite sequence x1, zs,...,T, €
M such that

M=K+x1R+x2R+ -+ 2x,R.

So certainly among all such sequences there is one of minimal length (presumably
there are several such sequences), and so we may assume that zq,zs9,...,x, has
minimal lenght. Then

L=K+xR+23R+ -+ z,R

is a proper submodule of M (otherwise the too short sequence xs,xs, ..., x, would
do for x1,x9,...,x,). Let P be the set of all proper submodules of M that contain
L. By The Zorn’s Lemma, P has a maximal element, say N. Because N is maximal
in P any strictly larger submodule of M is not in P, and so contains x;. But then
any such submodule must contain N +x1R D L+ x3R = M. Thus N is a maximal
submodule of M. For the final statement of the Theorem let K = 0. ]
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Definition 2.15. Let R be a ring, M be a right (left) R-module and {M, | o € A}
be a set of submodules of M. Then we say that the set {M,, | a € A} is independent
if Mo N (3.4 Mp) =0 for all o € A.

Remark 2.16. Let R be a ring, M be a right (left) R-module and {M, | @ € A} be
an independent set of submodules of M. Then ) .4 Mo = @, c 4 Ma.

Definition 2.17. Let R be a ring and S be a non-zero right (left) R-module. Then
S is called simple if S has no non-zero proper submodules.

Lemma 2.18. Let R be a ring and S be a right (left) R-module. Then S is simple
iff S ~ R/m, where m is a mazximal right (left) ideal of R.

Proof. We will prove the 'right’ version, the proof of the ’left’ version is analogical.
For every m € mSpec R, R/m is clearly a simple right R-module.

For the implication to the right, define an R-module homomorphism ¢: R — S
by ¢(r) = mr, where m is an arbitrary non-zero element of S. By The First
Isomorphism Theorem, S ~ R/Ann(m) and by the simplicity of S, Ann(m) is a
maximal right ideal of R. O

Definition 2.19. Let R be a ring and M be a right (left) R-module. Then the socle
of M, denoted Soc(M), is defined by

Soc(M) = Z{S | S is a simple submodule of M},

if M has no simple submodules we set Soc(M) = 0.

Lemma 2.20. Let R be a ring, M be a right (left) R-module and let {S, | o € A} be
a set of all simple submodules of M. Then for each submodule K of Soc(M), there
is a subset B C A such that the set {Sg | B € B} is independent and Soc(M) =

K& (@,@GB Sﬁ)'

Proof. We will prove the 'right’ version, the proof of the ’left’ version is analogical.
By Definition 2.19, we have Soc(M) = > 4 Sa. Let K be an arbitrary submodule
of Soc(M). By the Zorn’s Lemma, there is a subset B C A maximal with respect
to the conditions that {Sg | 3 € B} is independent and K N (3_5c553) = 0. Then
the sum
NZK-I-(ZS/g)ZK@(@Sg)
BeB BeB

is direct. We claim that N = Soc(M). For let a € A. Since S, is simple, either
Sae NN =8,0r SoNN =0. But S, " N = 0 would contradict the maximality of
B. Thus S, C N for all a« € A, so N = Soc(M). So the claim is true. O

Corollary 2.21. Let R be a ring and M be right (left) R-module. Then

15



1. there is a set {S, | a € A} of simple submodules of M such that Soc(M) =
@aeA SOU

2. every submodule of Soc(M) is a direct summand in Soc(M ).

Proof. (1) follows from Lemma 2.20 by setting K = 0.
(2) follows directly from Lemma 2.20. O

Lemma 2.22. Let R be a ring and M, N be right (left) R-modules and f: M — N
be an R-module homomorphism. Then f(Soc(M)) C Soc(N).

Proof. We will prove the 'right’ version, the proof of the ’left’ version is analogical.
Since f(Soc(M)) is generated by it’s submodules of the form f(S), where S is a
simple submodule of M, it is enough to prove that f(S) C Soc(N) for all simple
submodules S of M. But since S is simple we have either Ker f;; = 0 or Ker f;, = S,
so either f(S) ~ S C Soc(N) or f(S) ~ 0 C Soc(N). So the claim is true. O

Lemma 2.23. Let R be a ring and m be a mazximal right ideal of R. Then
R/m ~ Homgr(R/m, E(R/m))
as abelian groups.

Proof. Clearly Soc(R/m) = R/m and Soc(E(R/m)) 2 R/m. Since R/m is essential
in E(R/m), Corollary 2.21 implies that Soc(E(R/m)) = R/m. By Lemma 2.22 we
have

Hompg(R/m, E(R/m)) ~ Hompg(R/m, R/m) ~ R/m.

So the claim is true. O

Lemma 2.24. Let R be a ring, M, M’ be right (left) R-modules, N be a sub-
module of M and let § € Homg(M,M') be an arbitrary R-module homomor-
phism such that N C Ker §. Then there exists a unique R-module homomorphism
0" € Homg(M/N,M') such that §'m = &, where 7 is the canonical projection.

Proof. Define ¢'(m + N) = d(m). O

Definition 2.25. Let R be a ring and M be a right R-module. Then the right
annihilator of an element m € M, denoted Ann(m), is defined by Ann(m) = {r €
R | mr = 0}. The right annihilator of M, denoted Ann(M ), is defined by Ann(M) =
{reR|mr=0forallme M} =),cp Ann(m).

Analogously, we can define the left annihilator of an element of a left R-module
and the left annihilator of a left R-module. If the ring R is commutative we call the
left (= right) annihilator just an annihilator.

If r € Ann(m) then we say that r annihilates m and if r € Ann(M) then we
say that r annihilates M.
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Lemma 2.26. Let R be a ring and M be a right (left) R-module. Then
1. right (left) annihilator of any element of M is a right (left) ideal of R,
2. right (left) annihilator of M is a two-sided ideal of R.

Proof. We will prove the 'right’ version, the proof of the ’left’ version is analogical.
The part (1) is clear.

Ann(M) is clearly a right ideal of R. But since m(sr) = (ms)r = 0 for each
r € Ann(M), s € R and m € M, Ann(M) is also a left ideal of R. So the claim is
true. O

Remark 2.27. Let R be a ring and M be a right (left) R-module. If I is a right
(left) ideal of R such that I C Ann(M), then M is a right (left) R/I-module via
scalar multiplication m(r + I) = mr ((r + I)m = rm). This is well-defined for if
r+I=s+1,thenr—s &l C Ann(M) and so m(r —s) =0 ((r — s)m = 0). In
particular, we have that M is always a right (left) (R/Ann(M))-module.

Definition 2.28. Let R be a ring. Then the Jacobson radical, denoted J(R), of the
ring R is defined as the intersection of all maximal right ideals of R (in the following
we will prove that J(R) is also the intersection of all maximal left ideals of R).

Lemma 2.29. Let R be a ring. Then J(R) is the intersection of all right annihila-
tors of simple right R-modules.

Proof. Assume r € J(R). If M is a simple right R-module, choose any non-zero
element m € M. Analogously as in the proof of Lemma 2.18, M ~ R/Ann(m) and
Ann(m) is a maximal right ideal of R. Thus r € Ann(m) for each element m € M,
and so by Definition 2.25, r € Ann(M).

If  annihilates each simple right R-module then by Lemma 2.18, r annihilates
each right R-module R/m, where m is a maximal right ideal of R. Thus in particular
(14+m)r = 0 for each maximal right ideal m of R and it is iff r € m for each maximal
right ideal m of R. So r € J(R). O

Corollary 2.30. Let R be a ring. Then J(R) is a two-sided ideal.
Proof. This follows from Lemmas 2.29 and 2.26. ]

Definition 2.31. Let R be a ring. Then an element r € R is right quasi-reqular,
(rqr) if 1 — r has a right inverse, left quasi-reqular, (Iqr) if 1 — r has a left inverse,

and quasi-regular, (qr) if 1 — r is invertible.
Lemma 2.32. Let R be a ring and r € R. The the following are equivalent

1. r is rqr and lgr,
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2. r s qr.

Proof. This follows from the fact that if (1 —r)s = ¢(1 —r) = 1, then t = t1 =
t(l—r)s=1s=s. O

Lemma 2.33. Let R be a ring and I be a right ideal of R. If every element of I is

rgr, then every element of I is qr.

Proof. If r € I, then we have (1 —r)s = 1 for some s € R. Let t = 1 — s, so that
1—-r)(1—t)=1—r—t+rt=1 Thust=rt—r =r(t—1) € I. By hypotesis,
t is rqr, so (1 —t) has a right inverse. But we know that (1 — ¢) has a left inverse
(1 —r), so tis also lqr. By Lemma 2.32, ¢ is qr and (1 — ¢) is the two-sided inverse
of (1 —r). So the claim is true. O

Lemma 2.34. Let R be a ring. Then the Jacobson radical J(R) is the largest

two-sided ideal consisting entirely of quasi-regular elements.

Proof. First, J(R) is a two-sided ideal by Corollary 2.30.

We show that each r € J(R) is rqr, so by Lemma 2.33, each r € J(R) is qr.
If (1 —r) has no right inverse, then (1 — r)R is a proper right ideal of R, which
is contained in a maximal right ideal I by Theorem 2.14. But then r» € I and
(1 —r) € I, and therefore 1 € I, a contradiction.

Now we show that every right ideal (hence every two-sided ideal) I consisting
entirely of quasi-regular elements is contained in J(R). If r € I but r ¢ J(R), then
for some maximal right ideal K we have r ¢ K. By maximality of K, we have
R=I1I+K,s01=1i+4k for some i € I, k € K. But then 7 is quasi-regular, so
k =1 — 1 has an inverse, and consequently 1 € K, a contradiction. O

Corollary 2.35. Let R be a ring. Then the Jacobson radical J(R) is the intersection
of all mazimal left ideals of R.

Proof. We can reproduce the entire discussion beginning with Definition 2.28 with
right and left ideals interchanged, and reach exactly the same conclusion, namely
that the ’right’ Jacobson radical is the largest two-sided ideal consisting entirely of
quasi-regular elements. It follows that the 'right’ and ’left’ Jacobson radicals are
identical. O

Definition 2.36. Let R be a ring. Then R is called local if R has a unique maximal
right ideal.

Lemma 2.37. Let R be a local ring. Then R has a unique maximal left ideal.

18



Proof. Since R is local it has a unique maximal right ideal m, it follows that m =
J(R).

Let r € R\J(R), then rR = R, otherwise rR is contained in the unique maximal
ideal J(R), but it is not possible since r € J(R). So r has a right inverse.

Suppose now that r has a right inverse and that » € J(R). Then there is an
s € R such that rs = 1 and since J(R) is a right ideal of R, we have that 1 € J(R),
a contradiction. So r € R\ J(R) iff r has a right inverse.

Suppose that » € R has a left inverse, i.e. there is an s € R such that sr = 1.
Then r ¢ J(R), otherwise st =1 € J(R) since J(R) is a left ideal of R, so by the
previous, r has a right inverse.

Suppose now that r € R has a right inverse, i.e. there is an s € R such that
rs = 1. So srs = s and thus (sr — 1)s = 0. Denote I = {t € R | (sr — 1)t =0}. It
is easy to see that [ is a right ideal of R. We have I = R, otherwise I is contained
in the unique maximal right ideal J(R), but it is not possible since s ¢ J(R) (s has
a left inverse, so s has a right inverse and thus s ¢ J(R)). So (sr — 1)1 = 0 which
implies sr = 1 and thus r has a left inverse.

Sor ¢ J(R) iff R has a right inverse and by the previous, it is iff 7 is invertible.
Thus every proper left ideal of R is contained in J(R), so by Lemma 2.34, R has a
unique maximal left ideal J(R). O

Lemma 2.38 (Nakayama). Let R be a ring, M be a right (left) R-module and I be
a subgroup of the additive group of R such that either

1. I is nilpotent (that is, I" =0 for somen > 1),
or
2. I C J(R) and M is finitely generated.
Then MI =M (IM = M ) implies M = 0.

Proof. We will prove the 'right’ version, the proof of the ’left’ version is analogical.
(1) is trivial for M = MI = MI? = --- = 0. For (2) suppose MI = M and M # 0.
Then let {z1,x2,...,2,} be a minimal set of generators of M. So x1 = > ;" | x;7;
for some r; € I since M = MI. But by Lemma 2.34, (1 — 1) is invertible. Thus
x1 € zoR + 23R + - -+ + x, R which contradicts the minimality of {x1,x9,...,2,}.
So the claim is true. O

Definition 2.39. Let R be a ring and

5:0—>AL>B—>C—>0
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be a short exact sequence of right (left) R-modules. We say that &£ is split ezact
if i(A) is a direct summand of B. In this case clearly B ~ A @ C as right (left)
R-modules.

Lemma 2.40. Let R be a ring and £: 0 — A B - C — 0 be a short exact
sequence of right (left) R-modules. Then the following conditions are equivalent

1. & is split exact,
2. there is a homomorphism f: B — A such that fi = idya,
3. there is a homomorphism g: C' — B such that mg = idc,

4. there are homomorphisms f: B — A and g: C — B such that mi = fg = 0,
fi=1ida, mg = ido and if + gw = idp.

Proof. We will prove the 'right’ version, the proof of the ’left’ version is analogical.
Assume first, that the sequence £ is split exact, i.e. that B = i(A) & D for some
submodule D of B. Denoting f: B — A and g: C' — B the homomorphism given
by f(i(a) + d) = a and g(c) = d whenever w(b) = ¢, it is an easy excercise to verify,
that f is a homomorphism satisfying fi = id4. Concerning g we first note that for
each ¢ € C there is b € B with w(b) = ¢. The element b can be uniquely expressed
in the form b = i(a) + d for some a € A and d € D. If b is another element with
7(b) = c and b = i(@)+d, then b—b € Ker m = Im i yields that b—b = i(a’) for some
a' € A and consequently b — b = i(a) — i(a@) +d — d = i(a’) yields that d = d and
the mapping ¢ is well-defined. Moreover, it is obvious, that g is a homomorphism
and that mg = id¢. Finaly, mi = 0 by the exactness of £, fg(c) = n(d) = 0 by the
definition of 7 and (if + g7)(i(a) + d) = i(a) + d showing that (1) implies (2), (3)
and (4).

Assuming (2) we denote D = Ker f. For u € DNi(A) we have u = i(a) for some
a€ Aandso0= f(u) = fi(a) = a. Hence u = i(a) = 0 and DNi(a) = 0. Moreover,
for an arbitrary b € B we have b =if(b)+ (b—if(b)), where f(b—if(b)) = 0 showing
that B =i(A) @& D and so (2) implies (1).

Similarly, assuming (3), we are going to verify that B = i(A)®g(C). Soifi(a) =
g(c) € i(A) Ng(C) is arbitrary, then 0 = wi(a) = wg(c) = ¢ yields i(4) Ng(C) = 0.
Further, if b € B is arbitrary, then b — gm(b) = i(a) for some a € A in view of the
fact that 7(b — gn(b)) = 0 and Ker 7 = Im 4. Thus b € i(A) + ¢(C) and (3) implies
(1).

The implication (4) = (2) is obvious and the proof is complete. O

Remark 2.41. If the condition (1) ((2)) from Lemma 2.40 is satisfyied for the short
exact sequence &, we say that £ is left (right) split exact. Tt is now clear that £ is
left (right) split exact iff € is split exact.
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Lemma 2.42. Let R, S be rings. Let C be a full subcategory of the category of all
right (left) R-modules and let D be a full subcategory of the category of all right (left)
S-modules. Let F' and G be additive functors (both covariant or both contravariant)
from C to D and let n: F — G be a natural transformation. If

0— M —M-—M—0

is split exact in C, then nyy is injective (surjective) iff both nyp and nye are injective

(surjective).

Proof. We will prove the 'right and covariant version’, the proof of the ’rest versions’
is analogical. By Lemma 7.1, we have the following two commutative diagrams with
split exact rows

0 —= F(M') F(M) F(M") —>0
m\ﬂl an TIM”l
0 —> G(M") G(M) G(M") —=0

and
0 —= F(M") —> F(M) — F(M') —0

| o |
0—GM") —GM) ——GM')—0
obtained from
0— M —M-—M—0
and

0—M"—M-— M —0.
Now, it is an easy excercise to verify that the claim is true. ]
Lemma 2.43. Let R be a ring, P be a right (left) R-module and x be an infinite

cardinal. Then P is < k-generated and projective iff P is a direct summand in
< k-generated free right (left) R-module.

Proof. We will prove the 'right’ version, the proof of the ’left’ version is analogical.
The implication <« is clear.
A right R-module P is < k-generated iff there is a short exact sequence

00— K —F —P—0

with F' free and < k-generated. But since P is projective, this exact sequence is
split exact and hence by Definition 2.39, P is a direct summand in F'. So the claim
is true. ]
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Remark 2.44. Lemma 2.42 implies that if nar,, ar,, - - -, Mar, are isomorphisms, then
0 is NaneMy@--@M, - Therefore by Lemma 2.43, if ng is an isomorphism, then so is
np for every finitely generated projective right R-module P.

Lemma 2.45. Let R be a ring and M be a right (left) R-module.  Then
Hompg(R, M) ~ M as right (left) R-modules.

Proof. 1t is an easy excercise to verify that the mapping
¢: Homp(R,M) — M
e = (1)
has demanded features. U

Lemma 2.46. Let R, S be rings, A be a right S-module, B be a (S, R)-bimodule
and C be a right R-module. Then

Homg(A, Homg(B,(C)) ~ Homp(A ®s B,C)
as abelian groups.
Proof. Tt is an easy excercise to verify that the mapping
¢: Homg(A,Homp(B,(C)) — Homp(A ®g B, C)

defined by ¢(f)(a @ b) = (f(a))(b) where f € Homg(A,Homg(B,C)), a € A and
b € B, has demanded features. ]

Lemma 2.47. Let R be a ring, M be a right R-module and N be a left R-module.
Then M ®r R ~ M as right R-modules and R @r N ~ N as left R-modules.

Proof. 1t is an easy excercise to verify that the mappings

p: MR — M

meer — mr
and

¢:Rr N — N

reon — rn

have demanded features. O
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Lemma 2.48. Let R, S be rings and U be an (R, S)-bimodule, N be a right S-
module and P be a left R-module. Then there is an abelian group homomorphism

v: Homg(U,N) ®@r P — Homg(Hompr(P,U),N)

defined via
v(ip®@p): ¢ — o(¥(p))

which is natural in U, N and P. Moreover, if P is finitely generated and projective,

then vynp is an isomorphism for each (R, S)-bimodule U and each right S-module
N.

Proof. 1t is tedious but no difficult to check that v is an abelian group homomor-
phism that is natural in all three variables. Now for each (R,S)-bimodule U and
each right S-module N we have by Lemmas 2.47 and 2.45 that

Homg (U, N) ® g R ~ Homg (U, N) ~ Homg(Hompg(R,U), N)
as abelian groups via

T pr = :h = (r)(P(1)) = e(ry(1)) = p(P(r))

where ¢ € Homg(U,N), r € R, § € Homg(Hompg(R,U),N) and ¢ € Homg(R,U).
Thus vyng is the composition of previous isomorphisms, and so is itself an isomor-
phism for each (R, S)-bimodule U and each right S-module N. So by Remark 2.44,
the 'moreover’ part is also true. O

Definition 2.49. Let R be a ring, M be a right (left) R-module and x be an infinite
cardinal. Then M is < k-presented if

(i) M is < k-generated,
(ii) in every short exact sequence of right (left) R-modules
0 —K-—F—M-—70
with F' free and < k-generated, the module K is also < k-generated.

If M is < Nj-presented we say that M is countably presented and if M is < Ng-
presented we say that M is finitely presented.

Lemma 2.50. Let R be a ring, M be a right (left) R-module and k be an infinite
cardinal. Then M is < r-presented iff there exists a short exact sequence of right
(left) R-modules

0 —K—F —M-—70

with F' free and < k-generated and K < k-generated.
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Proof. We will prove the 'right’ version, the proof of the ’left’ version is analogical.
The implication to the right is clear.

Let 0 — K — F -5 M — 0 be a short exact sequence of right R-modules
with F' free and < k-generated and K < k-generated. M is clearly < k-generated.
In order to prove that M is < k-presented we must show that in every short exact
sequence of right R-modules 0 — K’ — F’ ™ M — 0 with F free and
< k-generated, the module K’ is also < k-generated. So let 0 — K’ — F’ -,
M — 0 be an arbitrary short exact sequence of right R-modules with F’ free and
< k-generated. Denote B the pullback of m and 7’. We have the following diagram

0 0
0 K F—">M 0
| .
0 K B F! 0
K/ K/
0 0

with exact rows and collums (the exactness is an easy excercise). The modules F'
and F’ are projective, so by Lemma 2.40, the short exact sequences 0 — K —
B—F —0and 0 — K' — B — F — 0 are split exact and thus by
Definition 2.39, we have

KeoF ~B~K @F.

Since K and F’ are < k-generated, so is B. And since F is < k-generated, so is K.
And we are done. O

Lemma 2.51. Let R, S be rings and A be a finitely presented left R-module, B be
an (R, S)-bimodule and C' be an injective right S-module. Then

Homg(B,C) ®g A ~ Homg(Homg(A, B),C)
as abelian groups. Where the isomorphism is given by

v(f@a)(g) = flg(a)).

Proof. Since A is finitely presented there is a short exact sequence of left R-modules
0 — K — Fy — A — 0 with Fj free and finitely generated and K finitely
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generated. So we can consider the exact sequence F} 2 Fy — A — 0 of left
R-modules with Fy, F} finitely generated and free (¢ is the composite mapping of
Fi =R¥%) — K — 0and 0 — K — F,, where X is the finite generating
subset of K'). Then by Lemma 2.48, we have the following commutative diagram of
abelian groups

Homg(B,C) ®g Fi Homg(B,C) ®r Fy Homg(B,C)®r A

l | X

Homg(Hompg(F1, B),C') — Homg(Hompg(Fy, B),C) — Homg(Hompg (A4, B),C)

with exact rows (C'is injective). But by Lemma 2.48, the first two vertical mappings

are isomorphisms. So v is also an isomorphism. So the claim is true. U

Lemma 2.52. Let R be a ring, (M; | i € I) be a family of (S, R)-bimodules and N
be an (R,T)-bimodule. Then

(Ep M) @r N ~ P(M; @r N)
el i€l
as (S, T)-bimodules.

Proof. The map (,;c; M;) x N — @,c;(M; ®r N) given by ((z;)r,y) — (7; ®
y)r is R-balanced and so we have a unique homomorphism of abelian groups h :
(Bjcr Mi) ®r N — B, (M; ®g N) such that h((z;); ®y) = (z; ®y);. Similarly one
gets a unique homomorphism of abelian groups h': @,/ (M;@rN) — (P,;c; Mi)®r
N given by b ((z; @ yi)1) = > e(ei(xi) ®y;), where e;: My — @,y M; is a natural
embedding. It is easy to see that h, h' are (S,T)-bimodule homomorphisms and
that B’ = h™1. O

Lemma 2.53. Let R be a ring, M be an (S, R)-bimodule and (M; | i € I) be a
family of (R, T)-bimodules. Then

M @r (P N) =~ PM @r N)

il icl
as (S, T)-bimodules.
Proof. 1t is analogical to the proof of Lemma 2.52. U

Lemma 2.54. Let R be a ring, M be a right R-module and I be a left ideal of R.
Then
M @g (R/T) ~ M/MI

as abelian groups.
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Let R be a ring and M be a left R-module and I be a right ideal of R. Then
(R/I)®@r M ~ M/IM
as abelian groups.

Proof. We will prove the "first’ version, the proof of the ’second’ version is analogical.
We consider the short exact sequence of left R-modules 0 — I -5 R — R/I —
0. Since the covariant functor M ®p — is right exact and using Lemma 2.47, we
have the following exact sequence of abelian groups

Mer1 “ M 0 M eg (R/T) — 0,
where ¢ is the isomorphism M ®gr R £ M from the Lemma 2.47. But Im (po(idy®
w) ={>_; mri | my € M,r; € I} = MI. Hence the result follows. O

Definition 2.55. Let R be a ring. A left (right) R-module F is said to be flat if
given any exact sequence 0 — A — B of right (left) R-modules, the tensored
sequence of abelian groups 0 — FF®r A — F ®p B is exact.

Lemma 2.56. Let R be a ring. Then the direct sum @, ; F; of left (right) R-
modules is flat if and only if each F; is a flat left (right) R-module.

Proof. This follows from Lemma 2.53. U

Corollary 2.57. Let R be a ring. Then every projective left (right) R-module is
flat.

Proof. We will prove the ’left’ version, the proof of the 'right’ version is analogical.
Let P be a projective left R-module. Then P is a summand of a free left R-module.
But by Lemma 2.47, R is a flat left R-module and so every free left R-module is
flat by Lemma 2.56 above. Thus P is a direct summand of a flat left R-module and
hence is flat again by Lemma 2.56. O

Lemma 2.58. Let R be a ring, F' be a flat left R-module and I be a right ideal of
R. Then I @r F ~ IF as abelian groups.

Let R be a ring, F be a flat right R-module and I be a left ideal of R. Then
F®prl~FI as abelian groups.

Proof. We will prove the "first” version, the proof of the ’second’ version is analogical.
We consider the exact sequence 0 — I — R of right R-modules. Then 0 —
I ®r F — F' is an exact sequence of abelian groups. But the image of I ®p F in
F under this embedding is [F'. So we are done. U
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Remark 2.59. Let R % S be a ring homomorphism and M be a right (left) S-module.
Then M is a right (left) R-module via mr = mep(r) (rm = ¢(r)m).

Lemma 2.60. Let R > S be a ring homomorphism and E be an injective right
(left) R-module. Then Hompg(S, E) is an injective right (left) S-module.

Proof. We will prove the 'right’ version, the proof of the ’left’ version is analogical.
Note that by Remark 2.59, S is an (.9, R)-bimodule. Let N C M be a submodule of
the right S-module M. Then by Lemmas 2.46, 2.47 and Remark 2.59,

Homg(N,Homp(S, E)) ~ Homp(N ®g S, F) ~ Hompg(N, E)
and likewise for Homg (M, Hompg(S, E)). So we have that
Homg(M,Hompg(S, E)) — Homg(N,Hompg(S, E)) — 0
is exact since by injectivity of E
Homp(M, E) — Hompg(N,E) — 0
is exact. Hence Hompg(S, E) is an injective right S-module. O

Remark 2.61. We note that it follows from the above that Homgz (R, G) is an injective
right and left R-module for any ring R when G is a divisible (= injective) abelian

group.

Definition 2.62. Let R be a ring and E be an injective right (left) R-module.
Then E is said to be an injective cogenerator for right (left) R-modules, if for each
non-zero right (left) R-module M and each non-zero element m € M, there is
¢ € Homp(M, E) such that p(m) # 0.

This is equivalent to the condition that Homp (M, E) # 0 for any right (left)
R-module M # 0. For if m € M, m # 0, any ¢’ € Homgr(mR, F) with ¢/ # 0 has
¢'(m) # 0. And since F is injective, such ¢’ has an extension ¢ € Homp(M, E).

It is well-known fact that the group Q/Z is an injective cogenerator for abelian
groups. Hence if M is a non-zero right (left) R-module, then the character module
M of M, defined by M = Homy(M,Q/Z), is a non-zero left (right) R-module.

Remark 2.63. Let R be a ring and M be a right (left) R-module. Then by Lemma
2.46, Homp (M, RT) ~ M™ as abelian groups. Hence RT = Homy(R,Q/Z) is an
injective cogenerator for right (left) R-modules since R is an injective right (left)
R-module by Remark 2.61. Thus there exists an injective cogenerator for right (left)
R-modules for any ring R.

Lemma 2.64. Let R be a ring and E be an injective right (left) R-module. The the

following are equivalent
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1. E is an injective cogenerator for right (left) R-modules,
2. Homgp(T,E) # 0 for all simple right (left) R-modules T'.

Proof. We will prove the 'right’ version, the proof of the ’left’ version is analogical.
The implication (1) = (2) is clear from Definiton 2.62.

Assume that E satisfies (2). Let M be a right R-module and 0 # m € M. Since
mR is cyclic, by Theorem 2.14, it contains a maximal submodule N, so by (2) there is
a non-zero homomorphism ¢ = hon: mR — E, where 7 is the canonical projection
mR 5 (mR)/N. But E is injective, so ¢ can be extended to a homomorphism
©: M — E with p(z) = ¢(x) # 0. Thus E is an injective cogenerator for right
R-modules by Definiton 2.62. O

Lemma 2.65. Let R, S be rings and E be an injective cogenerator for right (left)

R-modules. Then a sequence

0—ALB Y. 0—0

of (S, R)((R,S))-bimodules is exact iff the sequence
0 — Homp(C, B) > Homp(B, E) £ Homp(A, E) — 0
or right (left) S-modules is exact.

Proof. We will prove the 'right’ version, the proof of the ’left’ version is analogical.
The implication to the right is clear since E is an injective right R-module.

For the implication to the left, first we will prove that Im ¢ = Ker ¢). Suppose
that Im ¢ Z Ker ). Then choose b € Im ¢ \ Ker ¢. So 1(b) # 0. But ¢(b) € C. So
there is an f € Homp(C, E) such that f(¢(b)) # 0 since E is an injective cogenerator
for right R-modules. But b = ¢(a) for some a € A. Thus f o1 oy # 0. But then
(¢p* 0p*)(f) # 0, a contradiction. So Im ¢ C Ker 9.

Now suppose Im ¢ 2 Ker 1. Then let b € Ker ¢\ Im ¢. So b+Im ¢ is non-zero
in B/Im ¢. Thus there is an f € Homg(B/Im f, E) such that f(b+ Im f) # 0.
Hence the composite mapping ¢ : B — B /Im ¢ EN FE, where 7 is the canonical
projection, is such that g(b) # 0. But ¢*(g9) = go ¢ = 0 since g(Im ¢) = 0. So
g € Ker ¢* = Im ¢*. That is g = ¢*(h) = h ot for some h € Hompg(C, E). But
b € Ker 9. So g(b) = h(¢(b)) = 0, a contradiction since g(b) # 0. So Im ¢ = Ker ¢
and thus the claim is true. O

Lemma 2.66. Let R be a ring and F be a left (right) R-module. If F is finitely
presented and flat then F' is projective.
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Proof. We will prove the ’left’ version, the proof of the 'right’ version is analogical.
Let F' be a finitely presented flat left R-module and B — C' — 0 be an exact
sequence of left R-modules. We want to show that the sequence of abelian groups
Homp(F, B) — Hompg(F,C) — 0 is exact, or equivalently by Lemma 2.65, 0 —
Homp(F,C)" — Hompg(F,B)" is an exact sequence of abelian groups. But by
Lemma 2.48, we have the following commutative diagram of abelian groups

0

CterF BT @rF

| l

0 — Hompg(F,C)" —— Hompg(F, B)*

where the first row is exact since F' is flat. But the vertical mappings are isomor-
phisms by Lemma 2.51 since F' is finitely presented, hence the second row is also
exact and thus we are done. U

Definition 2.67. Let R be aring. A right (left) R-module M is called noetherian if
every right (left) R-submodule of M is finitely generated. This implies in particular
that M itself is finitely generated.

The ring R is right (left) noetherian if it is itself noetherian as a right (left)
R-module, that is, every right (left) ideal of R is finitely generated.

Note that a ring may be right noetherian but not left noetherian. The term
noetherian ring will mean a ring which is both left and right noetherian. It is
clear that, when R is commutative, R is left noetherian precisely when it is right

noetherian.

Remark 2.68. It is a well-know fact (see [1]) that a right (left) R-module M is
noetherian iff every ascending chain of right (left) R-submodules of M terminates
and it is iff every non-empty set of right (left) R-submodules of M has an inclusion-

maximal element.

Lemma 2.69. Let R be a ring and let
0—M-“Mm LM —o0

be a short exact sequence of right (left) R-modules. Then M is noetherian iff both
M’ and M" are noetherian.

Proof. We will prove the 'right’ version, the proof of the ’left’ version is analogical.
Suppose that M is noetherian. A submodule of M’ is isomorphic to a submodule of
M, and so is finitely generated. A submodule N of M” is the homomorphic image
of its inverse image

BTHN) ={m e M | f(m) € N}
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in M. Since 371(N) is finitely generated, so is N. Thus M’ and M" are noetherian.
Conversely, consider a submodule N of M. Let N’ = N Na(M) and let N’ be
the S-image of N in M”, so that there is a short exact sequence of right R-modules

0— N — N — N"—0.

Since both N’ and N” are finitely generated, so also is N. O

Corollary 2.70. Let R be a ring and let {My, ..., M} be a finite set of noetherian
right (left) R-modules. Then the direct sum My @ --- @& My, is a noetherian right
R-module.

In particular, every free right (left) module of finite rank over a right (left)
noetherian ring is noetherian.

Proof. This follows from Lemma 2.69. ]

Theorem 2.71. Let R be a right (left) noetherian ring and M be a finitely generated
right (left) R-module. Then M is noetherian.

Proof. We will prove the 'right’ version, the proof of the ’left’ version is analogical.
We have the following short exact sequence of right R-modules

0— K — RX) T, p— 0,

where X is the finite set of generators of M and K is the kernel of 7. The module
RX) is noetherian by Corollary 2.70 and thus (using Lemma 2.69) M is noetherian.
O

Lemma 2.72. Let R be right (left) noetherian ring and M be a right (left) R-module.
Then M is finitely generated iff M is finitely presented.

Proof. We will prove the 'right’ version, the proof of the ’left’ version is analogical.
Let M be a finitely presented right R-module, then M is finitely generated by
Definition 2.49.
Let M be a finitely generated right R-module. If we have a short exact sequence
of right R-modules
0 —K—F —M-—70

with F' free and finitely generated, then F' is noetherian by Theorem 2.71 and thus
K is finitely generated since K is isomorphic to some submodule of F'. So M is
finitely presented. O
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Definition 2.73. Let R be a ring and M be a right (left) R-module. Then a
projective resolution of M is an (finite or infinite) exact sequence of right (left)
R-modules

Epi...— PP 5 PS5 M—0

with every P; projective. For ¢ > 0, the image of 7; in the previous exact sequence is
called the i-th syzygy of M in Ep. We denote Q(M) the class of all the i-th syzygies
occurring in all projective resolutions of M.

An injective coresolution (sometimes called an injective resolution) of M is an
(finite or infinite) exact sequence of right (left) R-modules

E0— M-S, -5n 2L —...

with every I; injective. For ¢ > 0, the image of ¢; in the previous exact sequence
is called the i-th cosyzygy of M in &. We denote Q~¢(M) the class of all the i-
th cosyzygies occurring in all injective coresolutions of M. If every I; in &5 is an
injective hull of the i-th cosyzygy of M in &;, then &7 is called the minimal injective
coresolution of M (or the minimal injective resolution of M).

A flat resolution of M is an (finite or infinite) exact sequence right (left) R-
modules

Epivo. —m B 2R LS M—0

with every F; projective. For ¢ > 0, the image of 7; in the previous exact sequence
is called the i-th flat-syzygy of M in Ep.

Lemma 2.74. Let R be a ring and M be a right (left) R-module. Then M has a
projective (therefore flat) resolution.

Proof. We will prove the 'right’ version, the proof of the ’left’ version is analogical.
Clearly, M is a homomorphic image of a free (hence projective) right R-module
FPy. Let Ky be the kernel of the homomorphism Py onto M. In turn, there is a
homomorphism with kernel K; from a free right R-module P; onto K, and we have
the following sequence of right R-modules

0O — Ky —P  —Ky—F— M—0.
Composing the homomorphisms P, — Ky and Ky — Py, we get
0 — Ky —P—F—M-—0

which is an exact sequenceof right R-modules. But now we can find a free right
R-module P> and a homomorphism with kernel Ky mapping P, onto K. The above
process can be iterated to produce the desired projective resolution of M. O
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Lemma 2.75. Let R be a ring and M be a right (left) R-module. Then M has an
injective coresolution.

Proof. We will prove the 'right’ version, the proof of the ’left’ version is analogical.
By the classic result, M can be embedded in an injective right R-module Iy. Let
Cy be the cokernel of M — I, and map canonically Iy onto Cy. Embed Cj in an
injective right R-module I, and let C; be the cokernel of the embedding map. We
have the following sequence of right R-modules

0—M—Ij—Cy— 1 — C; — 0.
Composing the homomorphisms Iy — Cy and Cy — [1, we get
0—M—Iy—1 —C; —0

which is an exact sequence of right R-modules. Iterate to produce the desired
injective coresolution of M. O

Definition 2.76. Let R be a ring and M be a right (left) R-module. Then M is
said to have projective dimension at most n, denoted projdim M < n, if there is
a projective resolution of the fom 0 — P, — ... — P, — Py — M — 0.
If n is the least, then we set projdim M = n and if there is no such n, we set
projdim M = co. The class of all right (left) R-modules of projective dimension at
most n will be denoted P,,, the class of all right (left) R-modules of finite projective
dimension will be denoted P.

Dually, M is said to have injective dimension at most n, denoted injdim M < n,
if there is an injective coresolution of the foom 0 — M — Iy — [} — ... —
I, — 0. If n is the least, then we set injdim M = n and if there is no such n, we
set inj dim M = oo. The class of all right (left) R-modules of injective dimension at
most n will be denoted Z,,, the class of all right (left) R-modules of finite injective
dimension will be denoted 7.

Lemma 2.77. Let R be a ring, M be a right (left) R-module and 0 < n < w. Then
the following are equivalent

(i) M € P,.

(i) Ext?;rk(M, N) =0 for all right (left) R-modules N and every k > 1,
(iii) Exti™ (M, N) =0 for all right (left) R-modules N,
(iv) every n-th syzygy of M is projective.

Proof. This is a well-known fact which can be found in [10]. O
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Lemma 2.78. Let R be a ring, N be a right (left) R-module and 0 <n < w. Then
the following are equivalent

(i) N € Z,.
(ii) Ext}?’k(M,N) =0 for all right (left) R-modules M and every k > 1,
(iii) Exti™ (M, N) =0 for all right (left) R-modules M,
(iv) every n-th cosyzygy of N is injective,
(v) Exty™ (R/I,N) =0 for all right (left) ideals I of R.
Proof. This is a well-known fact which can be found in [10]. O

Lemma 2.79. Let R be a ring, N be a left R-module and 0 < n < w. Then the
following are equivalent

(i) N € F,.
(ii) Tor%+k(M, N) =0 for all right R-modules M and every k > 1,
(iii) Tor™ (M, N) =0 for all right R-modules M,
(iv) every n-th flat-syzygy of N is flat.
(v) Tor™ (R/I,N) for all right ideals I of R.
And let M be a right R-module and 0 < n < w. Then the following are equivalent
(i) M € F,.
(ii) Tor%+k(M, N) =0 for all left R-modules N and every k > 1,
(iii) Tort™ (M, N) =0 for all left R-modules N,
(iv) every n-th flat-syzygy of M is flat.
(v) Tory™ (M, R/I) for all left ideals I of R.
Proof. This is a well-known fact which can be found in [10]. O

Lemma 2.80. Let R be a ring, M, N be right (left) R-modules, S; € Q'(M) be an
i-th syzygy of M in some projective resolution of M and C_; € Q7 /(N) be an i-th
cosyzygy of N in some injective coresolution of N. Then

Eath(S;_1,N) =~ Batly(M,N) ~ Exth(M,C_;y1)

as abelian groups for all© > 1.

33



Proof. This is a well-known fact called dimension shifting, which can be found in
[11]. O

Definition 2.81. Let R be a ring and M be a right (left) R-module. Then M is
called strongly finitely presented if M posses a projective resolution (finite or infinite)
consisting of finitely generated right (left) R-modules. That is, there exists a long
exact sequence (finite or infinite) of right (left) R-modules

.—FP—...— P —F—M-—0

with P; projective and finitely generated for all ¢ > 0.
The class of all strongly finitely presented right (left) R-modules is denoted by
mod-R.

Lemma 2.82. Let R be a ring, M be a right (left) R-module and k be an infinite
cardinal. If M posses a projective resolution consisting of < k-generated projective
right (left) R-modules, then M is < k-presented.

Proof. We will prove the 'right’ version, the proof of the ’left’ version is analogical.
Let
. — P — P M—0

be a projective resolution (finite or infinite) of M with each P; < k-generated and
projective. Denote by K the first syzygy of M in the previous projective resolution
of M. Then by Lemma 2.43, there exists a right R-module My such that Py ® My is
free and < k-generated right R-module. It is easy to see that the following sequence
of right R-modules

ibid @0
0 KoM -2 PpyaMy —%° M —0,

where 4 is an inclusion 0 — K — Py, is exact. So by Lemma 2.50, M is < k-
presented. O

Lemma 2.83. Let R be a right (left) noetherian ring. Then mod-R is equal to the
class of all finitely generated right (left) R-modules.

Proof. We will prove the 'right’ version, the proof of the ’left’ version is analogical.
Let M be a strongly finitely presented right R-module. By Definition 2.81, we have
the following long exact sequence of right R-modules

.—P—...— P —F—M-—70

with P; projective and finitely generated for all ¢ > 0. Since P, is finitely generated,
M is finitely generated.
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Let M be a finitely generated right R-module. Let X be a finite generating
subset of M. By Lemma 2.72, M is finitely presented, so in the following short
exact sequence of right R-modules

0— K-SR M —0 (1)

K is finitely generated. If K is projective we are done and if K is not projective we
can use previous arguments again but now for the finitely generated right R-module
K and we get the following short exact sequence of right R-modules

0— L— RY) T, K —0, (2)

where Y is the finite generating subset of K and L is a finitely generated.
Composing (1) and (2) together we get the following long exact sequence of
right R-modules

pom

0—L—RY)ELRX) s —0.

If L is projective we are done and if L is not projective we can continue analogously
and we get the projective resolution (finite or infinite) of M consisting of finitely
generated projective right R-modules thus M is strongly finitely presented. U

2.2 Commutative case

In this subsection we will prove some basic facts from the theory of modules over

commutative rings.

Definition 2.84. Let R be a commutative ring. An ideal p of R is prime if the
following two conditions hold

(i) p# R,
(ii) for all z,y € R, if zy € p then z € p or y € p.
The set of all prime ideals is denoted by Spec R.

Definition 2.85. A commutative ring R is called an integral domain (or simply a
domain) if ab =0 implies a = 0 or b = 0.
An integral domain F is called a field if every non-zero element of F' has an

inverse under multiplication.
Lemma 2.86. Let R be a commutative ring and p be an ideal of R. Then
1. p is prime iff the factor ring R/p is a domain,

2. p is mazimal iff the factor ring R/m is a field.
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In particular, in any commutative ring, mazximal ideals are prime.
Proof. This is a well-known fact which can be found in [6]. O

Definition 2.87. Let R be a commutative ring. The height (ht) of a prime ideal p
of R is the supremum of the lenghts s of strictly decreasing chains p = pg 2 p1 2
<o+ D ps—1 2 ps of prime ideals of R.

The Krull dimension of R, denoted dim R, is defined by

dim R = sup {ht p | p € Spec R}.

It follows from the definition above that ht p+dim R/p < dim R and ht p = dim R,,.
If dim R = 0, then every prime ideal of R is minimal, and if R is a principal
ideal domain which is not a field, then dim R = 1.

Definition 2.88. Let R be a domain. We construct a field F' in which every non-
zero element r of R has an inverse 1/r, and further any element of f can be written
in the form r/s for r,s € R. The field F is called the field of fractions of R. The
technique is exactly the same as that used to manufacture the rational numbers Q
from the ring of integers Z.

Let ¥ = R\ {0} be the set of non-zero elements in R. We introduce a relation
~ on the set of pairs (r,s) € R x 3 by stipulating that (r,s) ~ (r/,s’) if and only if
rs’ = 1r's. It is easy to verify that this relation is an equivalence relation.

The fraction r/s is defined to be the equivalence class (r, s) under this relation
and F is the set of equivalence classes; thus r/s = r//s" if and only if rs’ = r's.

We define addition by

r/s+71')s = (rs' +1's)/ss,

and multiplication by
(r/s)(r' /")y = rr'/ss.

Another routine check shows that these rules are well-defined and make F' into a
ring with zero element 0/1 and identity 1/1.

Furthermore, /1 = 0 only if » = 0, so that we can identify R as the subring of
F consisting of all elements of the form r/1.

Then the identity r/r = 1/1 holds for all non-zero r in R, which confirms that
r has an inverse in F', and it is easy to see that F' is a field.

Definition 2.89. Let R be a commutative ring. The subset S of R is called multi-
plicative in case

(i) 0 &5,
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(ii) S is closed under multiplication.

Definition 2.90. Let R be a commutative ring and S be a multiplicative subset

of R. Then the localization of R with respect to S, denoted S™!R, is the set of all

equivalence classes (r,s) with r € R, s € S under equivalence relation (r,s) ~ (', s")

if there is an ¢t € S such that (rs’ —1’s)t = 0. It is easy to check that this relation

is indeed an equivalence relation. The equivalence class (r, s) is denoted by 7/s.
We now define addition and multiplication on S™'R by

r/s+r'/s = (rs'+1's)/ss
(r/s)(r'/s") = rr'/ss.

These operations are well-defined and S~ R is then a commutative ring with identity
1/1.

Remark 2.91. The mapping ¢: R — S7'R defined by ¢(r) = r/1 is a ring hommo-
morphism with Ker ¢ = {r € R | rs = 0 for some s € S}. As a consequence, ¢ is
injective iff S is without zero-divisors. Moreover, if R is a domain and S is the set
of all non-zero elements of R, then S~ R is the field of fractions of R.

Definition 2.92. Let R be a commutative ring and 7" be ring. Then T is said to
be an R-algebra if there is a ring homomorphism ¢: R — T. It is easy to see that
T is an R-module via tr = tp(r) for all r € R and t € T. For example every ring is
a Z-algebra and we have just seen that if R is a commutative ring, then S™'R is an
R-algebra for every multiplicative subset S of R.

Remark 2.93. Let R be a commutative ring, S be a multiplicative subset of R and J
be an ideal of S~'R. Define a set J N R as an inverse image of .J under the mapping
@ from 2.91. Then J N R is an ideal of R, moreover if J is prime then J N R is also
such.

Definition 2.94. Let R be a commutative ring, S be a multiplicative subset of R
and M be an R-module. Then the localization of M with respect to S, denoted
S~1M, is defined as for ST'R. S~!M is an abelian group under addition and is an
S~!R-module via (r/s) - (m/s') = rm/ss’.

Remark 2.95. Let R be a commutative ring and S be a multiplicative subset of R.
We note that an S~!R-module N is also an R-module via 7 -n = (r/1)-n. In
the following, the R-module structure on some S~!'R-module will always mean this
R-module structure.

Lemma 2.96. Let R be a commutative ring, S be a multiplicative subset of R and
M ,N be S~'R-modules. Then ¢: M — N is an S~'R-module homomorphism iff ¢

is an R-module homomorphism.
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Proof. Every S~!R-module homomorphism is clearly an R-module homomorphism.
Let ¢ : M — N be an R-module homomorphism. We need to prove that
o((r/s)m) = (r/s)p(m), for every r € R, s € S. But p((r/s)m) = o(r(1/s)m) =

re((1/s)m) = r(s/s)p((1/s)m) = (r/s)se((1/s)m) = (r/s)p(m). So the claim is
true. O

Lemma 2.97. Let R be a commutative ring and S be a multiplicative subset of R.
Then

1. If f: M — N is an R-module homomorphism, then S~'f: S™'M — S™IN
defined by (S71f)(m/s) = f(m)/s is an S~'R-module homomorphism.

2. If M' — M — M" is a sequence of R-modules which is exact at M, then
STIM' — S7IM — S7IM" is a sequence of S™'R-modules which is exact
at ST1M.

3. If N C M are R-modules, then S™Y(M/N) ~ S=Y(M)/S~L(N).
4. If M is an R-module, then ST'R®g M ~ S™'M as S™'R-modules.
5. SR is a flat R-module.

Proof. (1) and (2) are easy.

(3) follows from (2) by considering the short exact sequence of R-modules 0 —
N — M — M/N — 0.

For (4) define a map ¢ : STITR®g M — S™IM by p(r/s @ m) = (rm)/s.
Then ¢ is well-defined S~!R-homomorphism and ¢ is clearly onto. Now suppose
(rm)/s = 0. Then there is an s’ € S such that rs'm = 0. So (r/s) @ m =
(rs’/ss’y @m = (1/ss") @ rs'm = 0. Thus ¢ is one-to-one.

(5) follows from parts (2) and (4). O

Lemma 2.98. Let R be a commutative ring, S1 be a multiplicative subset of R and
M,N be S;*R-modules. Then

1.
M®51—1RN2M®RN

as ST ' R-modules,
2. if moreover, So C S1 is a multiplicative subset of R, then

(a) M is an SQ_IR—module via restriction of the scalar multiplication on
Sy 'R,
(b) So M =~ M as Sy R-modules.
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Proof. (1). This follows from the fact that in M ®r N we have
((r/s)m) @ n = (rm/s) ® (sn/s) = (sm/s) ® (rn/s) =m & ((r/s)n)

forany me M, ne€ N,r € R and s € S;.
(2)(a). This is easy.
(2)(b). By (1) and (2)(a), we have

SQ_IM:M@RSQ_IRQM@S;RSQ_IR:M
as Sy ! R-modules. O

Lemma 2.99. Let R be a commutative ring, S be a multiplicative subset of R and
M, N be R-modules. Then

STH M @rN)~SIM @g-15 5N
as ST R-modules.

Proof. By Lemmas 2.97, 2.47 and 2.98 we have

STAYMerN) ~ SR R(M@rN)~(S'Rr M)z N ~S'MeprN ~
~ (STIM®¢-1p STIR)@r N ~ (ST!M @r S'R) @ N ~
~ STIM@r(ST'ROprN)~S'MopS N ~
~ ST'M ®g-15STIN.

So the claim is true. O

Lemma 2.100. Let R be a commutative ring, S be a multiplicative subset of R and
M be an R-module. Then

1. if M is finitely generated, then S™'M is a finitely generated S~—'R-module,
2. if M is free, then S~'M is a free S~'R-module,
3. if M is projective, then S™'M is a projective S~'R-module.

Proof. (1) is easy.

Let X be a free basis of M. Then X = {z/1 | z € X} is clearly a generating
subset of an S~!R-module S~!M. Let N be an arbitrary S~!R-module and let
f: X — N be an arbitrary mapping. Define a mapping g: X — N by g(z) = f(z/1).
Since M is a free R-module, there is an R-module homomorphism ¢ : M — N
which extends g. By Lemmas 2.97 and 2.98, S~ !¢: S7'!M — N is an S~'R-module
homomorphism which extends f. So S~'M is a free S~!R-module.

(3) follows from Lemma 2.97 and (2) using the fact that M is a projective
R-module iff M is a direct summand of a free R-module. O
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Lemma 2.101. Let R be a commutative ring, S be a multiplicative subset of R and
M, N be R-modules. Then

ST (Tork(M,N)) =~ Torg_,5(S™*M,S™N)
as S~ R-modules.

Proof. Consider a short exact sequence of R-modules
0—K-—F-2M-—0

where F' is a free (hence projective) R-module and K is the kernel of ¢. Applying
— ®pr N and using Lemmas 2.57 and 2.79, we get the following exact sequence of
R-modules

0 — Torkr(M,N) — K ®pr N — FRg N — M @ N — 0.

Applying — ®z S™'R and using Lemma 2.97, we get the following exact sequence
of R-modules

0 — S~ (Torp(M,N)) — K@ S 'N — FRr S 'N — M ®r S 'N — 0.

Applying ST'R ®x — and using Lemmas 2.98, 2.47 and 2.96, we get the following
exact sequence of S~!R-modules

0 — S Y Torkh(M,N)) — ST'K®g- 15 S'N — S 'FRg 1SN —
— S IM®g-1pSIN —0.

Using Lemma 2.100, it is now easy to see that we have S™!(Tork(M,N)) ~
Torg_17(S™1M,S7IN) as S~1R-modules. O

Lemma 2.102. Let R be a commutative ring and S be a multiplicative subset of R.
If J is an ideal of ST 'R, then J = IS™'R ~ S™'I, where I = J N R is an ideal of

R and the previous isomorphism is an isomorphism of S™'R-modules.

Proof. I is an ideal of R by Remark 2.93. Clearly IS~'R C J. Now let a = r/s € J.
Then a = (r/1)(1/s). So it suffices to show that r € I. For then a € IS™'R. But
r/1=a(l/s) € Jandsor € JAR=1. Thus J = IS~!R. But from Lemma 2.58 it
easily follows that IS™'R ~ S™'R ®p I as R-modules since by Lemma 2.97, S™'R
is a flat R-module. By Lemma 2.96, IS™'R ~ ST'R®pr I as S~'R-modules. And
hence, by Lemma 2.97, IS~'R ~ ST as S~'R-modules. So the claim is true. [

Definition 2.103. Let R be a commutative ring and let p € Spec R. Then S = R\p
is a multiplicative subset of R. In this case ST'!R, S™'M and S~'f are denoted
by R, M), f@p) respectively, where M is an R-module and f is an R-module
homomorphism. We say that M,) is the localization of M at p.
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Lemma 2.104. Let R be a commutative ring and S be a multiplicative subset of
R. Then there is ono-to-one inclusion-order preserving correspondence between the
prime ideals of ST'R and the prime ideals of R disjoint from S given by S™'p < p.

Proof. Let J be a prime ideal of S~'R, and let p = J N R. Then p is a prime ideal
of R by Remark 2.93. But then J = S™!'p by Lemma 2.102. If pN S # (), then
1/1 € S~1p = J, a contradiction. Hence pN S = 0.

Now suppose p is a prime ideal of R disjoint from S. We claim that S~!pis a
prime ideal of ST'R. But 1 ¢ S~!p since pNS = (). Moreover if (a/s)-(b/t) € S~1p
with s,t € S, then (a/s) - (b/t) = ¢/r for some ¢ € p, r € S. So there is an s’ € S
such that (abr — stc)s’ = 0. But stes’ € p. So abrs’ € p where rs’ € S. But then
ab€pandsoa€porbcp Thatis, a/s € S~ 1porb/sec S Ip. Hence S7lpisa
prime ideal of S™'R. The rest is easy. O

Theorem 2.105. Let R be a commutative ring and let p € Spec R. Then there
s ono-to-one inclusion-order preserving correspondence between the prime ideals of

R,y and the prime ideals of R contained in p.
Proof. This follows from Lemma 2.104. O

Remark 2.106. Let R be a commutative ring and let p € Spec R. Then pR, is a
prime ideal of R(,) from the above. But if J is an ideal of R(;,), then J = I R}, where
I'is an ideal of R such that 1N (R\p) =0. So I C p and hence J = IR,y C pR,).
Thus pR,) is the maximal ideal of R,), moreover it is the only one of R,. So the
localization of a commutative ring R at a prime ideal p is a local commutative ring
with maximal ideal pR;,. The field R, / pR(y) is called the residue field of R,y and
it is denoted by k(p).

Definition 2.107. Let R be a commutative ring and M be an R-module. Then
a prime ideal p of R is said to be an associated prime ideal of M if p = Ann(m)
for some m € M. It is easy to see that this is equivalent to M containing a cyclic

submodule isomorphic to R/p. The set of all asociated prime ideals of M is denoted
by Ass(M).

Lemma 2.108. Let R be a noetherian commutative ring and M be an R-module.
Then M =0 iff Ass(M) = 0.

Proof. If M = 0 then clearly Ass(M) = ().

Let M # 0 and 0 # m € M. If Ann(m) is a prime ideal of R, we are through.
If not, let rs € Ann(m) with r,s € Ann(m). Then rm # 0 and s € Ann(rm). So
Ann(m) € Ann(rm). If Ann(rm) is not a prime ideal of R then we can repeat the
procedure. If the procedure did not stop we would contradict the fact that R is
noetherian. Hence the procedure stops and we see that Ass(M) # (). O
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Lemma 2.109. Let R be a noetherian commutative ring and M be a non-zero
finitely generated R-module. Then there exists a chain 0 = My C My € ...--- C
M,y C M, = M of submodules of M such that for each 1 < i < mn, M;/M;_1 ~
R/p; for some p; € Spec R.

Proof. Let p1 € Ass(M) (see Lemma 2.108). Then there is a submodule M; of
M such that My ~ R/p;. If My = M, then we are done. Otherwise let py €
Ass(M/Mjy). Then there is a submodule My of M containing M such that My /M ~
R/py. One then repeats this procedure to get the required submodules noting that
the process stops since M is noetherian. O

Lemma 2.110. Let R be a noetherian commutative ring, M be an R-module and p
be a prime ideal of R. Then p € Ass(M) iff pR,) € AssR(p)(M(p)).

Proof. If p € Ass(M), then R/p ~ Rm for some m € M, m # 0. So R/p is
isomorphic to a submodule of M. Thus R(,)/pR is isomorphic to a submodule of
My). Hence pR) € Assg, (M)

If pR,) € Assg, (M), then pRy,) = Anng, (m/s) where m/s € M, for
some m € M and s € R\ p. Since p is finitely generated, let p =< aq,a9,...,a, >.
Then (a;/1)(m/s) = 0 for each i. So there is an r; € R\ p such that r;a;m = 0 for
each i. Now set = riry...7,. Then ram = 0 for all @ € p. Thus p C Anng(rm).
If t € Anng(rm), then trm = 0 and so (t/1)(m/s) = 0. But then /1 € pR.
Consequently ¢ € p. Thus Anng(rm) C p. Hence p = Anng(rm) and so p €
Assp(M). O

Definition 2.111. Let R be a commutative ring. The support of an R-module M,
denoted Supp(M), is the set of all prime ideals of R such that M, # 0.

Lemma 2.112. Let R be a commutative ring and M be an R-module. Then M =0
iff Supp(M) =0 (moreover, M = 0 iff Supp(M) N mSpec R =0).

Proof. If M = 0 then obviously Supp(M) = 0.

If M #0,let m € M, m # 0, then Ann(m) C p for p maximal ideal of R.
Obviously p is also a prime ideal of R. But m/1 # 0 in M,y and so p € Supp(M).
Thus Supp(M) # 0. The 'moreover’ part follows from the previous part of the
proof. O

Lemma 2.113. Let R be a noetherian commutative ring and M be an R-module.
Then

1. Ass(M) C Supp(M),

2. if p is an inclusion-minimal element in Supp(M), then p € Ass(M).
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Proof. (1). 1If p € Ass(M), then pR,) € Assg, (My)) by Lemma 2.110. So
R /pR(p) is isomorphic to a submodule of M. Hence My # 0 and so
p € Supp(M). Thus Ass(M) C Supp(M).

(2). Let p be a minimal element in Supp(M). By Lemma 2.110, it suffices to
prove the result for a local noetherian commutative ring R with maximal ideal p and
a non-zero R-module M (note that a localization of a noetherian ring is clearly a
noetherian ring). Since p is minimal, we further assume that M4 = 0 for all prime
ideals ¢ contained in p. So Supp(M) = {p}. But Ass(M) C Supp(M) by (1). So
p € Ass(M) since Ass(M) # 0. O

Lemma 2.114. Let R be a commutative ring and M be a finitely generated R-
module. Then Supp(M) = {p € Spec R | Ann(M) C p}.

Proof. If M = m1R + moR + --- + m, R for some m1,mo,...,m, € M, then p €
Supp(M) iff there is an 7 such that m;/1 # 0 in M(,). But this means that there is
an ¢ such that Ann(m;) C p. But this helds iff Ann(M) =, Ann(m;) Cp. O

Definition 2.115. Let R be a commutative ring and I be an ideal of R. Then the
radical of I, denoted /T, is defined by VI = {r € R | 7™ € I for some n > 0}. We
note that I C VILIET = 0, then VT is called the nilradical. Tt is easy to see that
the nilradical is the set of all nilpotent elements of R.

Lemma 2.116. Let R be a commutative ring and I be an ideal of R. Then /T is
the intersection of all prime ideals p of R containing I, i.e. \/I = ﬂ[gpp'

Proof. Let p be a prime ideal containing I. If r € /I, then r™ € I C p and so r € p.
Hence /T C NicpPp-

Now let » ¢ v/I. Then r™ ¢ I for each n > 0. So S = {1,r,72,...} is a
multiplicative subset of R disjoint from I. Then the set of all ideals J such that
I C Jand JNS = () has a maximal element g by the Zorn’s Lemma. We claim that ¢
is a prime ideal. We first note that if s ¢ ¢, then (¢+sR)NS # () for otherwise ¢+ sR
would contradict the maximality of q. So s € ¢ iff (¢+sR)NS = 0. Thus s1 € q, s2 &
q implies that (¢+s;R)NS # (). Since S is multiplicative, ((¢+s1R)(q¢+s2R))NS # 0.
But (¢ + s1R)(q + s2R) C (g + s152R). So (q + s152R) N S # 0 and thus s1s5 € q.
So ¢ is a prime ideal of R. Hence r ¢ ﬂ[gp p. Thus VI = ﬂ]gpp- O

Corollary 2.117. Let R be a commutative ring. Then the set of all nilpotent ele-

ments of R is the intersection of all prime ideals of R.
Proof. This follows from Definition 2.115 and Lemma 2.116. ]

Lemma 2.118. Let R be a noetherian commutative ring and I be an ideal of R.
Then (VI)" C I for some n > 0.
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Proof. Since R is noetherian, let I =< ri,72,...,rs >. Then ri € I for some
n;>0. Let n=(ng —1)4 (ng — 1)+ - + (ns — 1) + 1. Then (v/I)" is generated

by monomials 71" ry" ... rl" where Ele m; = n and m; > n; for some i. Thus
n
rMrl? . rMs € T and so (VI) C I O

Definition 2.119. Let R be a ring and M be a right (left) R-module. Then M
is indecomposable if there are no non-zero submodules M; and Ms of M such that
M = My & Ms.

Lemma 2.120. Let R be a commutative ring and M be an injective R-module.
Then M s indecomposable iff it is the injective envelope of each of its non-zero

submodules.

Proof. Let N be a non-zero submodule of M. Then M ~ E(N) @& N’ for some
R-module N’. Thus N’ = 0 since M is indecomposable. Conversely, suppose M =
My & Ms. If My # 0, then My C M is an essential extension by assumption. But
Mi N My =0. So My =0 and we are done. O

Lemma 2.121. Let R be a commutative ring and p,q € Spec R. Then

~

. E(R/p) is indecomposable R-module,

2. if s € R\p, then the mapping multiplication by s is an R-module automorphism
on E(R/p),

3. E(R/p) ~ E(R/q) iff p = q,
4. Ass(E(R/p)) = {p},

5. E(R/p) is an R, -module and it is an injective hull of (R/p)(p) = R(p)/(PRp)),
that is

Er(R/p) = Er,(R)/(PRp)))-

Proof. (1). Suppose there are non-zero submodules E; and Es of E(R/p) such that
E(R/p) = E1®E>. Then E;NR/p # 0fori = 1,2 since R/p C E(R/p) is an essential
extension. So let z; € E; N R/p be a non-zero elements. (E; N R/p), i = 1,2 are
ideals of R/p, thus z122 € (E1NR/p)N(E2NR/p). But (E1NR/p)N(E2NR/p) = 0.
So x1x9 are non-zero elements in R/p such that z129 = 0. This contradicts the fact
that R/p is a domain (see Lemma 2.86). Hence E(R/p) is indecomposable.

(2). Let p: E(R/p) — E(R/p) be the mapping multiplication by s. Since p is a
prime ideal, ¢ is injective on (R/p). So Ker ¢ N (R/p) = 0. But (R/p) C E(R/p) is
an essential extension. So Ker ¢ = 0 and thus ¢ is injective. But then p(E(R/p)) is
an injective submodule of E(R/p), thus ¢(E(R/p)) is a direct summand of E(R/p).
So ¢ is an automorphism since E(R/p) is indecomposable by (1).
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(3). Suppose p # q. Let p Z gq. Then the mapping multiplication by s € p\ ¢
is an automorphism on E(R/q) but clearly not on E(R/p). So E(R/p) # E(R/q).

(4). First, R/p C E(R/p), thus p € Ass(E(R/p)). Let g € Ass(E(R/p)), then
R/q is isomorphic to a submodule of E(R/p) and since E(R/p) is indecomposable
by (1), we have that E(R/q) ~ E(R/p). Hence p = q by (3).

(5). For each s € R\ p denote ¢s: E(R/p) — E(R/p) mapping multiplication
by s. Then by (2), E(R/p) is an R,-module via m(r/s) = ¢;!(mr), where r € R,
s € R\ p. Using Lemma 2.98, it is now easy to see that E(R/p) 2 (R/p)q-
Since E(R/p) is an essential extension of (R/p) and E(R/p) 2 (R/p)y) 2 (R/p),
E(R/p) is also an essential extension of an R,y-module (R/p),). And since E(R/p)
is injective as R-module, it is also injective as R(,)-module by Lemma 2.96. Thus
E(R/p) is an injective hull of an R,-module (R/p),)- O

Lemma 2.122. Let R be a noetherian commutative ring and p,q € Spec R. Then

1. if m € E(R/p), then there exists an n > 0 such that mp™ =0,

2. Homg(E(R/p), E(R/q)) # 0 iff p C q,

3. if § is a multiplicative subset of R, then
(a) if SNp =0 then E(R/p) is an S~'R-module,

(b)
E(R/p), ifSnp=10

SlE(R/p)g{o ifSnp+£0

as ST R-modules.

Proof. (1). Let m € E(R/p), m # 0. Then mR ~ R/Ann(m). But Ass(E(R/p)) =
{p} by 2.121. So Ass(mR) = {p} since Ass(mR) # (. But then by Lemma 2.113,
p is the unique minimal element in Supp(mR). But Supp(mR) = {p € SpecR |
Ann(mR) C p} by Lemma 2.114. Hence p is the radical of Ann(m) (note that every
ideal of R is finitely generated). By Lemma 2.118, we have p" = (\/W(m))” C
Ann(m). So (1) is true.

(2). If p C g, then we have a homomorphism R/p 2 R/q induced by the
inclusion p C gq. Now embed R/q into E(R/q). Then the composition of ¢ and
the inclusion R/q C E(R/q) can be extended to a non-zero homomorphism in
Homp(E(R/p), E(R/q)) since E(R/q) is injective.

Now let ¢ € Homg(F(R/p), E(R/q)) be non-zero. Then let m € E(R/p) be
such that ¢(m) # 0. If r € p, then r™m = 0 for some n > 0 by (1) above. So
r™ € Ann(m). But by 2.121, Ass(p(m)R) = {q} thus there is an s € R such
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that Ann(p(m)s) = ¢, it implies that Ann(p(m)) € Ann(e(m)s) = q. Therefore
Ann(m) C Ann(¢(m)) C q. So r™ € g and thus r € g. Hence p C q.

(3)(a). If SNp = 0, then for each s € R\ p denote ¢,: E(R/p) — E(R/p)
mapping multiplication by s. Then by 2.121 (2), E(R/p) is an S~!R-module via
m(r/s) = o3 (mr) where r € R, s € S.

(3)(b). If SNp = 0, then using Lemma 2.98, we have that ST'E(R/p) ~ E(R/p)
as S~!R-modules.

If SNp # 0, then let s € SNp, by (1) above we have that for each m € E(R/p)
there is an n > 0 such that ms™ = 0. Thus for each m/s’ € ST'E(R/p) we have
that m/s" = (m/s")(s"/s™) = (ms™)/(s's™) = 0. So (3) is true. O

Theorem 2.123. Let R be a commutative noetherian ring. Then

1. if E is an indecomposable injective R-module, then E ~ E(R/p) for some
p € Spec R,

2. every injective R-module FE is a direct summand of indecomposables R-
modules. This decomposition is unique in the sense that for each p € Spec R,
the number of summands isomorphic to E(R/p) depends only on p and E.

Proof. (1). Let p € Ass(E) (see Lemma 2.108). Then R/p is isomorphic to a
submodule of E. Thus E ~ E(R/p) by Lemma 2.120.
(2). This is part of the Theorem 3.3.10. from [10]. O

Lemma 2.124. Let R be a commutative ring and F be an R-module. Then F is
flat iff F} 1s flat as Ry)-module for all p € Spec R (moreover, F is flat iff F), is flat
as Ry -module for all p € mSpec R).

Proof. Let F be flat and let p € Spec R. Let A — B be an injective R(,)-module
homomorphism, by Lemma 2.96, it is also an injective R-module homomorphism.
Since F' is a flat R-module, the induced R-module homomorphism A ®p F —
B @p F'is injective and since by Lemma 2.97, R, is a flat R-module, the induced
R-module homomorphism A®@gr F'®g R(,) — BRRrF ®pg Ry is also injective. Now
using the fact that A@p F'®@p R;,) ~ AQp F(,) ~ A @R, Fp) as B(p)-modules and
analogously B ®r ' Qg Ry ~B® Ry Fp) as R(p)—modules (see Lemmas 2.97 and

—

2.98), it is easy to see that the induced R(,)-module homomorphism A® Rep Flp)
B ®R,,, Fp) is injective, so F{y) is a flat R(,)-module.

Let F{,) be a flat R(,)-module for all p € mSpec R. Let A — B be an injective
R-module homomorphism. Denote K the kernel of the induced R-module homo-

morphism A ®gr FF — B ®g F. So the sequence 0 — K — AQr F — B®prF
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is the exact sequence of R-modules. By Lemma 2.97, the following sequence of
R,)-modules
0— Ky — (A@r F)p) — (BrF)y)

is exact. Since by Lemma 2.99, (A ®r F)) ~ Ap) ®r,, F(p) as R)-modules and
(B QR F)(p) ~ B(p) ®R(p) F(p) as R(p)—modules, it follows that K(p) = 0. Thus
Ky =0 for all p € mSpec R, so K =0 by Lemma 2.112. So the claim is true. [J

Definition 2.125. A domain R is called a valuation domain if the set of all ideals

of R form a chain under inclusion.

Lemma 2.126. Let R be a valuation domain and I be a finitely generated ideal of
R. Then I is a principal ideal.

Proof. Let {z1,z9,...,z,} be the generating subset of I. Since the set of all ideals
of R form a chain under inclusion, there exists k € {1,2,...,n} such that xR 2O
U=} ziR. But then we have I = z, R, thus I is principal. O
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3 Tilting modules

Definition 3.1. Let R be a ring and C be a class of right R-modules. We define a
right orthogonal class of C, denoted C1, as

CH = {M € Mod-R | Exth(C, M) for all C € C},
and a left orthogonal class of C, denoted +1C, as

L1¢ = {M € Mod-R | Exth(M,C) for all C € C}.
Let i > 1, the class C is defined by

Cti = {M € Mod-R | Ext’(C, M) for all C € C},

the class Cte is defined by
CJ_oo — m CJ_j7
1<j<w

the classes +iC and +=C are defined analogicaly.

Remark 3.2. Let R be a ring and C be a class of right R-modules. Then C C +1(C11)
and C C (110)™. Also €y C Co implies 1Cy € ¢y and €3 C C;'. From this, it
follows that (£1(C11))™ = ¢4t and L1((110)™) = Lic.

We also note that each right orthogonal class is closed under extensions, direct
summands and arbitrary direct products and contains all the injective modules and
each left orthogonal class is closed under extensions, direct summands and arbitrary
direct sums and contains all the projective modules.

Definition 3.3. Let R be a ring and A, B be two classes of right R-modules. Then
the ordered pair (A, B) is called a cotorsion pair (or cotorsion theory) if A = 111
and B = At

From Remark 3.2, it follows that (+1(C*1),C*1) and (+1C, (hC)Ll) are cotor-
sion pairs, they are called cotorsion pairs generated and cogenerated, respectively,
by the class C.

In case when C consists of a single right R-module C, we simply write -1C and
C11 in place of 11{C} and {C}*.

Remark 3.4. Let (A, B) be a cotorsion pair, then by Remark 3.2, we have that

1. Py € A and A is closed under extensions, direct summands and arbitrary

direct sums,

2. Ty C B and B is closed under extensions, direct summands and arbitrary direct
products.
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We also note that for any ring R, the cotorsion pairs of right R-modules are
partialy ordered by inclusion of their first component. The largest element under this
order is (Mod-R,Z,), the least is (Py, Mod-R), these are called the trivial cotorsion

pairs (or trivial cotorsion theories).

Definition 3.5. Let R be a ring, C be a class of right R-modules and M be a
right R-module. A homomorphism f: M — C with C' € C is a C-preenviope of
M if for each homomorphism f': M — C’ with C’ € C there is a homomorphism
g: C — (' such that f" = gf. The C-preenvlope f of M is a C-envlope of M if for
each g: C' — C the equation f = gf implies that ¢ is an automorphism of C. The
C-preenvlope f of M is called special if f is injective and Coker f € 11C

A homomorphism f: C — M with C' € C is a C-precover of M if for each
homomorphism f’': C’ — M with C” € C there is a homomorphism g: C’ — C such
that f' = fg. The C-precover f of M is a C-cover of M if for each g: C' — C the
equation f = fg implies that g is an automorphism of C'. The C-precover f of M is
called special if f is surjective and Ker f € C+1

If C is a class of right R-modules such that each right R-module has a special
preenlope (special precover) then C is called special preenvloping (special precover-
ing).

Note that both the C-preenvlope of M and the C-precover of M need not to be

unique.

Definition 3.6. Let R be a ring and (A, B) be a cotorsion pair of right R-modules.
Then (A, B) is called complete if each right R-module has a special A-precover and
each right R-module has a special B-preenvlope.

Definition 3.7. Let R be a ring and C be a class of right R-modules. Then

(i) C is called resolving if C is closed under extensions, Py C C and A € C,
whenever 0 — A — B — C — 0 is a short exact sequence such that
B.C e,

(ii) C is called coresolving if C is closed under extensions, Zop € C and C € C,
whenever 0 — A — B — (' — 0 is a short exact sequence such that
A,BeC.

Definition 3.8. Let R be a ring and (A, B) be a cotorsion pair of right R-modules.
Then (A, B) is called hereditary if A is resolving and B is coresolving.

Definition 3.9. Let R be a ring and C be a class of right R-modules. Then C is of
finite type if there exist n < w and a class (equivalently a set) S C P such that
C=S8t=.

Let T be a right R-module. Then T is of finite type if the class T is of finite
type.
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Lemma 3.10. Let R be a ring and T a right R-module of projective dimension n.
Let0 — P, — ... — Py — T — 0 be a projective resolution of T with syzygies
T =50,51,...,50-1,5, = P, Sp41=0,5,42=0,... and let S= @@ S;. Then

0<i<n
1. (F1(T+e), T+=) is the cotorsion pair generated by S,
2. L1(Tt=) C P,.
Proof. (1) by Lemma 2.80 we have

T+~ = () {M €Mod-R | Exti(T,M) =0} =
1<i<w
= () {M € Mod-R | Extp(S;—1, M) =0} =
1<i<w
= () {M € Mod-R | Extj(S;, M) = 0} =
0<i<n
= {MeMod-R| [] Extp(S;,M)=0}=

0<i<n

= {M € Mod-R | Extp( @ Si, M) =0} =( P S)

0<i<n 0<i<n

ok,

So the (1) is true.
(2) by assumption, S € P,, so St D P, 1. By (1), Remark 3.2 and Theorem
7.10, 11 (Th=) = L1(Sh) C Liy(P, 1) = P, O

Definition 3.11. Let R be a ring. A right R-module T is tilting provided that
(T1) T has finite projective dimension (that is, T € P),
(T2) Ext’(T,T") =0 for all 1 <i < w and all cardinals &,

(T3) there are r > 0 and a long exact sequence 0 — R — Ty — --- — T, — 0,
where T; € Add(T") for all + <.

The class T~ is called tilting class induced by T and the cotorsion pair
(f1(T+e), T+) is called tilting cotorsion pair induced by T

If n < wand T is tilting of projective dimension < n, then 7' is n-tilting, the class
T+ is called n-tilting class induced by T and the cotorsion pair (+1(T-tee), Ttee)
is called n-tilting cotorsion pair induced by T.

If T and T" are tilting right R-modules, then T is said to be equivalent to T" if
the induced tilting classes coincide, that is, T = (T")+e,
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Definition 3.12. Let R be a ring and let u be an ordinal. The sequence A = (A, |
a < p) of right (left) R-modules is called a continuous chain of R-modules in case
following three conditions hold

(i) Ao =0,
(ii) Aq C Ag4q for all a < p,
(iil) Aa =Ug<q Ap for all limit ordinals o < pu.
If p is finite, the previous sequence is called a finite chain of R-modules.

Definition 3.13. Let R be a ring, M be a right (left) R-module, and C be a class of
right (left) R-modules. Then M is C-filtered, provided that there are an ordinal y and
a continuous chain of right (left) R-modules (M, | @ < p), consisting of submodules
of M such that M = M,, and each of the right (left) R-module My41/Mq (o < p)
is isomorphic to an element of C. The chain (M, | o < p) is called a C-filtration of
M. If p is finite, then M is said to be finitely C-filtered and the coresponding finite
chain of R-modules is called a finite C-filtration of M.

Now, we will prove that each tilting module over an arbitrary ring is strongly
finitely presented. We will need this result in order to prove that finitely generated

tilting modules over commutative rings are projective.

Lemma 3.14. Let R be a ring, (A, B) be a tilting cotorsion pair. Then each count-
ably generated right R-module M from A is countably presented.

Proof. By Theorem 7.14, there is a A<®!-filtration M = (M, | o < o) of M. Thus
each right R-module M,1/M, (o < o) posses a projective resolution consisting of
< Nj-generated projective right R-modules. Using Lemma 2.82, we see that each
Mas1/M,, (a < o) is < Ny-presented. By Theorem 7.11 (in setting k = 8y, N =0
and X be a generating subset of M of cardinality < k), we have that M is countably
presented. ]

Lemma 3.15. Let R be a ring and T be a finitely generated tilting right R-module.
Then T is strongly finitely presented.

Proof. Denote (A, B) the cotorsion pair induced by T. By Lemma 3.10, T+~ = St1,
so S € +1(T+=) and since T is a direct summand in S, we have that 7 € +1(T+).
Using Lemma 3.14 and the fact that T is finitely generated, we have the following
short exact sequence of right R-modules

0—K-—R™ 7 90
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where m < w and K is countably generated. Write K = Jj,.,, K; as the union
of the strongly increasing continuous chain of finitely generatgd submodules K; of
K. Let E; denote the injective hull of K/K;. Define f: K — [[j<;c, Ei by
f(k) = (k+ K;)o<i<w- For every k € K, there is an iy, < w such that k € }Qk, so the
image of f is contained in @, ., F;. Using Remark 3.4 and Theorem 7.13, we have
that @y, £i € B and since T € A, there is g € Homp(R™, Py, Ei) such
that g [;;: f. But, the image of ¢ is finitely generated, so there exists i < w such
that Im f C @OSJ i Fj and hence K; = K proving that K is finitely generated. If
K is projective we are done, otherwise repeat the previous procedure again but now
for the following short exact sequence of right R-modules

0—L—R™ _ K0

where L is countably generated (see Lemma 3.10 and use the fact that K is the first
syzygy of T'). We get that L is finitely generated and if L is projective we are done,
otherwise we can repeat the previous procedure again, etc. So T is strongly finitely
presented. ]

The following Lemma is crucial in proving that finitely generated tilting modules
over commutative rings are projective. The technique of the proof is taken from
Proposition 2.2. from [9] and its modification is due to S. Bazzoni.

Lemma 3.16. Let R be a commutative ring and M be a strongly finitely presented
R-module such that projdimr M < n and Extla(M,M) =0 for all 1 <i <n. Then

M s projective.

Proof. Suppose that projdimM =k, 0 <k <n. Let 0 — P, — ... — Py —
M — 0 be the projective resolution of M consisting of finitely generated projective
R-modules. Denote by S the (k— 1)th syzygy of this resolution of M. We will prove
that S is projective, it will be the contradiction proving that M is projective.

Since S is strongly finitely presented, by Lemmas 2.82, 2.66 and 2.124, it is
enough to prove that for every maximal ideal I of R, S(1) is a projective Rp-module.

Let I be a maximal ideal of R. We can assume without loss of generality, that
My # 0, because Sy is the (k — 1)th syzygy of the following projective reolution
of My (see Lemma 2.100)

0— (B)py — - — (o)) — My — 0.

By Lemma 2.100, My is a finitely generated R -module. By Remark 2.106, Ry
is a local ring with a maximal ideal IR). So by Nakayma’s Lemma 2.38, we
obtain that My # Myl = (MI)(I) and hence M # MI. Therefore by Remark
2.27, M /(MTI) is a non-zero (R/I)-vector space. So that we have an (R/I)-module
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epimorphism M/(MI) - (R/I) — 0 (it is a projection to some of it’s one-
dimensional subspace). ¢ is clearly also an R-module epimorphism and if we define
Y = @ o as a composite mapping of a canonical projection M = M/(MI) and ¢,
we have the following short exact sequence

0—K— M- R/I—0

of R-modules (K is the kernel of ¢). Applying Hompg(M, —) to the previous short
exact sequence we get part of the induced long exact sequence

Extf,(M, M) — Ext}, (M, R/T) — Ext%™ (M, K).

Since Extf, (M, M) = Exth™ (M, K) = 0 (projdim M = k), using Lemma 2.80 we
obtain that Ext% (M, R/I) = ExthL(S,R/I) = 0.
Now using Lemmas 2.23 and 7.2 we get that
0 = Exth(S,R/I) ~ Exty(S,Homg(R/I, E(R/I))) ~
~ Hompg(Tork(S, R/I), E(R/I)).

Since by Lemma 2.121, Er(R/I) = Eg,, (R)/(IR(1))) as R(-modules and there-
fore as R-modules, we obtain by Lemmas 2.45, 2.96 and 2.46 that

0 = Hompg(Torg(S, R/I), Er, (R /IR1)) ~

Rl )
Torg (S, R/I), Homg,, (R(r), Er, (R(1)/IR(1))) ~
Tork(S, R/I), Homg(R 1), Er, (R()/IR1))) =~
~ Hompg(Torg(S, R/I) ®r R1), Er;, (R /IR (p))) =~

~ HomR(I)(Tor}%(S,R/I) ®RR([),ER(I)(R(I)/IR(I))).

Remark 2.106 and Lemma 2.64 imply that Eg, (R)/(IR())) is an injective
cogenerator for Rp-modules, thus

TOI“}%(S, R/I) QR R(I) =
Hence by Lemma 2.101,
Torg,,, (Sry, Ry /(IR (1)) = 0.

Therefore in view of Theorem 7.5, S(y) is a projective R(j-module and we are done.
O

Corollary 3.17. Let R be a commutative ring and T be a finitely generated tilting
R-module. Then T is projective.
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Proof. This follows from Lemmas 3.15 and 3.16. U

Now we will define Gorenstein rings and Bass tilting modules and we will prove
that Bass tilting modules are 1-tilting.

Definition 3.18. A ring R is called Iwanaga-Gorenstein (or simply Gorenstein) if
R is both left and right noetherian and if R has finite self-injective dimension on
both the left and the right. A Gorenstein ring with injdim rpR < n (or equivalently
with injdim R < n) is called n-Iwana-Gorenstein (or simply n-Gorenstein ring).

Lemma 3.19. Let R be a commutative noetherian ring. Then the following are

equivalent
1. R is n-Gorenstein,
2. Krull dimension of R is at most n, i.e. dim R <n,
3 P=I=F=P,=1,=F,,

4. the minimal injective coresolution of R is of the form

0— R— @ E(R/p) — @ E(R/p) — ... — @ E(R/p) — 0.

ht p=0 ht p=1 ht p=n
Proof. These are the classical results on Gorenstein rings and can be found in [12,
§18]. O

Definition 3.20. Let R be a commutative 1-Gorenstein ring. Let Py and P, denote
the sets of all prime idelas of height 0 and 1, respectively. By Lemma 3.19, the
minimal injective coresolution of R has the form

0— R— P ER/q) — P E(R/p) — 0.
q€Py pEP)

Consider a subset P C P. Put Rp = 7 "(@,cp E(R/p)) and Tp = Rp @
@D,cp E(R/p). We define the Bass tilting module (with respect to P C Pp) as
Tp.

The following can also be found in [3] as Example 4.1.

Lemma 3.21. Let R be a commutative 1-Gorenstein ring. Then the Bass tilting
module Tp is a 1-tilting module for any P C P;.
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Proof. Let P C P; and consider the Tp.
(T1). First note that the R-modules P, cp\p E(R/p) and ,cp E(R/p) are
injective because R is noetherian. By Definition 3.20, we have the following short

exact sequence

0— Rp — E(R) — P E(R/p) —0.
peEPI\P

We see that Rp has an injective dimension < 1. Since both Rp and P, p E(R/p)
have injective dimension < 1, so does Tp. By Lemma 3.19 we have that Tp has also
projective dimension < 1, so Tp € P; and (T1) is satisfied.

(T2). First we will prove that ExthL(E(R/p), Rgf)) = 0 for any p € P and any
cardinal k. Consider the short exact sequence

0— RY — ER)W — P Br/p)" — 0.
pEPi\P

Applying Homg(E(R/p),—), we get part of the induced long exact sequence

Homp(E(R/p), ) E(R/p)") — Exth(E(R/p), RY) — Exth(E(R/p), E(R)™).
peEP1\P

But by Lemma 2.122, Homp(E(R/p), @D, p,\ p E(R/p)") = 0 and since E(R)™ is
an injective R-module, we also have Ext}%(E(R/p),E(R)(“)) = 0. So we have just
proved that Exth(E(R/p), Rgf)) = 0 for any p € P and any cardinal x.

By Definition 3.20, we have the following short exact sequence

0— R— Rp — (P E(R/p) — 0.
peP

Applying Homp(—, Rgf)), we get part of the induced long exact sequence

Exth(@D E(R/p), R%)) — Exth(Rp, R%) — Exth(R, RY)).
peP

We already know that Exth (€D, p E(R/p), RY”) =~ [1,cp Exth(E(R/p), RY”) = 0

and we also have Extp(R, RJ(DF”)) = 0 because R is a projective R-module, so we have
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just proved that Exth(Rp, R(K)) = 0 for any x. Now we have

Exth(Tp,Ty)) =~ Exth(Rp® @ E(R/p), Tp)) ~
peEP
~ Exth(R,, T3)) & [] Exth(E(R/p), Tp") ~
peP
~ Exth(Rp, RY) @ Exth(Re, D E(R/p)™) &
peP

o I Exth(ER/p), RY) & Bxth(E(R/p). B /")
peP peEP

Using ExtL(E(R/p), Rgf)) = 0 for any p € P and any cardinal x, Exth(Rp, R(F”)) =0
for any cardinal x and Exth(M,I) = 0 for any R-module M and any injective
R-module I, we have just proved that Ext R(TP,T( )) = 0 for any cardinal k.
By the previous part, Tp has projective dimension < 1, so (using Lemma 2.77)
Ext’é(Tp,Tl(f)) = 0 for all # > 1 and all cardinals s, thus the condition (T2) is
satisfied for Tp.

(T3). The short exact sequence 0 — R — Rp — @, p E(12/p) — 0 yields that
the condition (T3) is satisfied for Tp. O

Remark 3.22. Consider the short exact sequence

0— R— Rp — (P E(R/p) — 0.
peP

Applying Hompg(—, M) (M is an arbitrary R-module), we get part of the induced

long exact sequence

Ext(EP E(R/p), M) — Extp(Rp, M) — Extp(R, M).
peP

We have Ext}(R, M) = 0 because R is a projective R-module and since

Exth((D E(R/p). M) ~ ][ Exti(E(R/p), M),
peP peP
we have that if Exth(E(R/p), M) = 0 for all p € P then Exth(Rp, M) = 0.
By Definition 3.11 and Lemma 2.77 (Tp is 1-tilting R-module), the 1-tilting
class induced by Tp is {M € Mod-R | Exth(Tp, M) = 0}. But we have

Extp(Tp, M) ~ Extp(Rpe @D E(R/p), M)~
peP

~ Exth(Rp,M)® H ExthL(E(R/p), M).
peP
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So by the previous part we get that T5> = {M € Mod-R | Exth(E(R/p), M) = 0
for all pe P} = ﬂpep(E(R/p))J-l.

Lemma 3.23. Let R be a ring and C a left R-module of injective dimension n.
Let 0 — C — Iy — I — ... — I, — 0 be an injective coresolution of
C with cosyzygies C' = Sp,S1,...,9-1,5, = In,Sp+1 = 0,542 = 0,... and let
S= T Si. Then (+t=C,(+= C)Ll) is the cotorsion pair cogenerated by S.

0<i<n

Proof. By Lemma 2.80 we have

t=C = () {M € Mod-R | Extp(M,C) = 0} =
1<i<w
= () {M € Mod-R | Extp(M,S;_1) =0} =
1<i<w
= () {M €Mod-R|Exty(M,S;) =0} =
0<i<n
= {MeMod-R| [] Extp(M,S;)=0}=
0<i<n
= {M € Mod-R | Extp(M, [] S)=0=""(]] S)="5
0<i<n 0<i<n
So the claim is true. O

Definition 3.24. Let R be a ring. A left R-module C is cotilting provided that
(C1) C has finite injective dimension (that is, C € 7),
(C2) Exth(C*,C) =0 for all 1 <i < w and all cardinals ,

(C3) there are r > 0 and a long exact sequence 0 — C,, — -+ — C; — Cy — W —
0, where C; € Prod(C) for all ¢ < r and W is an injective cogenerator for
R-Mod.

The class +>~C is called cotilting class induced by C and the cotorsion pair
(teC, (l‘”C)ll) is called cotilting cotorsion pair induced by C.

If n < wand C is cotilting of injective dimension < n, then C' is n-cotilting,
the class T~C is called n-cotilting class induced by C and the cotorsion pair
(teC, (l“C)ll) is called n-cotilting cotorsion pair induced by C.

If C and C’ are cotilting left R-modules, then C is said to be equivalent to C'
if the induced cotilting classes coincide, that is, T C = Lt ",
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4 Tilting modules over Dedekind domains

In this chapter, we will prove that every tilting module over a Dedekind domain is
equivalent to some Bass tilting module.

Definition 4.1. A ring R is right (left) hereditary in case every right (left) ideal of
R is a projective right (left) R-module.

Remark 4.2. Note that a ring may be right hereditary but not left hereditary. The
term hereditary ring will mean a ring which is both left and right hereditary. It is
clear that, when R is commutative, R is left hereditary precisely when it is right
hereditary.

Lemma 4.3. Let R be a ring. Then the following are equivalent

~

. R is right (left) hereditary,

2. if M is an injective right (left) R-module, then M/M' is injective for every
submodule M' C M,

3. if M is a projective right (left) R-module, then M’ is projective for every
submodule M' C M,

4. Exth(M,N) = 0 implies Exts(M, N/N') =0 for all right (left) R-modules M,
N'CN,

5. Bxth(M,N) =0 implies Exty(M',N) = 0 for all right (left) R-modules M' C
M, N,

6. Exta(M,N) =0 for all i > 2 and for all right (left) R-modules M, N,

7. Mt = MY for all right (left) R-modules M.
Proof. This is a well-known fact which can be found in [8]. O
Definition 4.4. A hereditary integral domain is called a Dedekind domain.
Lemma 4.5. Let R be a Dedekind domain. Then

1. R is noetherian and injdim R < 1, in particular R is a hereditary 1-Gorenstein
domain,

2. every non-zero prime ideal p of R is mazximal, i.e. htp =1 iff p € mSpec R,

3. if p € Spec R, then R, is a valuation domain.
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Proof. (1). It is a well-known fact that every Dedekind domain is noetherian (see
[12] or [6]) and by Lemma 4.3, the following short exact sequence

0— R— E(R) — E(R)/R—0

is an injective coresolution of R.
(2) and (3) are well-known facts and can be found in [12]. O

Lemma 4.6 (Eklof Lemma). Let R be a ring, N be a right (left) R-module, and
M be a 1 N-filtered right (left) R-module. Then M € L1 N. (Or equivalently: Let
R be a ring and M, N be right (left) R-modules. If there is a continuous chain
(My | o < ) of submodules of M such that M = M,, and Evtl(Mp11/Ma, N) =0
for all ordinals o < pu. Then Exth(M,N) =0.)

Proof. We will prove the 'right’ version, the proof of the ’left’ version is analogical.
Let (M, | @ < p1) be a +1 N-filtration of M. So by Definition 3.12, Ext},(My, N) = 0
and by Definition 3.13, Exth(Ma+1/Ma, N) = 0 for each a < p. We will prove that
Exth(M,N) = 0.

By induction on o < p we will prove that Exth(M,, N) = 0. This is clear for
a = 0. Applying Hompg(—, N) to the following short exact sequence

0 — My — Mai1 =5 Mag1 /Mo — 0
we get a part of the induced long exact sequence
0 = Exth(Muy1/My, N) — Exth(Mgyy1, N) — BExth(M,, N) =0

which proves the induction step for all non-limit ordinals o+ 1 < p. Assume a < p
is a limit ordinal and let I denote the injective hull of N. We have the following
short exact sequence 0 — N — I —— I/N — 0. In order to prove that
Exth(Me,, N) = 0, we show that the abelian group homomorphism Hompg(M,, )
Homp(M,,I) — Homp(M,,I/N) is surjective.

Let ¢ € Hompg(M,,I/N). By induction we define homomorphisms g €
Hompg(Mpg,N), B < «a, so that ¢ | Mg = mg and ¢g [ M, = 1, for all
v < B < a. First define M_; = 0 and 9_1 = 0. If ¢g is already defined, the
injectivity of I yields the existence of n € Hompg(Mpg41, 1) such that n [ Mg = ¢g.
Put 06 = ¢ [ Mgy — m € Homp(Mpgy1,I/N). Then 6 | Mg = 0. By Lemma
2.24, there exists a unique homomorphism ¢ € Hompg(Mpy1/Mp,I/N) such that
§'mgp1 = 6. Since Extyp(Mgy1/Mg,N) = 0, there is an ¢ € Homp(Mgy1/Mpg,I)
such that me’ = ¢’. Now we define a homomorphism € € Hompg(Mgay1,I) in the
following way

e(m) = € (m + Mg)
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for all m € Mgy, thus we have e [ Mg = 0 and me = §. Put 9,1 = n+¢€. Then
Y1 | Mg = g and mipgy1 = ™+ 6 = ¢ | Mgyq. For a limit ordinal 8 < «, put

Vs = U,<p ¥y Finally, put ¢¥o = U, ¥ By the construction, mipo = ¢.
The claim is just the case of o = p. O

Lemma 4.7. Let R be a ring and let (X; | i < w) be a chain of right (left) R-modules
such that for every i < w, the module (X;11/X;) is C-filtered. Then the right (left)
R-module | J;_, X; is C-filtered.

Proof. This is really easy, but very difficult to write it down in some well-arranged
way, so we only show the idea of the proof. Assume for simplicity that X; = X3 /Xy
and Xo/X; are finitely C-filtered. Let (M; | i < k), (IN; | j < [) be a finite C-
filtration of X1, X9/X) respectively. Then the chain 0 = My C M; C --- C M, =
X1=NgC Ny C---C N, =Xy is a C-filtration of Xs. O

Lemma 4.8. Let R be a commutative noetherian ring and let p € mSpecR. Then
the R-module E(R/p) is {R/p}-filtered.
Proof. Define a chain of submodules of E(R/p) in the following way
X, = 0,
X, = {z€ER/p)|xp" =0}, 1<n<w.
By Lemma 2.122, we have 0 = Xo € X; C X»... and |J,_,X,, = E(R/p) and
p(Xn+1/Xn) =0 for every n < w.
Let n < w. From the previous fact that p(X,+1/X,) = 0, we have that p C

Ann(X,41/X5), so X,41/X, is an R/p-module (see Definition 2.27). Since p is a
maximal ideal, by Lemma 2.86, R/p is a field, thus X,,+1/X,, is an R/p-vector space.

i<w

Let A = dimp,,,(Xpn11/Xy). Thus we have the following isomorphism of R/p-vector
spaces
Xn1/X & @ R/p
i<A

We would like to prove that the ¢ is also an R-module isomorphism. For this it is
enough to prove that p(xr) = p(z)r for all € R and all z € X,,4;/X,,. From the
definition of multiplication in the factor ring R/p, we know that ¢(x)(r+p) = ¢(z)r
for every r € R and every z € X,41/X,. So we have ¢(xr) = ¢(x(r +p)) =
o(x)(r + p) = p(z)r for every r € R and every x € X,,+1/X,. Thus ¢ is also an
R-module isomorphism.

Now, define a continuous chain of submodules of (X,,41/X,,) in the following

way
Yo = 0
Y, = @DR/p, 1<i<A
1<j
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The continuous chain (Y; | j < A) is obviously an {R/p}-filtration of (X,41/X,,).
So (Xy,41/Xn) is {R/p}-filtered for all n < w.
By Lemma 4.7, the R-module |J;_, X,, = E(R/p) is { R/p}-filtered. O

Lemma 4.9. Let R be a commutative noetherian ring and let p € mSpec R. Then
the R-module R/p* is {R/p}-filtered for all k > 1.

Proof. Define a finite chain of submodules of R/p* in the following way

XO = 07
X, = {zeR/p"|ap" =0}, 1<n<k

We have 0 = Xo C X1 C -+ C Xz = R/p* and p(X,,41/X,,) =0 for all n < k.
Analogously as in the proof of Lemma 4.8, we prove that the module (X,,4+1/X,,)
is {R/p}-filtered for all n < k.
By Lemma 4.7 (set X; = R/p" for all k < j < w), the R-module X = R/p is
{R/p}-filtered. O

Lemma 4.10. Let R be a noetherian hereditary commutative ring and p € mSpec R.
Then Exth(E(R/p), M) = 0 iff Exth(R/p, M) = 0.

Proof. Suppose that Exth(E(R/p), M) = 0. Since R is hereditary, by Lemma 4.3,
we have that Exth(R/p, M) = 0.

Suppose that Exth(E(R/p), M) = 0. By Lemma 4.8, the R-module E(R/p) is
{R/p}-filtered and thus, using Eklof Lemma 4.6, we get that ExtL(E(R/p), M) =
0. O

Corollary 4.11. Let R be a commutative hereditary 1-Gorenstein ring (in particular
a Dedekind domain (see Remark 4.5)) . Then the 1-tilting class Tﬁ"" induced by the
Bass tilting module Tp is equal to the class {M € Mod-R | Extiy(R/p, M) =0 for

all p € Py = N,cp(R/p)*.
Proof. Just combine Remark 3.22 and Lemma 4.10. O

Lemma 4.12. Let R be a noetherian hereditary commutative ring and p € mSpec R.
Then for every M € Mod-R and every k > 1, we have Exth(R/p*, M) = 0 iff
Exth(R/p, M) = 0.

Proof. Assume Exth(R/p*, M) = 0. Since R is hereditary and R/p C R/p*, by
Lemma 4.3, we have that Exth(R/p, M) = 0.

Assume Exth(R/p, M) = 0. Since by Lemma 4.9 the module R/p* is {R/p}-
filtered, we can use Eklof Lemma 4.6 and we get that ExtkL(R/p*, M) = 0. O
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The following Theorem can also be found in [5] as Theorem 5.3., but since we
know that every tilting module is of finite type (see Theorem 7.15), we can prove it

in much simpler way.

Theorem 4.13. Let R be a Dedekind domain and T be a tilting R-module. Then
there is a set P C mSpec R such that T is equivalent to Tp.

Proof. By Theorem 7.15, T is of finite type, thus there exists a set S of finitely
generated R-modules such that T = Ste. By Theorem 7.4, an R-module M is
finitely generated iff M is of the form

M ~ Po P M, (3)
pemSpecR

where P is a finitely generated projective R-module and each R-module M, which

is non-zero is of the form
M, ~ R/p’®PY @ R/p’®P2) g ... @ R/pOPlP)) (4)

where 0 < d(p,1) < d(p,2) < --- < §(p,l(p)) are positive integers, moreover, this
decomposition is uniquely determined by M. By Lemma 4.3, we have
Mt~ = M*' ={N € Mod-R | Exth(M,N) =0} =
= {NeMod-R|Extp(P® @5 M, N)=0}=

pemSpec R
= {NeMod-R|Extp(P,N)® [] Extp(M,, N)=0}=
pemSpecR
= {NeMod-rR| [ BExtp(M,N)=0t= (] M~
pemSpecR pemSpec R

Now using (4) and Lemma 4.12, we have the following for every non-zero R-module
M,

Mt = {N €Mod-R | Extp(M,, N) =0} =
= {N €Mod-R | Exth(R/p’»V) & R/p’P? & ... @ R/p? PP N) =0} =
i=l(p)
= {NeMod-R| [] Exti(R/p"») N)=0}=
=1
= {N € Mod-R | Extp(R/p, N) = 0) = (R/p)™*.

loo — 11 1y _ €
Thus M=o = ﬂpEInSpecR Myt = ﬂpemSpecR Myt = ﬂpemSpecR (R/p)~".
M, #0 My #0
And finally if we define P = {p € mSpecR | 3M € S such that M, #

0 in the decomposition (3) of M}, we have St = (N,;cg M1 = MNper (R/p)*t =
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{M € Mod-R | Exth(R/p,M) = 0 for all p € P}, but by Remark 3.22, this is
exactly the Tﬁ‘”.

Thus we have Tte = St =T I#’" and we have just proved that 7' is equivalent
to Tp. |

Now we will show how the induced classes of Bass tilting modules Tp look like.
They are the classes of all modules which are p-divisible for all p € P.

Definition 4.14. Let R be a ring, I be a right (left) ideal of R and M be right
(left) R-module. Then M is I-divisible if Exth(R/I, M) = 0.

Lemma 4.15. Let R be a Dedekind domain, I be a non-zero ideal of R and M be
an R-module. Then M is I-divisible iff MI = M.

Proof. First denote E = Exth(R/I, M). By Lemma 2.112, the R-module E = 0 iff
E) =0 for all p € Spec R. Let p € Spec R. By Theorem 7.3, we have

E(p) ~ EXtE((R/I)(p),M(p)).

as R(y-modules. Moreover (using Lemma 2.97), (R/I)q) =~ Rp)/Ip) as Byy-
modules. Since [ is finitely generated (R is noetherian), so is I(,) and since Ry,
is a valuation domain (see Lemma 4.5), by Lemma 2.126, the ideal I\, of R, is
principal.

We have E,) = 0 iff a natural abelian group homomorphism

HomR(p) (:U‘vM(p) )
Homp,,, (R, M) — Homp,, (1), M)

(induced by an inclusion I,y -~ Ry,) is surjective and it is iff M, I,y = M.
The latter says (using Lemma 2.54) that

M) Or,y Bipy ) =
Now using previous facts and Lemmas 2.97 and 2.99 we have E,) = 0 iff
0= My ®r, R ®/ L) p) DR, (R/T) @y = (M @R (R/1))(p)

Altogether we have ' = 0 iff E,) = 0 for all p € Spec R, iff (M ®g (R/I))) =0
for all p € Spec R, iff M ®r (R/I) =0, ifft M1 = M. O

Corollary 4.16. Let R be a Dedekind domain. Then the 1-tilting class Tlﬁ‘” nduced
by the Bass tilting module Tp is equal to the class {M € Mod-R | Mp = M for all
p € P}

Proof. Just combine Corolarry 4.11 and previous Lemma 4.15. U
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Theorem 4.17. Let R be a Dedekind domain and T be a tilting R-module. Then
there is a set P C mSpec R such that the tilting class induced by T is equal to the
class {M € Mod-R | Mp = M for allp € P}.

Proof. Just combine Theorem 4.13 and previous Corollary 4.16. U

5 Tilting modules over 1-Gorenstein commutative rings

Lemma 5.1. Let R be a 1-Gorenstein commutative ring with Krull dimension 0 (or
equivalently: let R be a 0-Gorenstein commutative ring (see Lemma 3.19)). Then
each tilting R-module is projective and thus each tilting class is equal to the Mod-R
and thus each tilting R-module is equivalent to the Bass tilting R-module Ty.

Proof. By Definition 3.11, every tilting R-module T is of finite projective dimension
thus by Lemma 3.19, T' is projective. The rest is clear. U
5.1 Generalization of the Dedekind case

Now we will generalize Theorems 4.13 and 4.17 for finite direct products of Dedekind

domains.

Definition 5.2. Let Rj, Ro,..., R, be rings. Define a ring R as a direct product
of rings Ry, Ro, ..., Ry, in the category of all rings, i.e.

R:R1XR2X---XRn

Remark 5.3. Now, we will describe a structure of the ring R from Definition 5.2
more precisely. From the definition of a direct product in the category of all rings,
it is easy to see that R is a set

{(?”1,7“2, . ,Tn) ‘ r; € RZ}

with following operations

0 = (0 ,0)

1 = (1, 1)
(ri,79,. .. rn) + (81,82,---,8n) = (7“1—|—81,7“2+82, ey T+ Sn)
(r1,7m9, oo yTn) - (81,82, .-+, Sn) = (r1-81,72 82, ..., n - Sp).

Remark 5.4. In the following in this subsection.

1. Sometimes, for better understanding, we will write subscripts to the elements
of R;, for example (01,02,...,0,) = (0,0,...,0).
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2. The order of the rings R; is fixed, this means, that even if R; and R; are the
same rings and 7 # j, then we make a difference between them.

3. R will always mean the ring from Definition 5.2.

Lemma 5.5. Let R be a ring from Definition 5.2 and M be a right R-module. Then
there are modules My, Ms, ..., M, such that each M; is a right R;-module and if we
define a right R-module structure on each M; in the following way

m(ri, ... Tiy...,mn) =mr; m € M,;
then M ~ My & My & --- & M, as right R-modules.
Proof. For each 1 <1¢ < n define a set
M; = {m(01,09,...,0;-1,1;,041,...,0,) | me M}
and define the following operations on M;

0= 0(01,02,... 021,14, 0541, ... ,On), 0e M,

m(01,02,...,02'_1,12',02'4_1,...,0“)—I—m,(ol,()g,...,Oi_l,li,0i+1,...,0n) =
= (m—l—m')(Ol,Og,. .09, 1i,0i+1,. .. ,On), m,m' eEM,

m(01,02,...,0i-1,140441,...,0,) -1y =
= (m(Ol,Og, Ce ,Oi_l,?”i,oi+1,. .. ,On))(01,02, e ,02'_1, 12',02'_1_1, Ce ,On),
mée M,r; € R;.

It is easy to see that M; with these operations is a right R;-module and it is easy to
see that each right R;-module is a right R-module via the definition from assumption.
Now define a mapping ¢ in the following way

oM — M &M@ ---d M,
m +— (m(1,0,0,...,0),m(0,1,0,0,...,0),...,m(0,0,...,0,1)).

It is easy to see that ¢ is a right R-module isomorphism. U

Remark 5.6. In the following in this subsection, the right R-module structure on
some right R;-module will mean the right R-module structure which was defined in
Lemma 5.5.
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Lemma 5.7. Let R be a ring from Definition 5.2, A, B be right R;-modules and C' be
a right Rj-module (i # j). Then Homgr(A, B) = Homg,(A, B) and Homg(A,C) = 0.

Proof. Let ¢: A — B be a right R-module homomorphism. Then

go(mn) = go(m(ll, 12, ey 11',177‘1', 1i+17 ceey 1n)) =
= (p(m)(ll,lg,...,1i_1,Ti,1i+1,...,1n):
= (m)r;, r; €R;.

So ¢ is a right R;-module homomorphism.
Let ¢: A — B be a right R;-module homomorphism. Then

p(mr) = o(m(ry,r2,...,m)) = e(mri) = (m)r; = (m)r, reR.
So ¢ is a right R-module homomorphism.
Let ¢: A — C be a right R-module homomorphism. Then
gp(m) = go(m(Ol, 02, N ,Oi—l, 1i> Oi—I—la NN ,On)) =
= go(m)(Ol, 02, . 701;1, 1i70i+17 . ,On) =0.

So Homp(A,C) = 0. O
Remark 5.8. By Lemma 5.5, for every R-module M, there are R;-modules M;,
1 <i < n such that M ~ M; & My & --- & M, as R-modules. It is now easy to
see that M; are uniquely (up to R;-isomorphism) determined by M. For if M ~

MieMy®---d M, £ M{®M)&---& M, as R-modules, then by Lemma 5.7, ¢,,
is an R;-module isomorphism of M; and M.

Corollary 5.9. Let R be a ring from Definition 5.2 and let A, B € Mod-R. Then
ACB iff forall1 <i<n, A; C B; as right R;-modules. Moreover, if A C B, then
A; ~ B;N A as R;-modules for all 1 < i <n.

Proof. This follows from Lemma 5.5 and Remark 5.8. U

Corollary 5.10. Let R be a ring from Definition 5.2 and M, N € Mod-R. Then
N € Add(M) iff for all 1 < i <n, N; € Add(M;) as right R;-modules.

Proof. This follows from Corollary 5.9. O

Corollary 5.11. Let R be a ring from Definition 5.2. Then I is a right ideal of R
iff

I:J1@JQ@"'@Jn,
where J; is a right ideal of R; for each 1 < i < n. Moreover, if I is a right ideal of
R, then J; = I N R; for each 1 < i <n.

66



Proof. This follows from Corollary 5.9 . U

Corollary 5.12. Let R be a ring from Definition 5.2. Then R is a right noetherian

iff each R; is a right noetherian ring.

Proof. Let R be right noetherian. If J; is a right ideal of R;, then I = R; ® Ry ®
o OR 1 BT PR 1D D R, is aright ideal of R, thus I is finitely generated as
a right R-module. It follows that J; is finitely generated as a right R;-module.

Let Ry, Ra,..., R, be right noetherian rings. If I is a right ideal of R, then by
Corollary 511 I = J1 @ Jo @ --- @ Jp,, where each J; is a right ideal of R;. Thus
each J; is finitely generated as a right R;-module. Let X; = {x%,x?,...,x?l(i)}
be a finite generating subset of J;. Then the set X = (J, X;, where X; =
{(01702,...,Oi,l,xg,OiH,...,On) | 1 < j < m(i)}, is a generating subset of I as

a right R-module. O

Lemma 5.13. Let R be a ring from Definition 5.2 and M; be a right R;-module.
Then M; is injective (projective) as a right R;-module iff M; is injective (projective)
as a right R-module.

Proof. We will prove the injective version, the proof of the projective version is
analogical.

The implication to the left is easy (see Lemma 5.7).

Suppose that M; is injective as a right R;-module. Let

00— A—B

be an exact sequence of right R-modules and suppose that there is a right R-module
homomorphism ¢: A — M;. By Lemma 5.5, we have that A~ A1 ® A, ®--- D A,
and B ~ Bi® By ® --- ® B,. In order to prove that M; is injective as a right
R-module, it is enough prove that ¢ [4,= 0 for all j # i. But the last follows from
Lemma 5.7. So M; is an injective right R-module and thus the claim is true. U

Corollary 5.14. Let R be a ring from Definition 5.2, A, B be right R;-modules and
C be a right Rj-module (i # j). Then Exty,(A, B) = Ext}y (A, B) and Extj(A,C) =
0 forall0<k<w.

Proof. This follows from the definition of an Ext, Lemma 5.13 and Lemma 5.7. [

Corollary 5.15. Let R be a ring from Definition 5.2 and M be a right R-module.
Then M is injective (projective) iff each M; is injective (projective) as a right R;-
module.
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Proof. This follows from Lemma 5.13 and from the fact that that the class of all
injective modules over an arbitrary ring is closed under direct summands and under

finite direct sums. O

Corollary 5.16. Let R be a ring from Definition 5.2. Then R is a right hereditary
ring iff each R; is a right hereditary ring.

Proof. Let R be right hereditary. If J; is a right ideal of R;, then I = R} & Rs &
O R 1D, PR P B R, is aright ideal of R, thus [ is projective as a right
R-module. It follows from Corollary 5.15 that J; is projective as a right R;-module.

Let Ry, Rs, ..., R, be right hereditary rings. If I is a right ideal of R, then by
Corollary 5.11 I = J; ® Jo® - - - D J,,, where J; is a right ideal of R;. Thus each J; is
projective as a right R;-module. It follows from Corollary 5.15 that I is projective
as a right R-module. U

Lemma 5.17. Let R be a ring from Definition 5.2. Then
inj dimp M = maz {inj dimg, M; | 1 <i <n},
where injdimp M denotes the injective dimension of M as a right R-module.

Proof. If max {injdimp, M; | 1 < i < n} = oo, then clearly injdimp M <
max {injdimpg, M; | 1 < i < n}, so suppose that max {injdimp, M; | 1 <i < n}is
finte, let m = max {injdimpg, M; | 1 <1i <n} and let

4p1 4102 @
0— M; ~5 1} Z5 12— . 25 I —0

be an injective coresolution of each M; as R;-module. Then by Corollary 5.15
oot I o2 I nom I
0 et e P2 P o
j=1 Jj=1 Jj=1

is an injective coresolution of M. So injdimpr M < max {injdimpg, M; | 1 < i < n}.
Now suppose, that injdimp M < max {injdimpg, M; | 1 < i < n}. Let k =

injdimg M and let

oML L Ly

be an injective coresolution of M. Then by Corollary 5.15

k
P, o Pl el
00 M e kg

is an injective resolution of each M; as a right R;-module. Thus max {injdimpg, M; |
1 <1< n} <k, the contradiction. So the claim is true. O
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Lemma 5.18. Let R be a ring from Definition 5.2. Then
proj dimp M = maz {proj dimgp, M; | 1 < i <n},
where proj dimr M denotes the projective dimension of M as a right R-module.

Proof. Analogously as in the proof of Lemma 5.17. O

Remark 5.19. Lemma 5.17, 5.18 follows also from Lemmas 5.14 and 2.78, 2.77 re-
spectively.

Lemma 5.20. Let 2 <n <w and let Ry, R, ..., R, be Dedekind domains. Define
aring R as in 5.2, i.e.
R:R1 XRQX"'XRn.

Then R is a commutative hereditary 1-Gorenstein ring which is not a domain.

Proof. R is obviously commutative, it is hereditary by Corollary 5.16 and it is
noetherian by Corollary 5.12. Since by Lemma 4.5, every Dedekind domain has
a self-injective dimension < 1, so has R by Lemma 5.17. Thus R is commutative
hereditary 1-Gorenstein ring. In order to prove that R is not a domain, consider
two following elements of R

rn = (1,0,0,...,0)
ry = (0,1,0,...,0).

These elements are non-zero, but rir9 is a zero element of R, thus R is not a
domain. O

Lemma 5.21. Let R be a ring from Definition 5.2 and T be a right R-module. Then
T is tilting iff each T; is a tilting right R;-module.

Proof. (T1) (see Definition 3.11). By Lemma 5.18, T" has a finite projective dimen-
sion as a right R-module iff each T; has a finite projective dimension as a right

R;-module.
(T2). By Corollary 5.14, we have

n n n n
Extip(T,7®) =~ Extip(@7, @ 157) = [ [ Extie(r;, 7,7) =
j=1 =1 Jj=1j=1

1

n n
H EXti?(Tﬁ T](R)) = H EXtiZ]- (Tj> T](R))
j=1 j=1
where # is an arbitrary cardinal and 1 < i < w. So Exth(T,T7®")) = 0 for all
cardinals k and all 1 < i < w iff Extﬁéj (T3, Tj(n)) = 0 for all cardinals k, all 1 < i <w

and all 1 <5 < n.
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(T3). Let the condition (T3) be satisfied for T. Then there exist 7 > 0 and a
long exact sequence

0RO, o,

where T7 € Add(T) for all 0 < j < r. Corollary 5.10 and the long exact sequence

1 T
Ol o ? [ ® fTir—l

0— R, —'T; —5T21—> — T —0

prove the condition (T3) for each 7T; as a right R;-module.
Let the condition (T3) be satisfied for each T; as a right R;-module. Then for
each 1 <14 < n there exist r; > 0 and a long exact sequence

o0 ol ol
0— R —5T) 5T — .. 25 T — 0,

where Tij € Add(T;) for all 0 < j < r;. Let r =max {r; | 1 <i <n} and set gog =0,
T? =0if r; < j <r. Then Corollary 5.10 and the long exact sequence

n 0 n n 1 n n r n
i1 P 1 P 1P
0— R®—>“1 ’ @TZ-O @—>“1 ’ @Til — ... 69—>“1 ’ @T[ —0
i=1 i=1 i=1

prove the condition (T3) for T. So the claim is true. O

Lemma 5.22. Let Ry, R, ..., R, be commutative rings, define a ring R as in 5.2,
i.e.

R:R1XR2X"'XRn.

Then p is a prime ideal of R iff there exist 1 <i <n and
P=RiORD-- DR 1DPpiOR1D-- DRy,
where p; is a prime ideal of R;.

Proof. Implication to the left is easy.

Suppose that p is a prime ideal of R. By Corollary 5.11, p =11 & I & --- & I,
where [; is an ideal of R;. Suppose that there are 1 < 4,5 < n such that ¢ # 7,
I; # R; and I; # R;. Then 7; = (01,09,...,0,-1,7,0;41,...,0y), where r; € R; \ I;
and 7; = (01,02,...,0;-1,7j,0j41,...,0y), where r; € R; \ I; are two elements of
R which are not in p, but 7;7; € p, the contradiction. Thus there exists 1 <i < n
such that p =R P Ro B --- P Ri—1 ®p; & Ris1 B - ® Ry, where p; is an ideal of
R; and p; # R; (see Definition 2.84). Using Remark 5.3, it is easy to prove that p;
is a prime ideal of R;. ]
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Corollary 5.23. Let Ry, Ra,..., R, be commutative rings, define a ring R as in
5.2, i.e.
R:R1 XRQX"'XRn.

Then p is a prime ideal of R of height 1 iff there exists 1 <i < n and
Pp=R1OR® - - ODR_1Ppi®DR11D - DRy,

where p; is a prime ideal of R; of height 1.

Proof. This follows from Lemma 5.22. U

Theorem 5.24. Let2 <n < w and let Ry, Ro, ..., R, be Dedekind domains. Define

a ring R in the following way
R:R1 XRQX"'XRn.

Then R is a commutative hereditary 1-Gorenstein ring which is not a domain. More-
over, let T be a tilting R-module. Then there exists a subset P of the set of all prime
ideals of R of height 1 such that T is equivalent to the Bass tilting module Tp.

Proof. The first part of the assertion follows from Lemma 5.20.
We will prove the 'moreover’ part. By Corollary 5.14, we have

n n
Extl,(T,M) ~ [] ] Exth(T:, M) ~
1=14'=1
~ [ Exth(Ti, M;) ~ [ | Ext), (T3, M)
=1 i=1

forall 1 <j < w. Thus M € T~ iff M; € TZ-loo for each 1 <17 <n as R;-module.
By Lemma 5.21 and Theorem 4.13, we have that T; is a tilting R;-module and there
exists a set P; C mSpec R; such that T; is equivalent to the Bass tilting module T; p,.
So by Corollary 4.11, M; € T;= iff Ext}, (R;/pi, M;) = 0 for all p; € P; and it is iff
EXt}%(R/]TZ', M) =0 for all p; € E, where P, = {RiI®Rs®...Ri_1®pi®Ri11D--- D
R, | pi € P;}. So M € T+ iff Ext(R/p, M) = 0 for all p € P, where P = |JI, P.
Thus by Lemma 4.5, Corollary 5.23 and Corollary 4.11, T' is equivalent to the Bass
tilting module 7,. So the claim is true. O

Lemma 5.25. Let R be a ring from Theorem 5.24, p be a prime ideal of R and M
be an R-module. Then M is p-divisible iff Mp = M.
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Proof. Let p € Spec R. By Lemma 5.22, there is a 1 < j < n such that p =
RIOR®---DRj_1 Dpj ® Rjy1 ®--- D R,, where p; is a prime ideal of R;. By
Corollary 5.14, we have

Extp(R/p, M) ~ [ [ Bxth, (R/p)i, My) ~ Extp (R; /pj, M;).
=1

So Extp(R/p, M) = 0iff Exty (R;/pj, M;) = 0 and by Lemma 4.15, it is iff M;p; =
M; and by Remark 5.3, it is iff Mp = M. So the claim is true. O

Corollary 5.26. Let R be a ring from Theorem 5.24 and let P be some subset of a
set of all prime ideals of R of height 1. Then the 1-tilting class TIJ;‘X’ induced by the
Bass tilting module Tp is equal to the class {M € Mod-R | Mp = M for all p € P}.

Proof. This follows from Corollary 4.11 and from Lemma 5.25. U

Theorem 5.27. Let2 <n < w and let Ry, Ro, ..., R, be Dedekind domains. Define
a ring R in the following way

R:R1XR2X"'XRn.

Let T be a tilting R-module. Then there exists a subset P of the set of all prime
ideal of height 1 of R such that the tilting class induced by T is equal to the class
{M € Mod-R | Mp = M for all p € P}.

Proof. This follows from Theorem 5.24 and from Corollary 5.26. U

5.2 An important difference from the Dedekind case

In proving that every tilting module over a Dedekind domain is equivalent to some
Bass tilting module, we used Corollary 4.11, namely that (E(R/p))™ = (R/p)™".
Now we will show that there exist a 1-Gorenstein rings in which the previous is not

true.

Lemma 5.28. Let R be a ring and M be a right (left) R-module. Then M is
CM-filtered.

Proof. We will prove the 'right’ version, the proof of the ’left’ version is analogical.
Let gen(M) = x and let {z, | © < K} be a generating subset of M. Define a sequence
(M, | a < k) of submodules of M in the following way

My = 0
M, = Zl‘”R a < K.

p<lo
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Since My =0, My C Myy1 (o < k), and M, = Uﬂ<a Mp for  a limit ordinal, the
sequence (M, | « < k) is a continuous chain of submodules of M. In order to prove
that (M, | @ < k) is a CM-filtration of M, it remains to prove that M, = M and

that Moq1/My € CM. But M, =5 _.x,R= M. And for every a < x we have

p<kK
Maop1/Mo = ( Z $uR)/(Z rult) =
p<o+1 p<a
= { Z m”rﬂ—l—Zx“R\rﬂeRandr”:0for almost all p < o+ 1} =
p<a+1 pn<a
= {$a+17'a+1 + Z qu ‘ Ta+l € R}7
p<o
so the module M,1/M,, is cyclic. O

Lemma 5.29 (Auslander Lemma). Let R be a ring, n < w and M be a right (left)
R-module. Assume that M is Py,-filtered. Then M € Py.

Proof. We will prove the 'right’ version, the proof of the ’left’ version is analogical.
Denote C_,, = {Q™™(N) | N € Mod-R}. First note that P, = 11C_,, for this
by Lemmas 2.77 and 2.80, M € P, iff Ext;"(M,N) = 0 for all N € Mod-R
iff ExthL(M,Q ™(N)) = 0 for all N € Mod-R iff M € Y1C_,,. Thus M € P, iff
Exth(M,C) =0 for all C € C_,,.

Let C € C_,. Since M is (P, = +1C_,)-filtered there is a continuous chain
(M, | a < p) of submodules of M such that M,, = M and Ext},(Ma11/Ma,C") =0
for all C’ € C_,, and all cardinals a < pu, specially Ext}%(MaH/Ma,C’) = 0 for
all cardinals a < p. Using Eklof Lema 4.6, we have that ExtL(M,C) = 0. So
Ext}%(M, C) =0 for all C € C_, and thus M € *'C_, = P,. So the claim is
true. ]

Lemma 5.30. Let R be a 1-Gorenstein domain of Krull dimension 1 which is not
hereditary. Then there exists p € Spec R such that ht p =1 and projdim (R/p) = occ.

Proof. First note that since R is a domain and dim R = 1 we have the following for
every prime ideal p of R

ht p=1< p € mSpecR < p € SpecR \ {0}.

Since R is not a Dedekind domain, R is not hereditary thus there exists an R-module
M such that projdim M > 1 (see Lemma 4.3), it follows that projdim M = oc.
By Lemma 5.28 and Auslander Lemma 5.29, we have that there exists a finitely
generated (cyclic) R-module N such that projdim N = co. Since R/0 = R € Py, by
Lemma 2.109 and Auslander Lemma 5.29, we have that there exists a prime ideal p
of R such that ht p = 1 and projdim (R/p) = oc. O
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Definition 5.31. Let R be a Gorenstein ring and M be a right or left R-module.
Then M is Gorenstein projective (Gorenstein injective), if M € 11P = 11T (M €
P-+1). Denote by GP (GT) the class of all Gorenstein projective (injective) modules.
By Lemma 3.19, Theorems 7.9 and 7.10, the pairs (GP,P) = (GP,Z) and (P,GT)
are complete hereditary cotorsion pairs.

Lemma 5.32. Let R be a ring and C be a class of right (left) R-modules such that
C C1y. Then the class L1C is closed under submodules.

Proof. We will prove the 'right’ version, the proof of the ’left’ version is analogical.
Let M € 11C and let N be an arbitrary submodule of M. In order to prove that
N € +1C, we need to prove that Exth(N,C) = 0 for an arbitrary C € C. Let C € C.
Applying Homp(—,C) to the following short exact sequence of right R-modules
0— N— M — M/N — 0, we get part of the induced long exact sequence of
abelian groups

Exth(M,C) — Exth(N,C) — Ext%(M/N,C).

Since Exth(M,C) = 0 by assumption and Ext%(M/N,C) = 0 by Lemma 2.77, we
have that Exth(N,C) = 0. Thus N € 11C. So the claim is true. O

Lemma 5.33. Let R be a commutative 1-Gorenstein ring and let p € Spec R. Then

1. all modules from (E(R/p))** \ (R/p)** have an infinite injective (and hence

an infinite projective) dimension,
2. if projdim(R/p) = oo, then (E(R/p))** 2 (R/p)**.

Proof. (1). We will prove that if an R-module I has a finite injective dimension
then Exth(FE(R/p),I) = 0 implies Exth(R/p,I) = 0. Let I € Z. Then by Lemma
3.19, N € 7; and by Lemma 5.32, the class 11Z; is closed under submodules, thus
Exth(E(R/p),I) = 0 implies Extk(R/p,I) = 0. So the claim is true.

(2). By Definitions 3.3 and 5.31, we have two cotorsion pairs (Mod-R,Zy) 2
(P,GT). By Lemma 4.8 and Eklof Lemma 4.6, we have that (E(R/p))*t D (R/p)**.
Suppose that (E(R/p))** = (R/p)*t. Since E(R/p) € IT) = P we have that
(E(R/p))** D GZ. And thus (R/p)*' = (E(R/p))** D GI, which implies that
(R/p) € P, the contradiction. Thus (E(R/p))** 2 (R/p)*t.

O

5.3 One positive result

By [2], if R is a 1-Gorenstein commutative ring of Krull dimension 1 and S is a
multiplicative subset of R which is without zero-divisors, then ST'R@® S~'R/R is
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a 1-tilting module with induced class equal to the class of all S-divisible modules.
Now we are going to test whether each of these tilting modules is equivalent to some
Bass tilting R-module.

Definition 5.34. Let R be a ring, S be a subset of R and M be a right (left)
R-module. Then M is S-divisible if M's = M (sM = M) for every s € S.

Definition 5.35. Let R be a commutative ring and S be a multiplicative subset of
R. Then S is called saturated if ab € S implies a € S and b € S.

Let R be a commutative ring and S be a multiplicative subset of R. Then the
set S’={te R|3t' € R:tt' € S} D S is called the saturation of S.

Lemma 5.36. Let R be a commutative ring, S be a multiplicative subset of R and
S’ be a saturation of S. Then

1. if S is moreover saturated, then S’ =S,

2. S’ is a saturated multiplicative subset of R,

3. S is without zero-divisors iff S’ is without zero-divisors,
4. an R-module M is S-divisible iff it is S’-divisible,

5. if S 1s moreover saturated, then S = R\,cy (g)p where V(S) = {p € SpecR |
pNS =1{.

Proof. (1) is clear from Definition 5.35.

(2) clearly 0 € S’. Let a,b € S’, then there are ’,b' € R such that aa’ € S and
bb' € S, s0 ab(a’t') € S, it follows that ab € S’. If ab € S’ then there is a ¢ € R such
that (ab)c € S, thus a(bc) € S and b(ac) € S. So (1) is true.

(3) the implication <= is trivial.

Let S be without zero-divisors. Suppose that there is a zero-divisor 0 # a € 5.
We have that there is a non-zero b € R such that ab = 0 and there is a ¢ € R such
that ac € S. But then (ac)b = (ab)c = 0, a contradiction with the assumption that
S is without zero-divisors.

(4) the implication < is trivial.

Suppose that M is S-divisible. Let 0 #m € M and t € S’. We have tt' € S for
some t' € R. Thus m = n(tt’) for some n € M. It follows that m = (nt')t. So (3) is
true.

(5) clearly S € R\ Upev () p-

Let x € R\ S, since S is saturated xR NS = (). Analogicaly as in the proof
of Lemma 2.116, we show that there is a prime ideal from V(S) containing x. So

S =R \ UpGV(S) p. O
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Lemma 5.37. Let R be a commutative ring and S be a multiplicative subset of R
which s without zero-divisors. Then as an R-module

Supp(ST'R/R) =V (S)° = {p € SpecR | pN S # B}.

Proof. First recall that since S is without zero-divisors, we have that R C S~!R.
Let p ¢ V(S)¢. Then S C R\ p, thus by Lemms 2.97 and 2.98,

(ST'R/R),, =~ (S7'R)y,)/Rp) ~ (ST'R®R R))/Rp) ~
~ (R(p) QR SflR)/R(p) o~ (R(p) ®g-1R SflR)/R(p) o~
~ Ry)/Ry) ~0.

Let p be a prime ideal of R such that p € V(S)°. As above, we have
(S_lR/R)(p) ~ (R ®r ST'R)/R(,) as R(y)-modules. Now, view R, as an R-
module, thus we have (R, ®r S™'R)/R,) ~ S (R(y))/R () as R-modules. Alto-
gether (SilR/R)(p) ~ S~ Y(R))/Rp) as R-modules. Let s € pnS. Then 1/s+ R,
is a non-zero element of S™'(R,))/R,), thus (SilR/R)(p) # 0. So the claim is
true. O

Theorem 5.38. Let R be a 1-Gorenstein commutative ring of Krull dimension
1 and S be a multiplicative subset of R which is without zero-divisors. Then the
class C = {M € Mod-R | Ms = M for all s € S} is a 1-tilting class. Denote
P ={p € mSpecR | pNS # 0}. Then the 1-tilting class induced by the Bass
1-tilting R-module Tp is equal C.

Proof. By 2.97, ST'R is a flat R-module and thus by Lemma 3.19, projdim S'R < 1.
By Theorem 7.18, T = S"'R @ S™'R/R is a 1-tilting R-module and the 1-tilting
class induced by T is equal C. We will prove that T is isomorphic to the Bass
1-tilting R-module Tp as R-modules.

Denote Y the set of all regular elements of R. By Lemma 3.19, ¥7!R ~
Pt p—o £(R/p) as R-modules. It is an easy excercise to verify that STIRCYIR
as R-modules. So we have the following commutative diagram with exact rows

0—=R—»"R—>Y"1R/R——0

I

l o
0—>R—> 5 1R —>"S"1R/R—0.

where (1 and (5 are inclusions. By Lemma 3.19, we have that X~'R ~ E(R) and
Y 'R/R ~ @pemSpecRE(R/p) as R-modules. By Lemma 7.17, we have that
S~™1R/R is a direct summand of ¥~ R/R and since each E(R/p) is indecomposable,
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we have that S™'R/R ~ @D, cp E(R/p) as R-modules for some P’ C mSpec R. It
is now easy to see that T' ~ T}, as R-modules.

Using Lemmas 2.52 and 2.122, we have for every maximal ideal ¢ of R
that (D,cp E(R/p))(q) # 0 iff ¢ € P'. But for every maximal ideal g of

R, (B,ep E(R/p))(q) # 0 iff ¢ € Supp(D,cp E(R/p)) N mSpec R. So P’ =
Supp(®,cpr E(R/p)) NmSpec R. Using the fact that B, p E(R/p) ~ S7IR/R as
R-modules and Lemma 5.37, we have that P’ = {p € mSpecR | pNS # 0} =P. O

5.4 Another positive result, an important one

Definition 5.39. Let R be a ring and (A, B) be a cotorsion pair of right (left) R-
modules. Then (A, B) is said to be of weak-finite type if there is a class (equivalently
a set) S € mod-R of right (left) R-modules such that St = B. Note that in this
case clearly S C A<,

Lemma 5.40. Let R be a Gorenstein ring and (A,B) be a tilting cotorsion pair.
Then the class B (and therefore A) is uniquely determined by the class BN'P, more
precisely B = {B € Mod-R | there exists a short exaxt sequence 0 — G — C' —
B — 0 with G € GT and C € BNP}.

Proof. Denote B’ = {B € Mod-R | there exists a short exaxt sequence 0 — G —
C — B — 0 with G € G and C € BNP}. Let B € B. By 5.31, the class P is
special precovering so there is a short exact sequence

0—G—C—B—70

with G € GZ and C' € P. By Lemma 3.10, we have GT = P11 C AL =B, so G € B
and so C € BN P, thus B € B'.
Let B € B'. Let
0—G—C—B—0

be a short exact sequence with G € GZ and C € BN P. By 7.12, the class B is
coresolving and since G € GZ C Band C' € BN'P C B, we have B € B. So the claim
is true. |

Lemma 5.41. Let R be a noetherian commutative ring and N be an R-module.

Then the following are equivalent
1. N €1,

2. Exth(R/p, N) =0 for all p € SpecR.
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Proof. The implication (1) = (2) is trivial.

Let N be an R-module such that Exth(R/p, N) = 0 for all p € Spec R. Since
R is noetherian, every ideal I of R is finitely generated. So by Lemma 2.109,
every ideal I of R is finitely {R/p | p € Spec R}-filtered. So by Eklof Lemma 4.6,
Exth(I, N) = 0 for every ideal I of R. So by Lemma 2.78, N is injective. O

Corollary 5.42. Let R be a noetherian commutative ring and N be an R-module.

Then the following are equivalent

1. N eZ,,

2. Ext%“(R/p, N) =0 for all p € Spec R.
Proof. By Lemmas 2.78, 2.80 and 5.41 we have

Ne€I, & Exth ' (M,N)=0forall M € Mod-R <
& Exth(M,Q7"(N)) =0 for all M € Mod-R &
& Q"(N) €Ty BExth(R/p, Q" "(N)) = 0 for all p € Spec R <
& Ext%“(R/p,N) =0 for all p € Spec R

So the claim is true. O

Corollary 5.43. Let R be a noetherian commutative ring and N be an R-module.
Then N € Ty iff N € (Spec R)*!

Proof. By Corollary 5.42 and Lemma 2.80, we have
Nel, & ExtR R/p,N) =0 for all p € Spec R &
Q' (R/p),N) = 0 for all p € Spec R <

(
Ext(
= Extllq(p N) =0 for all p € SpecR <
€ (Spec R)™.
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The third equivalence follows from the fact that p is the first syzygy of R/p in the

projective resolution beginning with
.— R— R/p—0.
So the claim is true. O

Lemma 5.44. Let R be a commutative Gorenstein ring. Then Ass(R) = {p €
Spec R | ht p = 0}.
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Proof. Suppose that p € Ass(R). Then R/p C R, so R/p C E(R) and thus
E(R/p) C E(R). By Lemmas 3.19 and 2.121, ht p = 0.

Suppose that ht p = 0. Then E(R/p) C E(R), which implies that E(R/p)NR #
0. So by Lemmas 2.108 and 2.121, we have that Ass(E(R/p) N R) O {p} and thus
p € Ass(R). O

Remark 5.45. Let (A, B) be a cotorsion pair of weak-finite type. Then the pair
(A, B) is uniquely determined by A<“. For this, denote S the set of strongly finitely
presented modules such that S = B. By Definition 5.39, we have that S C A<¥ C
A. So B = (A<*)™ and thus A = 11 (A<%)L,

So if if we have two cotorsion pairs (A, B), (C, D) both of weak-finite type such
that A<“ = C<%¥ then (A, B) = (C, D).

Lemma 5.46. Let R be a 1-Gorenstein commutative ring of Krull dimension 1 and
(A, B) be a tilting cotorsion pair of R-modules. Denote B' = BNP and A' = 1B,
Then the pair (A',B') is a cotorsion pair of weak-finite type, the class A’ is closed
under submodules and A< O Spec RU{R/p | p € Spec R A ht p = 0}.

Proof. Since (A, B) is a tilting cotorsion pair (thus 1-tilting cotosion pair) and since
every tilting module is of finite type, we have that there is a set S C P~ such that
St = St~ = B. By Corollary 5.43, we have P = Z = Z; = (Spec R)™". Denote
S’ = SUSpec R, so 8’ = BNP = B'. Using Lemma 2.83 we have that S’ C mod-R
and using lemma 3.3 we have that the pair (A’, B) is a cotorsion pair of weak-finite
type.

Since B = BNP C P =7 =7, by Lemma 5.32, we have that A’ = 115 is
closed under submodules.

By Definition 5.39, we know that Spec R C A’<“. By Remark 3.4, R € A’ and
by Lemma 5.44, R/p C R for each p € Spec R such that ht p = 0. So since A’ is
closed under submodules, we have that A"<“ O Spec RU{R/p | p € Spec R, ht p =
0}. O

Lemma 5.47. Let R be a 1-Gorenstein commutative ring of Krull dimension 1 and
(A, B) be a tilting cotorsion pair of R-modules. Denote A', B’ as in Lemma 5.46
and Py ={p € SpecR | htp=1AR/p € A’'}. Then

B'=Pn () (R/p)" & B= () (ER/p)"
pEP; peEP;

Proof. First suppose that B' =P N[ cp, (R/p)*'. Let B € B. By Definition 5.31,
‘P is a special precovering class so there is a short exact sequence

E 0—G—P—B—0
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with G € GZ C B (see the proof of Lemma 5.40) and P € P. Since B is closed under
extensions, using Lemma 5.33, we get that

PeBNP = B=Pn () R/p)"=
peEP:

= Pn () (E®R/p)"C () (ER/p)"

peEPL pEPL

So we have that P € () cp, (E(R/p))™" and it is iff Exth(E(R/p), P) = 0 for all
p € P1. Let p € Pi. Applying Homg(E(R/p),—) to the short exact sequence £ we
get part of the induced long exact sequence

Exth(E(R/p), P) — Exth(E(R/p), B) — Exth(E(R/p),G).

Since ExtL(E(R/p), P) = Ext%(E(R/p),G) = 0 we get that Exth(E(R/p), B) = 0.
So B € (yep, (E(R/p)"".

Let B € (yep, (E(R/p))™. We have the short exact sequence & with G €
GI C B C (\yep, (E(R/p))** (by previous part) and P € P. It follows that P €
P 0 Nyep, (E(R/P)™ = PN (Nyep, (B/p)"* = B C B. By Theorem 7.12, B is
coresolving class and thus B € B.

Suppose now that B = (,cp, (E(R/p))™". We have

B = PnB=Pn () (ER/p)"*=Pn () R/p)*"
peEP; peEP;

So the claim is true. O

Proposition 5.48. Let R be a 1-Gorenstein commutative ring of Krull dimension
1 and M be an R-module. Then

1. if M € P<¥, and E(M) ~ @htpzoE(R/p)ap for some ap, > 0, then M is
projective,

2. if R is moreover local with maximal ideal m, then
(a) PN (R/m)* = T.
(b) (MR = (1P)T =GP

Proof. (1). Let
00— M — EM)— E(M)/M — 0

be a minimal injective resolution of M. By Lemma 7.6, E(M) is a flat R-module.
Since E(M)/M € Iy C I; = Fi, we have by Lemma 2.79, that M is flat and since
M is finitely generated, Lemmas 2.83 and 2.66 imply that M is projective.
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(2)(a). By Corollary 5.43, we have P N (R/m)™ = (Spec R)*' N (R/m)** =
(Spec RU{R/m})™. Denote C = L1(P N (R/m)*"). Thus (C,P N (R/m)™) is
a cotorsion pair. Since P N (R/m)™* C P = 7, Lemma 5.32 implies that C is
closed under submodules. Clearly R € C and thus by Lemma 5.44, we have that
{R/p | p € SpecRAht p=0} CC. So{R/p|p € SpecR} C C. But by Lemma
541, {R/p | p € SpecR}ll =Ty, 50 Ct =Pn (R/m)ll =T.

(2)(b). Inclusion (11R)~“ D (:1P)~* and the second equation are clear. Let
M e (llR)<w. By Lemma 7.8, Ext}(M, R®)) = 0 for every cardinal k. Let
N € P = P;. Thus there is a short exact sequence of R-modules

0—K-—RY - N-—0

with K projective. Applying Homp (M, —) to the previous short exact sequence, we
get part of the induced long exact sequence of abelian groups

Exth(M, RY) — ExtL (M, N) — Ext%(M, K).

Since Exth(M, RV) = Ext%(M,K) = 0 (K € Ty), we get that Exth(M, N) = 0.
So M € (11P)=*. O

Theorem 5.49. Let R be a 1-Gorenstein commutative local ring of Krull dimension
1 with mazimal ideal m and T be a tilting R-module. Then there is a set P1 C {p €
SpecR | ht p = 1} such that T is equivalent to the Bass tilting R-module Tp,.
Moreover if we denote (A, B) the tilting cotorsion pair induced by T and A’, as in
Lemma 5.46, then we have that

Pleo — il — {M € Mod-R | Ext}%(E(R/m),M) =0}, ifR/me A
Mod-R, ifR/m ¢ A.

Proof. Denote B’ and P; as in Lemma 5.47. We are going to show that B = {M €
Mod-R | Exth(E(R/p), M) = 0 for all p € P} (and thus T is equivalent to the
Bass tilting R-module Tp,). By Lemma 5.47, it is enough to show that B/ = P N
MNpep, (B/ p)*'. Since R is local we only need to prove following two cases

1. if R/m € A, then B’ = I (see Proposition 5.48),
2. if R/m & A’, then B’ =P =T (or equivalently A" = GP).

Suppose R/m € A’. By Lemma 5.46, {R/p | p € Spec RAht p =0} C A’. So
{R/p | p € Spec R} C A’, thus by Lemma 5.41, B’ = Zy, so the case (1) is clear.

Suppose R/m ¢ A’. Let M € A’. Suppose that E(M) ~ (E(R/m))*™ &
Dt p—o(E(R/p))* for some an, > 1, oy, > 0 (see Theorem 2.123). Then M N
E(R/m) # 0, so M N R/m # 0 and since R/m is a simple R-module, we have
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R/m C M, thus R/m € A’, a contradiction. Thus if M € A, then E(M) =
Dus pZO(E(R/p))O‘p for some ay, > 0.

Now let F' € A’<“. By Lemma 7.7 and Proposition 5.48, there is a short exact
sequence

0—F —F —G—0

with F' € P<% and G € (1*R)~“ C GP. Since B/ C P = T we have that A’ D GP,
so G € A" and thus F’ € (A’ NP)<“. By the previous part and by Proposition 5.48,
F’ € Py and thus F' € GP. Since GP is a resolving class, we have that F € GP, so
A'<® C GP<“. We have already proved that A’ D GP, so A'<* = GP<*. By Remark
5.45 ((GP,T) is of weak-finite type by Corollary 5.43), we have that A" = GP. So
the claim is true. ]

5.5 Solution of the problem

Definition 5.50. Let R be a commutative ring, S be a multiplicative subset of R
and B be a class of R-modules. Then the class Bg of S~!R-modules is defined by
Bs = {N € Mod-S™'R | N ~ S~'M for some M € B}. For a prime ideal p of R
and S = R\ p, we also use the notation B,y = Bs.

Proposition 5.51. Let R be a 1-Gorenstein commutative ring with Krull dimension
1 and m,m’' be mazximal ideals of R and m be of height 1. Denote Ty and Ry
as in Definition 3.20. Then

L B@ERm), ifm =m
(e _{ Mod-Rinyy, —if m' #m,

where E(R/m) is taken as an Ry, -module.

Proof. First note that ((T{m})(m,))J‘1 = ((R{m})(m,) ® (E(R/m))(m,))ll, where
E(R/m) is taken as an R-module. As in Remark 3.22, we have the following short
exact sequence of R-modules

0 — R — R,y — E(R/m) — 0.
Applying — ®g Ry, we get the following short exact sequence of R(;,/)-modules

0— Ry — (Bpmy),,,,y — (E(R/m))

(m’) — 0.

(m’)
Applying HomR(m,)(—,M ) where M is an arbitrary R(,,)-module, we get part of

the induced long exact sequence of abelian groups

Bxth,, (B(R/m)) gy, M) — Bxth, | (Rpy) gy M) — Bt (Riu), M),

(m")’
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First note that Ext}%( , (R(mry, M) = 0 since R, is a projective Ry,,)-module. By
Lemma 2.122, we have that E(R/m) is an R(,,)-module and

E(R/m), ifm' =m

as R(;,n-modules. So the claim is true. O

Theorem 5.52. Let R be a 1-Gorenstein commutative ring and T be a tilting R-
module. Then there is a set P C {p € SpecR | ht p = 1} such that T is equivalent
to the Bass tilting R-module Tp.

Proof. If dim R = 0, we can use Lemma 5.1. So suppose that dim R = 1. Denote
B the 1-tilting class induced by T'. First note that Lemma 3.19 implies that Ry, is
a 1-Gorenstein commutative local ring for all m € mSpec R and also note that the
Theorem 7.16 implies that B(,,) is a 1-tilting class in Mod-R,,,) for all m € mSpec R.
Denote A’( my and Bzm) as in Lemma 5.46. Let M be an arbitrary R-module. By
Theorem 7.16, we have that M € B iff M,y € B, for all m € mSpec R. Note that
if m € mSpec R is such that ht m = 0, then R, is 0-Gorenstein and so by Lemma
5.1, My, € B, every time. By Theorem 5.49, we have for every maximal ideal m
of R of height 1 that

Exty (BR (Ram)/mBm)), Mimy) = 0, if Ry /mB(m) € A,

My € By <
(m) (m) { every time, if Ry /MRy & .A/(m).

Denote P = {m € mSpec R | ht m = 1 A R,y /mR,,) € .A/(m)}. So we have that
M € B & Exty  (ER,,, (Rn)/mB(n)), M(m)) = 0 for allm € P.

By Lemma 2.120, we have that FE(R/m) is an R(;)-module and that
Er ., (Bm)/mRy)) = E(R/m) as R(,)-modules. So, to the claim, it is enough
to prove that

Extp, (B(R/m), M) = 0 & Extp(E(R/m), M) =0

for all m € {p € SpecR | ht p = 1}, where E(R/m) on the left hand side is taken
as an R(,)-module and E(R/m) on the right hand side is taken as an R-module
(then we have that T is equivalent to the Bass tilting R-module Tp). The previous
statement is equivalent to the following statement

My € (E(R/m)™ & M € (E(R/m))"

for all m € {p € SpecR | ht p = 1}, where E(R/m) on the left hand side is taken
as an R(,,-module and E(R/m) on the right hand side is taken as an R-module.
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Let m € {p € SpecR | ht p = 1}. By Lemma 3.21 and Remark 3.22, we have that
Timy = Rpmy ® E(R/m) (we use the notation from Definition 3.20) is a 1-tilting
R-module with the induced 1-tilting class equal to (E(R/m))™", where E(R/m) is
taken as an R-module. So M € (E(R/m))™" iff M € (T{m})J‘1 and by Theorem
7.16, it is iff M, € ((T{m})(m,))J‘1 for all m’ € mSpec R. But by Proposition 5.51,
it is iff M,y € (E(R/m))*", where E(R/m) is taken as an R(y,y-module. So the
claim is true. O

6 Cotilting modules over 1-Gorenstein commutative
rings

Definition 6.1. Let R be a ring and S be a commutative ring such that R is an S-
algebra (see Definition 2.92) and denote ¢ the ring homomorphism from S to R. Let
E be an injective cogenerator for S-Mod, which exists by Remark 2.63. Let M be an
arbitrary right R-module. Then M is clearly a left S-module via sm = my(s). The
dual module M? is defined by M? = Homg(sMpg, sE), it is clearly a left R-module.

Theorem 6.2. Let R be a ring and, n < w and T be an n-tilting right R-module.
Then the dual module T¢ is an n-cotilting left R-module.

Proof. This is part of the Theorem 8.1.2. from [11]. O

Definition 6.3. Let R be a commutative 1-Gorenstein ring and let P be a subset of
the set of all prime ideals of R of height 1. By Definition 3.20 and Lemma 3.21, Tp
is a 1-tilting R-module. Consider the injective cogenerator £ = €D ,c,,specr E(£/P)
(see Lemma 2.64). By Theorem 6.2, Cp = (Tp)? = Homp(Tp, E) is a 1-cotilting
R-module, called Bass cotilting R-module.

Definition 6.4. Let R be a ring and C be a class of left R-modules. Then C is of
cofinite type if there exist n < w and a class (equivalently a set) S C P such that
C = 8T,

Let C be a left R-module. Then C is of cofinite type if the class +>C is of
cofinite type.

Theorem 6.5. Let R be a ring and n < w.

1. Let C be an n-cotilting left R-module. Then C' s of cofinite type iff there is
an n-tilting right R-module To such that C is equivalent to (Tc)d.

2. If C and C' are n-cotilting left R-modules of cofinite type, then C' is equivalent
C' iff the n-tilting right R-modules T and Teor are equivalent.
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Proof. This is part of the Theorem 8.1.13. from [11]. O

Theorem 6.6. Let R be a left noetherian ring such that Fy = Py (in particular, let
R be a 1-Gorenstein ring). Then all 1-cotilting classes are of cofinite type.

Proof. This is part of the Theorem 8.2.8. from [11]. O

Theorem 6.7. Let R be a 1-Gorenstein commutative ring and C be a cotilting R-
module. Then there is a set P C {p € SpecR | ht p = 1} such that C is equivalent
to the Bass cotilting R-module Cp.

Proof. Firts note, that C' is a 1-cotilting R-module. By Theorem 6.6, C'is of cofinite
type. By Theorem 6.5, there exists a 1-tilting R-module T such that (Tc)d is
equivalent to C. By Theorem 5.52, there is a set P C {p € SpecR | ht p = 1}
such that T¢ equivalent to the Bass tilting R-module Tp. By Theorem 6.5, C is
equivalent to the Bass cotilting R-module Cp. U
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7 Appendix

Lemma 7.1. Let R, S be rings. Let C be a full subcategory of the category of all
right (left) R-modules and D be a full subcategory of the category of all right (left)
S-modules. Let F: C — D (G: C — D) be an additive covariant (contravariant)
functor. If

0o—K-LmMtN_—0

1s split exact in C, then both

£(f)

0 — F(K) 2 pov) 29

F(N) — 0,

G(g) G(f)
—

0 — G(N) GM) — GK)—20

are split exzact in D. In particular, if g: M — N is an isomorphism, then both F(g)
and G(g) are isomrphisms.

Proof. This is the Proposition 16.2. from [1]. O

Lemma 7.2. Let R, S be rings, A be a left R-module, B be an (S, R)-bimodule and
C be an injective left S-module. Then

Exts (A, Homg(B,C)) ~ Homg(Tors(B, A),C)
as abelian groups for all i > 0.
Proof. This is the Theorem 3.2.1. from [10] O

Theorem 7.3. Let R, S be commutative rings, S be a flat R-algebra and M, N be
R-modules. If R is noetherian and M 1is finitely generated, then

Extoy(M,N) ®g S ~ Exts(M @r S,N ®r S)

as S-modules for all i > 0.
Specially if R is noetherian and M is finitely generated, then

Extp(M, N)(p) = Eftlé(p) (M), Np))
as R(p)-modules for alli > 0.

Proof. The first part is the Theorem 3.2.5 from [10], the second part follows from
Definition 2.92. O
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Theorem 7.4. Let R be a Dedekind domain and M be a finitely generated R-module.
Then

M ~ P H M,
pemSpecR

where P is a finitely generated projective R-module and each R-module M, which is
non-zero s of the form

M, ~ R/p°PY@R/p°PD @... ¢ R/p°PIP)

where 0 < d(p,1) < §(p,2) < --- < (p,l(p)) are positive integers. Moreover, this
decomposition is uniquely determined by M.

Proof. This is part of the Theorem 6.3.23. from [6]. O

Theorem 7.5. Let R be a commutative local ring with mazximal ideal m and M be
a finitely generated R-module. Then M is projective iff Tork(M,R/m) = 0.

Proof. This is the Corollary 2 to Proposition 5 in Chapter II, Section 3 from [7]. O

Lemma 7.6. Let R be a commutative noetherian ring. Then the following are
equivalent

1. R is Gorenstein
2. flat dim E(R/m) = ht m for any mazimal ideal m,
3. flat dim E(R/m) < oo for any mazimal ideal m,
4. flat dim E(R/p) = ht m for any p € Spec R,
5. flat dimE(R/p) =< oo for any p € Spec R.
Proof. This is the Proposition 2.1. from [13]. O

Lemma 7.7. Let R be a Gorenstein ring. Then for each finitely generated R-module
M, there exist short exact sequences

00— Ayy — By — M — 0
with Apy; € P<% and By € (11'R)™, and
00— M —Cy— Dy —0

with Cpr € P<¥ and Dy; € (11 R)=.
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Proof. This is part of the Proposition 1.8. from [4]. O

Lemma 7.8. Let R be ring, M be a strongly finitely presented right R-module and
(No | @ < k) be a family of right R-modules. Then for each 0 < i < w

Extip(M, €D No) ~ €P Etip(M, Ny,

a<k a<k

as abelian groups.
Proof. This is part of the Lemma 3.1.6. from [11]. O

Theorem 7.9. Let R be a ring and n < w. Then (11I,,T,) is a complete hereditary
cotorsion pair.

Proof. This is part of the Theorem 4.1.7. from [11]. O

Theorem 7.10. Let R be a ring and n < w. Then (Py, Py1) is a complete hered-

itary cotorsion pair.
Proof. This is part of the Theorem 4.1.12. from [11]. O

Theorem 7.11. Let R be a ring, k be an infinite reqular cardinal and C be a set
of < k-presented right R-modules. Let M be a right R-module with a C-filtration
M= (M, | a<0c). Then there is a set F consisting of submodules of M such that

1. M, € F foralla <o,

2. let N € F and let X be a subset of M of cardinality < . Then there is a
P e F such that NUX C P and P/N is < k-presented.

Proof. This is the part of the Theorem 4.2.6. (Hill Lemma) from [11]. O

Theorem 7.12. Let R be a ring, n < w and C be a class of right R-modules. Then
the following are equivalent

1. C is n-tilting,

2. C is coresolving, special preenvioping, closed under direct sums and direct sum-
mands and +1C C P,.

Proof. This is the Theorem 5.1.14. from [11]. O

Theorem 7.13. Let R be a ring, n < w and (A, B) be a cotorsion pair. Then the
following are equivalent

1. (A, B) is n-tilting,
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2. (A,B) is hereditary and complete, A C P,, and B is closed under direct sums.
Proof. This is the Corollary 5.1.16. from [11]. O

Theorem 7.14. Let R be a ring and (A, B) be a tilting cotorsion pair. Then each
right R-module A € A is A<M -filtered.

Proof. This is the part of the Theorem 5.2.10. (Deconstruction to countable type)
from [11]. O

Theorem 7.15. Let R be a ring and T be a tilting right R-module. Then T is of
finite type.
Proof. This is the part of the Theorem 5.2.20 from [11]. O

Theorem 7.16. Let R be a commutative ring, n < w, T be an n-tilting R-module
and B = T1> be the n-tilting class induced by T.

1. Let S be a multiplicative subset of R. Then S™'T is an n-tilting S~ R-module,
the corresponding n-tilting class being

Bs = (S7IT)*~ = BN Mod-S~!'R.
2. Let M € Mod-R. Then M € B, iff M) € By for all maximal ideals m of
R.
Proof. This is the Theorem 5.2.24. from [11]. O

Lemma 7.17. Let R be a 1-Gorenstein commutative ring of Krull dimension 1, S
be a multiplicative subset of R which is without zero-divisors and 3 be a set of all
reqular elements of R. Then

1. 'R~ Dt p—o E(R/p) as R-modules,
2. ST'R/R is a direct summand of X" R/R as R-modules.
Proof. This is the part of the Example 7.13 from [2]. O

Theorem 7.18. Let R be a commutative ring and S be a multiplicative subset of R
which is without zero-divisors. Then the following conditions are equivalent

1. projdimS™'R < 1,
2. T=S"'R® S 'R/R is a 1-tilting R-module.

Moreover, if T is 1-tilting then the 1-tilting class induced by T is equal {M € Mod-R |
Ms = M forall s € S}.

Proof. This is the part of the Theorem 6.3.16 from [11]. O
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