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Introduction
Rayleigh-Bénard convection (RBC) is a classical problem in fluid dynamics [1]

[2]. It occurs when a fluid in a gravitational field is heated from below and cooled
from above. This type of flow can be observed in many natural processes such as
weather formation [3], oceanic flows [4], in continental drifts [5] or in convection
processes in planets and stars, including the Sun [6]. The characteristic parameter
describing this flow is the Rayleigh number, which determines whether or not
convection occurs within the fluid. The values of Rayleigh numbers for convection
in natural cases of RBC are in orders of up to 1030 [7] and even though equations
describing turbulent flow are known, our ability to predict or simulate these flows,
especially for such intense convection and extremely large scales, remains very
limited.

Smoothed Particle Hydrodynamics (SPH) is a particle-based Lagrangian
method used for the simulation of problems in fluid mechanics. The aim of
this thesis is to use the SPH method to simulate RBC for high Rayleigh num-
bers. Particularly, using the physical parameters for cryogenic helium gas, which
many experimental studies concerning RBC at high Ra numbers use as their
working fluid. The traditional Boussinesq approximation for RBC assumes that
the physical properties of the fluid are constant except for density, where a linear
relationship with temperature is taken. This approximation, however, fails for
helium gas near cryogenic temperatures, since its properties vary heavily with tem-
perature. SPH could be advantageous over other traditional grid-based methods
in this regard, since omitting this approximation can be difficult for grid-based
solvers, but comes naturally in the SPH method.

In the first chapter of this thesis, we derive Smoothed Particle Hydrodynamics
with entropy using Poisson brackets, similarly as in Pavelka [8] and Kincl [9]. The
second chapter provides a brief introduction into the physical problem of RBC.
Finally, we show our numerical simulations in Julia using the SmoothedParticles.jl
package developed by Kincl and Pavelka [10]. Initially for low Rayleigh numbers as
a proof of concept and, if successful, for high Rayleigh numbers with the physical
parameters of cryogenic helium gas.
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1 Entropic Smoothed Particle
Hydrodynamics
1.1 Introduction

Smoothed Particle Hydrodynamics (SPH) is a mesh-free, Lagrangian method
for simulating fluid flows and continuum mechanics. Originally developed by
Gingold and Monaghan (1977) [11] for astrophysical applications, SPH has since
evolved into a versatile computational technique applied in fields ranging from
astrophysics to engineering and computer graphics.

The core idea of SPH is to represent a continuum using a set of discrete
particles, each carrying physical quantities such as mass, velocity, and energy.
These quantities are interpolated over a finite support domain using smoothing
kernel functions, enabling the estimation of field variables and their derivatives
at any point in space [12]. Unlike traditional grid-based methods, SPH naturally
handles large deformations, free-surface flows, and multiphase interactions without
requiring complex mesh generation or deformation tracking.

In recent years, SPH has been increasingly applied in engineering problems,
including hydrodynamics, solid mechanics, and multiphysics systems [13]. Despite
its advantages, SPH faces challenges such as numerical instability, boundary
treatment, and computational cost, which continue to be active areas of research.

This chapter provides a brief overview of the fundamentals of SPH including
its derivation from Poisson brackets and continuum mechanics and also includes
the addition of entropy to the SPH scheme for better description of non-barotropic
fluids.

1.2 Classical Smoothed Particle Hydrodynamics

1.2.1 Smoothing Kernels
A fundamental component of SPH is the smoothing kernel Wh : Rd → [0, ∞).

The importance of the kernel is in giving weights to interactions between individual
particles, as will be demonstrated later. The kernel is a function that satisfies the
following properties:

•
∫︂

Wh(x)dx = 1

• Wh ∈ C2(Rd)

• Wh = Wh(|x|)

• h : Wh(r) = 1
hd W1( r

h
)

• dWh

dr
≤ 0

The parameter h > 0 is called smoothing length, which controls the range
of interactions between particles. An important property of the kernel is that

7



it converges to the Dirac delta function in the sense of distributions when h →
0+. This allows approximations of functions and their spatial derivatives using
convolution. Applying this property to a field variable f , we approximate its
derivative as:

f = f ∗ δ ≈ f ∗ Wh

∂if = ∂if ∗ δ ≈ ∂if ∗ Wh = f ∗ ∂iWh

(1.1)

Now we approximate the integral on the right-hand side to get a discretized
expression. We can use a quadrature rule with nodes xa and weights Va = ma

ρa

Thus we can write:

[f ∗ Wh](xa) =
∫︂

f(y)Wh(xa − y)dy ≈
∑︂

b

Vbf(xb)Wh,ab

[f ∗ ∂iWh](xa) =
∫︂

f(y)∂iWh(x − y)dy ≈
∑︂

b

Vbf(xb)∂iWh,ab

(1.2)

where Wh,ab = Wh(xa − xb) is used for brevity. We will also omit the index h
for the same purpose. For the derivative of the kernel we get:

∇Wab = ∇W (xa − xb) = dW

dr
(|xa − xb|)

xa − xb

|xa − xb|
(1.3)

From the expression above, we can see that the kernel function is odd with
respect to swapping of the particle indices, which will be useful later on when
discussing conservational properties of SPH.

∇Wh,ab = −∇Wh,ba (1.4)
The smoothing kernel should be at least twice continuously differentiable

to enable the discretizations of second-order partial differential equations and
operators. A natural choice for the kernel function that satisfies the properties
(1.2.1) is a properly scaled Gaussian function:

Wh(r) = 1
(2πh2) d

2
exp

(︄
− r2

h2

)︄
, ∀r ≥ 0 (1.5)

However, Gaussian kernels have infinite support, requiring summation over
all particles in the domain in 1.2, which is not computationally efficient. Thus,
piece-wise polynomial functions with compact support are often used instead. A
canonical example and one which we will be using in our simulations is Wendland’s
quintic kernel [14],

Wh(r) =

⎧⎪⎨⎪⎩
αd

hd

(︂
1 − r

2h

)︂4 (︂
1 + 4r

h

)︂
0 ≤ r ≤ 2h

0 2h < r
, (1.6)

where the normalization constant αd is defined as:

αd =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
3
4 d = 1
7

4π
d = 2

21
16π

d = 3
(1.7)

Various other smoothing kernels exist, and interested readers can refer to [15]
for more examples.
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1.2.2 Classical approach to SPH
In the next section, we will derive the evolution equations of SPH state variables

xα and Mα in an elegant way using Poisson brackets and Hamiltonian continuum
mechanics, closely following the formulation in Pavelka [8]. However, this is not
the standard way of deriving the evolution equations in SPH literature.

The classical approach to acquiring the evolution equations can be outlined as
such (Liu [16]):

1. The problem domain is approximated by a set of arbitrarily distributed
particles, with no mesh or connectivity of the particles required.

2. The kernel function is used to approximate field functions via convolution.

3. The kernel approximation is further approximated using particles. The
integration in the convolution is replaced by a summation over all neighboring
particles in the domain of the kernel support.

4. The particle approximation is performed at every time step, which means
that it is dependent on the current distribution of all the particles in the
support domain.

5. All terms in the governing PDEs are rewritten using these particle-based
approximations to produce a set od ODEs with respect to time.

6. The discretized set of ODEs are solved using an explicit integration scheme
to track the evolution of all physical quantities per particle.

A small insight into this approach can be seen in chapter 1.2.1 concerning
the smoothing kernel, particularly points 2 and 3, where the idea of using the
smoothing kernel to approximate a function of state variables and its spatial
derivatives was shown. The next step would be to define more rigorously how to
use this approximation to discretize all terms and their spatial derivatives present
in the governing equations to generate a set of ODEs with respect to time only.

However, in this thesis we will use a different approach that is described in
detail in the following section.

1.3 Derivation of SPH based on Poisson brackets
For the derivation of the SPH equations, we will exploit the fact that SPH can

be formulated within the framework of Hamiltonian continuum mechanics and,
as such, can be derived via a reduction from continuum Poisson brackets. We
will define SPH state variables via a mapping from their continuum counterparts,
then we will plug these variables into the continuum Poisson bracket to acquire
the SPH Poisson bracket. This reduced Poisson bracket will then generate the
evolution equations for our state variables, once we supply the dependence of the
energy functional on SPH state variables.

9



1.3.1 Lagrange and Euler frame
In the following sections, we employ the language of continuum mechanics,

particularly that of the Eulerian and Lagrangian frames of reference, which offer
two distinct perspectives for describing the continuum. We provide a brief overview
of them below.

Suppose that we fix the origin of the frame of reference with some material
point X at a specific initial time. As the material deforms, the position X
does not change within this reference frame. This non-inertial frame is called
the Lagrange frame (also called the material frame or reference frame). It is
commonly used to describe solid materials, where the Lagrangian coordinate X
tracks individual material points as they undergo deformation.

In contrast, the Eulerian frame (also called the spatial frame or current frame)
is an inertial reference frame. The Eulerian coordinate x represents a fixed point
in space through which we observe material flows over time. It is common to use
the Eulerian frame when describing fluids, as it lends itself naturally to describing
such processes. Instead of focusing on which particle is flowing through the fixed
point in space at any given time, as would be the case when using the Lagrangian
reference frame, the Eulerian perspective emphasizes the characteristics of the
flow at that location.

Throughout this work, we adhere to the standard convention of denoting
Lagrangian variables with uppercase letters (e.g., X) and Eulerian variables with
lowercase letters (e.g.,x).

The relationship between the two reference frames and variables in the respec-
tive frames is given by the deformation mapping and its Jacobian:

x = x(X, t)

dx = det ∂x

∂X
dX

(1.8)

1.3.2 Hamiltonian continuum mechanics
SPH can be formulated within the framework of Hamiltonian continuum

mechanics. We use fields of position and momentum density, xi(X) and Mi(X) as
state variables, which are equipped with the canonical continuum Poisson bracket:

{F, G}Lagrangian =
∫︂ (︄

∂F

∂xi

∂G

∂Mi

− ∂G

∂xi

∂F

∂Mi

)︄
dX (1.9)

The evolution of any functional of these state variables is given by the Poisson
bracket of the functional and the total energy E(x, M ).

Ḟ = {F, E} (1.10)

Applying this framework to the state variables yields the canonical Hamiltonian
evolution equations:

ẋ = EM (1.11)
Ṁ = −Ex, (1.12)
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where EM , Ex represent partial derivatives of energy with respect to momentum
or position respectively. 1

Now we need to prescribe the total energy of the system E(x, M ). We can do
so using the internal energy density per Eulerian volume ϵ(ρ). The total energy is
the sum of the kinetic energy and internal energy:

ELagrangian =
∫︂ (︄

M 2

2ρ0
+ det ∂x

∂X
ϵ(ρ(x(X)))

)︄
dX, (1.13)

where ρ is the Eulerian mass density, which is related to the Lagrangian density
ρ0(X) through

ρ(x) = ρ0(X)det∂X

∂x
.

1.3.3 SPH mapping
To derive the standard SPH evolution equations using Lagrangian continuum

mechanics, we first need to define the SPH variables of position xα and momentum
Mα

2. These discrete variables are obtained through a mapping that projects the
continuous state variables onto SPH particles. The definition of this mapping
follows [8].

Let Ω0 be the Lagrangian manifold, which we partition into mutually disjoint
cells such that Ω0 = ⋃︁

α Ω0α. The volume V0α of a cell α is given by the integral

V0α =
∫︂

Ω0α

dX (1.14)

The mapping is then given by the following equations:

xα =
∫︂ ˜︁χα(X)x(X)dX

Mα =
∫︂

V0α ˜︁χα(X)M (X)dX,
(1.15)

where

˜︁χα(X) =
⎧⎨⎩

1
V0α

X ∈ Ω0α

0 otherwise
(1.16)

is the normalized characteristic function of the Lagrangian cell α.
To reduce the continuum Poisson bracket (1.9) to a Poisson bracket for SPH

variables xα and Mα, we plug functionals dependent on SPH variables into the
Poisson bracket. However, since the bracket contains derivatives of the functionals,
we need to express the derivatives of any functional F (xα, Mα) of SPH variables
with respect to the continuum state variables. From the definition of the SPH
variables we can calculate the following relations:

δxi
α

δxj(X) = δi
j ˜︁χα(X) and δMαi

δMj(X) = δj
i V0α ˜︁χα(X) (1.17)

1Actually, for elasticity, where the energy depends on the gradient of x, the derivatives
become functional derivatives.

2Note the index α, which will help us distinguish between SPH state variables and the
continuous state variables
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While the mixed derivatives are zero. Now we can take the derivative of a
functional of SPH state variables with respect to position and momentum using
the chain rule:

δF (xα, Mα)
δxi(X) =

∑︂
α

∂F

∂xj
α

δxj
α

δxi(X) =
∑︂

α

∂F

∂xi
α

˜︁χα(X)

δF (xα, Mα)
δMi(X) =

∑︂
α

∂F

∂Mα,j

δMα,j

δMi

=
∑︂

α

∂F

∂Mα,i

V0α ˜︁χα(X)
(1.18)

Plugging two functionals of SPH state variables into the Poisson bracket then
leads to the definition of the SPH Poisson bracket:

{F, G} =
∫︂ (︄

δF

δxi(X)
δG

δMi(X) − δG

δxi(X)
δF

δMi(X)

)︄
dX =

=
∑︂

α

∑︂
β

(︄
∂F

∂xi
α

∂G

∂Mβ,i

− ∂G

∂xi
α

∂F

∂Mβ,i

)︄∫︂
V0β ˜︁χα(X)˜︁χβ(X)dX

=
∑︂

α

(︂
Fxi

α
GMαi

− Gxi
α
FMαi

)︂ def= {F, G}SPH

(1.19)

where the following simplification using the definition of the normalized char-
acteristic function (1.16) was used:∫︂

V0β ˜︁χα(X)˜︁χβ(X)dX =
∫︂

V0α ˜︁χ2
α(X)dX =

∫︂
Ω0α

1
V 2

0α

V0αdX = 1
V0α

∫︂
Ω0α

dX = 1

Furthermore, if we plug the SPH state variables into this Poisson bracket
together with energy, we obtain Hamiltonian evolution equations for SPH variables,
much like in classical Hamiltonian mechanics.

ẋα = {xα, E}SPH = EMα

Ṁα = {Mα, E}SPH = −Exα

(1.20)

However, we still need to express the total energy in terms of xα, Mα to close
the equations.

1.3.4 Energy functional in standard SPH formulation
To prescribe the total energy in terms of SPH variables, we need to approximate

the total energy of the continuous system. Discrete particle positions and momenta
are not enough to properly prescribe the energy, so we use a smoothing kernel W
as defined in chapter 1.2.1 to provide an approximate form of mollification. We
will use smoothing kernel to define Eulerian SPH mass density, which will help us
define total energy in terms of SPH variables.

ρα =
∑︂

β

mβW (|xα − xβ|) =
∑︂

β

mβWαβ, (1.21)

where mα =
∫︂

ρ0(X)˜︁χα(X)dX is the mass of the particle α. Now we can close
the Hamiltonian evolution equations by supplying the energy functional dependent
on SPH variables:
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ESP H =
∑︂

α

V0α
M 2

α

2ρ0α

+
∑︂

α

V0α
ρ0α

ρα

ϵ(ρα) (1.22)

The equation can be simplified using the following relation: ρ0α = mα

V0α

ESP H =
∑︂

α

M 2
α

2mα

+
∑︂

α

Vαϵ(ρα)

When we plug this energy functional into the Hamiltonian canonical equations
(1.20), we need to take its derivative with respect to the SPH variables. In
particular, the derivative of ρα as defined in (1.21), which yields:

∂ρβ

∂xi
α

=
∑︂

γ

mγW ′(|xβ − xγ|)
∂
√︂

(xj
β − xj

γ)(xj
β − xj

γ)
∂xi

α

=
∑︂

γ

mγW ′(|xβ − xγ|)
xj

β − xj
γ

|xβ − xγ|
δj

i (δβα − δγα)

=
∑︂

γ

mγW ′
βγeiβγ(δβα − δγα),

(1.23)

where W ′
βγ = dW

dr
(|xβ − xγ|) 3, and eiβγ is the i component of the unit vector

pointing from xγ to xβ, i.e. the vector eβγ = xj
β

−xj
γ

|xβ−xγ | .
Now we can write the resulting ordinary differential equations for the evolution

of SPH state variables given by the Poisson bracket:

ẋi
α = {xi

α, E}SP H

Mα,i
̇ = {Mα,i, E}SP H

ẋi
α = M i

α

mα

Ṁα,i = −
∑︂

β

⎛⎝−mβ

ρ2
β

ϵ + mβ

ρβ

∂ϵ

∂ρβ

⎞⎠∑︂
γ

mγW ′
βγeiβγ(δβα − δγα)

= −
∑︂

β

⎛⎝mαmβ

ρ2
γ

pα + mαmβ

ρ2
γ

pβ

⎞⎠W ′
αβeiαβ,

(1.24)

where the pressure of a particle α is defined using the barotropic relation [17]:

pα = −ϵ + ργ
∂ϵ

∂ργ

(1.25)

When we supply the dependence of internal energy on mass density, which
can be integrated from an equation of state, together with the definition of mass
density 1.21 we obtain a completely specified and closed system of differential
equations:

3This more concise notation for the derivative of the kernel will be used from here onward.
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ẋi
α = M i

α

mα

Ṁαi = −
∑︂

β

⎛⎝mαmβ

ρ2
γ

pα + mαmβ

ρ2
γ

pβ

⎞⎠W ′
αβeiαβ

ργ =
∑︂

β

mβWαβ,

(1.26)

This system is Hamiltonian and even symplectic, since it is generated by the
canonical SPH Poisson bracket 1.19 and the energy functional 1.22 [8], and thus
when combined with a symplectic time integrator, such as the Verlet scheme [18],
the energy error of the numerical solution is bounded uniformly with respect to
time [9].

However, it should be noted that this is not the only possible way to formulate
SPH. The equations (1.26) provide the evolution of equations of position and
momenta and set the density as a function of the state variables. It is possible to
acquire the evolution of density the same way we acquired the equations for the
other state variables, i.e. using the Poisson bracket and the energy functional we
obtain:

ẋi
α = M i

α

mα

Ṁαi = −
∑︂

β

⎛⎝mαmβ

ρ2
γ

pα + mαmβ

ρ2
γ

pβ

⎞⎠W ′
αβeiαβ

ρ̇α =
∑︂

β

mβW ′
αβeαβ

(︄
Mα

mα

− Mβ

mβ

)︄ (1.27)

This system of evolution equations is obviously different from (1.26) and they
represent the standard SPH equations. While they are Hamiltonian, because they
can be generated via a Poisson bracket, they are not symplectic [19]. This means
that it is advantageous from a numerical perspective to evaluate the mass density
at each step as a function of the other state variables, while we keep the evolution
equations for positions and momenta. Doing so preserves the symplectic property
of the equations and thus better energy conservation when using symplectic
integrators.

However, problems arise when the fluid is not barotropic, i.e. when the density
depends not only on pressure, but also on the entropy of the material. In such
cases, accurately modeling the fluid dynamics requires incorporating entropy to
the SPH particle description. This extension will be addressed in the following
section.

1.4 Entropic Smoothed Particle Hydrodynamics
The classical formulation of SPH does not assign entropy to the particles.

Nevertheless, for non-barotropic systems—where the internal energy depends on
both density and entropy—it is advantageous to introduce entropy as an explicit
variable. As a result, the energy relation in equation (1.22) takes the following
modified form:
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ESP H =
∑︂

α

M 2
α

2mα

+
∑︂

α

Vαϵ(ργ, sα), (1.28)

where sα is the Eulerian entropy density of particle α. This entropy is itself a
variable of the density of the volume. This raises a problem as particle volume
in SPH can be defined in several various ways, each providing a different set of
resulting evolution equations.

The definition we will be using in this thesis is the mass-based volume. We
use the equation for mass density (1.21) and the definition of density itself to get:

(Vα)−1 = ργ

mα

≈
∑︂

β

mβ

mα

Wαβ (1.29)

This approach is standard in SPH literature as it is the simplest and usually
the most stable. Other formulations exist that offer different qualities; for more
detail on this matter, see Pavelka [8].

Using this definition of particle volume, we can write the definition of entropy
density:

sα = Sα(Vα)−1 = Sαργ

mα

(1.30)

Finally, we can get the evolution equations of the SPH variables of xα, Mα,
ργ, sα by plugging these projections into the Lagrangian Poisson bracket (1.9).

ẋα = EMα

Ṁα = −Exα −
∑︂

β

mαmβ

⎛⎝Eρα

mα

+
Eρβ

mβ

+ Sα
1

m2
α

Esα + Sβ
1

m2
β

Esβ

⎞⎠W ′
αβeαβ

ρ̇α =
∑︂

β

mβW ′
αβeαβ · (EMα − EMβ

)

ṡα = Sα

mα

∑︂
β

mβW ′
αβeαβ · (EMα − EMβ

)

(1.31)
Now when we supply the energy functional, which is dependent on all the

state variable xα, Mα, ργ, sα, (1.28) these equations result in:

ẋi
α = M i

α

mα

Ṁαi = −
∑︂

β

(︄
mαmβ

ρ2
α

pα + mαmβ

ρ2
α

pβ

)︄
W ′

αβeiαβ

ρ̇α =
∑︂

β

mβW ′
αβeαβ

(︄
Mα

mα

− Mβ

mβ

)︄

ṡα = Sα

mα

∑︂
β

mβW ′
αβeαβ

(︄
Mα

mα

− Mβ

mβ

)︄
(1.32)

Where pressure is defined as pα = −ϵ + ρα
∂ϵ

∂ρα
+ sα

∂ϵ
∂sα

and temperature defined
as Tα = ∂ϵ

∂sα
. The corresponding Poisson bracket generating these equations is

defined as such:
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{F, G}SPH−entropic = {F, G}SP H

+
∑︂

α

∑︂
β

mβW ′
αβ(Fργ (GMαi

− GMβi
) − Gργ (FMαi

− FMβi
))

+
∑︂

α

∑︂
β

Sα
mβ

mα

W ′
αβeiαβ(Fsα(GMαi

− GMβi
) − Gsα(FMαi

− FMβi
))

(1.33)

This Poisson bracket is obtained similarly as before. We take any two func-
tionals of state variables F (xα, Mα, ργ, sα), G(xα, Mα, ργ, sα) and we plug them
into the Lagrangian Poisson bracket (1.9). In the calculation, we employ the chain
rule for (functional) derivatives. We also use the result from (1.23) to evaluate
the partial derivatives of density and entropy density with respect to xα.

{F, G} =
∫︂ (︄

δF

δxi(X)
δG

δMi(X) − δG

δxi(X)
δF

δMi(X)

)︄
dX =

=
∑︂

α,β,γ,ξ

∫︂ ⎛⎝[︄ ∂F

∂xj
α

∂xj
α

∂xi(X) + ∂F

∂Mβ,j

∂Mβ,j

∂xi(X) + ∂F

∂ργ

∂ργ

∂xi(X) + ∂F

∂sξ

∂sξ

∂xi(X)

]︄

·
[︄

∂G

∂Mβ,j

∂Mβ,j

∂Mi(X) + ∂G

∂xj
α

∂xj
α

∂Mi(X) + ∂G

∂ργ

∂ργ

∂Mi(X) + ∂G

∂sξ

∂sξ

∂Mi(X)

]︄

−
[︄

∂G

∂xj
α

∂xj
α

∂xi(X) + ∂G

∂Mβ,j

∂Mβ,j

∂xi(X) + ∂G

∂ργ

∂ργ

∂xi(X) + ∂G

∂sξ

∂sξ

∂xi(X)

]︄

·
[︄

∂F

∂Mβ,j

∂Mβ,j

∂Mi(X) + ∂F

∂xj
α

∂xj
α

∂Mi(X) + ∂F

∂ργ

∂ργ

∂Mi(X) + ∂F

∂sξ

∂sξ

∂Mi(X)

]︄⎞⎠ dX

We now use the relations (1.17), (1.23) and the definition of entropy through
density to simplify the expression:

=
∑︂

α,β,γ,ξ

∫︂ ⎛⎜⎝
⎡⎣ ∂F

∂xi
α

˜︁χα(X) + ∂F

∂ργ

∑︂
ϕ

mϕW ′
γϕeiγϕ(δγβ − δϕβ)˜︁χβ(X) +

+ ∂F

∂sξ

Sξ

mξ

∑︂
θ

mθW
′
ξθeiξθ(δξβ − δθβ)˜︁χβ(X)

⎤⎦ ·
[︄

∂G

∂Mβ,i

V0β ˜︁χβ(X)
]︄

−

⎡⎣ ∂G

∂xi
α

˜︁χα(X) + ∂G

∂ργ

∑︂
ϕ

mϕW ′
γϕeiγϕ(δγβ − δϕβ)˜︁χβ(X) +

+ ∂G

∂sξ

Sξ

mξ

∑︂
θ

mθW
′
ξθeiξθ(δξβ − δθβ)˜︁χβ(X)

⎤⎦ ·
[︄

∂F

∂Mβ,i

V0β ˜︁χβ(X)
]︄⎞⎠ dX

Where the partial derivatives of density and entropy density with respect
to momentum vanish. Now if we reorganize the terms and use the previous
result (1.3.3) to take out the integral with the characteristic functions, the whole
expression becomes clearer:
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=
∑︂

β

⎡⎣(︄∑︂
α

Fxi
α
GMβ,i

− FMβ ,iGxi
α

)︄
+

+
⎛⎝∑︂

γ

Fργ GMβ,i
− FMβ,i

Gργ

∑︂
ϕ

mϕW ′
γϕeiγϕ(δγβ − δϕβ)

⎞⎠+

+
⎛⎝∑︂

ξ

Fsξ
GMβ,i

− FMβ,i
Gsξ

Sξ

mξ

∑︂
θ

mθW
′
ξθeiξθ(δξβ − δθβ)

⎞⎠
⎤⎥⎦

= {F, G}SP H+
+
∑︂

β

∑︂
γ

∑︂
ϕ

mϕW ′
γϕeiγϕ(δγβ − δϕβ)(Fργ GMβ,i

− FMβ,i
Gργ )+

+
∑︂

β

∑︂
ξ

∑︂
θ

Sξ

mξ

mθW
′
ξθeiξθ(δξβ − δθβ)(Fsξ

GMβ,i
− FMβ,i

Gsξ
)

= {F, G}SP H+
+
∑︂

γ

∑︂
ϕ

mϕW ′
γϕeiγϕ(Fργ (GMγ,i

− GMϕ,i
) − Gργ (FMγ,i

− FMϕ,i
))

+
∑︂

ξ

∑︂
θ

Sξ

mξ

mθW
′
ξθeiξθ(Fsξ

(GMξ,i
− GMθ,i

) − Gsξ
(FMξ,i

− FMθ,i
))

Which after relabeling (γ, ϕ) and (ξ, θ) to (α, β) is precisely the Poisson bracket
(1.33).

The equations (1.32) represent the complete evolution equations of the re-
versible, Hamiltonian parts of state variables xα, Mα, ργ, sα. When we use the
update relation for the density ργ = ∑︁

β mβWαβ, which directly corresponds to
the evolution equation for density in (1.32) 4, this system is even symplectic [8].
Thus, when we use a symplectic integrator for this system, we conserve a certain
energy E∗, which is close to the real energy. Since these equations represent the
reversible part of the evolution, total entropy sα should be conserved. It is indeed
so:

ṡ =
∑︂

α

ṡα =
∑︂

α

Sα

Vα

∑︂
β

mβW ′
αβeαβ · (EMα − EMβ

) = 0 (1.34)

The total sum is equal to zero due to the anti-symmetry of the kernel derivative
with respect to indices (1.3).

1.5 Entropic SPH with dissipative evolution
We also include irreversible dissipative processes in our simulation, namely

Fourier heat conduction and viscous dissipation, and the following section will
briefly introduce the mechanics by which we incorporate these into our SPH
scheme.

One possible way of adding Fourier heat conduction is based on a dissipation
potential. This approach stems from the General Equation for Non-Equilibrium

4This follows from taking the time derivative of the definition relation for the density and
using the equation for ẋi

α.
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Reversible-Irreversible Coupling (GENERIC) [17] [20] [21]. The details of the
calculation are beyond the scope of this work, thus we only include the resulting
evolution part of entropy and refer the reader to [8, 17] for a rigorous derivation
of this equation.

(Ṡα)Fourier = Vα
∂sα

∂ϵα

ϵ̇α = −ϵ∗
α

∑︂
β

VαVβ(qα + qβ) · W ′
αβeαβ (1.35)

Here, ϵ∗
α = T −1

α is the SPH inverse temperature of particle α, and the discrete
heat flux qα is given by

qα = −
∑︂

β

VβλF

(︄
Tα − T 2

α

Tβ

)︄
W ′

αβeαβ (1.36)

with λ(Tα) = λF T 2
α following the discretization scheme outlined in [8]. This

formulation ensures compliance with the second law of thermodynamics, as the
entropy production is guaranteed to be non-negative by construction of the
dissipation potential.

Similarly, we also include viscous dissipation following the standard SPH
discretization of the viscous terms:

(Ṡα)viscous = − 1
Tα

∑︂
β

(n + 2)µVαVβ((vα − vβ) · eαβ)2 W ′
αβ

rαβ

(1.37)

as derived in [8] [11]. This expression corresponds to the irreversible transfer of
kinetic energy into internal energy via viscous friction, where µ is the dynamic
viscosity, and the geometric factor (n + 2) arises from the specific discretization of
the dissipation potential in particle-based form.

In both cases, the entropy production rates Ṡα are directly added to the evolu-
tion of the Lagrangian particle entropies Sα, ensuring consistent thermodynamic
behavior while preserving energy conservation in the GENERIC framework.
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2 Rayleigh-Bénard convection
Rayleigh-Bénard convection 1 is a classical problem in fluid dynamics [2] [1]. It

is a buoyancy-driven flow that occurs when a fluid in a gravitational field is heated
from below and cooled from above. This phenomenon can be seen naturally in
many different areas and scales. Some examples include weather formation, flows
within the Earth’s crust, oceanic flows and many more. The physical problem we
will be investigating in this thesis can be defined as follows [22].

2.1 Problem definition
Let us have a closed container with walls being non-deformable free surfaces

with vertical height L and horizontal diameter D, defining an aspect ratio Γ = D
L

.
Inside the box, we have a viscous heat conducting fluid subject to gravitational
acceleration g in the downward direction. The fluid is heated from below with
temperature Th and cooled from above with temperature Tc.

When the temperature difference between the two surfaces ∆T = Th − Tc

is below a critical value, no flows occur and heat is spread only by conduction.
However, after crossing some critical value ∆T ∗ this conductive state becomes
unstable and flows begin to form. In rectangular containers, these flows take the
form of regular rolls parallel to the short side of the container. Note that the
direction of flow in these rolls is unpredictable and two adjacent rolls rotate in
the opposite directions [22].

Why do flows begin to form? When the fluid is heated from below, temperature
gradients form within the fluid layers, which in turn produce a density gradient. A
fluid droplet that is close to the hot lower plate has a lower density than the rest
of the layer, as density generally decreases with temperature. As long as there are
no disturbances within the fluid layer, it is surrounded by particles with the same
density and the forces acting upon the droplet are balanced and thus it remains
stationary. Now let us assume that, due to some local fluctuation, the droplet is
displaced upward. Since it is now less dense than its surroundings, buoyant forces
push it upward, reinforcing its motion. This positive feedback leads to the onset
of convective flow.

This interpretation would suggest that convection ensues whenever there exists
a temperature gradient in the fluid. However, we know from experience that this
is not the case. The reason for this is that there exist stabilizing forces that oppose
this buoyant motion. One of them is the viscosity of the fluid, which generates a
friction force directly opposite to the motion. The other is heat diffusion, which
spreads out the heat contained within the droplet to its surrounding environment,
reducing the temperature and thus density difference. This gives us an idea of
why there exists a critical temperature ∆T ∗ for which convection occurs. For
lower temperatures, the buoyant forces are not strong enough to overcome the
dissipative effects and vice versa for higher temperatures.

However, temperature alone does not determine whether fluid flows will occur.
As previously noted, there exist opposing internal forces within the fluid, includ-

1referred to as ’RBC’ from here on out
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ing heat dissipation and viscous resistance, which act to suppress the onset of
convection. Consequently, the initiation of convection does not depend solely on
a critical temperature difference, but also on the physical properties of the fluid,
such as its kinematic viscosity ν, and thermal diffusivity κ. To account for these
combined effects, the Rayleigh number Ra is introduced as the dimensionless
parameter that governs the onset of convection. It is defined as:

Ra = g
α

νκ
∆TL3, (2.1)

Here g is the gravitational acceleration and ∆T is the difference in temper-
ature between the top and bottom plates separated by the vertical distance L.
In geophysical and astrophysical contexts, where the problem dimensions and
temperature differences are large, Rayleigh numbers can reach values as high as
1030 [7].

In addition to the Rayleigh number, the Prandtl number Pr plays an important
role when discussing flows in RBC. It is defined as the ratio of the kinematic
viscosity ν and the thermal diffusivity κ.

Pr = ν

κ
(2.2)

Low-Prandtl-number fluids (e.g. liquid metals, where Pr ≪ 1) have fast heat
diffusion compared to momentum diffusion, which leads to different flow structures
compared to high-Prandtl-number fluids. For fluids where Pr ≈ 1 (e.g. many
gases including helium), the thermal and momentum diffusivities are comparable,
which simplifies scaling analysis and makes these fluids ideal for researching these
relations.

Apart from the onset of convection, a central focus of RBC research is the
efficiency of heat transport, which is quantified by the dimensionless Nusselt
number Nu, which compares total heat transfer to purely conductive heat transfer.
It is defined as:

Nu = LH

λ∆T
, (2.3)

where H is the total convective heat flux and λ the thermal conductivity of the
fluid. This convective heat transfer and its dependency on the Rayleigh number,
especially for very high values of Ra is an integral property of RBC and has been
a subject of numerous studies. For moderate Rayleigh numbers (up to about 1011),
experiments across a wide range of working fluids have shown consistent scaling
behavior; however, for higher values of Ra, strong differences appear and call for
further experimental and numerial research [7].

To achieve very high Rayleigh numbers in controlled laboratory settings, many
researchers use cryogenic helium gas as their working fluid, since its physical
properties, namely its kinematic viscosity ν, thermal expansion coefficient α and
thermal diffusivity κ allow for very high Rayleigh numbers (up to 1015) even in
laboratory settings [23].
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2.2 Physical regimes and scaling laws
As the Rayleigh number increases beyond the critical value Rac, the behavior

of the system transitions through distinct regimes. When Ra values are just above
Rac, the flow is steady and organized in the form of laminar convection rolls. As
Ra increases further, the flows become more chaotic and the system enters the
turbulent regime where thermal plumes dominate heat transport. The scaling laws
governing the Nusselt number in this regime are of particular interest, expressed
as:

Nu ∝ RaγPrβ, (2.4)
In the classical turbulent regime, where γ = 1/3 [24], boundary layers remain

laminar even as the bulk of the fluid becomes turbulent. In contrast, the so-called
"ultimate regime" proposed by Kraichnan [25] predicts a steeper scaling γ = 1/2.
The idea behind the ultimate regime is that at sufficiently high Ra values, the
laminar boundary layers near the heating walls break down and become turbulent
themselves, meaning that convective heat transfer dominates, leading to a steeper
scaling. These transitions remain an active area of research, including experiments
for RBC with high Rayleigh numbers with cryogenic helium [23].

2.3 Boussinesq approximation
A common approximation that is used when modeling RBC is the Boussinesq

approximation. We assume that for small temperature differences, fluid properties
vary little with temperature. The approximation then lies in assuming that
fluid properties other than density are constant, and a linear relationship with
temperature is assumed for the density:

ρ(T ) = ρ0[1 − α(T − T0)], (2.5)
where α is the coefficient of thermal expansion. When this approximation is
applied to the Navier-Stokes equations, we get the following system:

∇ · t − ρ0α(T − T0)g⃗ = ρ0
Dv⃗

Dt
t = −pI + ν(∇v⃗ + (∇v⃗)T )

∇ · v⃗ = 0
∂T

∂t
= −v⃗ · ∇T + κ∇ · (∇T ),

(2.6)

where t is the Cauchy stress tensor and ν is the kinematic viscosity. The reason
why we are introducing this topic is to highlight why SPH may be advantageous
when simulating RBC. In the SPH method, density is evolved dynamically through
the evolution equations (1.32), so there is no need for a linear approximation.
This is important for our goal of simulating cryogenic helium gas since, at very
low temperatures (around 5 K), helium exhibits strongly non-Boussinesq behavior
due to its highly varying thermophysical properties in that area. This highlights
why SPH may be advantageous for simulating helium, since direct numerical
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simulations of confined RBC without the Boussinesq approximation for very high
Rayleigh numbers are difficult [26].
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3 Numerical Simulations
Our numerical simulations are performed using SmoothedParticles package for

Julia developed by Ondřej Kincl [27][28][29]. Our goal was to try to simulate RBC
with cryogenic helium gas as our working fluid. We use the HEPAK program
written in Fortran [30], which allows us to get various physical parameters of
cryogenic helium needed for our simulation.

3.1 Simulation parameters
We use a convection cell with an aspect ratio Γ = D

L
= 4. The reference

pressure p0 is set to 100000 Pa. The temperature of the top plate is set to 5 K,
with the temperature difference ∆T = 0.05K. We set the physical properties of
the fluid to that of cryogenic helium gas at the aforementioned temperature and
pressure values using data from HEPAK 3.1.

Unit Values
Heat capacity CV J/K 3159
Reference density ρ0 Kg/m3 11.78
Thermal expansion coefficient α m/K 1.631
Thermal diffusivity κ m2/s 1.29 · 10−7

Speed of sound c0 m/s 117.7
Dynamic viscosity µ Pa · s 1.39 · 10−6

Heat conductivity λ W/(m · K) 0.01022

Table 3.1 Physical properties of helium at the working conditions

3.2 Equation of state
Our first attempts at the simulation used the stiffened gas model [31], which

gives the following thermodynamic relation for the volumetric energy density:

ϵ = ρ

⎛⎝ c2
0

γ(γ − 1)

(︄
ρ

ρ0

)︄γ−1

e
s

cV ρ + ρ0c
2
0 − γp0

γρ

⎞⎠ , (3.1)

where ρ0, p0 and c0 are the reference density, pressure, and speed of sound, γ = cP

cv

is the ratio of heat capacity at constant pressure to heat capacity at constant
volume, and s is the volumetric entropy density. The following equations then
follow from this relation:

p = (γ − 1)ϵ − (ρ0c
2
0 − γp0) (3.2)

T = c2
0

cV γ(γ − 1)

(︄
ρ

ρ0

)︄γ−1

e
s

cV ρ (3.3)

µ = c2
0

γ − 1

(︄
ρ

ρ0

)︄γ−1

e
s

cV ρ − ρ
c2

0
γ(γ − 1)

(︄
ρ

ρ0

)︄γ−1
s

ρ2cV

(3.4)
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In particular, if we set ρ = ρ0, p = p0, we get s = 0 and then the equation of
state becomes:

p = (γ − 1)ρcV T − ρ0c
2
0 − γp0

γ
(3.5)

However, under closer investigation, we have found that the pressure and
density values acquired using this equation of state do not fit the data from
HEPAK, nor have any other standard equation of state we found. For this reason,
we decided to do a quadratic fit of energy density as a function of entropy and
density to use as an equation of state and to derive expressions for pressure and
temperature using standard thermodynamic relations. The justification of why
a quadratic fit should be sufficient is that we are working within a small area of
pressure and temperature values and thus a simpler model fitted to that area
should suffice.

We acquired 100 values of density as well as energy and entropy per unit
mass from HEPAK for temperature and pressure values in ranges relevant to our
experiment (T ≈ 5 K, P ≈ 100000 Pa). We then fitted the energy density as a
quadratic function of entropy density and density using the least squares method.

e(ρ, s) = e0 + αs + βρ + γsρ + δρ2 + εs2 (3.6)
The resulting coefficients are:

e0 8.4539 · 104

α -1.4338 · 101

β -2.6828 · 103

γ 3.7663 · 10−1

δ -1.2070 · 101

ε 7.7031 · 10−4

Table 3.2 Fitted coefficients

We then use standard thermodynamic relations to get the expressions for
pressure and temperature, as well as other parameters needed for the simulation
[22].

T =
(︄

∂e

∂s

)︄
= α + γρ + 2εs

P = ρ2
(︄

∂e

∂ρ

)︄
=

ρ2(β + γs + 2δρ)

c =

⌜⃓⃓⎷(︄∂p

∂ρ

)︄
= 2ρ(β + γs + 2δρ) + 2δρ2

Cv = 1
T 2

(︄
∂2s

∂e2

)︄−1

= ((γρ + α)2 − 4ε(e0 + βρ + δρ2 − e)) 3
2

2ε(α + γρ + 2εs)2

(3.7)

The equations for energy and temperature hold reasonably well, with the
mean % error being less than 1 % for energy per unit mass and temperature and
around 2 % for pressure and 3 % for the speed of sound. Heat capacity error was
considerably larger at around 14 %, most likely because of the second derivative
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not being as accurate for our quadratic fit. For comparison, the stiffened gas
model was in some cases off by more than ≈ 20 %. In the future, we can use
higher-order fits or more data for a more accurate model.

Maximum error [%] Mean error [%]
Energy 0.125 0.045
Temperature 4.025 0.982
Pressure 6.101 2.249
Speed of sound 4.372 3.219
Heat capacity 26.077 14.538

Table 3.3 % Error of the fitted quadratic model

Figure 3.1 Energy surface from the fitted model together with original data points.

3.3 Test Simulations
Before simulating helium as our working fluid, we ran test simulations to verify

the functionality of the model. We used the stiffened gas equation of state as well
as the derived thermodynamic relations. As outlined above, we used a convection
cell with aspect ratio Γ = 4, with heating from below and a constant temperature
at the top layer. We ran a number of simulations with temperature differences
ranging from ∆T = 20K to 400K. We were able to produce the characteristic
’plume’ shapes [32] present in turbulent RBC, as can be seen in the figure 3.2.
After a stabilization period, we can see that the flows take the form of parallel
rolls as can be seen in the figures 3.3 3.4. Consistent with theory, for low Rayleigh
numbers no flows occurred within the fluid and heat propagated through the fluid
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only by conduction 3.5 3.6. It should be noted that the results from the test
simulations are illustrative and should be taken as qualitative at best, since some
non-physical parameters were used.
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Figure 3.2 Plume shapes of flows in RBC at t = 1s, Ra = 2.1 · 1010

Figure 3.3 Lateral convection rolls in RBC at t = 9s, Ra = 2.1 · 1010

Figure 3.4 Velocity magnitude of RBC at t = 9s. Notice the visible rings, where
convection rolls occur, Ra = 2.1 · 1010
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Figure 3.5 Temperature gradient as a result of conduction in simulation with low
Rayleigh number. Some particles on the boundary have a higher temperature due to
the LJ energy boundary implementation. This however had no significant impact on
the bulk of the simulation.

Figure 3.6 Velocity magnitude in simulation with low Rayleigh number. t = 10s

3.4 Helium simulation problems
During our simulations, particularly when trying to simulate cryogenic helium,

we have encountered a number of difficulties, some inherent to the SPH method,
others with our implementation.

3.4.1 Tensile instability
Tensile instability is a common numerical artifact in SPH. It is primarily caused

by negative pressure states. When the particles are subjected to tensile stress, the
interpolation kernel causes particles to clump together in chains and overall causes
unphysical behavior and numerical instability. There are a number of ways to deal
with tensile instability. A common one is adding an artificial background pressure
term to prevent states with negative pressure [33] or adding a repulsive term to
particles that are too close [34]. There are also other more sophisticated ways
that attempt to deal with tensile instability, including an adaptive kernel [35] or
even adding an artificial term to energy, exploiting the conservational properties
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of SPH [29].

Figure 3.7 Example of tensile instability in the simulation

3.4.2 Boundary problems
In simulations of cryogenic helium, the extremely low dynamic viscosity of the

fluid (µ ≈ 1 · 10−6 Pa · s) resulted in very high velocities and kinetic energies of the
particles. This led to particles escaping the wall boundaries since they possessed
sufficient momentum to overcome the confining potential. In the simulations,
the boundary wall conditions were implemented using a repulsive Lennard-Jones
(LJ) potential to model particle-wall interactions. By increasing the wall energy
parameter as well as the wall thickness, the strength and spatial extent of the LJ
force was sufficient to stop particles from escaping.

3.5 Summary
In summary, we have been able to use SPH to simulate the qualitative features

of RBC, namely the difference in regimes for simulations with different Ra values,
where for large Ra values we observed typical plume-shaped flows within the
fluid and after a stabilization period we observed the lateral rolls; and for low
values of Ra, no flows occurred and heat was transferred throughout the fluid by
conduction only. We encountered difficulties when trying to adapt the simulation
to parameters of cryogenic helium due to tensile instability and small dynamic
viscosity, resulting in very large velocities and particles escaping.

The stiffened gas equation of state proved to be inadequate for cryogenic
helium at the range of temperatures and pressures we were trying to simulate. To
compensate for this, we found a quadratic fit of energy per unit mass as a function
of density and entropy per unit mass fitted to data acquired from HEPAK [30].
This fit proved to be reasonably consistent with other values derived from the
equation of state via standard thermodynamical relations.

The adaptation of the simulation to that of cryogenic helium proved to be
more difficult than expected and we were unable to produce relevant results due
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to the instability of the simulation. We believe, that a combination of some of the
ways of tackling tensile instability presented earlier could resolve this issue and
allow for better simulations.
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Conclusion
This thesis serves as an overview of the SPH method in the context of simulating

Rayleigh-Bénard convection, and we hope that it can serve as a starting point for
future investigation in simulating cryogenic helium.

In the first chapter, we recalled the SPH method, and we derived the governing
equations by exploiting the fact that SPH can be formulated within the framework
of Hamiltonian continuum mechanics and reducing the continuum Poisson bracket,
closely following the formulation in [8]. We derived a full set of symplectic
equations for the reversible part of the evolution, including entropy, which allows
for the use of symplectic integrators, such as the Verlet scheme [18]. We also
include irreversible dissipative terms such as Fourier heat conduction and viscous
dissipation.

The second chapter presented the physical framework of Rayleigh-Bénard
convection [2] [1]. We defined the physical problem which we investigated and
provided an insight into what causes flows to begin forming within the fluid. We
also introduced the physical parameters that govern the regimes of flows within
the fluid and briefly discussed the problem of scaling laws between the Nusselt
number and Rayleigh number in turbulent regimes for very high Rayleigh numbers.
We also commented on the Boussinesq approximation and why SPH is well suited
for simulating the problem without this approximation, since it naturally avoids
it.

In the final chapter, we discussed the results of our numerical simulations. We
first described the parameters of our simulation setup, including the physical data
taken from [30]. The initial attempts at modeling the fluid used the stiffened
gas equation of state; however, we found that this model poorly approximated
the thermodynamic behaviour of helium at cryogenic conditions, with significant
deviations in data such as temperature and pressure when compared to HEPAK
data. To address this issue, we used a fitted equation of state acquired from a
quadratic least-squares fit of internal energy as a function of density and entropy
using data from HEPAK, which proved to be consistent in the relevant temperature
and pressure regions.

We then presented the results of our test simulations using the stiffened gas
model, which qualitatively captured the features of Rayleigh-Bénard convection,
including plume formations and convection rolls at high Rayleigh numbers and
no flows forming for low Rayleigh numbers. However, when trying to adapt the
simulation to cryogenic helium, we encountered numerical instabilities, particularly
tensile instability, which is unfortunately a common numerical artifact in SPH.
These results provide insight into the strengths and weaknesses of the SPH method
and help us understand what necessary steps are needed to make future simulations
more stable.

Despite these challenges, the results demonstrate the capability of SPH to
capture the essential dynamics of RBC and highlight the main obstacles in
simulating cryogenic helium. Future work may benefit implementing more robust
stabilization techniques to improve numerical stability. We hope this work may
provide a solid basis for such developments.
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