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1 Introduction

Let Q C R™ be a bounded domain, 1 < p < oo and let k£ be a natural number. We denote
by WS(Q) the Sobolev spaces of functions from L,(€2) with all distributive derivatives of
order smaller or equal to k in L,(€2). If

1 1
1 < p1,p2 < oo, kl—k22n<———> (1.1)
b1 P2/ 4

and the boundary of Q is Lipschitz then W}1(Q2) is continuously embedded into W}2(€),
le.

WEL(Q) — W2 (Q). (1.2)
This theorem goes back to Sobolev [22].

If the inequality in (1.1) is strict, the embedding is even compact, cf. [20] and [15]. During
the second half of the last century, this fact (and its numerous generalisations) found
its applications in many areas of modern analysis, especially in connection with partial
differential (and pseudo-differential) equations. For this reason, the study of spaces of
smooth functions became an important part of functional analysis with (1.2) playing a
central role. There is a vast literature on function spaces of Sobolev type and all of them
deal also with many variants of the Sobolev embedding. We refer at least to [1], [19], [16],
[23], [17] and [10].

The thesis is composed of 5 papers [27]—[31]. In these papers we studied several aspects of
the Sobolev embedding (and some of its generalisations) and presented some new results.

In the following sections, we describe our achievements.

2 Optimal Sobolev embeddings on R"
Publ. Mat. 51 (2007), 17-44.

Let us first recall the concept of the non-increasing rearrangement.

We denote by 9(R™) the set of real-valued Lebesgue-measurable functions on R™ finite
almost everywhere and by 9t (R"™) the class of non-negative functions in 9t(R™). Finally,
M (0,00, ) denotes the set of all non-increasing functions from M (0,00). Given f €
M(R™) we define its non-increasing rearrangement by

FO) =mfA>0:|{z e R : [f(z)] > A} <t}, 0<t< oo (2.1)

For a set A C R" we denote by |A| its Lebesgue measure. A detailed treatment of
rearrangements may be found in [3].

We also recall some basic aspects of the theory of Banach function norms. For details, see
again [3].

Definition 2.1. A functional g : 9, (0,00) — [0,00] is called a Banach function norm
on (0,00) if, for all f, g, fn,(n =1,2,...), in M, (0, 00), for all constants a > 0 and for all



measurable subsets E of (0,00), it satisfies the following axioms
(A1) o(f)=0 ifand onlyif f =0 a.e;

olaf) = ao(f);

of +9) < eolf) + elg);

if 0<g<fae then o(g) <o(f);

if 0<f,71fae then ofn) T o(f);
if |E|<oo then p(xg) < oc;

if |E|<oo then /Ef < Cgo(f)

Ay
A3

(A2)
(As)
(A4)
(45)

As

with some constant 0 < C'r < 0o, depending on ¢ and E but independent of f.

If, in addition, o(f) = o(f*), we say that o is a rearrangement-invariant (r.i.) Banach
function norm. We often use the notions norm and 7.i. norm to shorten the notation.

Definition 2.2. Let pr and pp be two r. i. norms. We set
LeR(R") = {u € Ligo(R") : |[ulL®R(R")|| = or(u") < oo} (2.2)
and

W (R™) = {u € Lig(R™) « [JulW,,, (R™)|| = ep(u”) + ep(|Vul*) < oo}, (2.3)

The space L9F is called a rearrangement-invariant Banach function space. It follows
directly from its definition that if u* = v* for two measurable functions u and v, then
[|u| L& (R™)|| = ||v|L2%&(R™)||. Hence, the norm depends only on the size of the function
values, not on a specific distribution of these values. The space ngD (R™) is called the
Sobolev space associated to LeP. Here, Vu denotes the gradient of a function wu.

Our aim is to study the embedding
W, (R") — Lo"(R™). (2.4)
The embedding (2.4) is equivalent to
or(u”) < clop(u”) + op(|Vul[)], u€ Wy, (R"). (2:5)

The inequality (2.5) is the main subject of our study.
We are interested in two main questions:

1. Suppose that the ‘range’ norm ppr is given. We want to find the optimal (that is,
essentially smallest) norm pp for which (2.5) holds. The optimality means that if (2.5)
holds with gp replaced by some other rearrangement-invariant norm o, then there exists
a constant C' > 0 such that op(u*) < Co(u*) for all functions u € Li (R™).

loc
2. Suppose that the ‘domain’ norm pp is given. We would like to construct the corre-
sponding optimal ‘range’ norm pr. This means that the gr will be the essentially largest
rearrangement-invariant norm for which (2.5) holds.

The first step in the study of (2.5) is a reduction of (2.5) to the boundedness of certain
Hardy operators.



Theorem 2.3. Let op, or be two r.i. Banach function norms on (0,00). Then the
iequality
or(u*) < clop(u*) + op(|Vul")], ueW,, (R, (2.6)

holds if and only if there is a constant K > 0 such that

on ( | f(s)sl/”‘1d8> < Kop <f(t) <[ f(S)sl/”‘1d8> (2.7)
for all f € M, (0,00).

The main tool in the proof is the following generalisation of the Pélya—Szegé principle
from [7, (4.3)]:

/Ot [—81” "%] * (s)ds < c /0 t [Vaul*(s)ds, (2.8)

which holds for every ¢ > 0 and every weakly differentiable function u such that (Vu) €
L' (R™) 4+ L>(R™) and

H{z € R": |u(z)] > s} <oo forall s>0.

Up to this place, our approach follows [10]. But unlike there, (2.7) involves two different
integral operators and therefore it is still not suitable for further investigation. Therefore
we will derive another equivalent version of (2.6). In (2.7) we substitute

g(t) = f(t) + /too f(s)s'/" s,  fe My (0,00), t>0. (2.9)
We shall need also the inverse substitution. Namely, if ¢ is defined by (2.9), then
f(t)=g(t) — et/ /too g(s)sl/”*le*ml/nds. (2.10)
Finally, we sum up (2.9) and (2.10) and obtain

/ f(s)st/mds = ent!" / g(u)ul/"_le_"ul/ndu for a.e. t > 0. (2.11)
t t

This substitution can now be used to reformulate (2.6).

Theorem 2.4. Let op, or be two r.i. Banach function norms on (0,00). Then, (2.6) is
equivalent to

OR <e”t1/n/ g(u)ul/"lenul/ndu> < cop(g) for all g € G, (2.12)
t
where G is a new class of functions, defined by

G= {g € M4 (0,00) = there is a function f € M4 (0,00) such that (2.13)
g(t) = f(t) +/ f(s)s/"ds for all t > 0}
t

= {g € M, (0,00) : g(t) — et'’” / g(s)sl/"_le_"sl/nds >0 for all t > 0} )
t



Hence the inequality (2.6) is equivalent to the boundedness of the Hardy-type operator
1/n > 1/n
(Gg)(u) =™ / g(s)st/m e " ds, w >0, (2.14)
u
on the set G, the image of the positive cone M, (0, 00) under the operator

f—f+ /too f(s)sl/"*lds.

Before we proceed any further we shall state some basic properties of the class G.
Remark 2.5. (i) G contains all non-negative non-increasing functions.

(ii) For every g from G, Gg is non-increasing.

(iii) The set G is a convex cone, that is, for every a,3 > 0 and ¢1,92 € G, we have
agy + Bag € G.

Remark 2.6. (i) To show some applications we prove that W1P(R") < Lne? (R™) for
1 < p < n. In this case, we have ogr(f) = ||f*(t)t~/"||, and op(f) = ||f|,- Using
Remark 2.5 (ii) and the boundedness of classical Hardy operators on LP we get for every
function g € G that

or(Gg) = ||t/ (Gg) (D), = Htl/nentl/n / gya/ el gy
t

p

< dle="g()t' "], = ellgllp = con(9)-
p

< Htl/n/ g(u)ul/"fldu

t

(ii) Another application of the obtained results is the embedding W1 (L™!)(R™) < L (R").
In this case

0r(Gg) = sup(Ga)(1) = (Go)(0) = [ gtwpat/ e

§/ g(u)ul/"ldug/ g*(u)ul/nflduzgp(g)
0 0

for every function g € G. Now we used Remark 2.5 (ii).

(iii) Both these applications recover well-known results. They demonstrate some important
aspects of this method. First, the second basic property of the class G (c.f. Remark 2.5,
(ii)) lies in the roots of every Sobolev embedding. Second, the boundedness of Hardy
operators plays a crucial role in this theory.

Now we can describe the solution of one of the main problems stated before. We shall
construct the optimal domain norm gp to a given range norm gg.

Theorem 2.7. Let the norm ogr satisfy

or (G(g7)) < cor (G(g")), g€ M (0, 00). (2.15)
Then the optimal domain norm op corresponding to or is defined by
op(9) == or(G(g™)), g€ M4(0,00). (2.16)



Next, we solve the converse problem. Namely, the norm op is now considered to be fixed
and we are searching for the optimal gg. First of all we shall introduce some notation.

We recall (2.14) and define

(Gg)(t) = ent'’" / g(s)sl/"_le_"sl/nds, g €Mi(0,00), t>0, (2.17)
t
t
(HR)(t) = t1/n=1e=nt!" / h(s)e"ds, he M (0,00), t>0, (2.18)
0
B(s) = e " / e du, s> 0. (2.19)
0

The operators G and H are mutually dual in the following sense
o0 o
/ h(t)Gg(t)dt = / g(u)Hh(u)du for all g¢,h € M (0,00). (2.20)
0 0
Theorem 2.8. Assume that the r.i. norm op satisfies

oo ([ 1P wma) < con(r), semie. )

and that its dual norm o', satisfies
I (H(h™)) < colp(H(R)), h € My (0,00). (2.22)

Then the optimal range norm in (2.12) associated to op 1is given as the dual norm to
O (H(f**)). Or, equivalently, the dual of the optimal range norm can be described by

or(f) == op(H(f™)).

We also derive sufficient conditions for (2.21) and (2.22). In general, we follow the idea
of [10, Theorem 4.4]. First of all, for every function f € M, (0, 00), we define the dilation
operator F by

(Esf)(t) = f(st), t>0, s>0.

It is well known, [3, Chapter 3, Prop. 5.11], that for every r.i. norm g on M (0, 00) and
every s > 0 the operator Ey satisfies

Q(Esf) < CQ(f)a IS er(O’ OO)

The smallest possible constant ¢ in this inequality (which depends of course on s) is
denoted by h,(s). Hence

2B 1)
hols) = fa_e% o(f)

Using this notation, we may give a characterisation of (2.15) and (2.22).

Theorem 2.9. If a rearrangement—invariant norm ogr satisfies fol S_l/nhQR(S)dS < 00,
then it also satisfies (2.15).



Theorem 2.10. If an r.i. norm o satisfies fol 3*1/"hg(s)ds < oo then it satisfies also
(2.22) with o', replaced by o.

We will now present some applications of our results.

Ezample 2.11. Let
or(f) = 00o(f) = ess sup[f(z)[.

TER?

Then h,,(s) = 1 and, according to Theorem 2.9, (2.15) is satisfied and the optimal domain
norm is given by

op(f) ~ sup(Gf™) / Fr(s)sV/m e s, f € MRM).

t>0

This norm is essentially smaller than o,1(f) = [° t1/n=1£%(t)dt, hence this result im-
proves the second example from Remark 2.6. Now, an easy calculation shows that

1
op(f) ~ f*(1) + /0 FrO 7t & 00 (f* X (1,00)) + 0nt (FX(0,1))s  f € MR™).

Example 2.12. Let
op(f) = o1(f) = /n |f(x)|dz.

In that case, ¢, = 0, Whence h@b(s) = 1. So, by Theorem 2.10, (2.22) is satisfied. It
is a simple exercise to verify (2.21). Using Theorem 2.8, the optimal range norm can be
described as the dual norm to

O'(f) — Qoo(Hf*) = 000 <t1/nlentl/n /Ot f*(S)enSI/ndS>.

The optimal range norm

o) =o'(g) =  sup / F (g (),
f5Qoo(Hf*)§1 0

is equivalent to

1 [e'e]
or(g) = sup / fr dtN/O g*(t)tl/"dt+/1 g*(t)dt.

frooo (Hf*)<1

Finally, we consider the case of limiting Sobolev embedding, where op is set to be op(f) =

1/n
on(f) = </]Rn |f(x)|"dx> . In that case, ¢)(f) = o (f), where n’ is the conjugated
1

exponent to n, namely 2 + 1 = 1. Direct calculation shows that hy, (8) = s/ and

f 1/”h (s)ds = oco. Moreover, standard examples (h(s) = WX(OJ/Q)(S)) show
that (2. 22) is not satisfied.

To include this important case into the frame of our work, we develop a finer theory of
an optimal range space. This is described in the following assertion.



Theorem 2.13. Let op be a given r.i. norm such that (2.21) holds and

op(Hx(0,1)) < 0. (2.23)

Set
o(h) = Q,D(Hh*)a h € M, (0, 00).

Then,
oR =0 (2.24)

is an r.i. norm which satisfies (2.12) and which is optimal for (2.12).

Let us apply Theorem 2.13 to the limiting Sobolev embeddings with

on(f) = on(f) = </Ooo !f*(t)]"dt)l/n.

It may be shown, that (2.23) and (2.21) are satisfied in this case. So, Theorem 2.13 is
applicable and gives the optimal range norm. The result is presented in the next Theorem.

Theorem 2.14. Let op = 0,. Then, the optimal range norm, or, satisfies

QR(f) ~ Qn(f) + )‘(f*X(O,l))’ (2'25)

o ([ () 2)' emnn

Remark 2.15. We note that A from Theorem 2.14 is the well-known norm discovered in
various contexts independently by Maz’ya [17], Hanson [13] and Brézis—Wainger [5].

where

3 A remark on better-lambda inequality
Math. Ineq. Appl. 10 (2007), 335-341.

The classical Riesz potentials are defined for every real number 0 < v < n as a convolution
operators (I, f)(z) = (I, * f)(x), where 2 € R™ and I,(z) = |#|"™. This definition
coincides with the usual one up to some multiplicative constant ¢, which is not interesting
for our purpose. Burkholder and Gundy invented in [6] the technique involving distribution
function later known as good A-inequality. This inequality dealt with level sets of singular
integral operators and of maximal operator. Later, Bagby and Kurtz discovered in [2] that
the reformulation of good A-inequality in terms of non-increasing rearrangement contains
more information.

We generalise their approach in the following way. For every Young’s function ® satisfying
the As-condition we define the Riesz potential

(taf)o) = [ 67 (= ) S




where @ is the Young’s function conjugated to ® and ®~! is its inverse. Instead of the
classical Hardy-Littlewood maximal operator we work with a generalised maximal operator

1
(Mo f)te) = o o /Q F)ldy,

where ¢ is a given nonnegative function on (0,00) and the supremum is taken over all
cubes @ containing x with sides parallel to the coordinate axes such that ¢(|@Q|) > 0. For
every measurable set @ C R™ we denote by [Q| its Lebesgue measure.

We prove that under some restrictive conditions on function ® one can obtain an inequality
combining the nonincreasing rearrangement of Isf and Mg_, f. We also show that this
restrictive condition cannot be left out.

Definition 3.1. 1. Let ¢ : [0,00) — [0,00) be a non-decreasing and right-continuous
function with ¢(0) = 0 and tlim ¢(t) = oco. Then the function ® defined by
—00

D) :/0 ¢(s)ds, t>0

is said to be a Young’s function.

2. A Young’s function is said to satisfy the As—condition if there is ¢ > 0 such that

D(2t) < c B(t), t>0.
3. A Young’s function is said to satisfy the Vo—condition if there is [ > 1 such that
1
(1) < 5;(U), >0,

4. Let ® be a Young’s function, represented as the indefinite integral of ¢. Let

P(s) =sup{u: ¢(u) < s}, s>0.

Then the function

¢
D(1) :/ P(s)ds, t>0,
0
is called the complementary Young’s function of ®.

Assume now that a Young’s function ¢ satisfies the Ay—condition. Using the classical
O’Neil inequality (see [18]) we obtain

iy e {a () | ' u)du+ [ rwe(D)ag. e

We shall derive a better A-inequality connecting the operators I and Mg_,.



Theorem 3.2. Let us suppose that a Young’s function ® satisfies the As—condition. Let
us further suppose that there is a constant ¢y > 0 such that

()@ 1(1/s) <1, s>0. (3.2)
Then there is a constant ca > 0, such that for every function f and every positive number t

Taf)"(t) < (a|f)* () < co (Mg f)"(£/2) + (L] f)"(2t) (3.3)

In the following example we will show that the assumption (3.2) cannot be omitted.

Theorem 3.3. There is a Young’s function ® satisfying the As——condition for which

wup o)) = Unfr(20) _
Fito (Mg J) ()

4 A new proof of Jawerth-Franke embedding
to appear in Rev. Mat. Complut.

In this paper, we considered an analogue of a Sobolev embedding generalised to Besov
and Triebel-Lizorkin spaces. Let us first give their definition.

Let S(R™) be the Schwartz space of all complex-valued rapidly decreasing, infinitely differ-
entiable functions on R and let S’(R™) be its dual - the space of all tempered distributions.

endowed with the norm For ¢ € S(R™) we denote by

n

D) = (F)(©) = (2m)? / e i<eE () dr, 1 € RY,

its Fourier transform and by ¢ or F~14 its inverse Fourier transform.

We give a Fourier-analytic definition of Besov and Triebel-Lizorkin spaces, which relies on
the so-called dyadic resolution of unity. Let ¢ € S(R™) with

px)=1 if |z[<1 and ¢(z)=0 if |z]|> g (4.1)

We put ¢o = ¢ and ¢;j(z) = ¢(277z) — (277 T1z) for j € N and x € R™. This leads to the
identity

o0

ngj(:ﬂ) =1, xz € R"™

j=0

Definition 4.1. (i) Let s € R,1 < p,q < oo. Then B; (R") is the collection of all
f € S’'(R™) such that

> R 1/q
17185, (&™) = (Z 2jqu(s0jf)V!Lp(R”)Hq> < oo (42)

J=0

(with the usual modification for ¢ = c0).



(ii) Let s € R,1 < p < 00,1 < ¢ < oo. Then Fj (R") is the collection of all f € S"(R™)

such that
1/q

1125, (B = ' (Z 2fsq\<eojfw<->rq) L, (B")
=0

‘ < 00 (4.3)

(with the usual modification for ¢ = c0).

Remark 4.2. These spaces have a long history. In this context we recommend [19], [24],
[25] and [26] as standard references. We point out that the spaces B, (R") and Fj (R")
are independent of the choice of ¢ in the sense of equivalent norms. Special cases of these
two scales include Lebesgue spaces, Sobolev spaces, Holder-Zygmund spaces and many
other important function spaces. We omit any detailed discussion.

The classical Sobolev embedding theorem can be extended to these two scales.

Theorem 4.3. Let —0o0 < s1 < 89 < 00 and 0 < pg < p1 < oo with

n n

sg—— =81 — —. 4.4
: Po ! P (4.4
(i) If 0 < qo < q1 < o0, then
Byiao(R") = Bplg, (R?). (4.5)
(i) If 0 < qo,q1 < 00 and p; < oo, then
Fooqo(R") = Fylg, (R™). (4.6)

We observe that there is no condition on the fine parameters g, ¢; in (4.6). This surprising
effect was first observed in full generality by Jawerth, [14]. Using (4.6), we may prove

Fpog(R") = Fplp,(R") = By, (R") and - Bygy, (R") = Fpop, (R") — Fp (R)

for every 0 < ¢ < co. But Jawerth ([14]) and Franke ([12]) showed that these embeddings
are not optimal and may be improved.

Theorem 4.4. Let —00 < s1 < 89 < 00, 0 < pp < p1 < o0 and 0 < g < oo with (4.4).
(i) Then

F5 (R") < B (R"), (4.7)
(1) If py < oo, then
By, (R™) — )L (R™). (4.8)

The original proofs (see [14] and [12]) use interpolation techniques. We rely on a different
method. First, we observe that using (for example) the wavelet decomposition method,
(4.7) and (4.8) is equivalent to

50 S1 S0 S1
poq  Opipo  and bpo, = fpl, (4.9)

under the same restrictions on parameters so, s1, po, p1, ¢ as in Theorem 4.4. Here, by, and
S

g Stands for the sequence spaces of Besov and Triebel-Lizorkin type. We prove (4.9)

10



directly using the technique of the non-increasing rearrangement on a rather elementary
level.

We introduce the sequence spaces associated with the Besov and Triebel-Lizorkin spaces.
Let m € Z™ and v € Ny. Then Q,,, denotes the closed cube in R™ with sides parallel
to the coordinate axes, centred at 27“m, and with side length 27", By xvm = XQ,.. We
denote the characteristic function of Q. If

A={A\m v eENy,meZ"},
—o0 < s<ooand 0<p,q < oo, we set
S N
e = (X2 (3 )’ (4.10)
v=0 mezn
appropriately modified if p = 0o and/or ¢ = oo. If p < oo, we define also

(i > !2“8Aymxm<->rq)l/qup<R">

v=0mezZn

N2l = '

‘. (4.11)

The connection between the function spaces B, (R"), F5 (R") and the sequence spaces
byys fpq Mmay be given by various decomposition techniques, we refer to [26, Chapters 2
and 3] for details and further references.

As a result of these characterisations, (4.7) and (4.8) are equivalent to (4.9).

We gave a new proof of Theorem 4.4. Instead of interpolation, we used the technique
of the non-increasing rearrangement on a rather elementary level. It means, we gave
the direct proof of the following embedding theorems for sequence spaces of Besov and
Triebel-Lizorkin type.

Theorem 4.5. Let —00 < 51 < spg <00, 0 <pg<p; <ooand0<qg<oo. Then

, n n
g = bpieif S0 — . =5 — o (4.12)
Theorem 4.6. Let —00 < 51 < 59 < 00,0 < pg <p1 <0 and 0 < q < oo. Then
, n n
bpops = foig U S0 b 51— o (4.13)

Theorems 4.5 and 4.6 are sharp in the following sense.

Theorem 4.7. Let —00 < 81 < sp <00, 0 <pg < p1 <00 and 0 < qp,q1 < o0 with

n n
S)p —— =81 — —.
Po y4!
(i) If
S S
poao " prars (4.14)
then g1 > po.
(1) If p1 < oo and
bpogo = Fpians (4.15)

then qo < p1.

11



Remark 4.8. Using (any of) the usual decomposition techniques, the same statements hold
true also for the function spaces. These results were first proved in [21].

5 Sampling numbers and function spaces
J. Compl. 23 (2007), 773-792.

If the inequality in (1.1) is strict, then the embedding (1.2) is compact. The quality of this
compactness may be in some sense described by many techniques. We mention at least
the approximation numbers, Gelfand numbers or entropy numbers. We shall concentrate
on other approximation quantities, namely the so-called sampling numbers.

First, we give the definition of Besov and Triebel-Lizorkin spaces on domains.

Let 2 be a bounded domain. Let D(2) = C§°(€2) be the collection of all complex-valued
infinitely-differentiable functions with compact support in ©Q and let D'(Q2) be its dual -
the space of all complex-valued distributions on €.

Let g € S'(R™). Then we denote by ¢|Q its restriction to €:

(91 € D'(Y),  (9IQ)() =g(¥) for ¢ € D(Q).

Definition 5.1. Let € be a bounded domain in R". Let s € R, 1 < p, ¢ < oo with p < 0o
in the F-case. Let A7, stand either for B, or Fj,. Then

A () ={feD'(Q):3ge 4, (R"):glQ=f}

and

£ 1AGg (]| = inf [|g[ Apy (R™)]],
where the infimum is taken over all g € A7 (R"™) such that g|Q2 = f.
We now introduce the concept of sampling numbers.

Definition 5.2. Let 2 be a bounded Lipschitz domain. Let G1(2) be a space of continuous
functions on © and G2(2) C D'(Q2) be a space of distributions on Q. Suppose that the
embedding

is compact.

For {z; };?:1 C Q we define the information map

Ny : G1(Q) — C", Nef = (f(x1),..., f(z), f€Gi(Q).
For any (linear or nonlinear) mapping ¢, : C¥ — Go(2) we consider
Sk Gi1(Q2) — G2(Q), Sk = ko Np.
(i) Then, for all k£ € N, the k—th sampling number gi(id) is defined by

g(id) = inf sup{[|f = Spf|G2 (D] + [[/IGL D] < 1}, (5.1)

12



where the infimum is taken over all k-tuples {z; };‘?:1 C Q and all (linear or nonlinear) ¢y.

(ii) For all k € N the k—th linear sampling number gi®(id) is defined by (5.1), where now
only linear mappings ¢ are admitted.

The study of sampling numbers of the Sobolev embeddings of spaces of Besov and Triebel-
Lizorkin type is dived into three steps.

Step 1: The case sy > 0

In this subsection, we discuss the case where Q = I" = (0,1)" is the unit cube, G1(2) =
1 1

At () and G2(Q) = A2, () with s1 > Pﬁl and s; — n(p—l - p_2>+ > s9 > 0. Here,

A3,(Q) stands either for a Besov space B, (2) or a Triebel-Lizorkin space Fj (), see

Definition 5.1 for details. We start with the most simple and most important case, namely

when p; = p2 = q1 = ¢2.
Proposition 5.3. Let Q = I" = (0,1)". Let G1(Q) = B,L(Q) and G2(Q) = B;2(S2) with
1 <p<oo,
n
s1>—, and s3> s> 0.
p
Then

_ 517952

gt (id) Sk

The proof of this statement requires unfortunately several techniques from the theory of
function spaces like characterisation by differences, local polynomial approximation and
multiplier assertions. See [29] for details.

Using the real interpolation method, the results could be easily extended.

Proposition 5.4. Let Q = I" = (0,1)". Let G1(2) = A}l () and G2(Q) = A2, ()
with 1 < p1,p2,q1,q2 < 00 (p1,p2 < o0 in the F-case),

n 1 1
$1>—, and s — n<— — —) > s9 > 0. (5.2)
p1 p1 P27+
Then
) _simsp (11
giniay < k" G (5.3)

It turns out, that these estimates are sharp. Namely, we have

Theorem 5.5. Let Q = 1" = (0,1)". Let G1(R2) = A3, (Q) and G2(Q) = A2, (Q) with

P1q1 P2q2
1 <p1,p2,q1,q2 < 00 (p1,p2 < 0o in the F-case) and (5.2) Then

. _s1—s 11
gi(id) = gih(id) ~ k St pz)+. (5.4)
Step 2: The case s; =0

In the case sy = 0, new phenomena come into play. The same method can be applied also
in this case. Unfortunately, there appears a gap between the estimates from below and
from above. The exact formulation is as follows.

13



Theorem 5.6. Let Q@ = 1" = (0,1)". Let

id : G1(Q) — Ga(Q)

with
Gi(Q) = B;Uh’ G2(Q) = Bgmn
and n
1<pi,q,p2,q2 <00, s>—.
p1
Then

s 1

1 1 .
koGt < g (id) < git(id) < k

This effect was studied in detail in [30], see below.
Step 3: The case sy < 0

As in the last case, we consider the situation when so < 0.

Theorem 5.7. Let Q be a bounded Lipschitz domain in R™. Let

id: G1(Q) = A%, (Q) — Go(Q) = A2, ()

P1q1 P2q2

with 1 < p1,p2,q1,q2 < 00 (with p1,ps < 0o in the F-case) and
n
s1 > —, s9 < 0.
p1
If p1 > p2, then
. Sl
gr(id) ~ g (id) ~ k=

n n
If p1 < py and sy > — — —, then

b2 1
; lin/; ~S1g 21 1
gk(Zd) ~ g (Zd) ~k T po

n n
If p1 < p2 and — — — > so, then
P2 P

gr(id) ~ g™ (id) ~ k™.

TGO (L plog )V, ke N.

(5.7)

(5.8)

These estimates can be applied in connection with elliptic differential operators, which
was the actual motivation for this research, c.f. [8] and [9]. Let us briefly introduce this

setting. Let
A:H— G

be a bounded linear operator from a Hilbert space H to another Hilbert space G. We

assume that A4 is boundedly invertible, hence

Au) = f

14



has a unique solution for every f € G. A typical application is an operator equation,
where A is an elliptic differential operator, and we assume that

A HYQ) — H(Q),

where  is a bounded Lipschitz domain, H§(2) is a function space of Sobolev type with
fractional order of smoothness s > 0 of functions vanishing on the boundary and H ¢ is
a function space of Sobolev type with negative smoothness —s < 0. The classical example
is the Poisson equation

—Au=f in and u=0 on 0NQ.
Here, s =1 and
A=—-A:H}Q) — H Q)
is bounded and boundedly invertible. We want to approximate the solution operator
u = S(f) using only function values of f.

We define the k-th linear sampling number of the identity id : H~1TH(Q) — H=Y(Q) by
g (id - H-1PH(Q) — H7H(Q) = inf[|id - SHlC(HTTHQ), HTH Q)L (5.9)
where ¢ is a positive real number with —1 +% > 3, and the k-th linear sampling number
of S: H-1TH(Q) — H(Q) by
ol"(S : HT1¥1(9) — H'(@)) = inf [|S — Su|£(H (@), H' @) (5.10)

The infimum in (5.9) and (5.10) runs over all linear operators Si of the form (1.1) and
L(X,Y) stands for the space of bounded linear operators between two Banach spaces X
and Y, equipped with the classical operator norm.

It turns out that these quantities are equivalent (up to multiplicative constants which do
not depend neither on f nor on k) and are of the asymptotic order

gin(s : HH(Q) — HY(Q)) ~ gi(id : H Q) — H Q) ~ k™ .

We refer to [8] and [9] for a detailed discussion of this approach. The estimates of sampling
numbers of an embedding between two function spaces translates therefor into estimates
of sampling numbers of the solution operator S. We observe that the more regular f, the
faster is the decay of the linear sampling numbers of the solution operator S. Let us also
point out that optimal linear methods (not restricted to use only the function values of f)
achieve asymptotically a better rate of convergence, namely k. Hence, the limitation
to the sampling operators results in a serious restriction. One has to pay at least k'/™ in
comparison with optimal linear methods.

Using our estimates of sampling numbers of identities between Besov and Triebel-Lizorkin
spaces, this result may be generalised as follows.! If p > 2,1 < ¢ < oo and —1 +1¢ > %
then

—1+4t

g (S Byt (Q) — HY(Q)) ~ gi"(id : By Q) — H N Q) ~ k™ .

L Although the results are stated only for Besov spaces, they are proved also for Triebel-Lizorkin spaces,
which include also fractional Sobolev spaces as a special case.
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1 1 1
Ifp<2with—>—-—+4+—-,1<¢g<ocand -1+t > 2 then
p n 2 p
g™ (S : B T(Q) — HYQ)) ~ gi"(id : B, Q) — H Q) ~ “ntyTE

1 1 1
Finally,ifp<2with—<—+§,1§q§ooand—1+t>%then
p n

—1+t
n .

GiN (S By Q) — HY(Q) m gf™(id : By T(Q) — H Q) ~ k™

We prove the same results also for the nonlinear sampling numbers g (S). Altogether,
the regularity information of f may now be described by an essentially broader scale of
function spaces.

6 D:ilation operators and sampling numbers
to appear in J. of Function Spaces and Appl.

This paper is divided into two parts. In the first part, we consider the dilation operators
Tp: f — f(28), keN,

in the framework of Besov spaces B;q(R”). Their behaviour is well known if 1 < p,q < oo
and s > 0, cf. [11, 2.3.1]. As mentioned there, the case s = 0 remained open. Some partial
results can be found in [4]. For 1 < p,q < oo we supply the final answer to this problem
showing that

1 1
ka », if 1 < p < oo and p > max(q,2),
1 1
_gd a2 if 1 2>
ITeBg @) <27 A8 T T epsoomazamaig, )
1, if 1 < p < oo and q > max(p,2),
k%, if p=1orp= oo,

where ||T3,|£(By, (R™))|| denotes the norm of the operator T, from B, (R™) into itself. One
observes that for 1 < p < oo the number 2 plays an exceptional role. This effect has its
origin in the Littlewood-Paley decomposition theorem.

The second part of the paper deals with applications to estimates of sampling numbers.
Let us briefly sketch this approach.

Let = (0,1)" and let B, (€2) denote the Besov spaces on (2, see Definition 5.1 for details.
We try to approximate f € Byl (§2) in the norm of another Besov space, say B,2,, (),
by a linear sampling method

Sef = flx;)hy, (6.2)
j=1

where h; € B2, (2) and x; € Q. To give a meaning to the pointwise evaluation in (6.2),

we suppose that
n
S1 > —.
p1
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Then the embedding By, (€2) < C(£2) holds true and the pointwise evaluation represents
a bounded operator. Second, we always assume that the embedding B3!, () — B2, ()

P1q1 Pp2q2
is compact. This is true if, and only if|

)
S1—S2>n|——— .
P P2/

Concerning the parameters p1, p2, q1, g2 we always assume that they belong to [1, oo].

We measure the worst case error of S f on the unit ball of By, ,(Q2), given by

sup{[[f — Skf|Bp3g, (DI - |1 f1Bplg, (DI < 1} (6.3)

The same worst case error may be considered also for nonlinear sampling methods

where ¢ : CF — B;2,,(2) is an arbitrary mapping. We shall discuss the decay of (6.3) for

linear (6.2) and nonlinear (6.4) sampling methods.

The case s # 0 was considered in [29], but the interesting limiting case so = 0 was left
open so far. It is the aim of this paper to close this gap. It was already pointed out in
[29], see especially (2.6) in [29] for details, that the estimates from above for the dilation
operators Ty on the target space B2, (R™) have their direct counterparts in estimates
from above for the decay of sampling numbers. Using this method, which will not be

repeated here, a direct application of (6.1) supplies the estimates

1 1

(logk)e », if 1 <p < oo andp>max(q,2),
1 1

. . 272 ' >
g}in(id) <k (log k) 2, if 1 <p<ooand?2>max(p,q), (6.5)

1, if 1 < p< oo and g > max(p,?2),
1

(log k)42, ifp=1orp= oo,

where g}gn(id) with 2 < k € N are the linear sampling numbers of the embedding
id: BS, (Q) — B (Q), s>

Pq1 Pq2
p

Surprisingly, all estimates in (6.5) are sharp.

17



References

[1] R. A. Adams, Sobolev spaces, Pure and Applied Mathematics, Vol. 65. Academic Press,
New York-London, 1975.

[2] R. J. Bagby and D. S. Kurtz, A Rearranged Good A-Inequality, Trans. Amer. Math.
Soc. 293 (1986), 71-81.

[3] C. Bennett and R. Sharpley, Interpolation of Operators, Academic Press, San Diego,
1988.

[4] G. Bourdaud, Sur les opérateurs pseudo-différentiels & coefficinets peu réguliers, Ha-
bilitation thesis, Université de Paris-Sud, Paris, 1983.

[5] H. Brézis and S. Wainger, A note on limiting cases of Sobolev embeddings and convo-
lution inequalities, Comm. Partial Diff. Eq. 5 (1980), 773-789.

[6] D. L. Burkholder and R. F. Gundy, Eztrapolation and interpolation of quasilinear
operators on martingales, Acta Math.,124(1970), 249-304.

[7] A. Cianchi and L. Pick, Sobolev embeddings into BMO, VMO, and Lo, Ark. Mat. 36
(1998), 317-340.

[8] S. Dahlke, E. Novak, W. Sickel, Optimal approximation of elliptic problems by linear
and nonlinear mappings I, J. Complexity 22 (2006), 29-49.

[9] S. Dahlke, E. Novak, W. Sickel, Optimal approximation of elliptic problems by linear
and nonlinear mappings II, J. Complexity 22 (2006), 549-603.

[10] D. E. Edmunds, R. Kerman, L. Pick, Optimal Sobolev Imbeddings Involving Rearran-
gement-Invariant Quasinorms, J. Funct. Anal. 170 (2000), 307-355.

[11] D. E. Edmunds, H. Triebel, Function spaces, entropy numbers, differential operators,
Cambridge Univ. Press, Cambridge, 1996.

[12] J. Franke, On the spaces F};, of Triebel-Lizorkin type: pointwise multipliers and
spaces on domains, Math. Nachr. 125 (1986), 29-68.

[13] K. Hansson, Imbedding theorems of Sobolev type in potential theory, Math. Scand. 45
(1979), 77-102.

[14] B. Jawerth, Some observations on Besov and Lizorkin-Triebel spaces, Math. Scand.
40 (1977), 94-104.

[15] V. L. Kondrashov, Sur certaines propriétés des fonctions dans l’espace L;, Doklady

Akad. Nauk SSSR 48 (1945), 535-538.
[16] A. Kufner, O. John and S. Fuéik, Function spaces, Academia, Prague, 1977

[17] V. Maz’ya, Sobolev spaces, Springer Series in Soviet Mathematics. Springer-Verlag,
Berlin, 1985.

18



[18] R. O’Neil, Convolution Operators and L(p,q) spaces, Duke Math. J. 30(1963), 129-
142.

[19] J. Peetre, New thoughts on Besov spaces, Duke Univ. Math. Series, Durham, Univ.,
1976.

[20] F. Rellich, Ein Satz tiber mittlere Konvergenz, Nach. Wiss. Gesell. Gottingen, Math.-
Phys. KI. (1930) 30-35.

[21] W. Sickel and H. Triebel, Holder inequalities and sharp embeddings in function spaces
of By, and Fj, type, Z. Anal. Anwendungen, 14 (1995), 105-140.

[22] S. L. Sobolev, O6 00noll meopeme ynkyuorasvrozo anaausa, Mat. Sbornik 4
(1938), 471-497,
Engl. transl.:On a theorem of functional analysis, Amer. Math. Soc. Transl. (2), 34
(1963), 39-68.

[23] H. Triebel, Interpolation theory, function spaces, differential operators, North-
Holland, Amsterdam, 1978.

[24] H. Triebel, Theory of function spaces, Birkhduser, Basel, 1983.
[25] H. Triebel, Theory of function spaces II, Birkhauser, Basel, 1992.
[26] H. Triebel, Theory of function spaces III, Birkhauser, Basel, 2006.

[27] J. Vybiral, A remark on better-lambda inequality, Math. Ineq. Appl. 10 (2007), 335-
341.

[28] J. Vybiral, Optimal Sobolev embeddings on R™, Publ. Mat. 51 (2007), 17-44.
[29] J. Vybiral, Sampling numbers and function spaces, J. Compl. 23 (2007), 773-792.

[30] J. Vybiral, Dilation operators and sampling numbers, to appear in J. of Function
Spaces and Appl.

[31] J. Vybiral, A new proof of Jawerth-Franke embedding, to appear in Rev. Mat. Com-
plut.

19



7 Publications relevant to the thesis

e Optimal Sobolev embeddings on R"
Publ. Mat. 51 (2007), 17-44.

o A remark on better-lambda inequality
Math. Ineq. Appl. 10 (2007), 335-341.

o A new proof of Jawerth-Franke embedding
to appear in Rev. Mat. Complut.

e Sampling numbers and function spaces
J. Compl. 23 (2007), 773-792.

e Dilation operators and sampling numbers
to appear in J. of Function Spaces and Appl.

20



OPTIMAL SOBOLEV EMBEDDINGS ON R™

JAN VYBIRAL

ABSTRACT. We study Sobolev-type embeddings involving rearrangement-in-
variant norms. In particular, we focus on the question when such embeddings
are optimal. We concentrate on the case when the functions involved are
defined on R™. This subject has been studied before, but only on bounded
domains. We first establish the equivalence of the Sobolev embedding to a
new type of inequality involving two integral operators. Next, we show this
inequality to be equivalent to the boundedness of a certain Hardy operator on
a specific new type of cone of positive functions. This Hardy operator is then
used to provide optimal domain and range rearrangement-invariant norm in
the embedding inequality. Finally, the limiting case of the Sobolev embedding
on R” is studied in detail.

2000 Mathematics Subject Classification: 46E35, 46E30.
Key words: Sobolev embeddings, rearrangement-invariant norms, Hardy opera-
tors, cones of positive functions.

1. INTRODUCTION

Embeddings of spaces of smooth functions into other spaces of integrable functions
form an important field of study in the theory of function spaces. Consider, for
example, the classical Sobolev inequality [13] on bounded domains 2 in R™, n > 2.
This states that, given 1 < p < n and setting ¢ = np/(n — p),

(1.1) WQ) — LIQ) for 1<p<n.

(Here L%(9) is the classical Lebesgue space, W, (Q2) denotes the usual Sobolev space,

W1(Q) the closure of C§°(€2) in W(£2) and < denotes a continuous embedding.)

Now, (1.1) is the so-called sublimiting case of the Sobolev embedding (since p
is strictly less than the dimension of €2). The limiting case p = n is of crucial
importance and great interest. Standard examples show that although np/(n — p)
tends to infinity as p approaches n from the left, we may not replace the L%-norm
on the right side of (1.1) by the L°-norm.

It has been proved in many situations that the scale of Lebesgue spaces, although
of primary interest, is not rich enough to describe all the important situations.
Especially in limiting situations things can be very delicate and we have to consider
finer scales of function spaces. It turns out to be very rewarding to study Sobolev-
type embeddings in a broader context of general rearrangement-invariant spaces.
These involve Lebesgue spaces, but also Lorentz and Orlicz spaces together with
their numerous mutations, and more.

On bounded domains, a comprehensive study of Sobolev-type inequalities involving
rearrangement-invariant function spaces has been carried out in [4].

In this paper, we study (1.1) with Q replaced by the entire R™. In such situation,
the techniques which have been successfully used for bounded domains do not work.
We develop a new method suitable to deal with such problems.

Let us now briefly outline our approach. Let pr and gp be rearrangement-invariant
Banach function norms on (0,00) (precise definitions will be given in Section 2).

1



OPTIMAL SOBOLEV EMBEDDINGS ON R" 2

Our aim is to study the embedding

(1.2) W, (R™) < LR (R™),

with

(1.3) LeR(R™) = {u € Lipo(R") : |[u| L% (R™)|| = ¢r(u*) < oo}
and

(14) Wy, (R™) = {u € Lige(R") « [[u]W,, (R")|| = e (u”) + en(|Vu[*) < oo},

where u* is the non-increasing rearrangement of u.
The embedding (1.2) is then equivalent to

(1.5) or(u*) < clop(u*) + op(|Vul*)], weW,, (R™).

The inequality (1.5) is the main subject of our study. Let us mention that a similar
question in the frame of Bessel potential spaces was studied recently in [9].

We are interested in two main questions:

1. Suppose that the ‘range’ norm g is given. We want to find the optimal (that
is, essentially smallest) norm gp for which (1.5) holds. The optimality means that
if (1.5) holds with gp replaced by some other rearrangement-invariant norm o,
then there exists a constant C' > 0 such that op(u*) < Co(u*) for all functions

2. Suppose that the ‘domain’ norm gp is given. We would like to construct
the corresponding optimal ‘range’ norm ggr. This means that the gr will be the
essentially largest rearrangement-invariant norm for which (1.5) holds.

In Section 3, we reduce (1.5) to a certain new type of inequality involving two
different Hardy-type operators. Similar inequalities appeared recently in [5], but
in a completely different context. In Section 4 we prove another equivalent version
of (1.5), namely inequality (4.4), which connects certain specific Hardy operator
with an interesting cone of positive functions. The delicate interplay between this
operator on the one side and the cone on the other side plays a crucial role in the
subsequent sections, and is of independent interest. Especially, we emphasise that
knowledge of both of these notions is indispensable in most of the results yet to
come. We refer to Lemma 5.1 and Lemma 6.1 for details. The action of Hardy
operators on cones of positive functions was very recently studied in [11] and [12]
in a different context. It seems to be a very promising subject of study which opens
interesting new directions of research and which might provide new ways how to
approach to various difficult problems.

In Section 5 and 6 we find optimal domain and optimal range spaces for (1.2)
under two rather restrictive conditions (5.2) and (6.10). In Section 7 we show that
these conditions are satisfied in sub-limiting cases and give a complete answer in
these situations.

In order to be able to give definitive answer in the limiting case as well, we have
to develop a yet finer method. This is done in Section 8, where the limiting case is
investigated in detail.

A crucial step is provided by Lemmas 5.1 and 6.1. The rather technical proofs of
these results are given in the Appendix. These lemmas play a substantial role in
our approach as they describe the wonderful interplay between the Hardy operator
(4.6) and the convex cone (4.5).

In [14] we studied the inequality

or(w) < cop(IVul’), ueW,, (R"),

which corresponds to one part of (1.5). As we shall see, the study of (1.5) requires
several new techniques to be developed.
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Throughout the paper, ¢ stands for a positive constant, not necessarily the same
at each occurrence. Sometimes we abbreviate the inequality A < ¢B to A < B.
The same applies to symbols 7> and 7~".

2. REARRANGEMENT-INVARIANT NORMS

We denote by 9(R™) the set of real-valued Lebesgue-measurable functions on R”
finite almost everywhere and by 9t (R™) the class of non-negative functions in
M(R™). Finally, MM, (0,00, |) denotes the set of all non-increasing functions from
M (0,00). Given f € M(R™) we define its non-increasing rearrangement by

(2.1) @) =inf{A>0:[{|f(z)] >} <t}, 0<t<oo.
For a set A C R" we denote by |A| its Lebesgue measure. A detailed treatment of
rearrangements may be found in [1]. Furthermore, we set
(2.2) / fr(s)ds, 0<t< 0.
We point out two important properties, namely
t t
and
(2.4) (f+9)7 @) <f7(H) +97(), 0<t<oo, f,geMR").

We briefly recall some basic aspects of the theory of Banach function norms. For
details, see [1].

Definition 2.1. A functional g : M4 (0, 00) — [0, 0] is called a Banach function
norm on (0,00) if, for all f,g, fn,(n = 1,2,...), in M4 (0,00), for all constants
a > 0 and for all measurable subsets E of (0,00), it satisfies the following axioms

(A1) o(f)=0 ifandonlyif f=0a.e,;
o(af) = ao(f);
o(f +9) < o(f) + olg);
(A2) if 0<g< fae then o(g) < o(f);
(A3) if 0<fu1 fae then o(fn) 1 o(f);
(Ag) if |E]<oo then p(xg) < oo;
(

As) if |E|<oo then /EfSCEQ(f)

w

i

with some constant 0 < Cg < 0o, depending on ¢ and E but independent of f.

If, in addition, o(f) = o(f*), we say that o is rearrangement-invariant (r.i.) Ba-
nach function norm. We often use the notions norm and r.i. norm to shorten the
notation.

Definition 2.2. The dilation operator Es, 0 < s < oo, is defined by

(2.5) (Eof)(t) = f(st), 0<t<oo, fe€MO,o0).

The dual of a norm p is the functional

(2. do)= swp [ gOhd, ghe DMy (0,00).
h:o(h)=1J0

Theorem 2.3. (G. H. Hardy, J. E. Littlewood). If f,g € 9MM(R™) then

(27) [ @it < [T s
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Theorem 2.4. (G. G. Lorentz, W. A. J. Luxemburg). Let ¢ be a Banach function
norm. Then

(2.8) o' =o.

Theorem 2.5. (G. H. Hardy-J. E. Littlewood-G. Pdélya). Let ¢ be an r.i. norm on
(0,00) and let f1, fo € M(R™) satisfy

/fl ds</f2 5> 0.

o(f1) < o(f3)-

Lemma 2.6. (Hardy’s Lemma). Let f1 and fo be non-negative measurable func-

tions on (0,00) and suppose
t t
/ fi(s)ds < / fa(s)ds
0

forallt > 0. Let h € M4 (0,00, |). Then

/ F1()h(s)ds < /Ooofz(s)h(S)ds

If 1 <p < oo, we define

Then

(f lg(@)[Pd )1/,, if 1 <
n x it 1 <p <o,
0p(9) = llgllp := { \Jrn 191F P

€SS SUP, cgrn |9(2)] if p = 0.
3. REDUCTION TO HARDY OPERATORS

In this section we present the first step in the study of (1.5), namely a reduction
of (1.5) to the boundedness of certain Hardy operators.

Theorem 3.1. Let op, or be two r.i. Banach function norms on (0,00). Then
the inequality

(3.1) or(w”) < clop(w) + op(IVul)],  ue Wy, (RY),

holds if and only if there is a constant K > 0 such that

(32)  on < | f(s)sl/”lds> < Kop <f(t) o f(S)Sl/"ldS)

for all f € M (0,00).

Proof. Step 1.
Let us suppose that (3.1) holds and that a function f € 9, (0, 00) is given. We
define a new function u by

u(z) = / fott/ntdt, zeR",
wn|z|"

where wy, is the volume of unit ball in R". We may assume, that u(z) is finite a.e.
(otherwise both sides of (3.2) are identically infinite and there is nothing to prove).
Considering level sets of u we obtain

:/t ()81 ds, |(Vu)(@)] = nwy/™ f(walz]"), [(Vu)[*(t) = nwy/™ £(2).

We point out, that if u ¢ W, (R"), then (3.1) holds trivially. Therefore we may
apply (3.1) and obtain

on ([ s 1as) = antu @) < |on(r) +on ([ s a5 )]
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which is equivalent to (3.2).

Step 2.

Let us now assume that (3.2) is true and u € W;D (R™) with compact support is
given. First note that

(3.3) wr(t) = — /too du’(s) g

ds

Next, we recall the following generalization of the Pélya—Szeg6 principle from [3,

(4.3)]:
(3.4) [ e te] was<e [ vurias

which holds for every ¢ > 0 and every weakly differentiable function u such that
(Vu) € LYR™) + L>=(R"™) and
Hz € R" : Ju(z)| > s} < oo forall s>0.

As Vu € L,,(R") C L'(R™) + L>°(R") and u has compact support, these assump-
tions are satisfied and (3.4) applies to u.
Using Theorem of Hardy, Littlewood and Pélya (Theorem 2.5) on (3.4) we obtain

(35) o (-t < (v )

We combine our assumption with these observations and use (3.3), (3.2) with f =

S171/71% and (3.5) to obtain

ot () = on (- [~ 4as)

<c {QD ( /too %S(S)dS) + op (Sll/n%s(s))}
< clop(u™(t) + en([Vul"(1))] -

Hence, (3.1) holds for every u € WL}D (R™) with compact support. For a general
uwe W) (R") we define

1 if |z| < n,
Up = UPn, on(x) =< n+1— |z ifn <|z] <n+1,
0 if |2] > n+ 1.
We apply (3.1) to u,, and use
un(@)] <fu(x),  [(Vun)(2)] < cl|(Vu)(@)] + [u(z)]], — zeR", nel
This leads to
(3.6) or(uy) < ¢lop(uy) + en([Vua|")] < clop(u®) + en(|Vul*)].
The monotone convergence of |u,| to |u| and axiom (A3) show that the left side of
(3.6) tends to pr(u) as n tends to infinity. O

4. ANOTHER EQUIVALENT VERSION OF (1.5)

The inequality (3.2) obtained in Theorem 3.1 is still not suitable for further inves-
tigation. Therefore we will derive another equivalent version of (3.1). In (3.2) we
substitute

(4.1) g(t) = f(t) + /too f(s)s'/"tds, feMy(0,00), t>0.
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We shall need also the inverse substitution. Namely, if g is defined by (4.1), then

(4.2) f(t) =g(t) — e /Oo 9(8)81/”_16_”51/nds.
t

If f is differentiable, then it may be proven by differentiation of (4.1). For a
general f we observe, that the equation (4.1) has only one solution f for a fixed
g € M, (0,00). And a direct computation shows that it is given by (4.2).

Finally, we sum up (4.1) and (4.2) and obtain
(4.3) / f(s)s' /" tds = et / g(u)ul/"_le_"ul/ndu for a.e. t > 0.

¢ ¢
This substitution can now be used to reformulate (3.1).

Theorem 4.1. Let op, or be two r.i. Banach function norms on (0,00). Then,
(3.1) is equivalent to

(4.4) OR (e"tl/n/ g(u)ul/"_le_"ul/ndu) < coplg) for all g € G,
t

where G is the new class of functions, defined by
(4.5)

G= {g €M, (0,00) : there is a function f € M (0,00) such that
g(t) = f(t) +/ f(s)s'/"ds for all t > 0}
t

= {g € M4 (0,00) : g(t) — ent'” / g(s)sl/"_le_"sl/nds >0 for all t > O} .
¢

Proof. The assertion follows immediately from Theorem 3.1, (4.2) and (4.3). O

Hence the inequality (3.1) is equivalent to the boundedness of the Hardy-type
operator

(4.6) (Gg)(u) = enul/"/ g(s)sl/”_le_"sl/nds, u>0

on the set G. Using this notation, we may rewrite (4.3). If ¢ is defined by (4.1), we
have Gg(t) = [, f(s)s*/"~'ds. Furthermore, the set G is the image of the positive
cone M, (0, 00) under the operator

ot [ ps s
t
Before we proceed any, further we shall derive some basic properties of the class G.

Remark 4.2. (i) G contains all non-negative non-increasing functions. To see this,
note that for all g € M (0,00, |)

(4.7) g(t) — e"tl/n/ g(s)sl/”fleﬂ”l/nds >
t

> g(t) {1 —ent" / sl/”_le_"sl/nds} =0.
t

(ii) For every g from G, Gg is non-increasing. Indeed, let ¢ € G and let f be
defined by (4.2), then

(4.8) (Gg)'(t) = {ent”" /t b g(u)ul/"—le—"“””du] =t/ 1f4) <o.

(iii) The set G is a convex cone, that is, for every o, > 0 and ¢1,92 € G, we
have agy + Bas € G. The proof of this statement is trivial.
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Remark 4.3. (i) To show some applications we prove that W1P(R™) < L7757 (R™)
for 1 < p < n. In this case, we have or(f) = ||f*()t=/"||, and op(f) = ||f|],-
Using Remark 4.2 (ii) and the boundedness of classical Hardy operators on LP we
get for every function g € G that

or(Gg) = It (Gg)" ()]l

o0
= Ht‘l/"eml/n/ g(u)ul/"_le_"ul/ndu
t

p
< Ht—l/n/ g(u)ul/n—ldu

t P
< |t g(t) ™|, = cllgllp = con(g)-

(ii) Another application of the obtained results is the embedding W1 (L™1)(R") <
L>°(R™). In this case

0r(Gg) = sup(Go) 1) = (Go)O©) = [ gl e
t>0 0

S/‘mmw“wf/gmeAmzm@
0 0

for every function g € G. Now we used Remark 4.2 (ii) and Theorem 2.3.

(iii) Both these applications recover well-known results. They demonstrate some
important aspects of this method. First, the second basic property of the class G
(c.f. Remark 4.2, (ii)) lies in the roots of every Sobolev embedding. Second, the
boundedness of Hardy operators plays a crucial role in this theory.

(iv) We haven’t used the property (4.7) yet. It will play a crucial role in the study
of optimality of obtained results.

5. OPTIMAL DOMAIN SPACE

In this section we are going to solve one of the main problems stated in the Intro-
duction. We shall construct the optimal domain norm gp to a given range norm

OR-
We start with a crucial lemma describing one important property of the class G
which shall be useful later on. We postpone its proof to Appendix.

Lemma 5.1. The inequality
. glu)u’" " e 1nugc g (w)u " e lnu, t>0.
51 1/n—1_—nu'/ d *k 1/n—1_—nul/ d 0
t t
holds for every g € G with ¢ independent of g.

Now we may solve the problem of the optimal domain space.

Theorem 5.2. Let the norm ogr satisfy
(5.2) or (G(9™)) < cor(G(g7)), g€ My (0,00).

Then the optimal domain norm op corresponding to or in the sense described in
the Introduction is defined by

(5.3) op(9) == or (G(g™)), g€ M (0,00).

Proof. First, we point out that the functional op defined by (5.3) is a norm. The
axioms (A1) — (As) are trivially satisfied. To prove (A4) for op we fix a set E C
(0,00) with [E| < oo. Then we get Gx7(t) < x(o,z)(t) for every ¢ > 0, and using
(5.2) and (A4) for gr, we get

op(xe) = or(GXE) < cor(GxEk) < cor(Xx(o, B))) < o0
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To verify (As) for op we fix also a set E C (0,00) with |E| = a < oo and use (As)
for pr. Consequently,

a/2
enlg) = orlG™) 2 ¢ [ (Go™) ey
0
a/2 1n a 1/n
> C/ ent / g**(s)sl/n—le—ns dsdt
0 a/2

a/2 1/n @ 1/n
> cg**(a)/ ent dt/ Sl/n—le—ns ds
0 a/2

ZCE/ g*(s)dsZcE/g.
0 E

Now we have to verify that (4.4) really holds. Let us fix a g € G. Then, by (5.1)
and (5.3)

o0 oo
oR <em1/n / g(u)ul/nlenul/ndu> < con (entl/n / g**(u)ul/”le"“undu>
¢ t

= cop(9).

Finally, we have to show that gp is optimal. Let us suppose that (4.4) holds with
some other r.i. norm o instead of gp. We want to show that op(g) < co(g) for
every function g € M, (0,00). Using (5.2) and the first property of the class G
from Remark 4.2, namely that g* € G for every function g > 0, we get

o0
op(9) = or (e"tl/n/ g**(u)ul/"lenul/ndu>
t

< co(g”) = calg).

6. OPTIMAL RANGE SPACE

In this section we solve the converse problem. Namely, the norm g¢p is now con-
sidered to be fixed and we are searching for the optimal pr. First of all we shall
introduce some notation.

We recall (4.6) and define

(6.1)  (Go)(t) = entw/ g(s)s /e M ds, g e My (0,00), >0,
t

t
(6.2)  (HR)() :tl/”’le’ml/n/ h(s)ems"ds, he M (0,00), t>0,
0

(6.3) E(s) = efnsl/n/ e"“l/ndu, 5> 0.
0
The operators G and H are dual in the following sense

(6.4) /O T WGyt = /0 T g Hh(u)du for all g, h €M, (0,00).

As in [4], we would like to use duality to define pr. Using the notation introduced
above, we can rewrite (4.4) as

or(Gyg)
geG op(9)

(6.5) < oo
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We may employ the duality in the following way:
or(Gg) _ Jo (Gg)(t)h(t)dt

sup sup
geG op(g) g€G,heM 4 (0,00,]) QD(Q)QIR( )

i ([ GTIOLY
g€G,heM, (0,00,]) (g) ()

We have used Remark 4.2 (ii), (6.4) and the so-called resonance of the measure
space ((0,00),dx). We refer to [1, Chapter 2, Def. 2.3. and Chapter 2, Theorem
2.7.] for details.

Let us now suppose for a moment that extending the supremum over all g €
M (0, 00) gives an equivalent quantity. Then we could continue the calculation
(6.6)

0r(Gg) _ Jo o (HR) (g (t)dt o (Hh)

sup ————= sup = sup ,
gee 00(9)  gem ., (0.00)hems (000, 0D(9)0R(R) h€9ﬁ+(0,oo,l) oz (h)

and the inequality (4.4) would be equivalent to
(6.7) op(HR) < cop(h), h e M (0,00,])

A sufficient condition that would enable us to extend the supremum is given in the
following lemma. We postpone its proof to Appendix.

Lemma 6.1. Assume that the r.i. norm op satisfies

(6.8) (/ flu ut/n= 1du) <cop(f), [fEML(0,00).

Then

(6.9)
s Jo~HR)(tg(t)dt sp Jo (Hh>(t)g(t)dt, for all h € M, (0, 0, 1)
geG QD(9> geM 4 (0,00) QD(9>

The constants of equivalence do not depend on the choice of h € M (0,00, |).

As we shall see, the condition (6.8) is satisfied in all important examples, including
the limiting Sobolev embedding. Equipped with this tool, we can now easily solve
our problem.

Theorem 6.2. Assume that the r.i. norm op satisfies (6.8) and that its dual norm
o satisfies
(6.10) op(H(h™)) < cop(H(R")), h € M(0,00).

Then the optimal range norm in (4.4) associated to op is given as a dual norm to
o (H(f**)). Or, equivalently, the dual of the optimal range norm can be described

by R (f) == op(H(f*)).

Proof. According to Lemma 6.1 and the calculation above, (4.4) is equivalent to
(6.7) But for our choice of ¢ this inequality is trivially true.

To prove the optimality, suppose, again, that there is another r.i. norm o, such
that (6.7) is true when we substitute its dual norm ¢’ in place of ¢;. Then,

o' (f) =o' (f*) = cdp(H(f7)) = cap(H(f™)) = cop(f), for all f € M(0,00),

proving the optimality of gg.

Finally, we have to prove that the functional o(f) = o/, (H(f**)) is a norm. Again,
the axioms (A1) — (As) are trivially satisfied. Using (6.10), Hardy’s Lemma 2.6 and
axiom (A4) for o, we get also (A4) for p. (As) follows from the same axiom for
op- O
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7. THE STUDY OF (5.2) AND (6.10)

In this section we derive sufficient conditions for (6.8) and (6.10). In general, we
follow the idea of [4, Theorem 4.4]. First of all, for every function f € 9, (0, c0),
we define the dilation operator E by

(E.f)(t) = f(st), t>0, s5>0.

It is well known, [1, Chapter 3, Prop. 5.11], that for every r.i. norm g on M, (0, c0)
and every s > 0 the operator F; satisfies

o(Esf) < co(f), [fe€M(0,00).

The smallest possible constant ¢ in this inequality (which depends of course on s)
is denoted by h,(s). Hence

sup o(Bsf)
f#0 Q(f)

Now we are ready to prove the following result.

ho(s) =

Theorem 7.1. If a rearrangement—invariant norm g satisfies fol s_l/"hQR (s)ds <
00, then it also satisfies (5.2).

Proof. Step 1.
Let us suppose that the positive real numbers s, t,y satisfy st <y and 0 < s < 1.
Then t'/™ < (y/s)}/™ and, consequently,

1/n
ntl/nin(y/s)l/n S [entl/"fn(y/s)l/"} s _ en(st)l/ninyl/n.
So, for every function f € M (0, 00), we obtain
o0 o0
entl/"/ f*(y)yl/nflefn(y/s)l/"dy < en(st)l/"/ f*(y 1/n—1 7ny dy
st st
Step 2.
We may now come to the proof of the Theorem. Fix a function g € 9t (0, 00), with

0r(g9) = 1. Then we use several times Fubini’s Theorem, the change of variables,
and inequality from Step 1 and obtain

/ g*(t)Gf**(t)dt:/ ntl/"/ f** 1/n 1 ndsdt
0 0
:/ sl/n—1g—ns'/ /g( enu' du/ f*(st)dtds
0 0

1 oo s
= / / f*(st)sl/”_le_”sl/n/ g*(u)e”“l/ndudsdt
0 0

0

1 o] o]
:// 9*(U)enul/n/ Fr(st)s /e " dsdudt
0 0 u
1 o] o]
:/ t_l/n/ 9*(U)€"ul/n/ £ )y e @0 dydudt
0 0 tu
1
/

NOL / F )y e dydtds
st

1 00 o0
S/ s*l/n/ 9*(t)e”(st)1/n/ F )yt tem" " dydtds
0 0 st

- | i [ @ snaras.

w
L
~
3
o\..
3
Q
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Taking a supremum over g, we obtain that the left-hand side of (5.2) can be esti-
mated from above by

1 o)
sup / 571/"/ g () (Gf)(st)dtds
9>0:0%(9)=1J0 0

1

s~ "or((Gf)(s:))ds

IN

s "o (s)or(GF*)ds

</01 5y (5)d ) or(GF).

An analogous result can be obtained also for (6.10). The proof is omitted as it
uses the same ideas as the preceding one.

/01
[

Theorem 7.2. If an r.i. norm o satisfies fol s~ Y"h,(s)ds < oo then it satisfies
also (6.10) with o, replaced by o.

We will now present some applications of our results.

Example 7.3. Let
or(f) = 000 (f) = ess sup | f(z)|.

reR”

Then h,p(s) = 1 and, according to Theorem 7.1, (5.2) is satisfied and the optimal
domain norm is given by

op(f) = sup(Gf~) / FH(s)s/n"lems " ds,  f € M(R).

t>0

This norm is essentially smaller than gy, 1(f) = [~ t*/"~! f*(t)dt, hence this result
improves the second example from Remark 4.3. Now, an easy calculation shows
that

1
op(f) = f*(1) +/0 FEOE 1AL & 00 (f*X(1,00) + n1 (F*X(0,1)s  f € MR™).

Example 7.4. Let
op(f) =o1(f) = /n |f(x)|dx.

In that case, o), = 0o, Whence hy (s) = 1. So, by Theorem 7.2, (6.10) is satisfied.
It is a simple exercise to verify (6.8). Using Theorem 6.2, the optimal range norm
can be described as the dual norm to

t
O’(f) _ Qoo(Hf*) = 0oo <t1/n1€ntl/n/0 f*(s)enSI/ndS>.

To simplify

or(9) =0'(g) = sup / fr(

frooe (Hf*)<1

we take f(t) = ™ xo1)(t) + X(1,00)(t). Calculation shows that then H f* is
bounded on (0, 00). This choice leads to

1 [e'e)
or(9) 2 / g (t=1/mdt + / g (t)at.
0 1
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To prove the converse estimate, take f € 914 (0, 0o, |) bounded and g € 9, (0, 00, |)
bounded, with bounded support and differentiable. Then a direct calculation using
only integration by parts and Fubini’s Theorem shows that

e 1/n dg*
/0 f*(t>g*(t)dt/0 tl/n 1 fnt/ / f [g*(t)tll/n%(t) dt

(7.1) Seoo(Hf)/O {g (t) - 1 “"dj ()]dt
S 0 (H f7) [/Olg*(t)tl/"dt + /100 g*(t)dt}

If f € M (0,00,]) is not bounded, it may be approximated by a monotone se-
quence f, /' f, fn € M4 (0,00, ]). This procedure shows that (7.1) holds for every
f € Mi(0,00,]) and g as above. Finally, every g € M (0,00,]) may also be
approximated by differentiable functions g, " g, gn € M4 (0,00, |) with bounded
supports. This provides (7.1) for all f, g € 9, (0,00, |).

Hence,

1 oo
or(g) = / £ /g*(t)fl/"dtJr / g (t)dt.
fQoo(Hf )<1 0 1

8. THE LIMITING EMBEDDING

In this section we consider the case of limiting Sobolev embedding, where gp is set

1/n
tobe 00() = eu() = ([ 1@)I"de) " T that case, dp(f) = pu(f), where

n' is the conjugated exponent to n, namely % + # = 1. Direct calculation shows
that hy (s) = s~/ and fol s_l/"thD(s)ds = 00. Moreover, standard examples
(h(s) = WX(OJ/Q)(S)) show that (6.10) is not satisfied.

To include this important case into the frame of our work, we will develop a finer
theory of optimal range space. This is described in the following assertion.

Theorem 8.1. Let op be a given r.i. norm such that (6.8) holds and

(8.1) QID(HX(O,I)) < 0.
Set
o(h) = odp(HR*), he€M(0,00).
Then,
(8.2) or =0

is an r.i. norm which satisfies (4.4) and which is optimal for (4.4).

Proof. Step 1.
We will prove that gg is an r.i. norm. The axioms (Az) and (As) are easy to verify.
Let us assume that or(f) = 0 for some f € M (0,00). Then

(53) 0=en(f)= sw [ ftg(o),

o(g)=1J0
According to (8.1), o(xg) is finite for every measurable set E C (0,00) with |E| <
co. Together with (8.3) this implies that [, f = 0 for every such set E and,
consequently, f = 0 almost everywhere, which proves (A1).
To verify (4s), take a set E C (0,00) with |E| < oo. Then, for every f €
m-l‘ (0’ OO),

= su m ffXE =
or(f) = a(h)géo a(h) ~ / A
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The axiom (A4) is an easy consequence of (8.2) and the estimate
|E|
(3.4) o9)z e [ g wdu. g€ My(0,00).
0
To prove (8.4), we use Fubini’s Theorem
¢
o(g9) = op(Hg") = 0p <t1/”1em /n/ g*(u)e™ /ndu)
0

f02‘E‘ tl/nflefntl/”’ f(f g* (u)enul/"’dudt
op(X(0,2E)))

28l v [2IE 1/n
= c/ g*(u)e™ / /et gt du
0 u

>

|E|
> CE/ g" (u)du.
0
Step 2.
We show that gr and gp satisfy (4.4). As in Section 6, we obtain
G de F(Gg)(t)h(t)dt

(85) SU_I)M:SU U( g): su fO ( g)() ()

geG 0p(9) 9eG 0D(9)  geGhem, (0,00,1) op(g)o(h)

X (Hh)(t)g(t)dt
N OGN0

g€G,heM 4 (0,00,]) op(g)o(h)
Together with Lemma 6.1, this yields

or(Gg) 1 Jo (HR)()g(t)dt
p——= = sup sup
9eG 0p(9)  hem (0,00,1) 7(R) gec op(g)
~ 1 Jo (Hh)(t)g(t)dt
~ sup ——  sup
hem, (0,00,1) T (R) geam, (0,00) op(9)
/ Hh*
= sup QD( ) =1.

hem, (0,00,1) O (R)
Step 3.

13

Finally, we prove the optimality of pr. Let the r.i. norms v and gp satisfy (4.4)

with v instead of gg, that is

G
sup v(Gg) < 00
geG 0p(9)
Then, proceeding as above,
G (Gg)(t)h(t " (Hh*
00 > sup v(Gg) = su ‘[0 9) 2 (t)dt ~ sup 79[)(/ )
9eG 0D(9)  geGhemi(0,00,1)  0D(9)V'(R) hem, (0,00,) V' (R)

Hence, for every h € 9t (0, 00),
o(h) = op(HR") < cv/'(h).
Consequently,
v(f)=V"(f) <cd(f) =cor(f), forall feM;(0,00).

Let us apply Theorem 8.1 to the limiting Sobolev embeddings with

o) = ealf) = ([ I 1)
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or

o) = ena) = | T,

0

respectively. Direct calculation shows that (8.1) is satisfied in both these cases.

To verify (6.8), we point out that

for se€(0,1],

s
8.6 E(s)~{ ]
(8.6) (5) {511/”, for se(1,00).

Hence, Fubini’s Theorem, (8.6) and Lemma 2.6 imply that

( 1/n 1d ) / f 1/n 1 1/ndu

<c / /=l )dtSC/O tl/"’lf*(t)dt:can,l(f)-

14

When op = g, (6.8) is a consequence of Hardy’s inequality. We refer to [8] for
details. So, in both the cases, Theorem 8.1 is applicable and gives the optimal

range norm. The result is presented in the next Theorem.

Theorem 8.2. Let op = 0,,. Then, the optimal range norm, or, satisfies

(8.7) or(f) = on(f) + A(f"X(0,1)),

where

([ () 4)' - semon

Proof. We first recall that for op = g,, both (6.8) and (8.1) are satisfied. Thus, by

Theorem 8.1,

t
or(h) = en (HR") = ow (tl/"_le_"tl/n/ n(s)ens'’" ds)
0
t
~ o <X(o,1>(t)t1/”1e”t”"/ B (s)ens” ds)
0
t
+ on (X(l,oo)(t)tl/nle”tl/n/ h*(s)ensl/” ds)
0
= I+1I

Since

n(s*/"—t

e <e Y <1 for 0<s<t<l1

we obtain
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As for I1, we use monotonicity of h*, (6.3) and (8.6)

, 1
n 7

o0 t n
1/n ’ ndt
I7= / (/ h*(s)em”’ ds) e—nn't/m
1 0 t
) n! W
> ( n’ (e—ntl/"/ ensl/71 dS) %)
0 t

> ([ Two
~ (/100 B ()" (tl—l/")n, %)#
- (/:)oh*()"/dt)nl/.

Conversely, by the weighted Hardy inequality (cf. [8]),

1

00 1 n’ n’
n r1/n dt
Il ~ / (/ h*(s)e"sl/ ds> et/
1 0 t
R t 1/n n/ 141/ dt "
+ / (/ h*(s)e™ ds) R
1 1 t
1 oo , #
/ B (s)ds + ( / B () dt) ]
0 1

=[(( |

=

/Ot h*(s)ds) " %) ; + (/100 h*(t)n’dt) !

Altogether,

1 t n’ dt o) , %

0r(9) ~ / (/ h*(s)ds) ?+/ R*(t)™ dt

0 0 1

Now, set
1
v = ([ 0rwar)”
0

where

t=1(log$)™", te(0,1
s {7 s e,

1, t € (1,00).
Then, by [10, Theorem 4], v is an r.i. norm. More precisely, it is a special case
of a classical Lorentz norm whose Kothe dual has been characterised in [10, Theo-
rem 1]. Thus,

vin=| [ (/O f*(S)dS)n/ ﬁdt ~ da(f).

as an easy calculation shows.
Finally, since both v and pg are r.i. norms, it follows from the Principle of Dual-
ity (2.8) that
OR =V,
as desired. O
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Remark 8.3. We note that A from Theorem 8.2 is the well-known norm discovered
in various contexts independently by Maz’ya [7], Hanson [6] and Brézis—Wainger [2].

APPENDIX A. PROOFS OF LEMMAS

As we have promised, we deliver here the proofs of Lemma 5.1 and Lemma 6.1.
Proof of Lemma 5.1

We fix g € G and t > 0. Then, according to (4.5), there is a function f > 0 such
that (4.1) holds. Thus the left-hand side of (5.1) can be rewritten as

(Al) / ( / f 1/n 1d8) 1/n—1 —nu du
/ f 1/n 1 7nu du+/ f 1/n 1/ 1/n—1 7nu duds

= e_"tl/n/ f(s)s'/m1ds.
t

The right-hand side of (5.1) is more complicated. Using (2.4), (4.1) and Fubini’s
Theorem we get

w2 ([ ) " w
= f**(u /f )5t/ lds 4 = /f )st/mds.

We insert the formula (A.2) in (5.1) and use Fubini’s Theorem to arrive at

= 1/n—1 1/n = 1/n—1 t/m
/ g (w)ut/ " ey z/ £ (w)ut/ e " duy
t t

I

+/ (/ f(s)sl/"_lds)ul/"_le_’“‘l/ndu
t u

II

+/ (/ f(S)Sl/"_lds)ul/"_2e_"“1/ndu.
t 0

111
Each of these three integrals can be further estimated. We start with the second

one: oo oo
=" / F(s)s1/71ds — / F(s)st /7 Lens " g,
t t

To deal with integrals I and ITI, we use the notation h(s) := [~ ul/m=2e=mut’" Q.
Then, by Fubini’s Theorem,

> /too % (/t“ f(s)ds) W/t gy = /too f(s)h(s)ds
111 > “ 1/nd 1/n—2 7nu1/nd — > 1/nh d
> /t /t f(s)s™/"dsu e u /t f(s)s (s)ds

The last three estimates give us

and

I+H+HI>/ F(s)h(s)(s*™ +1)ds + et /"/ F(s)sY/m1ds

/ f 1/n 1 7ns dS
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This estimate and (A.1) imply that it is enough to prove that

/ f 1/n+1 dS>/ f 1/n Lo —nst dS

But the last inequality is a trivial consequence of the pointwise estimate

h(s)(s/™ 4+ 1) > sl/"_le_"sl/n, s> 0,

which may be proved by direct calculation. (I
Proof of Lemma 6.1

As G C M (0,00), the estimate ”<” in (6.9) follows immediately. To prove
the reverse one, take a h € M (0,00,]). Moreover, if f € M, (0,00), we put

f(s) = f(s)@ for all s > 0, where E is defined by (6.3), and g(t) = f(t) +
ftoo f(s)sl/"_lds, t > 0. We claim, that the following two conditions are satisfied:

L on(g) < con(f),

IL [JC(Hh)(t)g(t)dt > ¢ [7°(HR)(t)f(t)dt.

Indeed, to prove I, we use the fact that s71E(s) < 1 for all s > 0. We get (c.f.
(8.6) and (6.8))

ep(9) = ep ( Eis / flu ul/m= 1du)
< oo (1972) 4 </ 2 retan)

< op(f) +cop(f)=cop(f)

where we used (6.8).
The proof of IT is more complicated. The left-hand side of the condition II can be
simplified by

l[?H@@M@mtAwmm@m@mtéwmw<[wﬂﬁgma@)&

and the right-hand side by

L= = ([
/0 W) (ntun/ Fluyul/n—te=nu'/ du)dt

By Hardy’s Lemma 2.6, the result will follow if we show that, for all £ > 0 and for
all f e M, (0,00)

(A.3) // f(s)st/m= 1dsdt>/ ”tl/"/ Flwyu/ e qudt.

Using Fubini’s Theorem we can rewrite the right-hand side of (A.3) as

(A4)
£ 1/n s 1/n > 1/n £ 1/n
/f(s)sl/"flefnS </ et dt)ds+/ f(s)st/n—temms ds/ e dt,
0 0 0

and the left-hand side of (A.3)

a5 [ Fesase / F)s1/1ds

:/ f(s)sl/"flE(s)ds—i—f/oo f(s)s /" 2E(s)ds.
0 3
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The first integral in the last sum in (A.5) is equal to the first integral in (A.4). So,
we shall deal with the second integrals. We shall use the following observation

I n I n
—/ ene!/ du > E/ enu'’/ du, s>¢,
0 0

S

and finish the proof by
E/ f(s)s/"2E(s)ds = E/ F(s)st/n=2enst" / e duds
€ 3 0

> 1/n—1 —nst/m 1 ¢
>& | f(s)s e z
3 €Jo

o0 1/n f 1/n
:/ f‘(s)sl/”fle*"S / ds/ e du,
3 0

1/n
e duds
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A REMARK ON BETTER MINEQUALITY

JAN VYBIRAL

Abstract

We generalize the inequality of R. J. Bagby and D. S. Kurtz [BK] to a wider
class of potentials defined in terms of Young’s functions. We make use of a certain
submultiplicativity condition. We show that this condition cannot be omited.

Key words: Riesz potentials, Better A-inequality, Nonincreasing rearrangement,
Young’s functions

2000 Mathematics Subject Classification: 31C15, 42B20

1. INTRODUCTION

The classical Riesz potentials are defined for every real number 0 < v < n as a
convolution operators (I, f)(z) = (I, * f)(x), where I, (x) = |=|7~™. This definition
coincides with the usual one up to some multiplicative constant ¢, which is not
interesting for our purpose. Burkholder and Gundy invented in [BG] the technique
involving distribution function later known as good A-inequality. This inequality
dealt with level sets of singular integral operators and of maximal operator. Later,
Bagby and Kurtz discovered in [BK] that the reformulation of good A-inequality in
terms of non-increasing rearrangement contains more information.

We generalize their approach in the following way. For every Young’s function
® satisfying the Ag-condition we define the Riesz potential

) = [ 8 (2 )

where @ is Young’s function conjugated to ¢ and ®~1 is its inverse. Instead of the
classical Hardy-Littlewood maximal operator we work with a generalized maximal

operator
1

(Mo f)(e) = swp o /Q 1£(y)ldy,

where ¢ is a given nonnegative function on (0,00) and the supremum is taken
over all cubes @ containing x with sides parallel to the coordinate axes such that
©(|Q]) > 0. For every measurable set & C R™ we denote by || its Lebesgue
measure.

We prove that under some restrictive condition on function ® one can obtain an
inequality combining the nonincreasing rearrangement of Ig f and Mg_, f. We also
show that this restrictive condition cannot be left out.

2. BETTER A\—INEQUALITY

Before we state our main result, we give some definitions and recall some very
well known results about Young’s functions and non-increasing rearrangements.
Lebesgue measure will be denoted by p or simply be an absolute value. Let ) be
a subset of R, n > 1. We denote by 9 the collection of all extended scalar-valued
Lebesgue measurable functions on 2 and by 91y the class of functions in 9 that
1
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are finite p-a.e. Further let 9T be the cone of nonnegative functions from 9 and
IS the class of nonnegative functions from My. We shall also write M(Q), M+ ()
and so on when we want to emphasize the underlying space €.

The letter ¢ denotes a general constant which doesn’t depend on the parameters
involved. It may change from one occurrence to another.

Definition 2.1. 1. Let ¢ : [0,00) — [0,00) be a non-decreasing and right-
continuous function with ¢(0) = 0 and ¢(c0) = limy_.oo #(t) = oo. Then the

function ® defined by
t
= / ¢(s)ds, t>0
0

is said to be a Young’s function.
2. A Young’s function is said to satisfy the Ay—condition if there is ¢ > 0 such
that
(2) < c ®(t), t>0.
3. A Young’s function is said to satisfy the Vo—-condition if there is | > 1 such
that

1
B(t) < 5 (1), 0.
4. Let ® be a Young’s function, represented as the indefinite integral of ¢. Let
P(s) =sup{u: d(u) < s}, s>0.

= /tzb(s)ds, t>0,
0

is called the complementary Young’s function of ®.

Then the function

The following theorem puts these three notions together. For the proof see [KR].

Theorem 2.2. Let & be a Young’s function and ® be its complementary Young’s
function. Then ® satisfies the As—condition if and only if ® satisfies the Vo—
condition.

We shall need following lemma.

Lemma 2.3. Let ® be a Young’s function satisfying the Ag—condition. Then
there is a constant ¢ > 0 such that

b 1 (1 s (1
/(ID_ (—)dugctd)_ (—), O<t< oo
0 u t

Proof. If ® satisfies the As——condition, then ® satisfies the Vo—condition. It
means that there is a real number & > 1 such that ®(t) < ﬁé(kt) for every t > 0.
When we pass to inverses we get @~ ! (1) < l<i)_1 (iu), where | = 2k > 2 and
u > 0. Now setting h(s) = @71 (1) and H(u) = [ h(s)ds we get 2h(s) < lh(ls)
and integrating this inequality from 0 to ¢t we obtaln 2H(t) < H(It). To show that
H(t) is finite for all ¢ > 0, write

t/1" < rt/15 gk .
H(t) = / ds—Z/ hsds<2/lk+12—kh(ls)d5:

t/lk+ k=0"1t/

7221@/ u)du < oo.

Because h is a decreasing function, we can calculate

Ih(t) > / " h(s)ds = H(t)— H() > 2H(t) — H(t) = H(1),
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which can be rewritten as
- 1 b 1
Itp—! (—) z/ ot <—> du.
t 0 U

Definition 2.4. The distribution function u; of a function f in 9My(N2) is given by
pr(A) = p({z € Q:[f(z)] > A}), A=0.

For every f € 9y(Q) we define its nonincreasing rearrangement f* by
@) =mf{A:pr(N) <t}, 0<t<oo

and its mazximal function f** by

O

t
t):ﬁ_l/f*(u)du7 0<t<oo.
0

Assume now that Young’s function & satisfies the As—condition. Using the
classical O’Neil inequality (see [O]) and lemma 2.3 we obtain

W e e (s (1) [ rwas [T rwe (2l

We shall derive a better A-inequality connecting the operators I and Mg _.

Theorem 2.5. Let us suppose that a Young’s function ® satisfies the Ay —-condition.
Let us further suppose that there is a constant c; > 0 such that

2) )P 1(1/s) <1, s> 0.

Then there is a constant co > 0, such that for every function f and every positive
number t

3) Tef)"(t) < (Ta|f)"(t) < c2 (M1 f)*(t/2) + (Ia] f])"(2t)

Proof. We may assume that given function f is nonnegative.

First we shall estimate the size of the level set G = {z € R" : (Isg)(x) > A} for
function g € L'(R™). According to (1), |G| < co. Hence we can find a real number
R > 0 such that |G| = |B(0, R)|. We can write

ANG| = /)\</ Ipg)(z dxf// < 1y|n>dydz
-/ @1( )dxg(y)dys
nJa |z —y|™
) 1 IGl/en
loll [ & (o ) de=lalhan [ 87/
B(0,R) |z[™ 0

Dividing this inequality by |G| and using the lemma 2.3 we obtain

an [lGlan o
ASHQ”l@/O d1(1/s)ds < &||g|[: ® (@)

This can be rewritten as

(4) |G| <

1

® (om)
lgllx
where ¢ is independent of g and .
We can now pass to the proof of our theorem which is mainly based on [BK].
For a given function f > 0 and a real number ¢ > 0 we shall denote by E the set
{z e R": (Isf)(x) > (Isf)*(2t)}. Then |E| < 2t and we can find an open set €2,

o
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|| < 3t, E C 2. Now using Whitney covering theorem (see [S]) we can find cubes
Q) with disjoint interiors, such that Q = U2, Qy and diam Q) < dist(Qr, R"\Q) <
4 diam Q.

We want to show that there is a constant C' > 0 such that for every f,t and for
every corresponding cube Qy

(5) {z € Qr: o f(z) > C(Mg f)(2) + (I )" (20)}] < —|Qk|

Then we would have [{z € R™ : I f(x) > C(Mg_. f)(x)+Ta )" (20)} < 1/6 3 |Qxl
<t/2 and thus
{z e R": Iof(z) > C(Mg-. f)"(t/2) + (Ia.f)" (20)}] <
<[z eR": Lbf( ) > C(Mg. f)(x) + (Ia f)" (20) } |+
+H{z e R": (Mg f)(x) > (Mg f)"(t/2)} < t/2+ /2 =1,

which finishes the proof.

To prove (5) fix k and choose z;, € (R™\ ) so that dist(zy, Qr) < 4 diam(Qg).
Let @ be a cube with center at x; having diameter 20 diam(Qy). Split f =g+ h =
Ixq+ fxrn\q- We may assume that g € LY(R"™), otherwise the right-hand side of

(3) would be infinite.
We shall prove that for C; and C5 large enough

(6) Hz € Qr: (ag)(x) > CL(Mg-. f)(2)} <1/6|Qxl,

and, for every x € Qy,

(1) Tah(z) < Co(Mg f)(x) + T f(2x) < Co(Mg— f)(2) + (T f)"(21),

which together gives (5).
For the first inequality, notice that for x € Qg

1 [lgllx
M~71 € H—1/101 T a(|Q))
(Mg f)(z) = d-1(|Q|) /Qg o-1(|Q))

Using (4) now gives

{z € Qr :(lag)(z) > C1 (Mg f)(2)}] <

H:c € Qx: (Tag)(x) > @qjl(gljgll) H =% (%)

where ¢ is the constant from (4). The last expression is less then |Q|/6 for Cy big
enough (here we use (2) again).

In the proof of the second inequality we shall use two observations. The first is
that

3 1 ~ 1 — 1
© o () - ()| <o ()
|z —y|" lzp — y|™ |z — yl |z —y|"

with ¢ independent of k, y € (R"\ Q) and x € Q.
The second is that for any § > 0 and any x € R"

9) / 5 SW) él( 1 n) dy < c Mg, f(2).

y:lz—y|>8 |:C - y| |£L' - y|
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The proof of (7) now follows easily. For every x € Q) we get
Ioh(z) — Is f(z1) < Ioh(z) — Iph(zy) <

fool? ()~ ()| Fr0 <
RM\Q |z —y|" |z, — y|"

1 -
clag — x|

§! <ﬁ> Ty <

R™\Q |z — vy
CM(i),lf(x).
It remains to prove (8) and (9). Proof of (9) is a combination of definition of
Mg, and (2).
To prove (8) let us write ®(t) = fot @(u)du and A(t) = d~1(t~") for t > 0. Then
1
s

/0S Su)du < @(s), s>0
)

or, equivalently, ®(s) < s®’(s) for s > 0. Now we set s = A(t) and obtain

I .
—tA'(t) = 7@’(14(15)) < cA(t).

Finally the left hand side of (8) can be estimated by

/wk yl At )dt
| t

z—y|

T — X
AT 4y,

|z -y

[A(lz —yl) = A(lzx —y))l < ¢

O

In the following example we will show that the assumption (2) cannot be omitted.

Theorem 2.6. There is a Young’s function ® satisfying the As—condition for

which
ap UaD)"(0) = (o) (20)
reso (Mg f)*(t/2)
Proof. Set
~ u? fo<u<l1 5 3u? if0<u<l1
Pu)=1945 5 1 . R OES . :
Su° — 5 fl<u<oo 3u fl<u<oo
Then
2 u? ifo<u<3 T fo<u<3
Qu) =33 ;o)=Y :
?4,5 if3<u< oo 3 if3<u<oo

Finally @' (u) = ¢/u for 0 < u < 1 and &1 (u) = 1/2/3(u + 1/2) for u > 1.

Let n = 1. For any integer m > 0 set t,, = 1/m Jm(T) = X(0,t,,)(). Then

(Mis £ (/2) = Mg f)0) = | sup = /51 —

0<s<1/m ®~

(I o) (b) = (T ) (0) = /01/’" H1s) dS\f /”’"mdu
(1¢fm)*(2tm):(1¢fm)(;tm) /j::) 1(1/s)ds = \[/j:j:) \/%du.
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We can now estimate
(Li’fm)*( m) - (I‘I’fm)*( m) >
q> lfm m/2 -

1/(2m) 3/(2m) 1
m / u—/ m+§du =

m+ 1
2m2/3 ﬁ,# \/7m 2,1 1+L

3 vm 2m 2 2m
The last expression tends to infinity as m tends to infinity. (I
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A new proof of the Jawerth-Franke embedding

Jan Vybiral

Abstract

We present an alternative proof of the Jawerth embedding

FpoqR") — Bpl, (R™),

Ppoq P1pPo
where
—00<s51 <8 <00, 0<py<pi<oo, 0<g<o0
and
n n
Sop—— =81 — —.
Po p1

The original proof given in [3] uses interpolation theory. Our proof relies on wavelet decom-
positions and transfers the problem from function spaces to sequence spaces. Using similar
techniques, we also recover the embedding of Franke, [2].

AMS Classification: 46E35

Keywords and phrases: Besov spaces, Triebel-Lizorkin spaces, Sobolev embedding, Jawerth-
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1 Introduction

Let By, (R") and F}, (R™) denote the Besov and Triebel-Lizorkin function spaces, respectively. The
classical Sobolev embedding theorem can be extended to these two scales.

Theorem 1.1. Let —oo < 51 < s < o0 and 0 < pg < p1 < oo with

s = =8 - (1.1)
Po P
(1) If 0 < qo < q1 < 00, then
Bpogo (R") = Byl (R™). (1.2)
(ii) If 0 < qo, q1 < o0 and p; < oo, then
Foao(R") = Fylgy (R™). (1.3)

We observe, that there is no condition on the fine paramters qg, q1 in (1.3). This surprising effect
was first observed in full generality by Jawerth, [3]. Using (1.3), we may prove

Fpoq(R?) = Fpp, (R") = Byl (R") - and - Bpg, (R") = Fpgp, (R") < Fp (R™)

for every 0 < ¢ < oo. But Jawerth ([3]) and Franke ([2]) showed, that these embeddings are not
optimal and may be improved.

Theorem 1.2. Let —00 < s1 < 89 < 00, 0 < pg < p1 < o0 and 0 < g < oo with (1.1).
(i) Then

FoogR") = Bpip, (R). (1.4)
(1) If p1 < oo, then
B (R™) < F2 (R™). (1.5)

The original proofs (see [3] and [2]) use interpolation techniques. We rely on a different method.
First, we observe that using (for example) the wavelet decomposition method, (1.4) and (1.5) is
equivalent to

S0 S1 S0 S1
poq — Upipo and  bpo, — fol, (1.6)

under the same restrisctions on parameters sg, S1,pg,P1,q as in Theorem 1.2. Here, b;q and zfq
stands for the sequence spaces of Besov and Triebel-Lizorkin type. We prove (1.6) directly using

the technique of non-increasing rearrangement on a rather elementary level.

All the unimportant constants are denoted by the letter ¢, whose meaning may differ from one
occurrence to another. If {a,}7°; and {b,}5°; are two sequences of positive real numbers, we
write a, < b, if, and only if, there is a positive real number ¢ > 0 such that a, < ¢b,,n € N.

Furthermore, a,, =~ b, means that a, < b, and simultaneously b, < a,.

~

2 Notation and definitions

We introduce the sequence spaces associated with the Besov and Triebel-Lizrokin spaces. Let
m € Z"™ and v € Ny. Then @), ., denotes the closed cube in R™ with sides parallel to the coordinate
axes, centred at 27”m, and with side length 27%. By x,m = Xx@.,. we denote the characteristic
function of @, . If

A={Am v ENy,meZ"},



—o<s<ooand 0<p,qg< o0, we set

00 N q %
gl = (02X b)) 2
v=0

mezZmn

appropriately modified if p = 0o and/or ¢ = oo. If p < 00, we define also

Al = H(fj ) \2”8Aumxm<->\q)Uq\L;;(R”)

v=0meZm

: (2.2)

The connection between the function spaces B, (R"), F;, (R") and the sequence spaces by, fp,
may be given by various decomposition techniques, we refer to [7, Chapters 2 and 3| for details and
further references.

As a result of these characterisations, (1.4) is equivalent to (1.6).

We use the technique of non-increasing rearrangement. We refer to [1, Chapter 2] for details.

Definition 2.1. Let p be the Lebesgue measure in R”. If h is a measurable function on R”, we
define the non-increasing rearrangement of h through

h*(t) = sup{A > 0: u{x € R": |h(z)| > A} > t}, t € (0,00). (2.3)

We denote its averages by

1

t
R (t) = ;/0 h*(s)ds, t>0.

We shall use the following properties. The first two are very well known and their proofs may be
found in [1], Proposition 1.8 in Chapter 2, and Theorem 3.10 in Chapter 3.

Lemma 2.2. If 0 < p < o0, then
[|A| Ly (R™)[| = [|A"]Lp(0, 00) |

for every measurable function h.
Lemma 2.3. If 1 < p < oo, then there is a constant c, such that

1™ Lp(0, 00)[| < ¢p][h*| Lyp(0, 20)]
for every measurable function h.
Lemma 2.4. Let hy and ho be two non-negative measurable functions on R™. If 1 < p < oo, then

[1h1 + ha| Lp(R™)[| < ||hT + h3|Lp(0, 00)]|.

Proof. The proof follows from Theorems 3.4 and 4.6 in [1, Chapter 2] U

3 Main results

In this part, we present a direct proof of the discrete versions of Jawerth and Franke embedding.
We start with the Jawerth embedding.

Theorem 3.1. Let —00 < 81 < sp <00, 0 <pg<p; <00 and0<qg<oo. Then
n

, n
poq = Upipy o S0~ ™ =51— o (3.1)



Proof. Using the elementary embedding

a0 = o i 0< g0 <q1 <00 (3.2)

and the lifting property of Besov and Triebel-Lizorkin spaces (which is even simpler in the language
of sequence spaces), we may restrict ourselves to the proof of

1 1

0 —_
boco < Dpipgs  Where s = n<p—0 - p_1> (3.3)

Let A € f, o and set
h(z) = sup 2°° Z [Avm X m(2)-

veNo mezm"
Hence

Avm| <277 inf h(x), veNy, meZ".
lBEQum

Using this notation,

Al fpoooll = [IA]Lpy (R™)]
and
> —on Po/P1 —un g—vn Po/P1
Al = 3 ( 3 gt )" < S ()
v=0 mezZn vm k=1

Using the monotonicity of h* and pg < p1 we get

—vUn n n * —Vn n pO/pl
IAJb 1poup°<22 (221 ) (2 )

< Z 9—vn Z 2nli_(1) h*(27un2nl)p0
v=0 =0

We substitute j =1 — v and obtain

0o 00
H)“ - ‘po < Z Z 27un2n(u+j)%h*(2jn)po

j=—cov=—j

o o.]
=) 9" ) (2970 > o (32-1)

Jj=—0o0 v=—j
s . .
7 2@ e ([ Liy (0,00)] 7 = ||| Ly (R
j=—00
If p1 = 0o, only notational changes are necessary. O

Theorem 3.2. Let —00 < 51 < 59 < 00,0 < pg <p1 <0 and 0 < q < oo. Then

: n n
bpops = Jpiq i 50— o =51 — o (3.4)



Proof. Using the lifting property and (3.2), we may suppose that s; =0 and 0 < g < po.

By Lemma 2.4, we observe that

00 1/q

[1A] p1q|| - (Z Z |Avm|qXVm(33)> |Lp, (R™)
v=0meZ"

may be estimated from above by

Z Z j‘zq/mium(ﬂ

v=0m=0

1/q

(0, 00) , (3.5)

P1
q

where )\, = {S\Vm}%zo is a non-increasing rearrangement of A\, = { A, }mezn and X, is a charac-
teristic function of the interval (27""m,27""(m + 1)).

Using duality, (3.5) may be rewritten as

1/q 1/q
sup </ <Z Z A Xom (2 ) dm) = sup (Z Z 27 ”")\qmgym> , (3.6)

g v=0m=0 v=0m=0

where the supremum is taken over all non-increasing non-negative measurable functions g with
ll9|L3(0,00)]| <1 and gum = 2" [ g(x)Xum (z)dz. Here, (3 is the conjugated index to 2. Similarly,
« stands for the conjugated index to %

We use twice Holder’s inequality and estimate (3.6) from above by

|~

p1y\ 1/p1 p

00 (3] 0 00 00 g
Sor (o) | (S (S 31
v=0 m=0 9 v=0 m=0

Q|

1 1

Since sp = n(— - —) and p; <80 - 2) = —n, the first factor in (3.7) is equal to [[A[by0,, [|. To
bo D1 bo

finish the proof, we have to show that there is a number ¢ > 0 such that

1
Ba

> 2 (Z gﬁm> <c (3:8)
v=0 m=0

holds for every non-increasing non-negative measurable functions g with |[g|Lg(0,00)|| < 1. We fix
such a function g. Using the monotonicity of g, we get

ol e

. 0o oU4Dn 271 (m+1) o
IS ol ol CEO TS
m=0 =0 m=2In—1 o—vnpm,
o 9—vngln o oo
<Zzln <2un .%') Z ln ** 2(l V)n)
=0 2-vn(2in_1) =0



We use 1 < 8 < a, Lemma 2.3 and obtain

IN

s\ /8
Z 9—vn (Z 93m> (Z 9—vn <Z 2ln (g**)a(2(lu)n)>
v=0 m=0

0o 0o 1/p
< < 2—Vnz2ln£(g**)ﬁ(2(l—u)n)>
v=0 =0
3] 00 1/p
=—00 v=—Fk

S g7 (0, 00)[| < eflg|Lp(0, )| < ¢.
Taking the %—power of this estimate, we finish the proof of (3.8).

The Theorems 3.1 and 3.2 are sharp in the following sense.

Theorem 3.3. Let —00 < 51 < 59 <00, 0 < pg < p1 <0 and 0 < qo, q1 < 0o with

n n
S —— = 81— —.
Po P1
(i) If
S S
p(?qo - bpiqv
then q1 > po.

(ii) If p1 < o0 and

S0 s1
bpoqo = Jorars

then qo < p1.

(3.9)

(3.10)

Remark 3.4. Using (any of) the usual decomposition techniques, the same statements hold true

also for the function spaces. These results were first proved in [4].

Proof. (i) Suppose that 0 < ¢; < po < oo and set

_1 no_
y g ey if veNy and m=0,
Avm = .
0, otherwise.
A simple calculation shows, that [[A[f,9, [| < oo and [|A[bj}, || = co. Hence, (3.9) does not hold.
(ii) Suppose that 0 < p; < gop < oo and set
—L v —s1) .
v P12r1 if veNyg and m =0,
Avm = .
0, otherwise.
Again, it is a matter of simple calculation to show, that [[A|b;0, || < oo and [|A|f;},, || = co. Hence,

(3.10) is not true.

O
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Sampling numbers and function spaces
Jan Vybiral

Abstract

We want to recover a continuous function f : (0,1)% — C using only its function
values. Let us assume, that f is from the unit ball of some function space (for example
a fractional Sobolev space or a Besov space) and the precision of the reconstruction
is measured in the norm of another function space of this type. We describe the rate
of convergence of the optimal sampling method (linear as well as nonlinear) in this
setting.
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1 Introduction

We study the following question. Let Q C R? be a bounded Lipschitz domain and let B (52)
denote the scale of Besov spaces on €2, see Definition A.1 and Definition A.3 for details. We
try to approximate f € B!, (€2) in the norm of another Besov space, say B;2 (), by a
linear sampling method

S.f =3 F(as)hy i

where h; € B;2, () and z; € Q. First of all, we have to give a meaning to the pointwise

evaluation in (1.1). For this reason, we shall restrict ourselves to the case

d
s1 > —,
P

which guarantees the continuous embedding B5!_ (Q2) — C(Q). Second, we always assume

that the embedding B! () — B?2,_(Q2) is compact, which holds if and only if

pP1q1 P2q2

1 1
81—$2>d<———) .
b P2/

We measure the worst case error of S, f by

sup{||f — Suf| By, (D |[f1Bpyg (D] < 17 (1.2)
The same worst case error may also be considered for nonlinear sampling methods
Snf:(p(f(xl)a'--vf(xn»? (13)

where ¢ : C" — B2 (€2) is an arbitrary mapping. In this paper, we discuss the decay of
(1.2) for linear (1.1) and nonlinear (1.3) sampling methods.

In some cases we restrict ourselves to the case Q = I? = (0,1)%. This allows to describe
the optimal sampling operator more explicitly. However, we conjecture, that many of these
results can be generalised to general bounded Lipschitz domains.

Let L,(€2) stand for the usual Lebesgue space and Wlf (Q),k € N, denotes the classical
Sobolev space over (). Then it is well known that

1 1

inf sup{[|f = Su | Ly, (D] = I/ W (] < 1} = e (1.4)

where the infimum in (1.4) runs over all linear sampling operators S, see (1.1) (cf. [5] or
[10]). The result remains true if we switch to the general situation where nonlinear methods
S,, are allowed. In [12], this statement has been proved for arbitrary bounded Lipschitz
domain, but with the Sobolev spaces replaced by the more general scales of Besov and
Triebel-Lizorkin spaces. The target space was always given by L,,(£2). The proof given
there uses the simple structure of the Lebesgue space. It is the main aim of this paper to
generalise (1.4) and to investigate also other “target” spaces.

Let us present our main results. If sy > 0, then the quantity

p2q2 piq1

nfsup||f — Suf|Bpe, (D] : 1181, (DI < 1} (1.5)



behaves like

s1—s9 1 1
n*TJF(E*E)Jr

in both, the linear as well as the nonlinear setting. We prove this result only for the special
case of Q = (0,1)?. However in this situation we are able to give an explicit description of
in order optimal operator which we are going to introduce now. Namely, if n ~ 2*¢ where
k € N is fixed, we use a smooth decomposition of unity {1} such that Y ¢y ,(x) =1 for
z € (0,1)? where the support of 9, is concentrated around 27*v. Then we approximate f
locally on supp ¢, by a polynomial g, and define

Snf = ng,uwk,u-

To calculate each of the 224 functions gk, we need to combine (M +dd71) function values

of f in a linear way. Altogether, we need 2(k+2)4 (M+dd*1) ~ 2% ~ n function values of f to
obtain S, f. Here, M > s; is a fixed natural number. The generalisation of this construction
to bounded Lipschitz domains remains a subject of further study.

If s < 0, we give the following characterisation of (1.5). If p; > py or p; < py and

d d
— — — > 59, then (1.5) decays like

P2 DN

d d
and if p; < py and 0 > s3 > — — —, then (1.5) behaves like
P2 N

_S%1 %241 1
Tt

n drop2,

All these results hold for linear as well as nonlinear methods S,,.

These estimates can be applied in connection with elliptic differential operators, which was
the actual motivation for this research, c.f. [6] and [7]. Let us briefly introduce this setting.
Let

A H—G

be a bounded linear operator from a Hilbert space H to another Hilbert space G. We assume
that A is boundedly invertible, hence

A(u) = f

has a unique solution for every f € G. A typical application is an operator equation, where
A is an elliptic differential operator, and we assume that

A H(Q) — H(Q),

where Q is a bounded Lipschitz domain, H(2) is a function space of Sobolev type with
fractional order of smoothness s > 0 of functions vanishing on the boundary and H~* is a
function space of Sobolev type with negative smoothness —s < 0. The classical example is
the Poisson equation

—Au=f in Q and u=0 on 0.

Here, s = 1 and

A=-A:H}(Q)— H Q)

3



is bounded and boundedly invertible. We want to approximate the solution operator u =
S(f) using only function values of f.

We define the n-th linear sampling number of the identity id : H='T4(Q) — H~1(Q) by

gin(id : HYH(Q) — HO'(Q) = inf[lid = SWL(HTHQ), B @), (16)

where t is a positive real number with —1 4+ ¢ > g, and the n-th linear sampling number of
S H Q) — HY(Q) by

9" (S H™HH(Q) — HY(Q)) = ipf IS = SWL(H Q) H Q). (1.7)

The infimum in (1.6) and (1.7) runs over all linear operators S,, of the form (1.1) and
L(X,Y) stands for the space of bounded linear operators between two Banach spaces X and
Y, equipped with the classical operator norm.

It turns out that these quantities are equivalent (up to multiplicative constants which do
not depend neither on f nor on n) and are of the asymptotic order

_ o1+t
d

oINS < HOQ) — HY(Q) gl (id - HH() — H(@) ~

We refer to [6] and [7] for a detailed discussion of this approach. The estimates of sampling
numbers of embedding between two function spaces translates therefor into estimates of
sampling numbers of the solution operator S. We observe that the more regular f, the
faster is the decay of the linear sampling numbers of the solution operator S. Let us also
point out that optimal linear methods (not restricted to use only the function values of
f) achieve asymptotically a better rate of convergence, namely n-. Hence, the limitation
to the sampling operators results in a serious restriction. One has to pay at least n'/¢ in
comparison with optimal linear methods.

Using our estimates of sampling numbers of identities between Besov and Triebel-Lizorkin
spaces, this result may be generalised as follows.! If p > 2,1 < g<oocand -1+t > g then

—1+t
d

gn"(S s B (Q) — HY(Q)) = g, (id : B, (Q) — H™H(Q)) = n”
o1 1 1 d
Ifp<2with—>-4—-,1<¢g<ocand —1+1¢ > 2 then
p d 2 P

g+ B8 — H(Q) = giP(id: By ™(Q) — HT'(@)) 575,

1 1 1
Finally,ifp<2with—<g+§,1§q§ooand—1+t>%then
p

in — ing/; - - e
9" (S 1 By Q) — HY(Q)) =~ g,"(id = B, ™(Q) — H/(Q)) = 0™
We prove the same results also for the nonlinear sampling numbers g, (S). Altogether, the

regularity information of f may now be described by an essentially broader scale of function
spaces.

! Although the results are stated only for Besov spaces, they are proved also for Triebel-Lizorkin spaces,
which include also fractional Sobolev spaces as a special case.



All the unimportant constants are denoted by the letter ¢, whose meaning may differ from one
occurrence to another. If {a, }°°, and {b, }>° ; are two sequences of positive real numbers, we
write a,, < b, if, and only if, there is a positive real number ¢ > 0 such that a,, < cb,,n € N.
Furthermore, a,, ~ b, means that a,, < b, and simultaneously b, < a,.

~Y

I would like to thank to Erich Novak, Winfried Sickel, Hans Triebel and to the anonymous
referee for many valuable discussions and comments on the topic.

2 Sampling numbers

The notation and basic facts about function spaces, which we shall need later on, are included
in the Appendix.

We now introduce the concept of sampling numbers.

Definition 2.1. Let €2 be a bounded Lipschitz domain. Let G1(2) be a space of continuous
functions on Q and G5(2) C D'(€2) be a space of distributions on 2. Suppose, that the
embedding
is compact.

For {z;}_; C Q we define the information map
No:Gi(Q2) = C Nuf = (f(1), -, f(n), [ € Gi(9D).
For any (linear or nonlinear) mapping ¢, : C" — G5(2) we consider
Sn: G1(Q) — Ga(Q), Sy = ©p 0 N,,.
(i) Then, for all n € N, the n—th sampling number g, (id) is defined by
(i) = inf sup{]|f — S, 71G()] : 11 ()] < 1, (2.1)

where the infimum is taken over all n-tuples {z;}}_; C €2 and all (linear or nonlinear) ;.

(i) For all n € N the n—th linear sampling number g'(id) is defined by (2.1), where now
only linear mappings ,, are admitted.

2.1 The case sy >0

In this subsection, we discuss the case where Q = I¢ = (0,1)¢ is the unit cube, G{(Q) =

d 1 1
A3t () and Go(2) = A32,,(9) with 51 > - and 5, ~ d(p—l - p—2)+ > 55 > 0. Here, A3, (Q)
stands either for a Besov space B, () or a Triebel-Lizorkin space F), (£2), see Definition

A.3 for details. We start with the most simple and most important case, namely when
Pr=pP2=q = @

Proposition 2.2. Let Q = I = (0,1)%. Let G1(Q) = B;1(Q) and G»(Q) = B2(Q) with
1 <p<oo,

d
s1>—, and s; > 89> 0.
p

Then

51752
d

gut(id) Sn”



Proof. First, we introduce necessary notation. Let a > 0, 2 € R? and U C R%. Then

aU ={ax:z €U} and z4+aU ={z+ax:z € U}. (2.2)
Furthermore, if k € Ny and v € Z%, we set

Qr,={r e R : 27Fy, < 2, < 27%(y; + 1)},

Q" ={zecl’: Q’k(yi — %) <x; < Q’k(ui + g)}

We point out, that (up to a set of measure zero)
= J{Qu:0<y <2"—1i=1,2,...d}

Next, we introduce smooth decomposition of unity, first on R? and then its restriction to I¢.

Let ¢ € S(R?) with

supp@C(—%,g)d and Zzﬁ(w—y)zl, r € R

vezZd

() = {w(z x—v), ifzell (2.3)

0 otherwise.

Then we define

Let us denote A, = {—1,0,...,2F}% By (2.3), the following identities are true for every

ke N:
E = E i d
wk’”(x) wk,u@) = X1, (37) {(1]7 toel

herwi
ez en, otherwise,

supp ¥y, C Q™, v € Ay

Now we define linear approximation operators Sj. Take f € G1(I%) and consider the decom-

position
F=" Ftna

VEAL

To each @y, we associate g, € PM(Q*) such that gi,(27%-) approximates f(27*-) on
2FQ%" according to Corollary A.6, see the Appendix,

! kk.v 1/p
10 = 900) @) B (2@ £ (/ ot (f(2"“-))(:v)|Lp(2kQ’“’”)ll”%) .

. (2.4)
The operators Sy, : G1(I%) — Go(I?) are defined by
Skf = Z gk7ywk7y, k € N. (25)
VeAk
Trivially, the right-hand side of (2.5) belongs to G;(I%) and hence also to Ga(I%). The
~ M+d—-1
operators Si use ( +d ) (2% + 2)% ~ 2% points. So, it is enough to prove the
estimate
1Y (F = g rul Bz (I S 2752 £ Boa (17)]].
VEAk



We use the dilation property (cf. [9, Prop. 2.2.1]) as well as the embedding Bs(R?) —
B:2(R?) and obtain

1320 = g B3|

VvEAL
<2 D30 - g @ F (270 B || (26)
VEAL
o) || 20 = g @ a2 B2t |

We claim that

|- etz g < (X6 - anemee)r)

VEAk VeAk

(2.7)

K
To prove (2.7), we first decompose Z into Z Z with the number K € N (independent

VEA a=1 veAy
of k € N) so that
dist(Supp Y, (27), SUPP Yy (27)) > 1 (2.8)
for every vy, 15 € A7 and every a=1,..., K.
To every v € AY we associate E,((f — gx.)(27F)) defined on R? such that
Ef = gu)(27"0)) = (f = g0)(27F2), 2 €2°QM, (2.9)
EN(f = gra)(27F2)) =0 if € supp Py (27") (2.10)
if v e AY, V' # v and
1E(f = gra) @7F2))| Bpp (R < c|I(f = gra) (27F2) | By (2°Q)]]. (2.11)

The existence of &, ((f —gr.,)(27%-)) satisfying (2.9)-(2.11) follows directly from the Definition
A.3, possibly combined with some smooth cut-off function and the pointwise multiplier
assertion, cf. [15, Theorem 2.8.2].

Denoting } )
Uro(z) =(2*2 —v), 2e€RY keN, veZ? (2.12)

we get

30 = ) a2 B2t 1) |

ZH (= 9727 B 2 )|

a=1

ZHZS ((f = gra) (@) nu (27 Bip(RY| |

a=1 veAy



By (2.8) and the so called localisation property, c.f. [16, Chapter 2.4.7], we may estimate the
last expression from above by

2

a=1

E(f = gra) (27w (27F) | BiL(RY) H)

VEAO‘

( ((f = 9r) (275 )0, (275) [ By RdH)
a1 veAg

1/p

P
~ (Sl - st im0 )
VEAk
Together with Lemma A.7 and (2.11) this finally leads to
> = ) @275 B 241

VEAL

VEAL

S (S letts = s @[ Jonstz 150 RdH)
5

> |fets - setet | )

VeAk

»\ /P
S (Z|o - s meren|)
VEA

which finishes (2.7).
We insert (2.7) into (2.6) and use (2.4) together with (A.4)

H £<f_gk7’/)wky‘882 [d H
vEAL
sz: (,,GAk/ t slpH dM2kau (2~ k ))(x)\Lp(Qka,,,)Hp%) 1/p

277 (Z/ t_SIPH - Igw 2 SL’)|L (2kaV det)
vEAL

The rest is done by direct substitutions and Theorem A.4

H Z (f = gk,u)wkﬂ/‘B;;([d)’

VvEAL
pde\?
s (Z / &g I, 2| f)
VvEAL
_ 2t - kv pd¢
< oxt sﬂ(z @ @i

VEAk

M1 pde
< gk—s) ( / £ | (4 ) () L1 )
< 9-ku=m) || 7| By (1|



Next we consider the case of general integrability and summability parameters.

Proposition 2.3. Let Q = I? = (0,1)%. Let G1(Q) = A3 () and G2(Q) = A2 () with
1 < p1,p2, 1,42 < 00 (p1,p2 < 00 in the F-case),

d 1 1
s1>—, and s, — d(— — —) > 59 > 0. (2.13)
b1 p1 P2/ +
Then
i . _s1-52 (L_L)
g (id) ST TR b2 e (2.14)

Proof. First, we deal with the case p; = p» = p and p # ¢, and/or p # ¢o. We use the
well-known real interpolation formula, c.f. [13], [1], [15] and [17]

B}y (RY) = (B (RY), B (RY)),,

and its counterpart

By (1) = (B (1), Bii(1%)),,

q
for
1<pg<oo, 0<O<1, ro<ry, r=(1=0)ry+0r.

If, for example, p # ¢o, we find two different real numbers s, and s} such that
S1 > S, 85 >0, sy = (1—0)sy + sy
and apply Proposition 2.2 to embeddings id’ and id” in the following diagram

By (1)
ud!

s1(71d id S92 d

pq2
By (1)
Using the same approximation operator Sk, we may interpolate the estimates for
1f = SefIBp(IY)]] and ||f — Sif|Bys(1%)]] and obtain (2.14).
If also p # ¢q1, we proceed in the same way.

If p1 < py we define sg by

1 1
31>50:232+d<———> > 59 >0
b1 P2

and use the chain of embeddings

B, (1Y) = B (I") — B2, (I).

P1q1 Pp2q2
The first embedding provides the estimate

i _s1=sg _s1msp 11
gi;n(zd)rﬁn T =n 4 "m 2



the second one is bounded.
If p; > po, we use the embedding
B3 (I — B2, (1%) — B2 (I%).

p1q1 p1q2 P2q2
The second embedding is bounded, the first one together with Proposition 2.2 gives the
result.

This finishes the proof in the B-case. The F'-case then follows through trivial embeddings,
c.f. [15, 2.3.2]
E (17 — Bt (I7) — B2 (1) — F32 (17

P1q1 P1,00 pP2q2

U
Theorem 2.4. Let Q = ¢ = (0,1)%. Let G1(Q) = A%, () and G»(Q) = A%2,_(Q) with

P1q1 P2q2

1 < p1,p2,q1,q2 < 00 (p1,pe < 00 in the F-case) and (2.13) Then

s1=sp (1L _ 1

gn(id) =~ g™ (id) ~n~ 1 (m‘E)+. (2.15)

Proof. According to the Proposition 2.3, it is enough to prove that

gn(1d) 2 R (2.16)

We use the following simple observation, (c.f. [12, Proposition 20]). For I' = {z;}}_, C Q
we denote
GI(Q)={feG(Q): f(x;) =0 forall j=1,...,n}

Then

gn(id) ~ inf sup{||f|G2(Q)]] : f € GL(Q). |G =1} (2.17)
= inf [|id - GY(Q) — G5(Q)]], (2.18)

where both the infima extend over all sets I' = {x;}7_; C Q.
[ € N, a function ¢, € GY () with

old

To prove (2.16), we construct for every I' = {x;};_,,

W@ S 1 and (G| 2 20+ 5).), (2.19)
where the constants of equivalence do not depend on [ € N.

We rely on the wavelet characterisation of the spaces A5 (R"), as described in [18, Section
3.1]. Let
Yrp € CX(R) and ¢y € CH(R), K €N,

be the Daubechies compactly supported K-wavelets on R with K large enough. Then we
define

U(z) = H@bM(:ci), z=(x1,...,24) € R

and A A
U () =V(2x—m), jeNy,, meZ".

m

10



Then the function ‘
Yi(@) =Y Nm¥l(x), jEN (2.20)

satisfies

1/p
Il (@l = 2 (It (221)

with constants independent on j € N and on the sequence A = {\;,,}. The summation in
(2.20) and (2.21) runs over those m € Z" for which the support of ¥ is included in Q. The
proof of (2.21) is based on [18, Theorem 3.5]. First, this theorem tells us that the A (£)-
norm of (2.20) may be estimated from above by the right-hand side of (2.21). On the other
hand, considering another extension of v; to R? and its (unique) wavelet decomposition, we
get the opposite inequality.

old

There is a number k € N with the following property. For any [ € N and any I' = {z;};_;,

there are m; € Z4,j = 1,..., 2 such that
supp \I/];;;l CQ and supp \Iffntl NC=0, for j=1,...,2"
d

Step 1: p; < py. In this case, we take in (2.20) Apyrm, = 277673 and Nettm, = 0,n =
2,...,2!4 and apply (2.21) twice to verify (2.19).

Step 2: p; > py. In this case, we take A\giim, = 2795, n = 1,...,2/¢ in (2.20) and apply
again (2.21) twice to prove (2.19). O

2.2 The case sy =0

In the case sy = 0, new phenomena come into play. First we point out that Lemma A.8 for
s = 0 gives an immediate counterpart of (2.6) and this leads to the following result.

Theorem 2.5. Let Q =14 =(0,1)¢. Let

with
G1(Q2) = B;un’ G2(2) = Bgm
and p
1§p17(117p2a€12§007 s> —.
P
Then
n~ et < gotid) < gin(id) < it TR (1 4 logn)Ye,  ne N (2.22)

If the target space is a Lebesgue space, this can be improved, cf. [12].
Theorem 2.6. Let Q be a bounded Lipschitz domain in R?. Let

id s G1(Q) = A3, (Q) = Li(Q) = Ga(Q)
with

d
1<p,g<o0, s>— and 1<r<o0
p

11



(p < oo in the F-case). Then
9alid) ~ g} (id) o H G el

Remark 2.7. We show in one example, that the logarithmic factor cannot be removed in
general. Let Q = I¢ = (0,1)? and consider the embedding

id : Bi () — BY1(Q).
Finally, take 1 € S(R?Y) with suppy C Q and J(O) 0. For every k € N and every

= {z;}7, € Qn =2 weset fi () =112 (x —2")), where 2" is chosen such that
supp ff NT =0 and supp f C Q. We claim that

I fE 1B (I)]] < 269 (2.23)

and
/R |BLL(ID]] > ck27 (2.24)

Combining (2.23) with (2.24), it follows that
gnlid) = g™ (id) ~ n~d(1 +logn), neN.

The proof of (2.23) follows directly from Lemma A.8. To prove (2.24), let [ € N be the
smallest natural number such that

VE)#0 for gl <2
and write for k > 2/

LB I = el FEBL RN = e S 1I(ei D) IR

J=0

> Y ||(i(279€)20 R DA (2R ) e Y| L (RY) |
= c20F S [ (27219 L (RY)| (2.25)

k—i-1

= 207k~ d Z (92277 €)(€)) ¥ (@) La (R

To estimate each of the summands from below, we consider the function

(pu(27HHLY)Y = (r (2744 % 02"
and use Young’s inequality to estimate its L;—norm.
oYL (RY| = 1212 +H1))Y Ly (RY | (2.26)
< [J(pr(277HH) )Y Ly (RY)]| - ||<(p0g.))v\L1(Rd)H-

Now, (2.24) is a combination of (2.25) and (2.26).

12



2.3 The case sy <0

As the last case, we consider the situation s, < 0.

Theorem 2.8. Let Q be a bounded Lipschitz domain in R®. Let
id : G1(Q) = A3t () — Go(2) = A2 ()

with 1 < p1,p2, q1,q2 < 00 (with p1,pa < 0o in the F-case) and

d
S1 > —, S9 < 0.
41
If pr = pa, then _ .
gn(id) & g™ (id) ~ 0T . (2.27)
d d
If p1 < ps and sy > — — —, then
P2 DN
gn(id) = gin(id) =t d o m, (2.28)
d d
If p1 < ps and — — — > sq9, then
P2 D1

S1

gn(id) =~ g™ (id) ~n~ @, (2.29)

Proof. Step 1. In this step, we prove two estimates from below. First, using the method
from the proof of Theorem 2.4, we obtain

i) 2 gaid) 20~ (5
exactly as in the case sy > 0. To prove the second estimate from below, namely
gi"(id) Z galid) Zn 4, (2:30)

we proceed as follows. We rely on atomic decomposition of A3 (R?) spaces as described in

[18, Chapter 1.5]. For every set I' C Q with |T'| = 2/¢ we construct a function
M;
Y;(z) = Z Njm@jm (), x€RY
m=1

. _sd
where M; ~ 294 \;,, = 277w for m = 1,..., M; and a;,, are positive atoms in the sense
of [18, Definition 1.15]. As s; > 0, no moment conditions are needed. We suppose that
supp a;m N I'= 0 and supp a;,, C Q. Altogether, we get

19514510, (D] < 11851451, RO S 1

P11 P1q1

and
M;
. _.d . _i(s— 4 s
151 L (@) :/Id@z)j(x)dm > Ajmllagm(@)| i (RY)|| & 27 27700 273 9770700 = 97,
m=1

13



Finally, we choose a non-negative function o € S(R?Y) such that the mapping

= / o(2) f(z)dz

yields a linear bounded functional on A%2 (), supp o C Q and [ o(z)¢;(z)dx 2 [ ¢;(z)dx
This leads to

29 %L S [ olahisle)ds S 45, @l.
Hence, (2.30) is proved and it implies all estimates from below included in the theorem.

Step 2.
If p > ps we use the following chain of embeddings

A () = Ly, () — AR, () (2.31)
and obtain
g (id) < gi(id : A3y, () = Ly, (Q)) - [[id" < Ly (Q) = A2, Q) Sn77. (232)
If p1 < pyand 0 > 4_4 > $9, then (2.31) holds true as well and, consequently, also (2.32)
remains true. P
If pp < py and 0 > sy > i — i, we define r > 0 by = =2+ p%. It follows that

D2 P1
p1 < r < py. Using the embeddings

A3 (Q) e L(Q) — A% (Q) (2.33)

p1q1 p2p2

we get

gn"(id) < gy"(id' = A3y, (Q) = Ly(Q)) - [lid" : Lo (Q) — AR (Q)]]

P1q1 p2p2
S1 1 751*52+L7 1

< n77+77; =n 4 TP p2,

This proves the upper estimate in (2.28) if ps = ¢o. The general case follows then by inter-

polation, similar to the proof of Proposition 2.3. O
2.4 Comparison with approximation numbers
In this closing part we wish to compare the sampling numbers of

id: By, () — B2, (Q) (2.34)

for Q = (0, 1)? with corresponding approximation numbers. Let us first recall their definition.

Definition 2.9. Let A, B be Banach spaces and let T be a compact linear operator from A
to B. Then for all n € N the kth approximation number a, (T") of T is defined by

a,(T) =inf{||T— L|| : L € L(A, B),rank L < n}, (2.35)
where rank L is the dimension of the range of L.

14



Obviously, a,(id) represents the approximation of id by linear operators with the dimension
of the range smaller or equal to n, in general not restricted to involve only function values.
Hence

an(id) < g™ (id), n € N.
We again assume that

d 1 1

S1 > —, $1— Sp >d (— — —> , (236)
b1 P P2

which ensures that (2.34) is compact and its sampling numbers are well defined. The ap-
proximation numbers of (2.34) are well known, we refer to [2], [14], [4] and [18] for details.

lin

We wish to discuss, when the equivalence a,(id) =~ g¢,"(id) holds true. The comparison of
our results with the known results for a,(id) shows, that this is the case if either

1. s9>0and 1 < py, < p; <0 or

2.89>0and 1 <p; <py<2o0r2<p <py <o0or

3. 0>32>d<pi2—pil> and 1 <p; <py<2o0r2<p <py <.

A Function spaces on domains

A.1 Function spaces on R?

We use standard notation: N denotes the collection of all natural numbers, R? is the Eu-
clidean d-dimensional space, where d € N, and C stands for the complex plane. Let S(R%) be
the Schwartz space of all complex-valued rapidly decreasing, infinitely differentiable functions
on R? and let S’(R?) be its dual - the space of all tempered distributions.

Furthermore, L,(R?) with 1 < p < oo, are the Lebesgue spaces endowed with the norm

N BIVRE |pdas) C l<p<oo,

esssup |f(x)], p = 0.
z€RC

For ¢ € S(R?) we denote by

3O = (Fo)E) = (2m) ¥ [ e, 2 e RS

its Fourier transform and by ¢ or F'~14) its inverse Fourier transform.

We give a Fourier-analytic definition of Besov and Triebel-Lizorkin spaces, which relies on
the so-called dyadic resolution of unity. Let ¢ € S(R?) with

ex)=1 if Jz|<1 and ¢(z)=0 if |z|>

l\DICO

(A1)

We put ¢y = ¢ and ¢;(z) = ¢(277z) — p(277"z) for j € N and = € R This leads to

identity
Zapj(x) =1, r € R
=0

15



Definition A.1. (i) Let s € R, 1 < p, ¢ < co. Then Bj, (R?) is the collection of all f € S'(R)
such that

1/q
1718, Rdu—(zwsqn% ‘IL, <Rd>||q) < oo (A2)

(with the usual modification for ¢ = 00).
(i) Let s € R,1 < p < 00,1 < g < 0o. Then F;,(R?) is the collection of all f € S'(R?) such

that - "
113, (R = H(Z 2,7 O) (R

(with the usual modification for ¢ = 00).

’ < 00 (A.3)

Remark A.2. These spaces have a long history. In this context we recommend [13], [15],
[16] and [18] as standard references. We point out that the spaces B3 (R?) and Fj (R?)
are independent of the choice of ¥ in the sense of equivalent norms. Special cases of these
two scales include Lebesgue spaces, Sobolev spaces, Holder-Zygmund spaces and many other
important function spaces. We omit any detailed discussion.

A.2 Function spaces on domains

Let €2 be a bounded domain. Let D(£2) = C§°(€2) be the collection of all complex-valued
infinitely-differentiable functions with compact support in 2 and let D’(€2) be its dual - the
space of all complex-valued distributions on €.

Let g € S'(RY). Then we denote by g|f its restriction to

(gl) € D'(Q),  (glN)(W) =g(v) for o € D(Q).

Definition A.3. Let Q be a bounded domain in R%. Let s € R, 1 < p, ¢ < oo with p < 0o
in the F-case. Let A; stand either for B, or F . Then

A5 (Q)={feD(Q):3g€ A (RY): g|Q = [}

and
|1 F145, ()] = inf [|g] A7, (RT)]],

where the infimum is taken over all g € A5 (R?) such that g|Q = f.

We collect some important properties of spaces A (€2) which will be useful later on. For
this reason, we have to restrict to bounded Lipschitz domains. We use a standard definition
of the notion of Lipschitz domain, the reader may consult for example [18, Chapter 1.11.4].

Let x € R, h € R? and M € N. Then
(AYTN)(@) = (MAL (@) with (A, f)(x) = f(z +h) = f(a),
are the usual differences in R%. For x € € we consider the differences with respect to Q:

(AN, )(x):{(Aﬂ/ff)(a:) ifz+lheQforl=0,..., M,

0 otherwise.

16



We also need to adapt the classical ball means of differences to bounded domains. Let
M e N,t >0,z € Q. Then we define

VMg, t)={heR*: |h| <t,x+Th € Qfor 0 <7< M}

and
Q9 f(z) = / (A f)()|dh.
VM (z,t)

We shall also use the simple relation (cf. [12, (4.10)])

(@ f () () = (™) (rz), ze€Q, 0<7t< 0. (A.4)

The following theorem connects the classical definition of Besov and Triebel-Lizorkin spaces
using differences with Definition A.3. We refer to [8] and [18, 1.11.9] for details and references
to this topic.

Theorem A.4. Let Q be a bounded Lipschitz domain in R?. Let 1 < p,q < co and
0<s< MeN.

Then B, () is the collection of all f € L,(S2) such that

1 d 1/q
@il ([ ela ez @) <o (A5)

in the sense of equivalent norms (usual modification if ¢ = 00 ).

We present a modification of the preceding theorem, which suits better for our needs.

Let M € N. Let PM(R?) be the space of all complex-valued polynomials of degree smaller
than M and let PM(Q) be its restriction to . We denote

D = dim PM(RY) = dim PM(Q) = (M +dd - 1).

2 € RPM there exists
(unique) p € PM(R?) such that p(x;) = y;,7 = 1,..., Dy In particular, if p(x;) = 0 for
p € PM(RY) and all j = 1,2,..., Dy then p = 0. One may observe directly (or consult [11])

that the set

We say, that {a:j}?:”{ C R is a M—regular set if for every {y;}

d
{mez':0<m; <Mfori=1,2,...,dand ZmiSM}

i=1
and all its translations, dilations and rotations are M —regular.

Theorem A.5. Let Q be a bounded Lipschitz domain in RY, M € N and let {:L’j}f:”{ be a
M —regular set in €.

Let 1 < p,q < o0 and
d
- <s<MeN. (A.6)
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Then B, () is the collection of all f € L,(Q2) such that

D 1 de\ Ve
Solstel+ ([ ez @) <o (A7)
j=1

in the sense of equivalent norms (usual modification if ¢ = o0).

Proof. According to (A.6), the following embedding is true:

B, () — C(Q)

and for every z € Q2

[f (@) < [IAICEDI] S 1By (D]]-
This shows that the left-hand side of (A.7) is (up to some constant) smaller than the left-hand
side of (A.5).

We prove the reverse inequality be contradiction. We denote the left side of (A.7) by
[ f1B5,(S)]|". We suppose, that there is no ¢ > 0 such that

A Lo < cl[f1Bp (D" forall  f e By, ().
Then there is a sequence { f,},2; C B, () such that

, 1
1falLp()] =1 and  ||f] Bpe(II' < -, neN. (A.8)

This shows, that {f,}52, is bounded in B: (€2) and hence precompact in C(€2). We may

n=1
therefore assume that

fn— fin C(Q)
From (A.8) it follows that

Dy

Z |f(z;)] =0 and (d""f)(z) =0, for a. e. z € Q. (A.9)

The second part of (A.9) gives that f € PM (). Furthermore, the definition of M —regular
sets and the first part of (A.9) implies that f = 0. This contradicts (A.8). O

This characterisation has a direct corollary.
Corollary A.6. Under the assumptions of Theorem A.5,

! M.Q A
inf )||f—g\B§q(Q)||%( [ e f\Lp(Q)Hq—) .

gePM(Q t

Proof. Consider some M-regular set {x; }?:”{ and g € PM(Q) such that

g(l’]> = f(a:j), j = 1, .. .,DM.

Let us mention, that the polynomial ¢ is uniquely determined and its definition combines
the function values f(x1),..., f(zp,,) in a linear way. The rest of the proof follows directly
from Theorem A.5. O

18



We also recall the fact that the spaces B;q(Rd) are multiplication algebras if s > %, c.f. [15,
2.8.3].

Lemma A.7. Let 1 < p,q < o0 and s > %. Then
| - ho| By (R[] < ¢ ||hy| By, (RY)]] - [[ha| By, (RT)]],
where the constant ¢ does not depend on hy and hs.

Finally, we consider the dilation operator T}, : f — f(2*.), k € N, and its behaviour on the
scale of Besov spaces. For the proof, we refer to [3, 1.7] and [9, 2.3.1].

Lemma A.8. Let s > 0, 1 < p,q < o0 and k € N. Then the operator T}, is bounded on
s . . k(s—4) . _ka . .

Bs (RY) and its norm is bounded by ¢2 (=2 if s> 0 and by ¢27"5 (1 + k)9 if s = 0. The

constant ¢ does not depend on k € N.
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On dilation operators and sampling numbers

Jan Vybiral

Abstract

We consider the dilation operators Ty : f — f(2¥) in the frame of Besov spaces B3, (R?)
with 1 < p,q <oo. If s > 0, T} is a bounded linear operator from B, (R9) into itself and there
are optimal bounds for its norm, see [4, 2.3.1]. We study the situation in the case s = 0, an
open problem mentioned also in [4]. It turns out, that new effects based on Littlewood-Paley
theory appear.

In the second part of the paper, we apply these results to the study of the so-called sampling
numbers of the embedding

id : BSL () — BY (Q),

Pa1 Pq2

where Q = (0,1)?. It was observed already in [13] that the estimates from above for the norm
of the dilation operator have their immediate counterpart in the estimates from above for the
sampling numbers. In this paper we show that even in the limiting case s; = 0 (left open so
far), this general method supplies optimal results.

AMS Classification: 41A25, 41A46, 46E35

Keywords and phrases: Linear and nonlinear approximation methods; Besov spaces; Dilation
operators; Sampling operators



1 Introduction

This paper is divided into two parts. In the first part, we consider the dilation operators
Tp: f — f(28), keN,

in the framework of Besov spaces B;q(]Rd). Their behaviour is well known if 1 < p,q¢ < oo and
s >0, cf. [4, 2.3.1]. As mentioned there, the case s = 0 remained open. Some partial results can
be found in [1]. For 1 < p,q < co we supply the final answer to this problem showing that

1
ke

1
v, if 1 < p < oo and p > max(q,2),
1 1
_gd ) ka2 if 1 d2>
By |~ 2 (5 e comd2zmapna), )
1, if 1 < p < oo and ¢ > max(p,2),
ka, ifp=1orp= oo,

where ||Tk|£(B£q (R%))|| denotes the norm of the operator T}, from ng (R?) into itself. One observes,
that for 1 < p < oo the number 2 plays an exceptional role. This effect has its origin in the
Littlewood-Paley decomposition theorem.

The second part of the paper deals with applications to estimates of sampling numbers. Let us
briefly sketch this approach.

Let Q = (0,1)% and let B,,(Q) denote the Besov spaces on (2, see Definition 2.7 for details. We
try to approximate f € Bj!, () in the norm of another Besov space, say B;2,,(Q2), by a linear
sampling method

Suf = flxj)hy, (1.2)
j=1

where h; € B2, (2) and z; € Q. To give a meaning to the pointwise evaluation in (1.2), we suppose
that

d
S1 > —.
b1
Then the embedding B!, () — C(Q) holds true and the pointwise evaluation represents a

bounded operator. Second, we always assume that the embedding B3!, () — B2, () is compact.

P1q1 P2q2
This is true if, and only if,
(%)
s1—8y>d| —— — .
b P2/ 4

Concerning the parameters py, pe, q1, g2 we always assume that they belong to [1, o0].

We measure the worst case error of S, f on the unit ball of Byl (£2), given by

sup{[[f — Snf[Bpzq, (I + [[f1Bpyq, (V)] < 1} (1.3)

The same worst case error may be considered also for nonlinear sampling methods

where ¢ : C" — B2, () is an arbitrary mapping. We shall discuss the decay of (1.3) for linear

(1.2) and nonlinear (1.4) sampling methods.

The case so # 0 was considered in [13], but the interesting limiting case so = 0 was left open so
far. It is the aim of this paper to close this gap. It was already pointed out in [13], see especially
(2.6) in [13] for details, that the estimates from above for the dilation operators T} on the target

space B2, (RY) have their direct counterparts in estimates from above for the decay of sampling



numbers. Using this method, which will not be repeated here, a direct application of (1.1) supplies
the estimates

1 1
(logn)z 7, if 1 < p < oo and p > max(ge,2),
11 )
gin(id) < nd - (logn)= 2, if 1 < p < oo and 2> max(p,qa), (1.5)
1, if 1 < p< oo and g2 > max(p,2),
1
(logn)e, ifp=1orp=o0,
where g% (id) with 2 < n € N are the linear sampling numbers of the embedding
d
id: B3, (Q) — Bp,(Q), s> -

p
Surprisingly, all estimates in (1.5) are sharp.

All the unimportant constants are denoted by the letter ¢, whose meaning may differ from one
occurrence to another. If {a,}5°; and {b,}5°, are two sequences of positive real numbers, we
write a, < b, if, and only if, there is a positive real number ¢ > 0 such that a, < ¢b,,n € N.

~ —

Furthermore, a,, =~ b, means that a,, < b, and simultaneously b, < a,.
We also discuss the case when p; # po and state some open problems connected to this question.

I would like to thank Winfried Sickel and Hans Triebel for many valuable discussions and comments
on the topic.

2 Notation and definitions

2.1 Besov spaces on R?

We use standard notation: N denotes the collection of all natural numbers, Z is the set of all integer
numbers, R? is Euclidean d-dimensional space, where d € N, and C stands for the complex plane.
Let S(R?) be the Schwartz space of all complex-valued rapidly decreasing, infinitely differentiable
functions on R% and let S’(R?) be its dual - the space of all tempered distributions.

Furthermore, Lp(Rd) with 1 < p < 00, are the standard Lebesgue spaces endowed with the norm

1/p
[1£1Lp(R?)| = </Rd'f<"’“)'pdx) . 1<p<oo,
P =

esssup | (), P
zeR
For 1) € S(R?) we denote by
9O = (FUE) = r) ¥ [ S y)ds, RS 2.)
R4

its Fourier transform and by " or F~14) its inverse Fourier transform. With the aid of duality,
they are extended to S’(R?).

We give a Fourier-analytic definition of the Besov spaces, which relies on the so-called dyadic
resolution of unity. Let ¢ € S(R?) with

el)=1 if |z|<1 and ¢(z)=0 if |z|> g (22)

We put ¢ = ¢ and p;j(z) = (277x) — p(279H1z) for j € N and 2 € R This leads to the identity

(e 9]
Z(pj(x) =1, z € R%
j=0



Definition 2.1. Let s € R,1 < p,q < co. Then B3, (R?) is the collection of all f € S'(R?) such
that

1/q
17182, (B (Zzﬁqu o NVIL, <Rd>uq) <o (2:3)
7=0

(with the usual modification for ¢ = c0).

Remark 2.2. These spaces have a long history. In this context we recommend [7], [10], [11] and
[12] as standard references. Let us mention that the spaces B;Q(Rd) are independent of the choice
of ¢ in the sense of equivalent norms.

2.2 Local means and atomic decompositions

We use the characterisation of Besov spaces by local means. We refer to [2], [3] and [12] for further
details. Let us sketch this approach.

Let B = {y € R?: |y| < 1} be the unit ball in R? and let x be a C* function in R% with suppx C B,
KY(E)#A0 if 0<|¢<e and (D(¥)(0) =0 if |a| <s.

for some € > 0. Furthermore, let kg be a second C* function with suppro C B and g (0) # 0.
Then
o 1/q
|1 £1B5gR|] = [IKo(1, HILp(R™)|| + [ D 2L, HIL,RD||"] , fe SR, (24)
j=1

where

K 1)) = [ )+ g = [

R

. (y = m) f)dy, xR

appropriately interpreted for f € S’(R%). The meaning of Ko(1, f) is defined in the same way with
kg instead of k.

We shall need only one part of (2.4), namely the estimates from below of ||f|B;q(]Rd)| |. In that case
some of the assumptions may be omitted. The inspection of the proof of (2.4), see [8], shows that
if k is a C™ function in R? with suppx C B and £"(0) = 0, then

1/q

|| £1Bo,(RY)|| = ZHIC2 7, OILpRY|[| , (2.5)

Secondly we rely on atomic decompositions. We refer again to [12] for details.

Recall that Z% stands for the lattice of all points in R? with integer-valued components. Further-
more, @, ,, denotes the closed cube in R? with sides parallel to the axes of coordinates, centred at
27¥m, and with side length 27 where m € Z% and v € Ny. If Q is a cube in R? and ¢ > 0 then ¢Q
is a cube in R% concentric with @ and with side length ¢ times of the side length of Q.

Definition 2.3. Let K € Ny, L € Ny, v € Ng, m € Z% and ¢ > 1. A K-times differentiable function
a(x) is called an (K, L) atom centred on @, , if

suppa C ¢Qym, (2.6)
|D%(x)| < 21 for |o| <K (2.7)
and
/ Pa(z)der =0, for || <L and v>1. (2.8)
R4



Remark 2.4. We add a few comments on Definition 2.3. The number K denotes the smoothness
of the atom (see (2.7)), L gives the number of vanishing moments, see (2.8), and the pair (v, m)
denotes the location of suppa (see (2.6)). Let us note that if v = 0 or L = 0, the condition (2.8) is
empty and no moment conditions are required.

Theorem 2.5. Let 1 < p,q < o0 and s € R. Let K € Ny, L € Ny with
K>s and L>—s (2.9)
be fized. Let ay, be (K, L) atoms centred on Q,,, and let
A={\m:veNy,mez}

be a sequence of complex numbers with

Il = (32
v=0

(appropriately modified if p = oo and/or ¢ = ).

i Z )\Vmauma

v=0mez

3 |Aym|f’>g>q < (2.10)

meZzad

Then the series

converges in S'(R?) to a distribution f € Bi,(R?) and

1£1B3g (RO < ||A[b (2.11)

all

Remark 2.6. We denote by X, ,, the characteristic function of Q,,,. Then

0 1

s s q\ q

el = (27| Aol ®)[1)
mezZad

v=0

again appropriately modified if ¢ = oo.

2.3 Besov spaces on domains

Let © be a bounded domain. Let D(2) = C§°(£2) be the collection of all complex-valued infinitely-
differentiable functions with compact support in Q and let D’(€Q) be its dual - the space of all
complex-valued distributions on €.

Let g € S'(R%). Then we denote by g|Q its restriction to
(9I2) € D'(Q), (gl (®) =g(¥) for ¢ € D(Q).
Definition 2.7. Let © be a bounded domain in R%. Let s € R, 1 < p,q < co. Then
By (Q) = {f € D'(Q) : 3g € By, (RY) : g2 = f}

and

s . s d
Lf1Bpg (V)] = inf |g| By (R,

where the infimum is taken over all g € By, (R?) such that g|Q = f.



3 Dilation operators

Let s e R, 1 <p,q <ooand k € N. Then the dyadic dilation operator
(T f)(@) = f(2"2), @ eRY, (3.1)

is a bounded operator from B;q(Rd) into itself. Let us mention, that (3.1) has to be understood

in the distributional sense. In this section we study the dependence of the norm of T} on k.

First, we recall known results.

Lemma 3.1. Let s > 0, 1 < p,q < oo and k € N. Then the operator T}, is bounded on B;q(Rd)
da d

and its norm is bounded by c 283 if s > 0 and by c2 Frkl/a if s = 0. The constant ¢ does not

depend on k € N.

For the proof, we refer to [1, 1.7] and [4, 2.3.1]. If s > 0, the estimate given by Lemma 3.1 is sharp

(cf. [4]). But if s = 0, the result can be improved.

Proposition 3.2. Let 1 <p < oo, 1 < g <o0, k € N and let T}, be defined by (3.1). Then

kaov,ifp > max(q,2),
d
1Tl £(BS,RY)| <c27 - S ka™2,  if2 > max(p,q), (3.2)
1’ qu Z HlaX(p, 2)5

for some ¢ which is independent of k.

Remark 3.3. The estimates covered by (3.2) may be summarised to
0 (md —kd 1oL
||Tk|£(qu(]R ))|| <c2 "p . fka max(p.a2)

Proof. Elementary calculation involving only (2.1) shows that

o~

(95 () F(251€)Y (@) = 27" (0, (O F(277€)) Y (x) = (;(2%) F(€))" (2"2). (3-3)
From (2.3) with f(2*z) in place of f(x) we obtain

[1£25)1Bp DI = [ D 115 (25).1)V (2*2)|Ly qu)
j=0

_gd
=27 ZH (95 (2") )V 1 LRI (3.4)
If j > k+1, then ¢;(2¥x) = ;_j(x). This gives
. 1/q 1/q
_gd ~ _gd
2750 | S M @R IL,®YI | =27 ZH 03] |Lp(®Y1
j=k+1
—_kd
27" f| By o(RY)]]. (3.5)
If 5 =0, we use (2.2) and Hausdorff-Young inequality
120 (25) )Y 1 Lp(RY)|| = [(s20(2%) 00 )Y [Lp(RY)|
~ [lpo(2")" * (w0 f)Y | Lp(RY)]] (3.6)

)Y
< [0 (2")Y|L1(RY)
< cl|f|B] RV

- 11(po )Y 1L, (RY)|



In view of (3.4), (3.5) and (3.6), we have to prove that

1/q

k

~ i1
D (s (25) )Y | Lp(RY) | < ckas ma? || f|By (RY)]|
j=1

with the constant ¢ independent of k and f.

(3.7)

To prove (3.7), denote o = max(p, q,2). Using the Minkowski inequality and the Littlewood-Paley

theorem one gets
1/q

k
> 11 (25 )V IL, (R
j=1

1

< kaa
1

1_1
<ka @

1_1
<kai @

1_1 “~ 1_1
< cka = [0 /)| Lp®R]| < cka™||f|Bp o (R)]l.

Next, we prove that the estimates are sharp.

k 1/a
> e (25 PV Ly (RY) |
j=1
L R p/a 1/p
LS eepuor)
j=1
. . p/2 1/p
LS eepror]
j=1

Theorem 3.4. Let 1 < p,q < oo, k € N and let Ty, be defined by (3.1). Then

_1.d
|| 3| (B, (RY)[| ~ 27" -

if 1 <p < oo and p > max(q,2),
if 1 < p < oo and 2> max(p,q),
if 1 <p < oo andq> max(p,?2),
ifp=1orp= o0,

where the constants of equivalence do not depend on k.

(3.8)

Remark 3.5. Let us mention, that at p = 1, there is a jump in the exponent of k£ caused by the

absence of the Littlewood-Paley assertion for p = 1. At p = 0o, no such a jump appears.

Proof. In view of Lemma 3.1 and Proposition 3.2, we have to prove the estimates from below.

Step 1: p=1.

Let ¢ € S(R?) be a non-negative function with support in {x € R? : |z| < 1/8} and / (z)dx
Rd

We show, that

1
1(25)1BY(RY)|| 2 27" ks, keN,

for 1 < g < 0.
We take a function £ € C*°(R) with

suppk C B={y e R?: |y| < 1},

kY(0) =0,

p(z)=1lifze M ={zecR%: |z (1/2,0,...,0)] < 1/4}

=1.

(3.9)



and
k(z) >0 if =1 >0.

Simple calculation shows that if j = 1,2,...,k and |z — (5 - %,0, ...,0)] < & - & then

supp,, V(2Fx + 2 7y) ¢ M.

For these x we get
K27, 9(2%))(x) = / k)2 z + 25 Ty)dy = | (@b + 2T y)dy = 2070
Rd Rd

Hence, ‘ ‘ ‘

K279, 9(28))| Ly (RY)]| 2 2774 20 =R)d = o=kd, (3.10)
We insert (3.10) for j = 1,2,...,k into (2.5). This completes the proof of (3.9).
Step 2: p = o0.
We consider again a non-negative function ¢ € S(R?%) with suppty € {z € R? : |z| < 1/8} and

/ Y(z)dr = 1. Let
Rd

vilz) = Y dlw— QY+, ), §= (3.11)
0<1; <297
i=1,2,...,d
and -
f(z) = ij(x), z € RY, (3.12)
J=v

where the constant v € N will be chosen later on depending only on d.

We observe, that (3.11) inserted into (3.12) represents an atomic decomposition of f (see Theorem
2.5 for details) and, consequently, f belongs to every space ngq(Rd), 1 < g < oo. We use again
the local means to show that )

1/(2")| B o RY)[| = cka, (3.13)

with the constant ¢ independent of k.

Namely, we choose k as in Step 1, points
xj= (28 27971 0,...0), j=r,.. k-7,

and show, that

K@ (@) () 2279 j=, k=, (3.14)

as well as ‘
KT, 6@ ) (a;) =0, m Ak (3.15)
From (3.14) and (3.15) it follows, that ||]C(277, f(2%-))|Loo (RY)|| > 277¢ for all j = v,..., k — 7.

Taking ¢—th power and summing up, we prove (3.13).

Let us first comment on (3.14).

K@ e (2@ = Y / r(y)(2a; + 25y — (2207 1, L))y, (3.16)
0<1;<2k=i=7 ke
i=1.2,..d

It is a matter of simple calculation and triangle inequality that, if 277d%/2 < %, the following
statement holds true: If the argument of ¢ in (3.16) lies in the support of ¢, then k(y) = 1.



Hence (3.16) is equal to

ob=i=nd [ 2k y)dy = 2k=i=Nd . 9li=k)d — 9=vd
Rd

To prove (3.15) we use an analog of (3.16)
K@ @) = 0 [ i@ 2y 0 by L)y
0<l;<2m=7

1= 1727 7

It turns out that, for m # k — j and any admissible I, there is no y € R? such that
- 1
\2'“9@71 + 2k7]y1 — 92m + 11’ < g and ’yﬂ <1.
Step 3. In this step, we shall prove the estimate
0 (Rd —d
Tkl £(Bp(R))[ 2277, keN, (3.17)

for 1 <p<ooand 1 <gq<oo. Take any f € ng(]Rd) such that

1/q
ZHICQ 5L DIL,@®RD||T] >0

We use (2.5) and the simple formula

K@, [(@%)(@) = K@, f)(2'), zeRY j2k+1,

and obtain
- 1/q
£ BpRY|[ 2 | D (K@, F(25)Lp(RY]|?
j=k+1
o 1/q
= X IIK@ . HEIL @D
j=k+1
= 27%(1,
which concludes the proof of (3.17).
Step 4.
Now we prove
1 kd
ITHlL(BYRY)|| 2 ki 3275, keN, (3.18)

again for all 1 < p < oo and 1 < ¢ < 0.

First, we take a special decomposition of unity, see Definition 2.1. Namely, we suppose, that the
function ¢ satisfies
pla) =1 if |o] <

and @(z)=0 if |z|> (3.19)

| Ot
B | o

It is easy to see, that

. . 3 5
pi(n) = p(2790) —p(2 ) =1, i [P << Y, jeN



Finally, we again take ¢ € S(RY) with suppty C {z € R?: |z| < 1/8}. We define the functions fy,
through their Fourier transforms:

k

@)= v@"E-¢)), teRY keN, (3.20)

j=1
where &; = (277,0,...,0). We shall show that
1£5 B RN < k228670, keN (3.21)
and )
| fe(25)|BY,(RY)[| 2 ka2~ % ke N. (3.22)

First, we deal with (3.21). As the support of ﬁ lies in the unit ball of R?, we may omit the terms
with j > 11in (2.3). Furthermore, since 1 < p < oo we may use the Littlewood-Paley decomposition
theorem to estimate

1/2

1A B (R = |10 )V Ly (RY)| ~ H S @)l @ | IL,®Y
=1

1/2

k
= [ Do wE@E-)"@P ]  IL®RY
j=1

1/2
& /

S gy @by 2 |Lp<Rd>\
j=1

1. — 1 Ekd(l—
= k2327F)|pY (27F2) | L,(RY)|| = k22567 |V L, (R)]).

To prove (3.22), observe that

k
fe@8)(€) =27 (e - 28¢), ¢eRY keN.

j=1
Using again the support properties of ¢ and ¢;, we arrive at

1/q

k
1
16 (25| BpgRY)|[ 2 27 | 37 |loo(- = 256)VIL, R[] = ka2~ |9Y | L, (R
j=1
Step 5.
In this last step we prove the estimate
0 rood 1.1 __kd
Tl £(Bpg(R)|| 2 ka 227 », k€N, (3.23)
again for all 1 < p < oo and 1 < ¢ < 0.
Let ¢ € S(RY) be a non-negative bump function with
supp® C [0,1]¢ and / Y(x)dr = 1. (3.24)
Rd

For a fixed k € N we set

Yi(z) =Y W@—1), zeR% j=12... k-1,

k
leNj

10



where
—{leNd: 27 <) —29<2 -1 and 0<[;<2V—1 for i=2,...,d},

so that the set N]]»€ contains 2/ ~1T#(d=1) yectors and 1 consists of 21 —1+k(d=1) copies of 1.

Furthermore, we define

fr(z) = 277 i(zx), xR (3.25)

The proof of (3.23) is finished as soon as we prove that

£l BS, (R S kr2», keN, (3.26)
as well as )
1 £6(25)| BY,(RY)|| 2 ke, keN. (3.27)

The proof of (3.26) is a rather straightforward application of Theorem 2.5. We observe, that (3.25)
represents an atomic decomposition of f. This gives

1/p

N

—1
11 BY R < | S 27 ka5t
1

SR

2
4
[\

J

In the proof of (3.27), we use again the characterisation by local means.
We choose a special kernel x € C*(R%) with

suppk C [—1,1] x [-3, 3471
and

k() >0ifzy <0 and k(z)=1ifx € [—%,0] x [—2,2]471

We show, that for every j =1,...,k — 1 and every = € R? with

2t <y <o L T

T 0Smsli=2...d (3.28)

it holds .
K277, f(2F ) (z) > c27. (3.29)

Let us point out, that this estimate is already sufficient for (3.27) since

1/q

/125 B, (RY)]| 2 ZHKW F25 )Ly (RD]]?

b1 1/q

ze (2 J2p7’>p/q ~ ki,

J=1

We therefore concentrate on (3.29) under the condition (3.28).
The support properties of 1); and  ensure, that

K, () (@) = K@ 0y (D@ =28 3 [ w2+ 2Ty~ )y

11



for every x with (3.28). It is not difficult to verify, that (for every x) there are always at least
2(k=3)d yectors | € N,’:_j such that x(y) = 1 on the support of ¥(28z + 2F=7y — ). Hence the last
expression may be estimated from below by

93 . ot=Dd [y (ok=dy)gy = 27,

R4
O
Remark 3.6. Let us observe, that Theorem 3.4 may be easily extended to 0 < g < 1:
1 1
ka v, if 1 < p < oo and p > max(q,?2),
_ka
HTk‘E(ng(Rd))H ~ 2P ké_%, if 1 < p < oo and 2 > max(p,q), (3.30)
k:%, ifp=1orp= oo,

The proof of the estimates from above may be done exactly as in the proof of Theorem 3.2. We
use the Gagliardo-Nirenberg inequality, cf. [7, Chapter 5],

/1By 1 RN < [1£1Bpg R - |I£1By

p, max(p,2

(R[] (3.31)
with

1—9+ 9

q max(p,2)’

and the construction from the proof of Theorem 3.4 to prove the estimates from below.

1=

Remark 3.7. Theorem 3.4 may also be used to give a following comment on the atomic decompo-
sition Theorem 2.5. If s = 0, we required in Theorem 2.5 that the atoms a,,, satisfy the moment
condition (2.8) at least for =0 and v > 0.

It seems to be an open question, if this restriction is really necessary. In other words, if Theorem
2.5 holds, if s =0 as well as L = —s = 0. We show, that this is never true and that the moment
conditions are indispensable.

Let 1 < ¢ <ocand 1 <p<ooand let us suppose, that Theorem 2.5 is true with L = 0. Hence no
moment condition on a,,, are needed. Let ¢ € S(R%) be a non-negative function with

suppy C {z e R : |z;] < 1,i=1,...,d}, / Y(x)dx =1, (3.32)
R4
and
Y wx-m)=1 zecR% (3.33)
mezZd
We put
J
fi(x) = Z Z Y@’z —m), zeRY JeN. (3.34)
v=0 meZ4

Ims| <2V i=1,....d

It follows by (3.32) that
1f51BS, (R = J, JeN.

But if Theorem 2.5 would be true for s = 0 and L = 0, (3.34) would represent an atomic decom-
position of f; and therefore

J 1/q
I1£51BY, (RY)]| < (Z 27Vl (2t 4 1>%q> < Ja

v=0

12



would hold for every J € N. This leads to contradiction.

Let 0 <¢g<1land 1 <p<oo. Then every f € ng(Rd) may be rewritten into the optimal atomic
decomposition

flz)= Z Z Avmaym (), € Rd,

v=0meZzZd
with
0 0 d 0 d
[[Albpgll S N[fI1BpgR,  f € Bpg(R?),

see [12, Chapter 1.5] for details. If Theorem 2.5 would be true for s =0 and L = 0,

o

F@2) =" Mmaum(2F2), 2 eRY,

v=0mezd

would represent an atomic decomposition of f(2Fz) and therefore
k4 ke
125 | Bpg RO S 277 [[A[bpgl| S 277 ||| Bpg(RY)]].
But we know by Theorem 3.4 and Remark 3.6 that this is not true.
For the sake of completeness, we consider also the dilation operator
(Tif)(z) = f(27%z), keN, zeR< (3.35)

Its behaviour is well known if s < 0, see [4, p. 34] for further details:

Lemma 3.8. Let s < 0, 1 < p,q < 0o and k € N. Then the operator T}, is bounded on B;q(Rd)

d
and its norm is bounded by c2 ke,

If s = 0, we can also characterise the norm Tj.

Theorem 3.9. Let 1 < p,q < oo, k € N and let T}, be defined by (3.35). Then

kiié, if 1 <p < oo and p < min(q,2),
1 1
~ d k2 a f 1 d 2 < mi
1T £(BY, (RY)[| ~ 287 - o Wl<p<ocand2 < min(p,q), (3.36)
1, if 1 <p< oo and ¢ < min(p,2),
k:l_%, ifp=1orp= oo,

where the constants of equivalence do not depend on k.
Remark 3.10. If 1 < p < oo, the estimates in (3.36) may be abbreviated to
= 0 /md ke, 1 1
||Tk|£(qu(]R || = 2" - kmin(.a2) " q,
In this case, the jump in the exponent of k occurs by p = oo.

Proof. Let égq(Rd) with 1 < p, ¢ < 0o be the completion of S(R?) in ng(Rd). It follows immedi-
ately from Theorem 3.4 that

175 £(Bpg(RY))[| = [| Tl £(Bpg (RY))]]. (3.37)

One has by [10, p. 180, (12)]

: 11
By, (RY =B, (RY),  1<pg<oco and = -+ = =1 (3.38)

D=
SEE
RS

Q\

13



Furthermore
Tk £(Byy (R = || T3 | £( By (RD))]]

where )
T} = 27T},
is the dual operator to T}. Hence
1T £(Bpg(R)[| = 25| T | £(Byy (RD))] - (3.39)
Now the proof follows by (3.37) and Theorem 3.4.
O
It is not difficult to extend Theorems 3.4 and 3.9 also to the operator
(Tnf)(z) = f(Az), XA>0, zecR% (3.40)
Theorem 3.11. Let 1 < p,q < oo.
(i) Then
(1+log)\)57%, if 1 < p< oo and p > max(q,?2),
1 1
_d 1+logA)e 2, if 1 <p<ooand?2 > max(p,q),
ITIE(B, @) ~ a5 - L H 1Y _ PO g
1, if 1 <p< oo and q > max(p,2),
(1—|—10g)\)%, ifp=1 orp= o0,
holds for every A > 1.
(ii) Then
(1+\10g)\\)%_%, if 1 < p < oo and p < min(g,?2),
1 1
—d (14 |logA|)2 4, if 1 <p<oo and2 < min(p,q),
1A L(Bpg(R)[| m A% - , . (3.42)
1, if 1 <p< oo and ¢ < min(p,?2),
(1+\10g)\\)17%, ifp=1orp= oo,

holds for every 0 < A < 1.

Proof. The result follows directly from the Theorems 3.4 and 3.9 and the well-known assertion

sup [|f(A)[ BRI ~ |If|Bpy (R

1
§<)\<2

4 Sampling numbers

In this section we apply the estimates of the norm of the dilation operator to derive optimal
estimates for the decay of sampling numbers of the identity operator between two Besov spaces.
Let us first present the basic definitions and notation.

Definition 4.1. Let Q be the unit cube (0,1)%. Let G1(9) be a space of continuous functions on
Q and G5(2) C D'(2) be a space of distributions on . Suppose, that the embedding

14



is compact.

For {z7 }iz1 C Q we define the information map
NaiGi@) = €% Nof = (f&)), o f), f € Ga(Q).
For any (linear or nonlinear) mapping ¢, : C" — G2(2) we consider
Sn : G1(2) — G2(92), Sy, = pn o Np,.
(i) Then for all n € N, the n—th sampling number g, (id) is defined by
n(id) = ipf sup{ ~ Su71G2)] : 1Gr (]| < 1, (4.1)

where the infimum is taken over all n-tuples {z7 }i—1 € Q and all (linear or nonlinear) ¢p,.

(ii) For all n € N the n—th linear sampling number gi*(id) is defined by (4.1), where now only
linear mappings ¢, are admitted.

In the following, we restrict ourselves to the scale of Besov spaces - hence G1(§2) = Bj!, (©2) with

p191
d
S1 > —.
b1
Then the space B, ,, (£2) is continuously embedded into the space of functions continuous on Q and
the information map N, is well defined. Second, we suppose that Go = B22q2(Q).

The case p; < py was already fully discussed in [13]. It was shown there, that both, the linear and

S 1 1
nonlinear sampling numbers, decay asymptotically like n ZASTTS

We concentrate on the case p; = ps and give a full characterisation of the decay of g, as well as
of gi™. This result closes some of the gaps left open in [13], which were the actual motivation for
this paper. In the very end, we discuss the remaining case p; > p2 and state several open problems
connected to this question.

Theorem 4.2. Let Q = (0,1)%. Let G1(Q) = BS, (Q) and Go() = BY_(Q) with 1 < p,q1,q2 < 00

a1 Pg2
and s > g. Then for2 <n €N
11
(logn)e 7, if 1 < p< oo andp > max(ge,2),
1 1
. . _s logn)z 2, if 1 <p<oo and?2 > max(p,q),
gn(id) =~ g"(id) ~n = - (logn) f p (P, q2) (4.2)
1, if 1 < p<oo and ga > max(p,2),
1
(logn) e, ifp=1orp= oo,

Proof. Step 1: Estimates from above

It follows directly from Definition 4.1 that g,(id) < gi"(id). The estimates from above for gi"
are a consequence of the estimates from above obtained in Lemma 3.1 and Proposition 3.2 and
summarised in Theorem 3.4 and the method presented in [13]. By this we mean especially the
inequality (2.6) in [13] where now the estimate of the norm of the dilation operator has to be
applied with so = 0.

Hence, it is enough to prove the estimates from below for g, (id).
Step 2. - Estimates from below
We use the following simple observation, (c.f. [6, Proposition 20]). For I' = {27 }i—1 C Q we denote

GEO)={feGi(Q): fa')=0 forall j=1,...,n}
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Then

gn(id) ~ infsup{|| F|G2(Q)]] - f € GY(Q),[|fIG1 (] =1}
= inf[lid : G1 () = G2(Q)|l.

where both the infima are taken over all sets ' = {27}]_; C Q.

So, to prove the estimates from below included in (4.2), we construct for every set I' = {27 }?k:dl C

Q,k € N a function fx € G} such that

/el Go()] -
G (@)]] ~

where the power « represents the power of the logarithmic factor in each of the four cases contained
in (4.2).
1. case: gn(id) = n~d.

9 ks (4.3)

In this (most simple) case, we rely on the wavelet characterisation of the spaces B;q(Rd), as de-
scribed in [12, Section 3.1]. Let

Yr € CE(R) and oy € CE(R), K eN,

be the Daubechies compactly supported K-wavelets on R with K large enough. Then we define

d
U(z) = Hl/JM(.%'i), = (z1,...,24) € RY
i=1

and ‘ ‘
U () =¥ (2z—m), jeNy, melZ".

m

The functions

bi(x) =Y Ajm¥,(z), jEN, zeRf (4.4)

satisfy
o d 1/p
14| B, (RY] ~ 276~ (Z |Ajm|p) (4.5)

with constants independent on j € N and on the sequence A = {\;;,}. The summation in (4.4) and

(4.5) Tuns over those m € Z¢ for which the support of W3, is included in . Let us comment briefly
on the relationship between ||¢;|B,,(€2)|| and ||1/)j|B;q(Rd)||. Clearly, ¢; as a function on R? is an
extension of 1|q, the inequality

[1051B3g (D] < [l Bpg (RY)]]

follows trivially from Definition 2.7. On the other hand, any other extension of 1;|q to R? possesses
an unique wavelet decomposition. The uniqueness shows, that this decomposition contains (4.4) as
a proper part and has therefore a larger norm. Hence, the relation (4.5) holds also for |[¢;|B;,(2)]].

There is a number [ € Ny such that for any k¥ € N and any I' = {27 }?k:dl there is an element m € Z¢
such that
supp¥EH c Q and  supp ¥EH AT = 0.

Taking fr = U+ we obtain the estimate g, (id) > n~a for every 1 < p,q1,qa < 00.

s 1
2. case: gn(id) 2 n~d(logn)« for p=1.
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We consider the function 9 (z) = ¥(2¥z — m), where m € Z¢ and v was defined and discussed in
the Step 1. of the proof of Theorem 3.4. It is possible to choose m € Z% such that

1 3\d
supp ¥ C (Z’ Z> and suppi, NI = 0.
To show, that this function satisfies (4.3), we argue as follows. First, we use Theorem 2.5 to get
1k Bi gy ()] < 14| By, RY)]] S 2079

On the other hand, if ¥y, is any extension of ¢, and w € S(R?) satisfies

. 1 3\d
suppw C (0,1)* and w(z)=1 for x6(1,1>,

we arrive at

1 - -
ko 27 < | BY, (RY)]| = ||lwidk| Big, (RO S M| BYy, (RY)],

hence

1
ka2 27 < |k B, (Q)]]

and (4.3) follows.
1

3. case: gn(id) > n~d(logn)a

=

Let 1 < p < co. In Step 5. of the proof of Theorem 3.4 we constructed a function fi(2F-) (see
(3.25) for details). Let us point out, that this function has its support in (0,1)% and avoids the set
I if the sampling points are uniformly distributed, hence I" = {0, zik, e 21;;1, 1}¢. Using (3.26)
and (3.27), we obtain

kd 1

s—4 s s—dy kd 1 1 ks
I1£(25) B3, R < 28673 £1Bs, (RY)|] S 280025 kv = kw2t

q1

and

1
1/(2%)|Bpg, RY)|| 2 K72

Using again the cut-off function w, we get similar estimates also for the norms on 2. In view of
(4.3), this finishes the proof for this specially chosen set T".

If T is taken arbitrary, |T'| = 2%¢, we modify f} using the Dirichlet principle. Let us sketch this
modification.

First, we construct a sequence of disjoint cubes
(), j=1,....k 1=1,...,2@ D01

where each €}, is a cube with side length 1/ 29+1 and contains in its interior at most 25=94 points
from T'.

We proceed by induction. Let j = 1. We divide Q = (0,1)? into 4¢ cubes with side length 1/4 and
disjoint interiors. According to the Dirichlet principle, one of this cubes has in its interior at most
2kd
4d
Let j = 2. We divide each of the remaining 4¢ — 1 cubes (it means the set Q \ Q11) into 2¢ cubes
with side length 1/8 and disjoint interiors. We choose from these 23¢ — 2¢ cubes 297! cubes with
the smallest num‘tzgr of points of I'. The Dirichlet principle gives the estimate from above for this
number by WM < 2(k72)d.

— o(k=2)d < o(k—1)d points from I". We denote this cube € ;.

17



In next steps we always divide all remaining cubes into 2¢ cubes with disjoint interiors and half
the side length and choose those 2011 of them which contain the smallest number of points
of I'. The Dirichlet principle then provides the estimate for this number.

Next, we divide each of the cubes 2; ; into 3¢ cubes with disjoint interior and denote ’the middle
cube’ of this decomposition by €2; ;.

As each of the cubes Qj,l contains at most 2(5=94 there is a number m > 0 such that we may
place into each €; 274 copies (i.e. dilations) of 1(27*.) with disjoint supports. We denote their
sum as 1)j ;. The number m may be chosen independent of k and I

Finally, we introduce
L old—1(—-1)

a@ =33 2¢@). (4.6)

j=1 =1
The functions g; play the role of a substitute of f(2"*-) adapted to the general sampling sets I'.
To finish the proof, we have to show that

1
||gk| By, RY)|| 2 k2 (4.7)

and )
|lgk| Byg, (RY)|| S kv 2. (4.8)

The proof of (4.7) is similar to Step 5. of Theorem 3.4 and uses the characterisation by local mean.
The proof of (4.8) is based on the atomic decomposition of the spaces By, (Rd). Let us mention,
that s > 0 and hence no moment conditions are needed in (2.8).

s 41
4. case gn(id) Z n~d(logn)e 2.
We first present a construction which proves the result for d = 1, @ = (—2,2) and the uniform
distribution of sampling points, i. e. I' = {Jz,n = —okFl g, 2k 1),

We proceed as follows. First, we define a sequence of sets. Let (see Figure 1)

11
I - <__7_>7

! 2792

[ < 5 3)U 11>U<3 5)

2 - 44 4’4 4'4)

.o— < 13 11>U( 9 7>U( 5 3>U< 11>U
57 8’ 8 g 8 g 8 8’8
U(§ §>U(Z 9)U<+E +§>
8’8 8’8 8’ 8 )

I : U{(4k2;174k2—:1)§‘k’ _ 2"}’

and 3 3
j (_2+ 2 2n> \ I,
Let
n; = X, — Xpe

Observe that



The functions 7; are modified Rademacher functions. Slight modification of Theorem 2.b.3 in
Volume I of [5] shows that Khintchin inequalities apply to these functions. Especially, for every
p < oo there is a constant B, such that

sz:m\Lp(R)H < Bk (4.9)
i=1

for every k € N.

Now, take a non-negative non-trivial function x € S(R) with suppx C (0,1). As I; contains 2¢ — 1
intervals of the length %, we may define the functions gy ;,7 = 1,..., k, as the sum of 2k(2—2*(i*1))
copies of the function x(2%:) with disjoint supports all contained in I;. Similarly, ¢¢ i = 1,...,k,

is the sum of 2¥(2 — 27(=2)) copies of x(2*-) with disjoint supports all contained in I¢. We define

k

g = (gri — gh0)-

i=1

The atomic decomposition theorem (cf. Theorem 2.5) together with (4.9) yields
k 1
k| By g R S 1125 Y milLy(R)|| S k22", keN.
i=1

To estimate the norm of g; in BY, (R) from below, we use duality.

P.q2
Set ' A
Ri(x) = k(2'z) — k(2'z — 1), reR, ieN. (4.10)

We define the functions §; as the sum of 2 — 2 copies of %; with disjoint supports all contained in
I; U If, non-negative on I;, non-positive on I7. Finally, we write

An application of the atomic decomposition theorem 2.5 leads to
1B, (R)| < k% = k'
Hg ‘ p’7qé( )HN 2 = 2.
Let us mention, that the first moment condition [, x(x)dz = 0 is satisfied trivially by (4.10). Now

we apply the functional represented by g to §*. Then

2
- - - 1—L
ko~ /29k(t)g’“(t)dt = 9k(7") S 119kl Bp.gy R - 115"1Byy o R S k%2 [|ge| By g, (R)[|,  (4.11)

which implies
a
ka2 §||gk|Bg,q2(R)||’ k€ N.

Let us point out, that the function g vanishes on I'. In view of (4.3), this finishes the proof for
d = 1 and uniform distribution of the sampling points.
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Figure 1

If the sampling points are not uniformly distributed, the construction has to be slightly modified.
Let Q = (0,1),k € N and let T' C (0,1) be an arbitrary set with #I' < 2¥. We denote by IJ"-g the
dyadic decomposition of (0,1) into 2* disjoint intervals of length 27*, hence

v (J J+1 . k
[]_<2_k‘77>’ j—O,,Q — 1.

Furthermore, ', stands for the union of intervals I f, which intersect I’

Be={Jz: 1inr 20},
J

Let rj,5 = 1,2,... be the usual Rademacher functions
1, if 0<t<3,
r(t)=¢-1, if L<t<l, and () =r5(20) + (2t = 1), j=1,2,...
0 otherwise
We set

Re(t)=> ri(t), keN

j=1
and
2k—1
gea(t) = mi(t) - Y w2 —j), i=1,2,...k
=0

where k € C*°(R) is a non-trivial non-negative function with suppx C (0, 1). Finally, for a € N we
define

k
gi(®) = (X grras®) - (1= x5, ().

We prove that, if a is chosen sufficiently large and 1 < p < 2,

1oks
1921Bp gy (]| S k22, k€N (4.12)
and )
1971 Bp.oe (DI Z k7, k€N (4.13)
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To prove (4.12), we use Theorem 2.5

k
198 1B5q, (DIIP < gk By g, R)||? S 270F)8

2
(1) (1= xp,..,) Lo ()|

2
< 2%l Ry(t) - (1 - ka+a)\L2(R)H
B k
— 92ks Z (riyrj) — 92ks Z (ri,rijHa).
ij=1 Bi=1

The first sum is obviously equal to k - 22¥5. We rewrite the second sum

k k
> (ris PiXp, L) = > /1 . > riltyrj(t)dt (4.14)
iyjzl l:]l]c+acf‘k+a l i7j:1
We fix an interval IlkJ”l - f’k+a an observe that the Rademacher functions r;,7 = 1,...,k, are

identically +1 or —1 on [ l’”“. We denote by ﬁ;r the number of those functions, which are identically
+1 on Ilk+“, and similarly for 3, =k — Bl+ Then

Soontyri(t) = BB+ BB~ 28 B = (B -2 20, telte

Hence, the last sum in (4.14) is always non-negative. This finishes the proof of (4.12).
To prove (4.13), we use duality. We prove that (for 1 <p <2 and 1 < g2 < 2)

1
IRk By, (VI Sk, keN (4.15)
and .
k 5/ gk Ry(t)dt, k€N, (4.16)
0

From (4.15) and (4.16), the result follows similarly to (4.11). For 1 < p < 2 and g2 = 1, we use the
Gagliardo-Nirenberg inequality

»Qm—i

< 98183 (I < gk By (DI - 19| BZ ()|

with
0<0<1, i = ﬂ + Q
p p 2
and the estimate ||gf B35 (Q)|] ~ ||gf | Lo(Q)]| < k2.
Let us comment on (4.15) and (4.16). The proof of (4.15) may be based on local means, or the
reader may consult [9]. To prove (4.16) we write

1_1—9+9
g1 2

1 1k k
/O G0 Ri(t)dt = /O (ng,@-(t))-(1—xfk+a<t>)-(;m<t>)dt
;1/ Gk+a,i (D)7 (t)dt — szl/rkﬂgkmz r;(t)dt
— Kl[#|Z1 (R)]| — [[s| L1 (R H”Zl/ ).
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Using (4.14) one may show that

k

Z/ ri(tyrs(t)dt < ck, keN
i,j=1 Fkta

with ¢ < 1. This calculation gives also the only restriction on a and it turns out, that a = 2 will
do the job. This finishes the proof in d = 1.

If d > 1, only minor modifications using tensor products are needed. We leave out the details. [J

Remark 4.3. This result describes the decay of (linear and nonlinear) sampling numbers of the
embedding
id: Bp g, (Q) — Bgzqz (€)
if p1 = pa. The results for p; < py may be easily derived from [13], the sampling numbers decay
RS I (O S O
like n dl+<7’1 P2). If p1 > po, we may use one of the embeddings
B (Q)— BY) ()< B) (Q), B, (Q) < B (Q) < B ()

p1q1 P1q2 Pp2q2 P1q1 P2q1 p2q2

and obtain (some) estimates from above. Using some of the ”test functions” mentioned above, we
may also provide certain estimates from below. But it should be pointed out, that in several cases,
there is a logarithmic gap between the estimates from above and the estimates from below. We
leave the detailed discussion opened and do not state the partial results.
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