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Introduction
We initiate our study by exploring one of the many applications of the Pareto
model, specifically its implementation in pricing reinsurance excess of loss con-
tracts.

Pricing reinsurance excess of loss (XL) contracts
Reinsurance is a transfer of risks taken by a direct insurer (cedent) to a sec-
ond insurance carrier (reinsurer) with no direct connection to the policyholder
[Schwepcke et al., 2004]. It enables cedents to limit and spread the direct insurer’s
risks in order to increase underwriting capacity, lower capital requirements, sta-
bilize financial results, etc. In return for taking these risks, the reinsurer charges
a reinsurance premium. The part that is passed on to the reinsurer is called ces-
sion and the part that direct insurer keeps for his own account is known as the
deductible. Further, we introduce a simplified example of a real-life case where
cedent is seeking to transfer some portion of fire risks on his property portfolio.
Example 1. The insurer, in order to protect himself from any fire losses occurring
within one full calendar year that exceed a 0.4m EUR deductible, issues a non-
proportional excess of loss (XL) contract. The reinsurer agrees to provide cover
up to the limit of a 4m EUR loss burden, with unlimited and free restoration of
coverage after a loss occurs (reinstatements). The insurer provides the reinsurer
with claim experiences (see Table A.1) and additional information on his fire
portfolio, such as a list of the largest insured risks and historical time series of
collected premiums on the fire portfolio. Our goal as a reinsurer is to estimate
the amount of premium that would be sufficient to cover the loss burden of a
contract.

Based on the assumption that an adequately high number of observed claims
would make it possible to gain a systematic picture of the expected number and
size of claims, a mathematical model could be used by the reinsurer in order to
estimate the expected amount of ceded losses. We start by constructing an em-
pirical distribution of claim size based on the data provided. Then, we assume a
Pareto distribution for modeling losses and find the maximum likelihood estimate
(MLE) of its parameters. Formally, we define the Pareto Type (I) distribution.
Definition 1 (Pareto Type (I) distribution). Random variable X with the dis-
tribution function of the form:

P(X ≤ x) = 1 −
[︃
σ

x

]︃α

, ∀x ≥ σ, σ > 0, α > 0 (1)

has Pareto Type (I) probability distribution.
The Pareto model is frequently used for pricing excess of loss covers due to its

simplicity and the interpretability of its parameters, which can be clearly under-
stood in this context. The position of the distribution curve is determined by the
chosen severity σ, which denotes the threshold at which claims are observed. The
parameter α determines the curvature and steepness of the curve. The larger
the value of α, the steeper the curve becomes, indicating a greater number of
medium-sized and small claims, and fewer large claims, and vice versa.
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Collective risk model
We start with the notation for key parameters:

• S is total cedent’s loss in a given underwriting year;
• S(C) is total reinsurer’s loss (total ceded loss);
• p(C) = ES(C) is pure ceded premium;
• p(risk) = p(C) + ϵ

√︂
Var (S(C)) is risk-adjusted premium and some ϵ > 0

(trend).
Then, under the assumption of the collective risk model [Kaas et al., 2008]:

• N is number of claims occurred in a given period, N ∼ Poisson(λ),
• X1, . . . , XN are i.i.d. r.v., where Xi ∼ FX represents the ith claim size,
• S = ∑︁N

i=1 Xi, where Xi is independent of N ∀i = 1, . . . , N ,
the random variable S follows a compound Poisson distribution. By using the Law
of Total Probability and properties of the conditional distribution of independent
random variables Xi and N , we derive the distribution for S:

FS(x) = P(S ≤ x) =
∞∑︂

n=0
P(S ≤ x|N = n) P(N = n)

=
∞∑︂

n=0
P(

n∑︂
i=1

Xi ≤ x) P(N = n)

=
∞∑︂

n=0
P ∗n(x) P(N = n),

where P ∗n is the distribution of sum of n independent random variable with CDF
FX(x).
Subsequently, the total ceded loss is expresses S(C) = ∑︁N

i=1 X
(C)
i , where

X
(C)
i = min{max{(Xi − d), 0}, l}, d- deductible, l-limit of the cover,

has compound Poisson distribution as well. So then, according to [Kaas et al.,
2008, p. 43], we are able to estimate the total risk premium p(risk) using the fact
that

p(C) = ES(C) =
(︂

EN
)︂(︂

EX(C)
)︂
;√︂

Var (S(C)) =
√︃(︂

EN
)︂

E (X(C))2.
(2)

In order to continue with the calculation of risk premium we have to make some
assumption on the distribution FX . Schwepcke et al. [2004] proposes to use Pareto
distribution for modelling claim sizes with shape parameter α within the range
[1.5, 2, 5].

Further in the work we are going to introduce goodness-of-fit tests that would
make possible to test whether the hypothesis borough by Schwepcke et al. [2004] is
valid or not. We would also discover some of the properties of Pareto distribution,
including moments, parameter estimation and distributional characterisations. In
the last chapter, we would use all the theory presented further in order to finish
the calculation of risk premium needed to cover all the risks coming from signing
such reinsurance excess of loss contract.
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1. Family of Pareto distributions
In this chapter, we define four modifications of Pareto distributions that are com-
monly used when studying the whole family of Generalized Pareto distributions.
In addition, a more general Feller-Pareto family from [Arnold, 2008] will be in-
troduced in order to derive some distributional results for the Pareto family. We
will describe its properties, such as moments and parameter estimation. At the
end of the chapter, we will present some characterizations for the classical Pareto
distribution.

1.1 The Generalized Pareto Distributions
The hierarchy of the whole family of generalized Pareto models starts with the
classical Pareto distribution, as described by Arnold [2008]. We say that a random
variable X has a Pareto Type (I) distribution and denote it by X ∼ P (I)(σ, α) if
it has the following survival function:

FX(x) = P (X > x) =
⎧⎨⎩
(︂

x
σ

)︂−α
, x ≥ σ;

1, otherwise.

Here, both σ > 0 and α > 0, where σ is the scaling parameter and represents
the minimum possible value that X could reach, and α is the shape parameter.
In practice, we often assume α > 1 so that the distribution has a finite mean.

In some literature, a standard Pareto distribution may also have an additional
real location parameter µ. In that case, we will denote it by P (II)(µ, σ, α), where
α and σ have the same properties as in the Pareto (I) distribution, with a survival
function of the form:

FX(x) =
⎧⎨⎩
[︂
1 +

(︂
x−µ

σ

)︂]︂−α
, x ≥ µ;

1, otherwise.

Pareto (III) distribution has similar tail behavior to Pareto (II) and its survival
function is of the form:

FX(x) =
⎧⎨⎩
[︂
1 +

(︂
x−µ

σ

)︂1/γ]︂−1
, x ≥ µ;

1, otherwise,
(1.1)

where γ is positive and is called the inequality parameter. We denote that random
variable X has the survival function (1.1) by X ∼ P (III)(µ, σ, γ).

Finally generalizing Pareto (III) distribution by adding both the shape α and
the inequality γ parameter, we introduce the Pareto (IV) distribution defined by
the following survival function:

FX(x) =
⎧⎨⎩
[︂
1 +

(︂
x−µ

σ

)︂1/γ]︂−α
, x ≥ µ;

1, otherwise.

We denote that random variable X follows the Pareto (IV) probability law by
X ∼ P (IV)(µ, σ, γ, α).
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Figure 1.1: Pareto Type (IV) distribution functions with different values of
(µ, σ, α, γ).

Under the above assumptions, it is clear that Pareto Types (I−III) are special
cases of the generalized Pareto (IV) distribution and they satisfy the following
properties:

P (IV)(σ, σ, 1, α) =P (I)(σ, α);
P (IV)(µ, σ, 1, α) =P (II)(µ, σ, α);
P (IV)(µ, σ, γ, 1) =P (III)(µ, σ, γ).

(1.2)

1.1.1 Feller-Pareto distribution
In addition to Pareto Type (I − IV) distributions, it is useful to introduce the
Feller-Pareto distribution from [Arnold, 2008] as it provides one more level of
generalization of the Pareto Type (IV). It opens the possibility to derive moments
for P (I − IV) using the connection between the Feller-Pareto and beta and beta
prime distributions.

Assuming that B(γ1, γ2) stands for beta distribution, we denote that a random
variable U have beta prime distribution with parameters γ1, γ2 > 0 by B′(γ1, γ2).
Its probability density function is then of the form:

fU(u) = uγ2−1(1 + u)−γ1−γ2

B(γ1, γ2)
, u > 0.

Then a random variable W = µ + σUγ follows a Feller-Pareto distribution, and
we denote it by W ∼ FP (µ, σ, γ, γ1, γ2) for µ ∈ R and σ, γ, γ1, γ2 > 0. We derive
the distribution of W by using the standard change-of-variable technique:

P(W > w) = P(µ+ σUγ > w) = P
(︄
U >

(︃
w − µ

σ

)︃1/γ
)︄
, (1.3)

and finally, assuming γ2 = 1, we achieve the simplest form of the survival function
FU(u) = (1 + u)−γ1 , u > 0 and combining that result with (1.3) we obtain:

P(W > w) =
[︄
1+
(︃
w − µ

σ

)︃1/γ
]︄−γ1

.

That explicitly proves the fact that FP (µ, σ, γ, α, 1) = P (IV)(µ, σ, γ, α).

5



1.2 Properties of Pareto (I-IV) distributions

1.2.1 Moments
Moments for the Pareto Type (I − IV) can be derived from moments for the
Feller-Pareto distribution. Under the assumption that W ∼ FP (µ, σ, γ, γ1, γ2),
we define the random variable W ∗ = Uγ, then W ∗ ∼ FP (0, 1, γ, γ1, γ2). Using
the property of the beta prime distribution, we can redefine W ∗ = (Y −1 − 1)γ,
where Y ∼ B(γ1, γ2). So then the kth moment for W ∗ can then be calculated as
follows:

E(W ∗k) = E (Y −1 − 1)γk = 1
B(γ1, γ2)

∫︂ 1

0

(︄
1 − y

y

)︄γk

yγ1−1(1 − y)γ2−1dy

= B(γ1 − γk, γ2 + γk)
B(γ1, γ2)

= Γ(γ1 − γk)Γ(γ2 + γk)
Γ(γ1)Γ(γ2)

.

The kth moment of W ∗ exists for k ∈ (−γ2/γ, γ1/γ). By straightforward applica-
tion of the Binomial theorem we derive the kth moment of W for k < γ1/γ:

E (W k) = E
(︂
µ+ σ(Y −1 − 1)γ

)︂k
=

k∑︂
j=0

(︄
k

j

)︄
µk−jσj E(W ∗j).

Implicitly, we can obtain the kth moments for Pareto Type (II− IV) distributions
with fixed γ2 = 1 by substituting parameter values using (1.2) properties.

However, moments for Pareto (I) cannot be derived from moments of a ge-
neral Feller-Pareto distribution. The kth moment for a random variable X from
P (I)(σ, α) with density defined as:

fX(x) =
⎧⎨⎩

ασα

xα+1 , for x ≥ σ,

0, otherwise,
(1.4)

could be calculated for α > k via standard approach:

E (Xk) =
∫︂ ∞

−∞
xkfX(x)dx =

∫︂ ∞

σ

ασα

xα−k+1 dx = ασα

k − α

⎡⎣ 1
xα−k

⎤⎦∞

σ

= ασα

α− k
σ−(α−k) = α

α− k
σk.

1.2.2 MLE of parameters σ and α for P(I) distribution
Let’s assume that we work with a random sample X = (X1, . . . , Xn)⊤, n ∈ N,
with univariate continuous density f(x|θX) with respect to given measure µ from
parametric model Fθ:

Fθ = {distribution with density f(x|θ), θ ∈ Θ ⊆ Rd}, (1.5)

where Θ is a parameter space. Maximum likelihood estimate (MLE) ˆ︁θn of θX

is such a point from Θ that maximizes the joint density evaluated at observed
values X1, . . . , Xn for θ ∈ Θ.
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We calculate the MLE of θ for X, where Xi ∼ P (I)(σ, α), ∀i ∈ {1, . . . , n},
with density (1.4), θ = (σ, α) and Θ ⊆

(︂
(0,∞)× (0,∞)

)︂
. The likelihood function

takes the following form:

Ln(θ) =
n∏︂

i=1

ασα

Xα+1
i

= αnσnα
n∏︂

i=1

1
Xα+1

i

.

Since the logarithm is a strictly monotonic function, Ln(θ) and the log-likelihood
function ℓn(θ) = ln(Ln(θ)) have their maxima at the same point, we continue
our calculation using ℓn(θ):

ℓn(θ) = n ln(α) + nα ln(σ) − (α + 1)
n∑︂

i=1
ln (Xi).

As Θ is an open set, then ˆ︁θn is the root of a system of the likelihood equations
defined as: (︄

∂ℓn(θ)
∂θ

)︄
( ˆ︁θn) = 0 ∈ Rd.

Then we calculate the partial derivatives of ℓn(θ) at point ˆ︁θn and solve the system
of the likelihood equations:(︄

∂ℓn(σ, α)
∂σ

)︄(︂ ˆ︁θn

)︂
=
(︄
nα

σ

)︄(︂ ˆ︁θn

)︂
= 0; (1.6)

(︄
∂ℓn(σ, α)

∂α

)︄(︂ ˆ︁θn

)︂
=
(︄
n

α
+ n ln(σ) −

n∑︂
i=1

lnXi

)︄(︂ ˆ︁θn

)︂
= 0. (1.7)

From equation (1.6), we find that for MLE ˆ︁σn of σ holds ˆ︁σn → ∞. However, by
definition of the Pareto (I) distribution, it holds that Xi ≥ σ for all i ∈ {1, . . . , n}.
Therefore, we maximize the likelihood function by setting ˆ︁σn as high as possible:

ˆ︁σn = min
i∈{1,...,n}

Xi. (1.8)

Finally, we derive the MLE ˆ︁αn of α by solving (1.7) and which is of the form:

ˆ︁αn = n∑︁n
i=1 lnXi − n ln(ˆ︁σn) . (1.9)

1.2.3 Relation to exponential distribution
Since most of goodness-of-fit tests based on characterization for Pareto distribu-
tion use its relation to exponential distribution, we introduce this property of
Pareto Type (I) distribution in the following theorem.

Theorem 1. If random variable X ∼ P (I)(σ, α) then the random variable Y
defined as

Y = ln
⎛⎝X
σ

⎞⎠
is exponentially distributed random variable with the rate α (i.e. Y ∼ Exp(α)).
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Proof. By using standard change-of-variable technique we derive the distribution
for random variable Y :

P(Y ≤ y) = P
(︃

ln
(︃
X

σ

)︃
≤ y

)︃
= P(X ≤ σey)

= 1 −
(︃
σ

σey

)︃α

= 1 − e−αy, ∀y ∈ [σ,∞).

Theorem 2. If random variable Y ∼ Exp(α) then the random variable X defined
as

X = σeY

follows Pareto Type (I) distribution with shape α > 0 and scale σ > 0 parameters
(i.e. X ∼ P (I)(σ, α)).

Remark 1. If we define a random variable X ′ = X
σ

, where X ∼ P (I)(σ, α),then it
holds that X ′ ∼ P (I)(1, α).

1.3 Characterizations of Pareto (I) distribution
In general, a characterization theorem in mathematics states that there exists one
and only one object that satisfies the properties defined in the theorem. In statis-
tics, a characterization of a probability distribution is a set of properties defined
in the theorem that holds only for that particular distribution. For simplicity, we
will assume that a random variable X follows the P (I)(1, α) distribution. Based
on Remark 1, characterizations will hold for any σ > 0.

Theorem 3 (Characterization based on transformation, [Obradovic et al., 2014]).
Let X and Y i.i.d. be non-negative absolutely continuous random variables. Then,
X and max

{︂
X
Y
, Y

X

}︂
have the same distribution if and only if the distribution of

X belongs to the family P (I)(1, α).

Proof. Let’s start with the proof of reverse implication. We suppose that
random variables X and Y belong to the family P (I)(1, α). We then denote
random variable Z as:

Z = max
{︃
X

Y
,
Y

X

}︃
.

After that, we use Theorem 1 and apply it on both random variables X and Y .
This provides a more convenient representation of Z.

˜︂X = lnX and ˜︁Y = ln Y =⇒ ˜︂X, ˜︁Y ∼ Exp(α);

Z = max
{︃
e
˜︁X−˜︁Y , e˜︁Y − ˜︁X}︃ = e| ˜︁X−˜︁Y |.

To derive the distribution of Z, we find the joint distribution of the random
variable W = ˜︂X − ˜︁Y , which is derived using the independence of the random
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variables ˜︂X and ˜︁Y and the conditional distribution of ˜︂X:
FW (w) = P

(︂˜︂X − ˜︁Y ≤ w
)︂

=
∫︂ ∞

0
P
(︂˜︂X − ˜︁y ≤ w| ˜︁Y = ˜︁y)︂P

(︂ ˜︁Y = ˜︁y)︂ d˜︁y
=
∫︂ ∞

0
P
(︂˜︂X ≤ w + ˜︁y)︂αe−α˜︁yd˜︁y =

∫︂ ∞

0

(︄∫︂ w+˜︁y
0

αe−α˜︁xd˜︁x)︄αe−α˜︁yd˜︁y
=
∫︂ ∞

0

(︂
1 − e−α(w+˜︁y)

)︂
αe−α˜︁yd˜︁y = 1 −

∫︂ ∞

0
αe−α(2˜︁y+w)d˜︁y

= 1 − 1
2e

−αw.

After that we are able to derive the distribution function for Z and we see that
finally Z follows P (I)(1, α) probability law:

FZ(z) = P(Z ≤ z) = P
(︃
e| ˜︁X−˜︁Y | ≤ z

)︃
= P

(︂
|˜︂X − ˜︁Y | ≤ ln z

)︂
= P

(︂
− ln z ≤ ˜︂X − ˜︁Y ≤ ln z

)︂
= P

(︂˜︂X − ˜︁Y ≤ ln z
)︂

− P
(︂˜︂X − ˜︁Y ≤ − ln z

)︂
= P

(︂˜︂X − ˜︁Y ≤ ln z
)︂

− P
(︂ ˜︁Y − ˜︂X > ln z

)︂
= P

(︂˜︂X − ˜︁Y ≤ ln z
)︂

− 1 + P
(︂ ˜︁Y − ˜︂X ≤ ln z

)︂
= 1 − 1

2e
−α ln z − 1 + 1 − 1

2e
−α ln z = 1 − z−α.

We now move to the proof of the converse implication. Given that the lo-
garithm is a monotonous transformation, X and Z are identically distributed if
and only if the random variables ˜︂X and ˜︁Z = |˜︂X − ˜︁Y | are identically distributed.
Our goal is to demonstrate that only exponentially distributed random variables˜︂X and ˜︁Z satisfy this characterization, as then, according to Theorem 2, X and
Z will belong to P (I)(1, α).

To begin, we assume a more general case where ˜︂X and ˜︁Y are independent,
non-negative random variables derived from absolutely continuous distributions.
We denote the distribution functions of ˜︂X and ˜︁Y by F and G, respectively. Given
that ˜︂X and ˜︁Z are identically distributed, we can infer about the distribution F
the following property:

F˜︁Z(˜︁z) = P(˜︂X ≤ ˜︁z + ˜︁Y , ˜︂X ≥ ˜︁Y − ˜︁z) =
∫︂ ∞

−∞

∫︂ ˜︁y+˜︁z
˜︁y−˜︁z f ˜︁X,˜︁Y (˜︁x, ˜︁y)d˜︁xd˜︁y

=
∫︂ ∞

0
g(˜︁y)

∫︂ ˜︁y+˜︁z
˜︁y−˜︁z f(˜︁x)d˜︁xd˜︁y

=
∫︂ ∞

0
g(˜︁y)

(︂
F (˜︁y + ˜︁z) − F (˜︁y − ˜︁z))︂d˜︁y

=
∫︂ ∞

0
g(˜︁y)F (˜︁y + ˜︁z)d˜︁y −

∫︂ ∞

0
g(˜︁y)F (˜︁y − ˜︁z)d˜︁y = F (˜︁z).

(1.10)

After that we can use the Leibniz’s rule for differentiating under the integral sign
and find the density f˜︁Z(˜︁z) = f(˜︁z):

f(˜︁z) =
∫︂ ∞

0
g(˜︁y) d

d˜︁z
(︂
F (˜︁y + ˜︁z))︂d˜︁y −

∫︂ ∞

0
g(˜︁y) d

d˜︁z
(︂
F (˜︁y − ˜︁z))︂d˜︁y

=
∫︂ ∞

0
g(˜︁y)f(˜︁y + ˜︁z)d˜︁y +

∫︂ ∞

0
g(˜︁y)f(˜︁y − ˜︁z)d˜︁y

=
∫︂ ∞

0
g(˜︁y)f(˜︁y + ˜︁z)d˜︁y +

∫︂ ∞

0
g(˜︁y + ˜︁z)f(˜︁y)d˜︁y, ∀˜︁z ∈ (0,∞).

(1.11)
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Here, we obtain a functional equation for f(˜︁z). The solution in the general case is
complex. According to Puri and Rubin [1970], under the assumptions of EX < ∞
and G having an absolutely continuous component, F (t) satisfies equation (1.10)
if and only if F is absolutely continuous, with the probability density function
f(t) given by

f(t) = 1 −G(t)
E ˜︂X , ∀t ≥ 0. (1.12)

We show it further by substituting (1.12) into (1.11):

1 −G(˜︁z)
E ˜︂X =

∫︂ ∞

0
g(˜︁y)1 −G(˜︁y + ˜︁z)

E ˜︂X d˜︁y +
∫︂ ∞

0
g(˜︁y + ˜︁z)1 −G(˜︁y)

E ˜︂X d˜︁y;

1 −G(˜︁z) = 1 −
∫︂ ∞

0
g(˜︁y)G(˜︁y + ˜︁z) d˜︁y + 1 −G(˜︁z) −

∫︂ ∞

0
g(˜︁y + ˜︁z)G(˜︁y) d˜︁y;

0 = 1 − [G(˜︁y)G(˜︁y + ˜︁z)]∞0 +
∫︂ ∞

0
g(˜︁y + ˜︁z)G(˜︁y) d˜︁y −

∫︂ ∞

0
g(˜︁y + ˜︁z)G(˜︁y) d˜︁y;

0 = 1 − 1.

Now, it remains to demonstrate that (1.12) is the only solution of (1.11).
To show this, we utilize the property of the stationary distribution of a Markov
chain. We consider a sequence of i.i.d. random variables {Yi}∞

i=1 with the same
distribution as ˜︁Y . We then define a second sequence of random variables {Zi}∞

i=1,
where Z1 = Y1 and Zn+1 = |Zn − Yn+1|. Since the transition from Zn to Zn+1
depends only on the current state Zn, the sequence Zk forms a Markov chain
with a continuous state space [0,∞) and a transition distribution H, given by
dH(y|x) = dG(x− y) + dG(x+ y).

We can observe that if Fn is the distribution of Zn, then F1 = G and for
n = 1, 2, . . . , we obtain a relationship somewhat similar to (1.10) but in the
recurrent form for Fn:

Fn(z) =
∫︂ ∞

0
Fn−1(y + ˜︁z)dG(y) −

∫︂ ∞

0
Fn−1(y − ˜︁z)dG(y). (1.13)

It is evident that the solution of (1.10) is a stationary distribution of the Markov
chain Zn. The uniqueness of f(t) given by (1.12) follows from the fact that Zn

is irreducible Markov chain, which is a consequence of G having an absolutely
continuous part.

Thus, the expression (1.12) is unique and, given that we expect F = G, we
obtain an ordinary separable partially differential equation by considering
y(t) = F (t) and y′(t) = f(t) and solving it further:

y′(t) = 1 − y(t)
EX ;

dy(t)
1 − y(t) = dt

EX ;∫︂ dy(t)
1 − y(t) =

∫︂ dt
EX ;

− ln |1 − y(t)| = t

EX + C;

y(t) = 1 − e−Ce−(t/ E X).
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In our case, the constant C equals zero due to the fact that
∫︁∞

0 y(t)dy = 1. Finally,
we see that the distribution function F characterises the alternative parametriza-
tion of exponential distribution with the scale parameter β = EX = 1

α
. Since we

see that both random variables ˜︂X and ˜︁Z belong to the exponential distribution,
than using Theorem 2 leads us to desired result.

Further in work, we use the following notation X(1,n) < X(2,n) < · · · < X(n,n)
of the order statistics of a random sample X1, X2, . . . , Xn.

Theorem 4 (Characterization based on order statistics, [Volkova, 2014]). Let
X1, . . . , Xn be random sample, with positive and bounded random variables, having
an absolutely continuous distribution function. Then, X1 and X(n,n)/X(n−1,n) have
the same distribution if and only if the distribution of X1 belongs to P (I)(1, α)
distribution.

Proof. Using already mentioned property of log-transformed random variables
from Pareto distribution, Ahsanullah [1977] proves that characterization by pro-
ving existing characterization of exponential distribution.

In the subsequent chapter, we introduce a detailed examination of the theory
of unbiased estimates and derive the limiting distribution for U-statistics. These
results would be further applied for a limiting distribution of the goodness-of-fit
test statistics derived from characterizations of probability distributions.
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2. Theory of unbiased estimates
Goodness-of-fit tests based on characterisations require a detailed understanding
of U-statistics. First introduced by Hoeffding [1948], U-statistics are so named
for their defining property of being “unbiased”. They enable the derivation of
unbiased estimators for a broad set of statistical functionals and extensive classes
of probability distributions. It is worth noting that the sample mean and variance
both belong to the class of U-statistics.

Consider θ = θ(G) as a real, numerically valued functional of probability dis-
tribution functions defined on R. The functional θ could represent the expected
value or standard deviation of the distribution G. The challenge in unbiased es-
timation lies in identifying a function (statistic) gn from a sample of size n from
a population with distribution G, such that the expected value of this function
equals θ(G). This concept is formally described in the following definition, with
a further overview based on the works of Serfling [1980] and Halmos [1946].

Definition 2 (Unbiased estimate). Let G be a subset of all distribution functions
defined on R, X1, . . . , Xn is a real random sample from G and θ(G), ∀G ∈ G is
a real functional. Then we say that θ(G) grant unbiased estimate, if

∃n0 : ∀n > n0 ∃gn(X1, . . . , Xn) : E
[︂
gn(X1, . . . , Xn)

]︂
= θ(G). (2.1)

Then we introduce a necessary and sufficient condition for θ(G) to have an
unbiased estimate of order n over the domain G. This involves the definition of
a homogeneous functional.

Definition 3 (Homogeneous functional). A functional θ(G) is called homoge-
neous over G of degree k = 1, . . . , if there exists such a measurable mapping
Ψ : Rk → R such that the Lebesgue-Stieltjes integral

θ(G) =
∫︂
R
· · ·

∫︂
R

Ψ(x1, . . . , xk)dG(x1) . . . dG(xk) (2.2)

exists and if k is minimal with respect to the property of existence of such re-
presentation (see Definition 2). The function Ψ is called the kernel of functional
θ(G).

Theorem 5. A necessary and sufficient condition that θ have an unbiased esti-
mate of order n over the domain G is that it be homogeneous over G of degree k,
where k ≤ n.

The previous theorem indicated which functionals θ(G) admit unbiased esti-
mates. However, these estimates may not always be satisfactory. For instance,
let’s assume a random sample X1, . . . , Xn is drawn from normal distribution
N (µ, σ2). We seek an unbiased estimate of the expected value µ = θ

(︂
Φ(x−µ

σ
)
)︂
.

There exists such statistic gn that E
[︂
gn(X1, X2, . . . , Xn)

]︂
= EX1 = µ. Although

the first element of a sample is an unbiased estimate of µ, it is not a good estimate
as it ignores most of the available information. Since we are interested in defining
“the best unbiased estimate”, we should examine the symmetric ones.
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Definition 4 (Symmetric function). We say that a function gn is symmetric if
and only if ∀i, j = 1, . . . , n:

gn(x1, . . . , xi, . . . , xj, . . . , xn) = gn(x1, . . . , xj, . . . , xi, . . . , xn).

In case gn would not be symmetric we will define symmetric function g∗
n as

g∗
n = 1

n!
∑︂
(n)
gn(xi1 , . . . , xin), (2.3)

where ∑︁(n) denotes sum over all permutations of arguments gn.

The next two theorems show the existence of the only symmetric unbiased
estimate and declare that these estimates have the smallest variance.
Theorem 6. Let G be a set of all probability distributions with finite support
defined on a Borel set E. θ is a homogeneous functional. Then there exist the
only one symmetric unbiased estimate Ψ[n] of θ on E. If Ψ = Ψ(x1, . . . , xk) is a
functional of k real variables, we denote Ψ[n], where n ≥ k by

Ψ[n](X1, . . . , Xn) = (n− k)!
n!

∑︂
P (k,n)

Ψ(Xi1 , . . . , Xik
), (2.4)

where we sum over all n!
(n−k)! partial permutations without replacement of indices

(i1, . . . , ik) from {1, . . . , n}.

Proof. See [Halmos, 1946], page 39.

Theorem 7. Let X1, . . . , Xn be a random sample from G ∈ G, where G is a
space of all continues distribution functions on R. And θ(G) is a homogeneous
functional with kernel Ψ(x1, . . . , xk) of a degree k. Then it follows:

• Ψ[n](X1, . . . , Xn) is the only unbiased symmetric estimate of θ;
• Ψ[n](X1, . . . , Xn) has the least variance among all unbiased estimates of θ.

Proof. The proof of equivalent theorem could be found in [Serfling, 1980].

Based on previous theorems we could take ˆ︁θ = Ψ[n] as an estimate of θ. But
then in order to define U-statistics, using remark from Definition 4 we firstly
symmetrize the kernel Ψ[k]:

Ψ[k] = 1
k!
∑︂
(k)

Ψ(Xi1 , . . . , Xik
),

so then we define ˆ︁θ with symmetrized kernel by substituting the kernel Ψ from
Theorem 6 by Ψ[k] and get:

ˆ︁θ = Ψ[n] =
(︄
n

k

)︄−1 ∑︂
(n,k)

Ψ[k](Xi1 , . . . , Xik
).

In the following definition we formally introduce U-statistics as being “the best
unbiased estimate” of functional θ.
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Definition 5 (U-statistics). Let X1, . . . , Xn be a random sample, we say that
symmetric unbiased estimate Un = Un(X1, . . . , Xn) of θ is U-statistics if

Un(X1, . . . , Xn) =
(︄
n

k

)︄−1 ∑︂
(n,k)

Ψ(Xi1 , . . . , Xik
), (2.5)

where we sum over all subsets of {i1, . . . , ik}, 1 ≤ i1 ≤ · · · ≤ ik ≤ n and
Ψ(xi1 , . . . , xik

) is symmetric kernel of functional Un.

To investigate the limiting distribution of U-statistics, we need introduce the
following notations: we denote a one-dimensional projection of the kernel Ψ from
Definition 2.5 by ψ(x) and the variance of projection ψ(X1) by ∆2. Under the null
hypothesis that a random sample X1, . . . , Xk follows distribution G, we obtain:

ψ(x) = E
[︂
Ψ(X1, . . . , Xk)|X1 = x

]︂
;

∆2 = Var
[︂
ψ(X1)

]︂
= E

[︂
ψ2(X1)

]︂
−
(︂

E[ψ(X1)]
)︂2

= E
[︂
ψ2(X1)

]︂
−
(︂
θ(G)

)︂2

(2.6)

We say that U-statistics (2.5) which has ∆2 = 0 is degenerate and nondege-
nerate otherwise. In [Hoeffding, 1948], is stated the for nondegenerate U-statistics
the following central limit result is valid.

Theorem 8 (Limiting distribution of U-statistics). If under the valid null hy-
pothesis E

[︂
Ψ2(X1, . . . , Xk)

]︂
< ∞ and ∆2 > 0 (i.e. Un is nondegenerate), then

√
n

k
√

∆2

(︂
Un − θ(G)

)︂ D−−−→ N
(︂
0, 1

)︂
. (2.7)
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3. Goodness-of-fit tests
Goodness-of-fit (GOF) tests play a pivotal role in data analysis, with applications
spanning a wide range of fields, from economics and finance to computer science
and hypothesis testing. We are going to define such statistical tests are used to
test the composite null hypothesis — observed data sample follows a hypothesized
probability distribution with unknown parameters. Tests based on the charac-
terization of probability distributions are particularly useful, as they can reveal
essential and latent properties of these distributions, and may be more efficient.

3.1 Overview of goodness-of-fit tests
Definition 6 (Goodness-of-fit test). Let X1, . . . , Xn be a random sample from
some continuous distribution FX(x) from parametric model Fθ. We say that
statistical test that tests the composite null hypothesis:

H0 : FX(x) ∈ Fθ
∗

against the alternative
H1 : FX(x) ̸∈ Fθ,

under the assumption that the alternative distribution has the same support is
called a goodness-of-fit test.

In Chu et al. [2019], a review of 23 distinct GOF tests is presented for Pareto
Type (I) distribution. It includes Kolmogorov-Smirnov and Cramer-von Mises
tests, alongside other GOF tests based on transforms (Maintanis and Bassiakos),
kernel functions (Jackson, Lewis), spacings (Gulati and Shapiro), Euclidean dis-
tances (Rizzo), Kullback-Liebler information (Lequesne), and the characteriza-
tions already mentioned in Theorems 3, 4 and etc.

The simulation part in [Chu et al., 2019] provided a power comparison for
8 tests for the Pareto (I) distribution for two sample sizes n ∈ {100, 200}. The
authors simulated the power of these tests for a hundred set of parameters’ values
each (σ = 1,∀α ∈ {0.01, 0.02, . . . , 1}), when the null distribution was P (I)(1, 1).
According to the simulated power results, the Kolmogorov-Smirnov test performs
the best, with the test based on kernel statistics showing the second-best perfor-
mance. The remaining 6 tests demonstrated considerably worse simulated power.
Several questions raised by the authors in this area will be further explored in
this work, specifically, the power of these tests against some distributions that
are considered alternatives for Pareto (e.g. lognormal, Weibull, gamma, Burr,
etc.).

Further, we focus on some of GOF tests based on probability characterizations,
detailing their properties and the asymptotic distributions of their statistics.

∗ Fθ parametric model defined in (1.5)
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3.2 GOF test based on characterization
Theorem 9 (Glivenko-Cantelli). Let X1, X2 . . . be a sequence of i.i.d. real valued
random variables with common distribution function F and let Fn denote an
empirical distribution function. Then as n → ∞

sup
x∈R

⃓⃓⃓
Fn(x) − F (x)

⃓⃓⃓
→ 0 almost surely.

Let X1, . . . , Xn be a random sample drawn from some continuous distribution
FX(x). Suppose we have a characterization of some probability law given by the
identical distribution of two statistics ϕ1(X1, . . . , Xr) and ϕ2(X1, . . . , Xs). Then
we built two U-empirical CDFs such that:

L1
n =

(︄
n

r

)︄−1 ∑︂
1≤i1···≤ir≤r

1{ϕ1(Xi1 , . . . , Xir) ≤ t}, t ∈ R;

L2
n =

(︄
n

s

)︄−1 ∑︂
1≤i1···≤is≤s

1{ϕ2(Xi1 , . . . , Xis) ≤ t}, t ∈ R,

where the sum is taken over all subsets of {i1, . . . , ir}, 1 ≤ i1 ≤ · · · ≤ ir ≤ n;
{i1, . . . , is}, 1 ≤ i1 ≤ · · · ≤ is ≤ n

Since the theory of U-empirical CDFs is very similar to theory of usual CDFs
we can apply the result of Glivenko-Cantelli theorem on U-empirical CDFs as
well. Therefore we state that U-empirical CDFs converge uniformly to its’ theo-
retical distributions. Then we are able to construct goodness-of-fit test based on
closeness of U-empirical CDFs. We assume under the null hypothesis for large n
that L1

n ≈ L2
n on R. In our study we work with the integral type statistics:∫︂ ∞

1

(︂
L1

n(t) − L2
n(t)

)︂
dFn(t), (3.1)

but Kolmogorov type test statistics is often used as well. It is of the following
form:

sup
t∈R

⃓⃓⃓
L1

n(t) − L2
n(t)

⃓⃓⃓
. (3.2)

In the following two sections we introduce two GOF tests for Pareto Type (I)
distribution based on integral type statistics and characterizations from both
Theorems 3 and 4.

3.3 GOF test based on Theorem 3
In this test we assume the following null hypothesis H0 and alternative H1:

H0 : random sample X1, . . . , Xn follows P (I)(1, α) distribution;
H1 : random sample X1, . . . , Xn doesn’t follow P (I)(1, α) distribution.

(3.3)

Obradovic et al. [2014] proposes the integral type statistics Tn which is of the
form:

Tn =
∫︂ ∞

1

(︂
Mn(t) − Fn(t)

)︂
dFn(t). (3.4)
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Here we assume L1
n(t) = Mn(t) and L2

n(t) = Fn(t) from (3.3). The equivalence in
distribution of Fn(t) and Mn(t) holds as a consequence of characterization defined
in the Theorem 3. Then the U-empirical distribution function Mn(t) is defined
as

Mn(t) =
(︄
n

2

)︄−1 n−1∑︂
i=1

n∑︂
j=i+1

1

{︄
max

(︄
Xi

Xj

,
Xj

Xi

)︄
≤ t

}︄
, t ≥ 1.

In the following two steps, for the purpose of simulation study we firstly sim-
plify the expression of Tn and then show that its limiting distribution is equivalent
to U-statistics of the 3rd degree with the symmetric kernel Ψ(X, Y, Z).

Tn =
∫︂ ∞

1

(︄
n

2

)︄−1 n−1∑︂
i=1

n∑︂
j=i+1

1

{︄
max

(︄
Xi

Xj

,
Xj

Xi

)︄
≤ t

}︄
− 1
n

n∑︂
i=1

1 {Xi ≤ t} dFn(t)

= 1
n

n∑︂
m=1

∫︂ ∞

1

(︄
n

2

)︄−1 n−1∑︂
i=1

n∑︂
j=i+1

1

{︄
max

(︄
Xi

Xj

,
Xj

Xi

)︄
≤ t

}︄

− 1
n

n∑︂
i=1

1 {Xi < t} d1 {Xm ≤ t}

= 1
n

n∑︂
m=1

[︄(︄
n

2

)︄−1 n−1∑︂
i=1

n∑︂
j=i+1

1

{︄
max

(︄
Xi

Xj

,
Xj

Xi

)︄
≤ Xm

}︄
− 1
n

n∑︂
i=1

1 {Xi ≤ Xm}
]︄

= 1
n

n∑︂
m=1

[︄(︄
n

2

)︄−1 n−1∑︂
i=1

n∑︂
j=i+1

1

{︄
max

(︄
Xi

Xj

,
Xj

Xi

)︄
≤ Xm

}︄
− m

n

]︄
;

lim
n→∞

Tn =
[︄

lim
n→∞

2
n2(n− 1)

n∑︂
m=1

n−1∑︂
i=1

n∑︂
j=i+1

1

{︄
max

(︄
Xi

Xj

,
Xj

Xi

)︄
≤ Xm

}︄
− 1
n2

n∑︂
m=1

m

]︄

= lim
n→∞

[︄
2

n2(n− 1)

n∑︂
m=1

n−1∑︂
i=1

n∑︂
j=i+1

1
3!
∑︂
(3)

1

{︄
max

(︄
Xi

Xj

,
Xj

Xi

)︄
≤ Xm

}︄

− (n− n2)
2n2

]︄
=
(︄
n

3

)︄−1 ∑︂
(n,3)

Ψ(X, Y, Z).

Kernel Ψ(X, Y, Z) is symmetrized according to Definition 4 and is of the form:

Ψ(X, Y, Z) =1
31

{︃
max

(︃
X

Y
,
Y

X

)︃
≤ Z

}︃
+ 1

31
{︃

max
(︃
X

Z
,
Z

X

)︃
≤ Y

}︃
+ 1

31
{︃

max
(︃
Z

Y
,
Y

Z

)︃
≤ Y

}︃
− 1

2 .
(3.5)

Consequently, using derived results for U-statistics mentioned in equasions (2.6)
we evaluate under the null hypothesis the projection ψ(x) of kernel Ψ(X, Y, Z)
and the variance ∆2 of ψ(X) as following:

ψ(x) = E
[︂
Ψ(X, Y, Z)|X = x

]︂
= 2

3
α ln(x)
xα

− 1
6;

∆2 = Var
[︂
ψ(X)

]︂
=
∫︂ ∞

1
ψ2(x)αx−α−1dx−

(︃∫︂ ∞

1
ψ(x)αx−α−1dx

)︃2

= 5
972 −

(︄[︄
−2a ln (x) − xa + 1

6x2a

]︄∞

1

)︄2

= 5
972 .
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From the calculation above we see that E
[︂
ψ(X)

]︂
= 0. The test statistics Tn is

asymptotically equivalent to nondegenerate (∆2 > 0) U-statistics with centered
kernel (3.5) of a degree 3. Using these facts according to properties of nondege-
nerate U-statistics (see Theorem 8), we obtain that Tn has asymptotically normal
distribution: √

nTn
D−−→ N

(︃
0, 5

108

)︃
. (3.6)

3.4 GOF test based on Theorem 4
In this test we assume the following null hypothesis H0 and alternative H1:

H0 : random sample X1, . . . , Xn follows P (I)(1, α) distribution;
H1 : random sample X1, . . . , Xn doesn’t follow P (I)(1, α) distribution.

In [Volkova, 2014] there were proposed two test statistics: integral type statis-
tics (3.1) and Kolmogorov type statistic (3.2). They both use the characteri-
zation from Theorem 4. We will focus just on integral statistics since it was
discovered in that article that given the same alternatives integral type statistics
has higher asymptotic local Bahadur efficiencies with lower degree of U-statistics
needed than Kolmogorov one. Bahadur local efficiency is used to quantify the
performance of a statistics by evaluating its asymptotic relative efficiency as the
alternative hypothesis approaches the null hypothesis. The theory of asymptotic
relative efficiency of a statistical test is out of scope in this work, the outline of
Bahadur theory could be found in e.g. [Nikitin, 2017].

In the similar manner as in Section 3.3, we define the test statistics I(k)
n :

I(k)
n =

∫︂ ∞

1
(H(k)

n (t) − Fn(t))dFn(t), (3.7)

where the equivalence in distribution of Fn(t) and H(k)
n (t) is granted by cha-

racterization from Theorem 4. H(k)
n (t) is a U-empirical CDF defined as:

H(k)
n (t) =

(︄
n

k

)︄−1 ∑︂
1≤i1<···<ik≤n

1

{︄
X(k,{i1,...,ik})

X(k−1,{i1,...,ik})
≤ t

}︄
, t ≥ 1,

where X(k,{i1,...,ik}) denotes the kst order statistics of a subsample Xi1 , . . . , Xik
.

Statistics I(k)
n is asymptotically equivalent to U-statistics of a degree (k + 1)

with the symmetric kernel which is of the form:

Ψk(Xi1 , . . . , Xik+1) = 1
k + 1

∑︂
π(i1,...,ik+1)

1

{︄
X(k,{i1,...,ik})

X(k−1,{i1,...,ik})
≤ Xik+1

}︄
− 1

2 ,

where the sum is over all permutations of indices from set {i1, . . . , ik+1}.
For the purpose of simulation study we choose a special case of I(k)

n , where
k = 4,since among all k it shows maximum local Bahadur efficiency for the 1st and
2st Ley-Paindaveine distribution alternatives and good efficiency for log-Weibull
alternative for k = 4. Using somewhat similar approach as was used for the test
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statistics Tn (3.4) the expression of test statistics I(4)
n then could be simplified to

the form:

I(4)
n = 1

n

n∑︂
m=1

[︄(︄
n

4

)︄−1 ∑︂
1≤i1<···<ik≤n

1

{︄
X(k,{i1,...,ik})

X(k−1,{i1,...,ik})
≤ Xm

}︄
− m

n

]︄
.

In [Volkova, 2014], it was stated that U-statistics with kernel Ψk is nondege-
nerate. Then according to Theorem 8, U-statistics have asymptotically normal
distribution. Considering k = 4 under the null hypothesis we evaluate ψ4(x) and
(∆4)2 . Consequently, obtaining that

√
nI(4) as n → ∞ is asymptotically normal:

√
nI(4) D−−→ N

(︃
0, 271

2100

)︃
. (3.8)

3.5 Kolmogorov-Smirnov GOF test
In order to implement Kolmogorov-Smirnov (K-S) goodness-of-fit test for testing
the same null hypothesis against the alternative (3.3) as in the above mentioned
tests, we need to estimate unknown parameters σ, α from data. In this context,
have to reformulate the null hypothesis H0 and the alternative H1 to

H0 : random sample X1, . . . , Xn follows P (I)(1, ˆ︁αn) distribution;
H1 : random sample X1, . . . , Xn doesn’t follow P (I)(1, ˆ︁αn) distribution,

(3.9)

where the MLE of α is denoted by ˆ︁αn (see equation (1.9)). In accordance with re-
formulated hypothesis we define the test statistics Kn assuming F0 = P (I)(1, ˆ︁αn):

Kn = sup
x∈R

⃓⃓⃓
Fn(x) − F0(x)

⃓⃓⃓
, (3.10)

where Fn denotes empirical CDF of a random sample X1, . . . , Xn.
In this context, the default critical values for K-S GOF test are not valid as

they are not dependant on specific value of ˆ︁αn. Therefore, we simulate new rejec-
tion criterion for K-S GOF test with unknown parameter α using the following
parametric bootstrap methodology:

1. let X1, . . . , Xn be a random sample drawn from population;
2. find MLE ˆ︁αn based on X1, . . . , Xn;
3. generate a bootstrap random sample denoted by X∗i

1 , . . . , X
∗i
n of size n from

P (I)(1, ˆ︁αn);
4. find MLE ˆ︁α∗i

n from data X∗i
1 , . . . , X

∗i
n ;

5. calculate bootstrapped K-S statistics K∗i
n = supx∈R

⃓⃓⃓
F ∗i

n (x) − F0(x)
⃓⃓⃓
, where

F ∗
n(x) stands for the ECDF of X∗i

1 , . . . , X
∗i
n and F0 = P (I)(1, ˆ︁α∗i

n );
6. run for i = 1, . . . , 1000 bootstrap replicates (repeat 1000 times steps 3-5),

get the values K∗1
n , . . . , K

∗1000
n ;

7. critical value C at significance level α is equal to (1 − α) quantile of the
ECDF of K∗1

n , . . . , K
∗1000
n ;

8. reject the null hypothesis in prospect to alternative for Kn > C.
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4. Kernel GOF statistics
Kernel GOF statistics could be interesting from the perspective of pricing rein-
surance. Since clients often do not report extreme losses (due to the high return
period of such losses), it is challenging to estimate the tail of the fitted distribu-
tion and assess whether it is reasonably heavy. We need to consider the maximum
loss that a client could experience from the list of the largest insured risks and ad-
just our modeling accordingly based on the client’s exposure, as well as common
market and peril practices (legal limits, extreme market losses). Underestimating
extreme losses can lead to significant issues, particularly when reinsurers deal
with unlimited coverage. This could result in an underestimated solvency capital
requirement. This test could potentially uncover, based on the k largest losses,
the heaviness already present in the data.

In [Chu et al., 2019], authors introduce GOF tests based on general kernel
statistics as well as two special cases with Jackson and Lewis kernel functions.
We test the following null hypothesis against the alternative:

H0 : the upper tail behaves as Pareto (I)(1, α);
H1 : the upper tail does not behave as Pareto (I)(1, α).

Originally, these tests were introduced to test for exponentiality. However, once
again the relationship between Pareto and exponential distribution allows us to
adapt test for testing the tail of Pareto distribution. In this context, we introduce
some theory underlying the general kernel based GOF test. And further we
modify Jackson kernel statistics in the way, that it measures the linearity of the
k largest observations on the Pareto quantile plot.

In order define GOF test based on kernel statistics, we need some results that
were presented in Goegebeur et al. [2008]. According to the extreme value theory
for heavy tailed distributions, we define a first order condition for function LU(x)
in terms of a tail quantile function U(x) = inf{y : F (y) ≥ 1 − 1/x} ∀x > 1:

U(x) = xλLU(x), (4.1)

where LU(x) denotes a slowly varying function such that:

LU(δx)
LU(x) → 1 as x → ∞ and ∀δ > 0.

We say that, a slowly varying function L(x) satisfies the second order condition
RL of tail behavior if there exist a real constant ρ ≤ 0 and a rate function b
satisfying b(x) → ∞ as x → 0 such that ∀δ > 1 it holds:

L(δx)
L(x) − 1 ∼ b(x)δ

ρ − 1
ρ

as x → ∞. (4.2)

In that context, we reformulate the null hypothesis and alternative for random
sample from some distribution F in the following manner:

H0 : F is Pareto type (I)(1, α) with LU satisfying RL.
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Exponential goodness-of-fit test statistics often involve a comparison between
two estimators for the exponential scale parameter. Building upon this idea and
using the properties of Pareto (I) order statistics mentioned the proof of Theorem
4 or in greater detail in [Ahsanullah, 1977], we adopt a similar approach by
applying a ratio to the k largest order statistics. Let a random sample X1, . . . , Xn

be from Pareto (I) distribution with parameters σ = 1 and α = 1/λ. Then we
derive the following test statistic:

Tn,k =
1
k

∑︁k
j=1 K

(︂
j

k+1

)︂
Zj

Hk,n

, (4.3)

where
• K denotes a kernel function satisfying

∫︁ 1
0 K(u)du = 0;

• Zj = j
(︂
lnX(n−j+1,n) − lnX(n−j,n)

)︂
=⇒ Zj ∼ Exp(1/λ), j = 1, . . . , n;

• Hk,n = 1
k

∑︁k
j=1 Zj is the Hill estimator of λ (which is in fact empirical mean

excess function of the log-transformed data) [Hill, 1975].
According to Theorem 2.1 from [Goegebeur et al., 2008], under the null hy-

pothesis
√
kTn,k have asymptotically normal distribution as k, n → ∞, k/n → 0

and
√
kb(n/k) → c, where b(t) satisfies the equation (4.2):

√
kTn,k

D−→ N
(︃
c

λ

∫︂ 1

0
K(u)u−ρdu,

∫︂ 1

0
K2(u)du

)︃
. (4.4)

We see that the limiting distribution of Tn,k is not centered at zero and centering
is dependent on unknown constant c and unknown parameter λ. That could
potentially lead to some bias in test statistics. Then the decision rule for testing
the null hypothesis at the significance level α is to reject H0 if

√
k

⃓⃓⃓⃓
⃓⃓ 1
kHk,n

k∑︂
j=1

K
(︃

j

k + 1

)︃
Zj − b(n/k)

λ

∫︂ 1

0
K(u)u−ρdu

⃓⃓⃓⃓
⃓⃓ >

> Φ−1
(︃

1 − α

2

)︃√︄∫︂ 1

0
K2(u)du,

(4.5)

where Φ−1 denotes the standard normal quantile function. However, the rule isn’t
particularly useful for practical applications as it relies on the unknown function
b, in addition to the parameters λ and ρ. One solution is to select a relatively
small k, i.e. sufficiently small to ensure

√
kb(n/k) ≈ 0. This then leads to the

directive to reject H0 if
√
k

Hk,n

⃓⃓⃓⃓
⃓⃓1k

k∑︂
j=1

K
(︃

j

k + 1

)︃
Zj

⃓⃓⃓⃓
⃓⃓ > Φ−1

(︃
1 − α

2

)︃√︄∫︂ 1

0
K2(u)du

Then one may ask a question, what is the optimal threshold for approximate
tail parameter λ (4.1). In [Goegebeur et al., 2008] it was proposed to choose
the number of upper order statistics k based on the minimum asymptotic mean
squared error of the Hill estimator AMSE (Hk,n). The method uses its connection
to the bias component (4.4) of kernel statistics Tn,k expressed as following:

AMSE (Hk,n) = λ2

⎡⎣1
k

+
(︄
b(n/k)
λ(1 − ρ)

)︄2
⎤⎦ . (4.6)
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Using the property of the test statistics Tn,k and its bias component from equa-
tion (4.5) we find its connection with (4.6) and then derive the estimate for
AMSE (Hk,n):

ˆ︂AMSE (Hk,n) = γ2

⎧⎪⎨⎪⎩1
k

+
⎡⎣ 1

k

∑︁k
j=1 K

(︂
j

k+1

)︂
Zj

(1 − ρ)Hk,n

∫︁ 1
0 K(u)u−ρdu

⎤⎦2⎫⎪⎬⎪⎭ .
The optimal choice of k for kernel statistics is then approximated by

ˆ︁kopt = arg min
k∈{1,...,n}

⎧⎨⎩1
k

+
[︄

Tn,k

(1 − ˆ︁ρk)
∫︁ 1

0 K(u)u−ˆ︁ρkdu

]︄2
⎫⎬⎭ , (4.7)

where ˆ︁ρk denotes a consistent estimate of ρ inspired by Genberg et al. [2008]. It
is expressed as a log-ratio of Hill estimators for some δ ∈ (0, 1):

ˆ︁ρk = −

⃓⃓⃓⃓
⃓⃓ 1
ln δ ln

⃓⃓⃓⃓
⃓H⌊δ2k⌋,n −H⌊δk⌋,n

H⌊δk⌋,n −Hk,n

⃓⃓⃓⃓
⃓
⃓⃓⃓⃓
⃓⃓. (4.8)

4.1 Jackson and Lewis kernel functions
The Jackson and Lewis kernel goodness-of-fit statistics, Jn,k and Ln,k, are defined
according to general kernel statistics Tn,k (4.3), with the kernel functions respec-
tively set to KJ(u) = −1 − ln(u) and KL(u) = u − 0.5. Under the same set of
assumptions as for general kernel statistics for testing the tail of Pareto distribu-
tion, the Jackson and Lewis statistics are asymptotically normally distributed:

√
kJn,k

D−→ N
(︄

− cρ

λ(1 − ρ)2 , 1
)︄

;

√
kLn,k

D−→ N
(︄

cρ

2λ(1 − ρ)(2 − ρ) ,
1
12

)︄
.

(4.9)

Jackson statistics multiplied by the square root of k
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Figure 4.1: Simulated empirical distribution of
√
kJn,k for n = 150, k = 120;

theoretical PDF of N (0, 1), Shapiro-Wilk test rejects normality.
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Figure 4.2: Simulated empirical distribution of
√
kLn,k for n = 150, k = 120;

theoretical PDF of N (0, 1/12), Shapiro-Wilk test does not reject normality.

Note that for the same value of constant c, the absolute value of bias of Lewis
statistics is considerably smaller than the bias of Jackson statistics. As it was
already mentioned above, from a practical standpoint, in the simulation study
we assume c ≈ 0, so then both Jackson and Lewis kernel statistics are centred
at zero. This assumption is inline with e.g. the empirical distribution of Jackson
and Lewis statistics for sample size 150 and k = 120 displayed on histograms
above. In the simulation part it would also be interesting to explore how the
level of significance will change based on different values of k.

4.2 Bias correction
The bias of the kernel statistics could make it difficult determine tail behavior.
Therefore, we introduce a bias corrected test statistics KBC(i/k + 1, ρ). Under
valid null hypothesis with ρ < 0 it holds according to [Goegebeur et al., 2008] for
log-spacings of the successive order statistics:

Zj ∼ λ+ b(n/k)
(︄

j

k + 1

)︄−ρ

+ ϵj, ∀j ∈ {1, 2, . . . , k}, (4.10)

where function b(n/k) = bn,k is from (4.2) and ϵj are centered error terms. Then
bias corrected kernel statistics could be expressed as following:

1
k

∑︁k
j=1 K

(︂
j

k+1

)︂ (︂
Zj − ˆ︁bLS,k(ρ)

(︂
j

k+1

)︂−ρ)︂
ˆ︁λLS,k(ρ)

, (4.11)

where ˆ︁λLS,k and ˆ︁bLS,k denote the least squared estimates of λ and bn,k obtained
from (4.10) respectively. For a given k they are both defined as functions of
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unknown parameter ρ:

ˆ︁bLS,k(ρ) = (1 − ρ)2(1 − 2ρ)
ρ2

1
k

k∑︂
j=1

(︄(︃
j

k + 1

)︃−ρ

− 1
1 − ρ

)︄
Zj; (4.12)

ˆ︁λLS,k(ρ) = Hk,n −
ˆ︁bLS,k(ρ)
1 − ρ

. (4.13)

In order to obtain the limiting distribution, we define the bias corrected kernel
function from (4.11) substituting ˆ︁bLS,k with the expression above and get the
following representation:

KBC(u, ρ) = K(u) − (1 − ρ)2(1 − 2ρ)
ρ2

(︄
u−ρ − 1

1 − ρ

)︄∫︂ 1

0
K(t)t−ρdt. (4.14)

Then under the null hypothesis the limiting distribution of the bias corrected
statistics is centered normal distribution:

√
kˆ︁λLS,k(ρ)

1
k

k∑︂
j=1

KBC

(︄
i

k + 1 , ρ
)︄
Zj

D−→ N
(︃

0,
∫︂ 1

0
K2

BC(u, ρ)du
)︃
. (4.15)

For the purpose of the simulation study, the kernel function cannot be dependent
on unknown parameter ρ, therefore we substitute it with its consistent estimatorˆ︁ρk defined in equation (4.8).

4.3 Bias corrected Jackson and Lewis statistics
Using the limiting distribution obtained for general bias corrected statistics (4.15)
and substituting Jackson and Lewis kernel function into (4.14), we obtain limiting
distribution for bias corrected Lewis ˜︁Ln,k and Jackson ˜︁Jn,k statistics which are
now centered at zero:

√
k ˜︁Jn,k

D−→ N

⎛⎝0,
(︄

ρ

1 − ρ

)︄2
⎞⎠ ;

√
k ˜︁Ln,k

D−→ N

⎛⎝0, 1
12

(︄
1 + ρ

2 − ρ

)︄2
⎞⎠ .

Remark 2. However, in [Beirlant et al., 2006] it was discovered that the bias of
kernel statistics prevented to distinguish between Pareto-type and non-Pareto-
type tail behaviour it is still quite challenging to define and later use the bias
corrected kernel statistics for testing the null hypothesis. On simulation stage
both Jackson and Lewis bias corrected statistics were defined, but they had not
delivered the expected result. First of all, Jackson BC statistic was not centered
and secondly the hypothesis that the limiting distribution of the bias corrected
test statistics according to Shapiro-Wilk test rejected normality for sample sizes
e.g. n = 150 and k = 120. The main reason why these test statistics behave
in contrary to theoretical results is a quite indistinct definition of the consistent
estimator ˆ︁ρk of ρ. In various sources it was defined in five different ways in
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Figure 4.3: Simulated empirical distribution of
√
k ˜︁Jn,k for n = 150, k = 120;

theoretical PDF of N (0,Var(
√
k ˜︁Jn,k)), Shapiro-Wilk test rejects normality.

[Goegebeur et al., 2008], [Genberg et al., 2008], [Chu et al., 2019] and [Drees and
Kaufmann, 1998]. In four out of five cases ˆ︁ρk was also dependent on some other
parameter, which value should be picked from some fixed range (e.g. in our case
some δ ∈ (0, 1)), what really complicated the process. The other suggestion using
a fixed value for ˆ︁ρk results in losing the bias correcting effect of the test statistics.
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Figure 4.4: Simulated empirical distribution of
√
k ˜︁Ln,k for n = 150, k = 120;

theoretical PDF of N (0,Var(
√
k ˜︁Ln,k)), Shapiro-Wilk test rejects normality.
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5. Simulation study
In this chapter, we want to study in more detail GOF tests that were mentioned
in that work. The first part of the chapter focuses on examining whether the level
α = 0.05 is maintained for the test statistics. Then we compare the power of these
GOF tests for some distributions that are commonly considered as alternatives for
Pareto distribution. And finally we take a step back to the case study presented
in the introduction and attempt to answer the question weather selecting of the
simple Pareto model for fitting the claim data was a reasonable choice. And
finally complete the calculating of risk adjusted premium for (XL) contract.

5.1 Type I error
We conducted simulations to determine the type I error rates of the test statistics
Tn, I(4)

n , and Kn for different sample sizes (n = 20, 50, 150), assuming a signifi-
cance level of α = 0.05. The results for the test statistics are presented in the
following table:

n Tn I(4)
n Kn

20 0.050 0.058 0.055
50 0.048 0.048 0.048
150 0.067 0.060 0.061

Table 5.1: Simulated significance level of test statistic for different sample sizes.

We simulate the significance level of Tn, I
(4)
n by calculating p-values based

on properties of their asymptotic normality derived in (3.6) and (3.8). P-values
for Kolmogorov-Smirnov statistics Kn were calculated from the critical values
simulated via parametric bootstrap methodology described in Section 3.5. For
all considered sample sizes and for all test statistics from the table above, the
simulated levels conform to the theoretical α = 0.05. This validates the definition
of the test, at least in terms of the level. It is worth noting that the computational
complexity of the test statistic I(4)

n is O
(︂(︂

n
5

)︂)︂
, which makes this test statistic

computationally demanding for large sample sizes.
As already mentioned in the paragraph after the equation (4.5), we are inter-

ested in how Jackson and Lewis kernel statistics perform based on different sample
sizes and the fraction of upper order statistics k that are considered. Table 5.2
provides an overview of the achieved simulated level of all kernel GOF statistics,
depending on the number k of upper order statistics considered. In addition, we
provide the value of the simulated level for the estimate ˆ︁kopt (4.7) of an optimal
threshold k.

Reviewing the Table 5.2, several key points stand out. We see that the si-
mulated level of the Lewis bias-corrected test statistics is quite high. During
the simulation process, we found that the consistent estimate ˆ︁ρk, dependent on
parameter δ ∈ (0, 1), was not suitable for Lewis kernel statistics with the same
value δ = 0.5 as the Jackson case. The simulated level for Lewis bias-corrected
statistics, shown in the table above, was calculated for δ = 0.85, as this was one
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n k k/n in % Jn,k
˜︁Jn,k Ln,k

˜︁Ln,k ave(Jn,k, ˜︁Jn,k, Ln,k)

20

4 20 0.000 0.029 0.001 0.132 0.010
10 50 0.004 0.046 0.019 0.207 0.023
16 80 0.007 0.037 0.023 0.208 0.022ˆ︁kn - 0.000 0.002 0.001 0.091 0.001

50

10 20 0.004 0.027 0.025 0.188 0.019
25 50 0.022 0.038 0.045 0.226 0.035
40 80 0.022 0.034 0.035 0.237 0.030ˆ︁kn - 0.003 0.027 0.002 0.098 0.011

150

30 20 0.019 0.037 0.039 0.236 0.032
75 50 0.029 0.035 0.045 0.215 0.036
120 80 0.034 0.040 0.043 0.214 0.039ˆ︁kn - 0.003 0.048 0.003 0.090 0.018

Table 5.2: Simulated level for kernel test statistics for different sample sizes and
different values of upper order statistics.

of the better options identified during adjustments of δ. The simulation with
the threshold set to ˆ︁kn did not perform well. The only reasonable level was
achieved for ˜︁Jn,k, and n = 150 seems to be a coincidence. However, for increasing
sample sizes, the simulated level becomes closer to the theoretical. Contrary to
the assumption derived from the rejection criterion 4.5 for general kernel GOF
statistics — we cannot draw any conclusions based on the obtained simulated
level for considering different fractions for selection of k.

For the power study, we need to consider a fixed k. We set the ratio k/n to
50 % for sample sizes n = 20, 50. and consider the ratio equal to 80 % for sample
size n = 50. We decided on this particular selection based on the proximity of the
average achieved simulated level for kernel statistics (not considering Lewis biased
statistics) to the theoretical α = 0.05, as seen in column ave(Jn,k, ˜︁Jn,k, Ln,k) in
the Table 5.2 above.

5.2 Power comparison
In this section, we set the significance level α = 0.05 and we compare the power of
all GOF statistics Tn, Kn, Jn,k, Ln,k

˜︁Jn,k, ˜︁Ln,k for sample sizes n = 20, 50, 150.
Due computational complexity of I(4)

n we simulate the power just for sample sizes
n = 20, 50. We propose six distributions that are often considered alternatives
for Pareto distribution:

• log-normal with µ = 1, σ = 0;
• gamma with α = 2, β = 1;
• Weibul with α = 2;
• the mixture of two Pareto distributions that has the following distribution

function:

Pmix(x, p) = (1−p)
(︂
P (I)(σ, α)

)︂
+p
(︂
P (I)(σ, 2α)

)︂
, α, σ > 0, x > σ, p ∈ [0, 1],

with fixed parameter values σ = 1 , α = 1, p ∈ {0.2, 0.4}
• Burr with α = 1, ρ = −1, η = 1.
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n alternative Tn I(4)
n Kn Jn,k Ln,k

˜︁Jn,k
˜︁Ln,k

20

log-normal 1.000 0.856 1.000 0.231 0.431 0.156 0.462
gamma 0.763 0.179 0.945 0.518 0.689 0.226 0.628
Weibull 1.000 0.979 1.000 0.588 0.737 0.266 0.648
mixPareto p = 0.2 0.241 0.177 0.258 0.006 0.035 0.035 0.206
mixPareto p = 0.4 0.328 0.221 0.357 0.009 0.032 0.036 0.189
Burr 1.000 0.904 1.000 0.179 0.362 0.126 0.392

50

log-normal 1.000 0.990 1.000 0.156 0.256 0.099 0.350
gamma 0.914 0.165 1.000 0.356 0.457 0.133 0.507
Weibull 1.000 1.000 1.000 0.431 0.540 0.194 0.534
mixPareto p = 0.2 0.555 0.332 0.528 0.014 0.035 0.036 0.210
mixPareto p = 0.4 0.722 0.479 0.702 0.015 0.040 0.026 0.217
Burr 1.000 0.996 1.000 0.076 0.135 0.067 0.259

150

log-normal 1.000 - 1.000 1.000 1.000 0.349 0.746
gamma 0.999 - 1.000 1.000 1.000 0.507 0.793
Weibull 1.000 - 1.000 1.000 1.000 0.571 0.804
mixPareto p = 0.2 0.969 - 0.932 0.054 0.079 0.050 0.225
mixPareto p = 0.4 0.994 - 0.986 0.074 0.111 0.064 0.233
Burr 1.000 - 1.000 0.986 0.998 0.280 0.688

Table 5.3: Power of the test for different alternatives and sample sizes.

We have observed that the power of the GOF test, based on Jackson bias
corrected statistics ˜︁Jn,k, is low for all alternatives and sample sizes. Lewis bias-
corrected test statistics ˜︁Ln,k displays a greater power compared Ln,k across all
alternatives and sample sizes n = 20, 50., but shows considerably less power for
the increased sample sample size n = 150. This could likely be due to the compli-
cations and uncertainties caused by estimating numerous unknown parameters.
An interesting observation to note is the unexpected behavior of the power for
all kernel tests. As the sample size increases from 20 to 50 observations, and the
same ratio of 50 % for k is maintained, we observe a decrease in the power of the
test. On the whole, the simulated power of kernel GOF statistics remains unsat-
isfactory until the sample size reaches n = 150. Even then, the power against the
mixture Pareto distribution remains very low.

Regarding the simulated power for GOF statistics Tn, I
(4)
n , Kn, we have iden-

tified the K-S GOF statistics as the best performing among all when the sample
size is small (n = 20). For n = 50, the powers of Tn, and Kn are comparable.
However, for n = 150, the power of Tn surpasses all other test statistics. Although
the power of I(4)

n is comparable to the previous two, it is always slightly lower,
especially it is always very low for the gamma alternative.

Despite their struggles, all test statistics had difficulty distinguishing the mix-
ture Pareto distribution. Reasonable power was only achieved by Tn, I

(4)
n , Kn

for the sample size n = 150. This level of performance is considered acceptable,
given that small sample sizes may not efficiently provide sufficient information for
rejecting false hypotheses in the case of the mixture of two Pareto distributions
with close rate α = 1 and scale parameters.
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5.3 Application in fitting of real data
In this section, we try to assess whether the Pareto (I) model, proposed in in-
troduction as an estimate of claim size distribution on fire portfolio was reason-
able. Taking into account performance results, we rely on just two test statistics:
Kolmogov-Smirnov Kn and the one Tn (3.4) based on characterization property
of Pareto distribution.

We want to test if claims with captured time value of money (we use historical
consumer price index in combination with an additional charge for more rapid
cost growth of property repair) could be described with a Pareto model. Because
of initial assumption for testing the null hypothesis with σ = 1, we need to
normalize the data by MLE ˆ︁σn of the scale parameter σ and before testing the
hypothesis. The resulting p-values for Kn and the one Tn are presented in th
following table:

statistics p-value
Tn 0.53
Kn 0.87

Table 5.4: Calculated p-value for the test statistics on client data.

We see that two the most reliable tests do not reject the hypothesis, so the
the assumption that Pareto probability law with some shape parameter α in the
range proposed by is reasonable for that particular case. So then we can complete
the calculation of risk premium p(risk) from the motivation Example 1.
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Figure 5.1: Inflation adjusted claim experience provided by the cedent. Forty
claims arranged by size, the deductible d = 400 thousand EUR is indicated by a
perpendicular line.
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5.4 Calculation of risk adjusted premium
We begin with the definition of risk adjusted premium:

p(risk) = p(C) + ϵ
√︂

Var (S(C)) and some ϵ > 0,

where ϵ is chosen positive or negative in presents of some trend development
of claim sizes of increased frequency. Based on assumptions that are valid for
collective risk model we obtained that the risk premium could be expressed as:

p(risk) =
(︂

EN
)︂(︂

EX(C)
)︂

+ ϵ

√︃(︂
EN

)︂
E (X(C))2

. We see that in order to estimate the premium we need to estimate:
• EN –expected number of claim per contract year;
• EX(C) — expected ceded amount per contract year;
• E (X(C))2 — the second moment of EX(C).
So the under the assumption that X1, . . . , XN follow Pareto Type (I) proba-

bility law we calculate EX(C) for l < ∞:

EX(C) =
∫︂ ∞

σ
max {(x− d)+, l}fX(x)dx = ασα

∫︂ d+l

d
(x− d)x−α−1dx

= ασα

⎡⎣[︄x−α+1

1 − α

]︄d+l

d

− d

[︄
x−α

−α

]︄d+l

d

⎤⎦ = ασα ·
[︄
d1−α

α2 − α
− αl + d

(α2 − α) (l + d)α

]︄
.

Solution of E (X(C)
i )k for k > 1 has too complicated form and is omitted.

We estimate the unknown values of parameters σ and α by method of maxi-
mum likelihood presented in Section 1.2.2. We get ˆ︁α25 = 2.2, ˆ︁b25 = 426716.8. We
can see that Pareto distribution describes the empirical distribution of inflated
claims well on the (see Figure 5.1). The deductible d = 400 thousand and the
limit l = 4mil.
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Figure 5.2: There are 25 claims excess d = 400 thousand EUR fitted with Pareto
model with MLE ˆ︁αn and ˆ︁σn of parameters α and σ.
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In the next step we need to estimate EN (see Figure 5.4). Under the assump-
tion of collective risk model we assume that the random variable N ∼ Poisson(λ).
According to the property of Poisson distribution the moment estimate of pa-
rameter λ is the sample mean. So we estimate based on client date is equal toˆ︁λ20 = N = 3.13

By using results from the above sections we can calculate the total premium for
the excess of loss reinsurance contract from Example 1. By evaluating E (X(C)

i )k

for k = 1, 2; d = 0.4m and l = 4m, we calculate the risk-adjusted reinsurance
premium, assuming ϵ = 0.23 (see Figure 5.3):

ES(C) =
(︂

EN
)︂(︂

EX(C)
)︂

= 339403.74 ∗ 3.13 = 1062333, 7062;

ϵ
√︂

Var (S(C)) = 229768.91; =⇒ p(Risk) = 1292102, 62.
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Figure 5.3: Number of ceded loses occurred per contract year. There are 25
claims in excess d = 400 thousand EUR. The moment estimate of λ = 3.13 is the
expected ceded claim number per contract year.
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Figure 5.4: Ceded claims occurred per contract year. There are 25 claims in
excess d = 400 thousand EUR. Red horizontal line expresses the average ceded
claim per contract year.
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Conclusion
We started the thesis with exploring one of many applications of Pareto model
— pricing of reinsurance excess of loss contract. We used some theory defined
by collective risk model in order to formally state the problem. We draw the
hypothesis that claim sized could be estimated by Pareto model.

The main goal of this thesis was to define the family of Pareto distributions
and introduce some goodness-of-fit tests for Pareto distribution. We accurately
defined the four types of Pareto distributions and summarized their fundamental
properties such as moments, parameter estimation, and characterizations. The
second chapter focused on definition on unbiased estimates — U-statistics, which
properties were used for constructing GOF test based on characterizations. Then
a Kolmogorov-Smirnov test for Pareto distribution with unknown shape param-
eter was introduced. We used bootstrap mythology in order to simulate critical
values for the updated rejection of the hypothesis. After that kernel goodness-
of-fit tests were introduced, with Jackson and Lewis kernel statistics. We faced
some issues as the tests statistics were very dependent on many estimators.

In the last chapter we simulated the level and powers for all tests men-
tioned above. We draw some conclusions and revealed, the two best performing
tests were Kolmogorov-Smirnov and test based on characterization introduced in
[Obradovic et al., 2014].

Finally we haven’t rejected the initial hypothesis stated in introduction, that
claim data came from Pareto distribution. And then completed the estimation
of reinsurance premium.
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A. Attachments

A.1 First Attachment

Year Reported Inflated Claim xs 0.4m = X X(C) X/ˆ︁σn

2015 179 961 243 250 0 0 -
2017 186 275 251 785 0 0 -
2021 199 999 270 335 0 0 -
2019 221 468 299 355 0 0 -
2018 227 200 307 102 0 0 -
2022 228 000 308 184 0 0 -
2020 233 566 315 708 0 0 -
2020 236 620 319 835 0 0 -
2016 251 010 339 286 0 0 -
2017 275 257 372 061 0 0 -
2017 315 693 426 717 426 717 26 717 1,00
2018 320 034 432 584 432 584 32 584 1,01
2018 345 435 466 919 466 919 66 919 1,09
2020 348 434 470 972 470 972 70 972 1,10
2015 350 633 473 945 473 945 73 945 1,11
2017 353 783 478 203 478 203 78 203 1,12
2018 356 745 482 206 482 206 82 206 1,13
2018 366 270 495 080 495 080 95 080 1,16
2019 378 153 511 143 511 143 111 143 1,20
2016 386 573 522 524 522 524 122 524 1,22
2019 417 588 564 446 564 446 164 446 1,32
2019 418 682 565 925 565 925 165 925 1,33
2021 431 256 582 921 582 921 182 921 1,37
2018 452 000 610 961 610 961 210 961 1,43
2016 453 551 613 057 613 057 213 057 1,44
2021 512 367 692 558 692 558 292 558 1,62
2018 546 780 739 073 739 073 339 073 1,73
2015 578 866 782 444 782 444 382 444 1,83
2016 658 374 889 913 889 913 489 913 2,09
2019 674 631 911 888 911 888 511 888 2,14
2017 732 786 990 494 990 494 590 494 2,32
2021 749 999 1 013 760 1 013 760 613 760 2,38
2016 869 765 1 175 647 1 175 647 775 647 2,76
2022 1 105 700 1 494 556 1 494 556 1 094 556 3,50
2020 1 548 932 2 093 665 2 093 665 1 693 665 4,91

Table A.1: Thirty five largest claims provided by client on his property portfolio
with fire risks. In addition, some calculations are made. Calculated ceded amount
and normalization applied.
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