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Introduction

The continuum hypothesis, C'H, is a well-known statement concerning two infinite
cardinals — ¢, the cardinality of the set of all real numbers, and R;, the least
uncountable cardinal. The Cantor’s well-known diagonal argument implies that
there are uncountably many real numbers, hence ¢ > N;. C'H states that in fact
¢ = N;. The truth value of C'H is undecidable in ZFC' (Zermello-Fraenkel set
theory with the axiom of choice), meaning that (unless ZFC' is inconsistent) it
can be neither proved nor disproved from the axioms of ZFC'

If CH is added as a new axiom to ZFC, it resolves various mathematical
questions which are otherwise undecidable. C'H and various statements related
to it have been studied extensively in the set theory. A generalized continuum
hypothesis, GC'H, is a stronger version of C'H. It claims that for each infinite
cardinal k, 2" is equal to the least cardinal larger than x. A diamond principle,
denoted ¢, strengthens the continuum hypothesis in a different way. It postulates
the existence of a sequence of bounded subsets of w; which in some sense well
approximates any subset of w;. Among other things, it implies C'H, but it is
consistent with ZFC that C'H holds and ¢ fails.

Some consequences of C'H were studied on their own. As an example we men-
tion the proposition 2 < 2“1 which if C'H holds is clearly true. This proposition
was shown by Devlin and Shelah ([4]) to be equivalent to a certain combinatorial
principle known as the weak diamond principle. The negation of this proposi-
tion is sometimes refered to as the Luzin hypothesis. Another example, Martin’s
axiom, M A, states that a certain combinatorial principle, which provably holds
for Ny, holds in fact for all cardinals below ¢. It is especially interesting to as-
sume M A + —-C'H. This combination is known to be consistent and has many
interesting consequences.

In the paper of Todorcevi¢ [7] some weaker forms of C'H were introduced and
studied. These are statements, which trivially follow from C'H, but presumably
do not imply it. Our main interest is which known consequences of C'H are
already consequences of these weaker forms. Studying these forms is the main
topic of this thesis.

In the first chapter we present the basic terminology and theory of ccc posets,
which is necessary to formulate these weaker forms. The statements themselves
are defined at the end of the chapter.

In the second chapter we introduce the basic theory of cardinal characteristics
of the continuum. These are an important tool in studying “in what ways can
C'H fail” and they are also a natural source of various conjectures, which can be
studied in the context of weaker forms of CH.

In the third chapter we present detailed proofs of consequences of these forms,
which were described in [7].

In the fourth chapter we seek for new results regarding these cardinals by
analysing posets described in [g].



1. Posets and their basic
properties

In the whole thesis we use the standard set-theoretic notation (see e.g. [2]).

A partially ordered set (commonly abbreviated as poset) is an ordered pair
(P, <), where P is a set and < is a binary relation on P which is reflexive,
transitive and antisymmetric. In this thesis we will study infinite posets. We
now define a number of terms related to posets. For the rest of this section let P
be a fixed poset.

If pe Pand X C P, then p is a lower bound of X, if p < x for all x € X.
For a,b € P we say that a and b are compatible, if {a,b} has a lower bound (i.e.
if there exists ¢ € P such that ¢ < a and ¢ < b), otherwise we say that they are
incompatible.

For aset X C P we say that X is an antichain, if every two distinct elements of
X are incompatible. We say that P is ccc (or has the countable chain condition),
if every antichain in P is at most countable.

Let n > 2 be a natural number. A set X C P is n-linked, if every n-element
subset of X has a lower bound. In particular, it is 2-linked if all its elements are
pairwise compatible. X is centered, if every finite subset of X has a lower bound
(i.e. if it is n-linked for all n). We say that P is o-n-linked, if it can be expressed
as a countable union of n-linked sets, and o-centered, if it is a countable union
of centered sets. We may write just linked and o-linked in place of 2-linked and
o-2-linked respectively.

Properties o-centered, o-n-linked and ccc form a hierarchy in the following
sense.

Lemma 1. Let n > m > 2 be natural numbers. Then P is o-centered —> P is
o-n-linked — P is o-m-linked — P 1is ccc.

Proof. First implication follows immediately from the definition.

For the second one, let P = ¢, Pr be a decomposition of P into n-linked
sets. Whenever Py is finite, we split it into |Pg| singleton sets. This way we
obtain a decomposition of P into countably many n-linked sets, each of them
being either infinite or singleton. It is easy to see that for each such set, n-linked
implies m-linked, so this is also a decomposition into m-linked sets.

For the last one, assume P is o-m-linked, so by the previous paragraph it is
also o-linked. Let P = Uie, Pr be a decomposition of P into linked sets. Let
X C P be an antichain. For each k € w, since every two elements of P, are
compatible and every two distinct elements of X are incompatible, |P, N X| < 1.
Thus, X is countable. O

Example We demonstrate the above defined concepts in a simple example. Let
P be a set of all nonempty open subsets of R. For a,b € P put a < b iff a C b.
Now let a, b be some nonempty open sets. If a Nb # ), then a N b is a nonempty
open set (thus element of P), which is below both a and b, hence a and b are
compatible. On the other hand, if a Nb = (), for no ¢ € P could possibly happen
both ¢ < a and ¢ < b, so a and b are incompatible. We see that two elements of



P are compatible precisely if they are not disjoint. Similarly, a finite set has a
lower bound if and only if its intersection is nonempty.

Antichains in P are precisely systems of pairwise disjoint nonempty open
subsets of R. Since every such set intersects Q and Q is countable, there can be
only countably many such pairwise disjoint sets. Hence, P is ccc.

Actually, P is even o-centered. To see this, for each ¢ € Q define P, =
{a € P:q€a}. P,isa centered set for each ¢ and P = {J,cq F,, because Q is
dense in R.

One could ask whether notions of ccc and (for example) o-linked are not in
fact equivalent. The following examples will show that this is not the case. To
present them, we will need the following lemma, which is in general useful to
show that various posets are ccc.

Definition 2. Let X be a set and S C P(X). We say that S is a A-system, if
there exists r C X such that for each x,y € S, v #y = xNy=r. The setr
is called the kernel of X.

Lemma 3. (A-system lemma) Let (a, : o < wq) be a system of finite sets. Then
there exists an uncountable I C wy such that {a, : « € I} is a A-system.

Proof. Since there are only countably many possible values of |a,| for each «,
we can always find n € w such that |a,| = n for uncountably many values of a.
Without loss of generality, we can assume that |a,| = n for all @ < w; (otherwise
we remove all sets with cardinality not equal to n).

We proceed by induction on n. For n = 0 we can simply put I = w;. Now let
n > 1 and assume the induction hypothesis is true for n—1. For each x € |J Qo
put J, = {a € wy : x € a,}. We distinguish two cases:

a<wi

1. J, is uncountable for some x. Then consider the system (a, \ {z} : a € J,),
which is an uncountable system of sets of cardinality n—1. By the induction
hypthesis, we find an uncountable A-system with kernel r included in this
system. When we add x back to all sets from this A-system, we get a
A-system included in J, with kernel r U {z}.

2. J, is countable for all z. Let I C w; be a maximal (with respect to inclusion)
set such that sets (a, : a € I) are pairwise disjoint. Such set exists by an
easy application of Zorn’s lemma. {a, : @ € I} is a A-system with kernel
(), it remains to show that I is uncountable. Assume for contradiction that
I is countable. Then X = [J,cs @o is a countable union of finite sets, thus
countable, and J = U,cx J; is a countable union of countable sets, thus
countable. Pick any § € w; \ J. Then ag is disjoint from a, for all o € 1
(therefore 5 ¢ I'), which contradicts the maximality of I. O

Example We now give an example of a poset which is ccc, but not o-linked.
Let Fin(c™,2) be the poset consisting of all functions from finite subsets of ¢* to
{0,1}. For f,g € Fin(¢*,2) put f < giff f D g.

Theorem 4. Fin(ct,2) is cce.

Proof. Let {f, : @ < wy} be distinct elements of Fin(c¢*,2). By the A-system
lemma, there is an uncountable I C wy such that {dom(f,) : @ € I} is a A-system
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with kernel . There are only finitely many functions from r to {0, 1}, so we can
always find o, 8 € I such that o #  and f, [ » = fz [ r. This means that
fa U f5 is a function which is below both f, and fz. Hence {f, : @ < w;} is not
an antichain. O

Theorem 5. Fin(ct,2) is not o-linked.

Proof. Let {M,, : n € w} be a system of linked subsets of Fin(¢*, 2). We construct
an element of Fin(c¢*,2) which is not included in any M,,.

Since M, is linked for each n, every two functions in M,, agree on the intersec-
tion of their domains. Thus J M, is a function from some subset of ¢t to {0,1}.
We will denote this function F,,.

We will define a function G from ¢t to ¥2. For o € ¢ and n € w put
G(a)(n) = F,(«a) if @ € dom(F},) and 0 otherwise. Since |“2| = ¢ < ¢*, there are
a,B € ¢, a # B, such that G(a) = G(B). This means that F,(«) = F, () for
all n € w. Define f : {a, 8} — {0,1} as f(a) =0, f(8) = 1. Then f Z F, for all
n, so it can not be included in any M,,. O]

Note that the poset described above has cardinality ¢*. For x < ¢ the poset
Fin(k,2) is already o-centered, this can be deduced from Lemma [40] The next
example shows another poset which is ccc and not o-linked, but with cardinality
only ¢. The example comes from [§].

Example Let T(R) be the poset consisting of all sets F© C R which are a
finite union of converging sequences including their limit points. For such F,
let F” denote the set of all accumulation points of F' (i.e. limit points of those
sequences). For I, Fy € T(R) put Fy < Fy iff F{ D Fy and F{NFy, = Fy. It is
not hard to check that < is a transitive relation.

Theorem 6. T(R) is ccc.

Proof. Assume {F, : @ < wp} is an uncountable antichain in T(R). Since F),
is finite for all o, without loss of generality we can assume that for some fixed
n € w, |F!| = n for all a. We will denote elements of F, in the following way. Let
F, ={zl, :i <n}and F, \ F, = U, s, where s, = (s!,(k)),c,, 1s a sequence of
reals converging to !, for all i < n.

By the A-system lemma, there is I € [w;]*" such that {F. : a € [} is a
A-system with kernel . Without loss of generality assume that [ is the whole
wy. Note that Fi, and Fj are compatible if and only if (F, \ F,) N Fj = ) and
(Fs \ Fj) N F), = 0. Thus, if we remove r and all sequences s converging to
elements of r from each F,, we get again an antichain in T(R). Hence, we can
without loss of generality assume that r = ().

We can also assume that a < § implies (Fy, \ F},) N Fj = (). To see this,
we will construct by transfinite induction an increasing sequence of countable
ordinals {ap : B < wi} such that {F,, : B < w} satisfies this requirement. Let
f < w;y and assume we have defined o, for all v < . Let & = sup{e, : v < S}
The supremum of countably many countable ordinals is countable, so £ < wy. If
we denote X = U,z (Fa7 \ FC’M), then X is countable. Since all F, are pairwise
disjoint, among uncountably many ordinals between £ and w; we can always find
1 such that X N Fé = (). Then we can put ag = 1.
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For a < w; denote X, = (22,x!,... 2" 1) € R". Fix v < w; such that
{X4 1 a <~} is a dense subset of {X, : @ < w;}. This can be done, because
{X4 1 @ <wi}, being a subset of R™, has a countable dense set { X, :n € w}, so
we can take 7 = sup,,c,, o + 1. Pick 6 > . We know that F; N F! = ) and also
that FyN(F,\ F}) = 0. Thus, 25 € R\ F, for alli < nand X; € (R\ F,)", which
is an open set. By the density condition we find 5 < «y such that Xz € (R\ F,)",
thus Fy N F, = 0. This implies [ N (F, \ F}) = 0 and (F \ Fj) N F] = {) follows
from B < . Therefore, ;3 and F’, are compatible, a contradiction. O]

Theorem 7. T(R) is not o-linked.

Proof. Let {B,, : n € w} be a system of linked subsets of T(R). For n € w
put C, = Upep, F'. Every subset of R has at most countably many isolated
points. Hence, we can always find z € R which is not an isolated point of C,
for any n € w. We define a sequence (z,)ne., as follows. For each n € w, if
x & C,, set x, =x+ % If z € C,, then pick z, such that z, € C, \ {z} and
|z — z,| < % Such x,, exists, because x is not an isolated point of C,,. Clearly
lim, oo ,, = z, s0 F' = {zg,x1,...,2} € T(R). Assume for contradiction that
F € B, for some n. Then x € C,,, thus also x,, € C,,, so there exists G € B,, such
that x,, € G'. This implies z,, € G'N(F\ F"), therefore ' and G are incompatible,
a contradiction. O]

1.1 Continuum hypothesis and its weaker forms

We now turn our attention to weaker forms of C'H introduced in [7]. These
statements are the central topic of this thesis. The general structure of these
axioms is as follows: every ccc poset of cardinality at most ¢ can be decomposed
into at most N, parts which are in some sense small. Since C'H implies that every
cce poset of cardinality at most ¢ can be decomposed into N singleton sets, such
principles are trivially implied by C'H.

The precise formulations are as follows:

Definition 8. Let n > 2 be a natural number. By C'H,, we denote the following
statement: Every ccc poset of size at most ¢ can be decomposed into X; n-linked
sets.

Definition 9. By CH, we denote the following statement: Every ccc poset of
size at most ¢ can be decomposed into N; centered sets.

Obviously, CH — (CH, — (CH,, = (CH, forallm >n > 2.

In the previous section we have seen that the statement every ccc poset of
size at most ¢ can be decomposed into Xq linked sets is provably false — T(R) is a
counterexample. Axioms introduced above can be thought of as an attempt to
fix statements of this kind, by replacing Ry by N;. The standard way to derive
consequences of the weaker forms is as follows. First we need to come up with
an appropriate poset with cardinality at most ¢. We prove that this poset is ccc.
Then using CH,, or CH,, we decompose this poset into ¥; parts with certain
property. Finally, from the existence of such decomposition we derive what we
wanted to prove.



We shall comment on what types of consequences we are interested in. Gen-
erally, the following situation is common in mathematics. We have an argument
showing that some property holds for a countable system of some objects. This
argument can not be generalized in a straightforward way to uncountable case,
and it is often evident that the property fails e.g. for systems of cardinality ¢. As
an example, a countable union of Lebesgue measure zero sets has zero measure
as well, but the same definitely does not hold for unions of ¢ many such sets. In
the absence of C'H it is natural to ask how far the argument can be carried out.
In this case, how many measure zero sets we have to take so that their union has
positive measure. The main interest of this thesis is what the weaker forms of
C'H can say about such situations.

In the introduction we mentioned Martin’s axiom M A. It is interesting to
compare M A with the axioms presented above. Similar to these axioms, M A
claims that some property holds for all ccc posets. A typical way to use M A
in a proof is also the same as what we described above. However, the types of
consequences of M A and of the weaker forms of C'H are very different, in some
sense exactly opposite. To follow up on the previous paragraph, M A generally
enables us to take an argument of certain form which works in the countable case,
and to extend it to all cardinals below ¢, thus making it fail as late as possible. The
weaker forms of C'H, on the other hand, typically imply that certain arguments
fail already for N; — i.e. as soon as possible. As an example, in Theorem (7| we
showed that no countable system of linked sets can cover T(R). However, C'H
implies that for Ny linked sets it is already possible.

Both CH,, and CH,, are undecidable in ZFC'. They are consistent, because
CH is. Also their negations are consistent, this will follow from results proved
later. However, it is an interesting open question whether any of them already
implies C'H, or whether some of them are not in fact equivalent. To compare
with Martin’s axiom, it is known that M A does not imply C'H.



2. Cardinal characteristics of the
continuum

2.1 Introduction

Cardinal characteristics of the continuum provide examples of the phenomenon
described at the end of the previous chapter. They correspond to statements
which can be proved in countable case, clearly fail in case of ¢ and the cases
between these two cardinals are unclear. To be more precise, a cardinal char-
acteristic of the continuum is a definition of a cardinal, which typically can be
proved in ZFC to be greater then or equal to Ny, smaller then or equal to ¢,
but its exact value can not be determined in ZFC. When studying cardinal
characteristics, the main interest is typically what inequalities can be proved be-
tween them. In this section we introduce two well-known examples of cardinal
characteristics — b and 0.

We define an ordering on the set of all functions from w to w as follows: for
frge“wlet f <* gif f(n) < g(n) for all but finitely many n € w. We will also
take f <* g to mean that f(n) < g(n) for all but finitely many n. Relation <*
is clearly transitive and reflexive (and not antisymmetric). For M C “w we say
that M is:

1. unbounded, if (Vf € “w)(3g € M)(g £* f),
2. dominating, if (Vf € “w)(3g € M)(f <* g).

A question arises about how small unbounded and dominating sets can be.
Since every nonempty class of cardinals has a least element, following definitions
are justified.

Definition 10. The bounding number, denoted b, is the least cardinal for which
there exists an unbounded M C “w such that |[M|=b.

Definition 11. The dominating number, denoted 0, is the least cardinal for which
there exists a dominating M C “w such that |M| = 0.

We can prove some simple inequalities about these cardinals.
Lemma 12. 8; <b<d<¢

Proof. b <0 follows from the fact that every dominating set is unbounded. The
inequality 0 < ¢ holds because “w is itself a dominating set. The only nontrivial
inequality is the first one.

We need to show that every countable set of functions from w to w is bounded.
Let M C “w be countable. We enumerate all elements of M as {f,, : n € w}. Now

consider a function f : w — w defined as f(n) = max{fo(n), fi(n),..., fu(n)} for
n € w. Then we have f(n) > fi(n) whenever n > k, thus fi, <* f. Therefore M
is bounded by f. m



If the continuum hypothesis holds, then no further questions remain about
these cardinals — previous lemma implies that 8; = b = 0 = ¢. Without the
assumption of C'H, the situation is less clear. For example, it is consistent with
Z FC that all these four cardinals are distinct.

As mentioned above, cardinals b and 9 are examples of cardinal characteristics
of the continuum. There are many cardinal characteristics of the continuum
being investigated in the literature, and various inequalities between them can
be proved. Of course, for classical invariants these inequalities are never strict,
because a strict inequality would imply =C'H. A study of cardinal characteristics
gives insights into what the combinatorial properties of cardinals between N; and
¢ can look like. It gives rise to a rich theory which is trivialized once C'H is
assumed.

In the rest of this chapter we introduce some more cardinal characteristics of
the continuum and recapitulate what is known about them.

2.2 Ideals

To define more cardinal characteristics of the continuum, a notion of an ideal is
necessary.

Definition 13. Let X be a set and I C P(X). We say that I is an ideal on X,
if all following conditions are satisfied:

1. Del,
2. Va,beI)(aUbel),
3. Vael)(VbCa)bel).

Intuitively, an ideal gives us a notion about which subsets of X are “small.”
We consider a set to be small if it is included in I. We require an empty set to
be small, a subset of a small set to be small and the union of two small sets to
be small.

If X € I, then necessarily / = P(X). This case is not interesting and of-
ten dismissed. We say that an ideal I is proper, if X & I. Another common
requirement is that I contains all singletons, equivalently U/l = X.

In the following text, we will need cardinal characteristics, which emerge nat-
urally from ideals. For a proper ideal I such that |JI = X, the following cardinals
are defined:

1. add(I), the additivity of I, is the smallest cardinality of a system A C [
such that UA & I,

2. cov(I), the covering number of I, is the smallest cardinality of a system
A C I such that UA =X,

3. non(I), the uniformity of I, is the smallest cardinality of a set M C X such
that M & I,

4. cof([l), the cofinality of I, is the smallest cardinality of a system A C I such
that (VM € I)(3N € A)(M C N).

9



It follows easily from definitions that 8y < add(/) < cov(l) < cof(]) and
add(l) < non(l) < cof(I). If add(Z) > Ny (i.e. if I is closed under countable
unions), we say that I is a o-ideal.

Example Let X be an infinite set and let I be the set of all finite subsets
of X. It is straightforward to check that I is indeed an ideal. For this ideal
add(I) = non(I) = Ry and cov(]) = cof(I) = | X]|.

We now define two o-ideals on R which give rise to 8 cardinal characteristics
of the continuum.

Definition 14. By L we denote the ideal consisting of all null subsets of R.
Remember that a set is null, if it is a subset of a set with Lebesgue measure zero.

Definition 15. By B we denote the ideal of all meagre subsets of R. Remember
that a set is meagre, if it is a countable union of nowhere dense sets (a set is
nowhere dense, if its closure has a dense complement).

The letter £ stands for “Lebesgue” and B stands for “Baire”. The Baire
category theorem states that no nonempty open set is meagre, in particular that
B is a proper ideal.

Both these ideals are in fact o-ideals. For B it follows directly from the
definition, for £ it follows from the o-additivity of Lebesgue measure. Additivity,
covering, uniformity and cofinality of these ideals are other examples of cardinal
characteristics of the continuum — they can be equal to Ny, ¢, but also something
in between.

Some inequalities follow directly from definitions, e.g. add(B) < cov(B). One
can also prove some relations between the two ideals and the corresponding car-
dinal inequalities, for example it can be shown that add(£) < add(B). One can
also prove some inequalities between these ideals and characteristics b and 0 de-
fined above. In the rest of this chapter, we prove one such inequality. To do it,
we endow the set “w with the so called Baire space topology and show it is in
some sense very similar to R.

2.3 The Baire space “w

Definition 16. For n,k € w let C, [k] = {f € “w : f(n) = k}. The system
{Ch [k] : n,k € w} is a subbasis of the Baire space topology on “w. Through this
thesis, whenever we talk about topology on “w, we mean this topology.

The set “w can be thought of as a cartesian product of countably many copies
of w. If we endow each of these copies with the discrete topology, the resulting
product topology will be exactly the topology defined above. This topological
space is interesting for its simple definition and for the following fact, which we
state without proof:

Theorem 17. The Baire space “w is homeomorphic to R\ Q.

We can define meagre subsets of “w in the same way we defined them for R,
and since these two spaces differ in just countably many points (in the sense of
the previous theorem), corresponding ideals of meagre sets will behave the same

10



way — specifically, their additivity, covering number, uniformity and cofinality
will be the same. Characteristics related to £ can be also defined in terms of “w
and studied from a combinatorial point of view.

In the next section we show an example of how to use this topological space to
prove a relation between seemingly unrelated cardinals — 9 and cov(B). Topology
of “w will be also used in other parts of this thesis (especially the fact that it has
a countable basis of open sets). We now prove some simple facts regarding the
Baire space, which we will use in later proofs.

For f,g € “w, we say that f < g, if f(n) < g(n) for all n. We say that f and
g are infinitely equal, if f(n) = g(n) for infinitely many n € w.

Lemma 18.

1. Foralln € w and a € "w, the set {f € “w: f [ n=a} is open.

2. For all f € “w, the set {g € “w: g < f} is closed.

3. For all f € “w, the set {g € “w : g is not infinitely equal to f} is meagre.
Proof.

1. The set can be expressed as (;., C; [a(7)], which is a finite intersection of
open sets, hence open.

2. The complement of this set can be expressed as U,e, Ugs f(n) Cn [k], which
is a union of open sets, hence open. The set itself is therefore closed.

3. Fornewlet A, = {g € “w: (Vm >n)(g(m) # f(m))}. Our set can be ex-
pressed as U,,c,, An. We show that each A,, is nowhere dense. It is closed be-
cause its complement is equal to U,,>, Cn [f(m)]. It remains to check that
its complement is dense, i.e. that it intersects every nonempty finite inter-
section of elements of the subbasis. Indeed, given ng, ko, ..., n_1,k_1 € w
such that G = N;.; Cy, [k;] is nonempty, we can easily find g € G such that
g € A,. Hence, all A, are nowhere dense and their union is meagre.

]

2.3.1 The relation between 0 and cov(B)

Now we use the above results to show the relationship between 9 and cov(B) —
specifically that cov(B) <.

Lemma 19. Let M C “w be such that |M| < cov(B). Then there exists g € “w
such that for all f € M, f is infinitely equal to g.

Proof. For f € M let Ay = {g € “w : g is not infinitely equal to f}. By
Lemma each Ay is meagre. Since |M| < cov(B), the set ey Ay can not
cover the whole “w, so we can always find g € “w which is infinitely equal to all
members of M. O

11



Theorem 20. cov(B) <0

Proof. Assume for contradiction that @ < cov(B). Then there exists a dominating
set M C “w such that |M| =0 < cov(B). By the previous lemma, we find g € “w
such that g is infinitely equal to all elements of M. Since M is dominating, there
should be f € M such that g + 1 <* f, but this is in contradiction with f and g
being infinitely equal. O]

Lemma 19| can be shown to be optimal (see [3, Theorem 5.9]) — there exists
M C “w with cardinality cov(B) such that no element of “w is infinitely equal to
all elements of M. This gives an alternative, purely combinatorial definition of
cov(B). Other cardinal characteristics related to B and £ can be also rephrased
in such way.

2.4 Cichon’s diagram

A complete list of all provable inequalities involving the 10 cardinals described in
this chapter is known. These inequalities are visualized in the Cichon’s diagram.
Arrows between characteristics correspond to inequalities — if there is an arrow
from x to y, it means that ZFC proves x < y. The diagram is complete in the
sense that whenever z and y are not transitively connected by arrows, then each
of x > y and = < y is consistent with ZFC.

cov(L) —— non(B) —— cof(B) —— cof(L) —— 2%o

T

S
i

T

N, —— add(L) —— add(B) —— cov(B) —— non(L)

Figure 2.1: Cichon’s diagram

In addition to these inequalities, there are two more relations that can be
proved about the characteristics:

add(B) = min{cov(B), b},
cof(B) = max{non(B),0}.

12



3. Weaker forms of C'H and
cardinal characteristics

In this chapter we look at some consequences of weaker forms of CH on cardinal
characteristics of the continuum. Typically, they imply that some cardinal char-
acteristics are equal to Ry. In [7], several consequences of this form were proved.
This chapter contains a detailed presentation of proofs of these consequences.

3.1 The bounding number

In this section we show that CHy = b = N;. First, a few lemmas.
Lemma 21. b s a reqular cardinal.

Proof. Let {f, : @ < b} be an unbounded set of functions from w to w. Let
{& v < cf(b)} be a sequence of ordinals below b converging to b. For each
v < cf(b) the set {f, : @ < &,} has cardinality smaller than b, so it is bounded
by some function g,. The set {g, : { < cf(b)} is then unbounded, because any
function bounding it would also bound {f, : @ < b}. Hence cf(b) is at least b, so
b is regular. O]

Lemma 22. Let (X, <) be a well-ordered set and let {x, : @ < w1} be a sequence
of distinct elements of X. Then there exists an increasing sequence of countable
ordinals {7a : a < w1} such that for all a < B < wi, T, < 2.

Proof. Since every well-order is isomorphic to an ordinal, we can assume that
{z, 1 @ < wy} is a permutation of elements of § for some w; < § < wy, where
< corresponds to standard ordering of ordinals. We now define by transfinite
induction ordinals {7, : @ < wy} such that the sequence () is increasing
and z,, < w; for all a.

Let @ < w; and assume we have already defined ~4 for all § < «a. Let
§ =sup{ys : B < a} and p = sup{z,, : B < a}, both £ and p are below w;.
Since p is countable, we can always find v such that { < v < w; and v # x4 for
all B < p. Put v, =1. O

a<wi

The following lemma gives a useful way to construct ccc posets. Notice that
its proof is similar to that of Theorem [ The lemma comes from [5, Lemma 13].

Lemma 23. Let X be a topological space with countable basis of open sets. Let
< be a well-ordering of X. Suppose F' is a function from X such that for all
r e X, F(x) is a closed subset of {y € X 1y < x}. Let

P={se[X]™:x¢& F(y) for all distinct z,y € s}.
Fora,be P puta <biffaDb. Then P is a ccc poset.

Proof. For contradiction, let {s, : @ < w;} be an antichain in P. Because of the
A-system lemma we can assume that it is a A-system with kernel r. If s, and sg
are incompatible, there must be some x € s, and y € sz such that x € F(y) or
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y € F(x). Since no such pair of elements is present in any of s,, sg, it must be
the case that v € s, \ r and y € sz \ r. Thus, {s, \ 7 : @ < w;} is an antichain
as well, so without loss of generality we can assume that in fact » = () and all s,
are pairwise disjoint. We can also assume that for some n € w, |s,| = n holds for
all a.

For all «, let {s%,...,s" 1} be an increasing enumeration (with respect to
ordering of X) of elements of s,. By a repeated application of Lemma , we can
assume that for all i < n, (s is an incresing sequence.

Oé)oz<w1
Let B be a countable basis of open sets of X. Pick a < w;. Since F(s?) is a

closed set not containing s, for all i # j, we can find sets Uao, - Usn-1 € B
such that for all i # j, s', € U,; and F(s)) N U,; = 0. Since there are only
countably many choices of these sets, some choice of Uy, ..., U,_; will work for

uncountably many «. Assume it works for all a.

Choose a < B < w;. We know that s, and s are incompatible, but by now
we have eliminated most ways how it could happen. For i # j we know that
st, € U; and F(s}) N U; = 0, hence s;, ¢ F(sé), and similarly s} ¢ F(s,). For
i < n we know that s;, < sj, hence s ¢ F(s;,). The only remaining option is
that si, € F(s}) for some i.

For o < wy let S, = (8%, ..., s"71) € X™. X™ has a countable basis of open
sets, so {S, : @ < w;} has such basis as well. Therefore, there is v < w; such that
{Sa 1 <7} is dense in {S, : @ < w;}. Choose § > . Foralli <n, X\ F(s!) is
an open set containing s5. Hence, S5 € TI;, (X \ F (s;)), so by density we find

B < v such that Sz € I, (X \ F(s;)) as well. Then s% & F(s!) for all ¢, which
is a contradiction with the previous paragraph. O]

To show CHy = b = Ny, we need to come up with a poset on which we will
apply C H,. From the definition of b we know there exists a sequence of functions
A = {fa : @ < b} which is unbounded. We want A to be “nice” in some way.
Specifically, we want the following to hold:

1. Each f, is an increasing function.
2. fo < fgforall a < B.

This can be assumed without loss of generality. If it did not hold, then we
construct a sequence {g, : @ < b} by a transfinite induction as follows. For
a < b, if we have gz defined for all 5 < «, pick g € “w such that g >* g4 for all
B < a. Since a < b, it follows from the definition of b that such g always exists.
Now put ¢/, = max{g, fo}+1 and g,(n) = max{g,(0),...,g.(n)}+n. The result
of this construction {g, : @ < b} is unbounded (because g, >* g, >* fa.), each
Jq is increasing and g, <* g for all o < 3.

Given a system A with the properties described above, we define our poset as

P={X e€[A]*¥: f £ g for all distinct f,g € X}.

Remember that f < g if f(n) < g(n) for all n € w. In words, P consists of all
pairwise <-incomparable finite subsets of A. We order P by the reverse inclusion
(X <Y iff X DY). Notice that |P| =b <.
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Lemma 24. P is ccc.

Proof. We apply Lemma Our topological space will be A with the topology
inherited from “w. By our assumptions, it is well-ordered by <*. For f € A
put F(f) ={g€ A:g < f}. Clearly F(f) C {g € A: g <* f}. Under this
definition, our poset is precisely the one from Lemma [23] It remains to check
that F(f) is closed in A. Indeed, by Lemmall§] {g € “w : g < f} is closed in “w,
so F(f)={g9€“w:g9< f}NAisclosed in A. O

The following is the Lemma 16 of [5].

Lemma 25. Let {f, : « < b} be an unbounded <*-increasing sequence of in-
creasing functions from w to w. Then there exists o < B < b such that f, < fs.

Proof. Since “w has a countable basis and cf(b) > Xy, we can find v < b such
that {fa, : @ <~} is dense in {f, : @ < b}. For each § > ~ there is ng € w such
that (Vn > no)(f,(n) < fs(n)). Since cf(b) > Ny, some value of ng will work for b
values of . We can assume that this ny works for all § > ~. We can also assume
that for some ty € ™w, fs | ng =ty holds for all § > ~.

Let ny; € w be minimal such that {fs(n1) : 6 > v} is unbounded in w. In other
words, n;p is the largest natural number such that a set {fs [ ny : § > ~} is finite,
in particular ny; > ng. So, there is t; € "'w and an increasing sequence {J; : i € w}
of ordinals above « such that for all i € w, fs5, [ n1 = t; and f5,,,(n1) > f5,(n1).

By Lemmall8] {f € “w: f | ny = t1} is an open set and we know it intersects
{fa : @ < b}, so by the density condition there is « <  such that f, [ n; = t;.
Since f, <* f,, we find ny > n; such that for all n > ny, fo(n) < f,(n). Take
i € w large enough that f5,(n1) > fa(n2). We claim that f, < fs,. Indeed:

1. For n < ny we have f,(n) = fs5,(n) = t1(n).

2. For ny < n < ny we have fo(n) < fa(n2) < fs,(n1) < f5,(n). Here we use
that all our functions are increasing.

3. For n > ny we have f,(n) < f,(n) < fs(n).

Theorem 26. CH, — b =%,

Proof. Remember that we have chosen an A = {f,, : @ < b} and defined a poset
P with cardinality b, which is ccc by Lemma 24, By C'H,, we can decompose
P into ¥; linked sets — let {P, : v < wy} be such decomposition. Assume for
contradiction that b > Ny. For each o < b let 7, < wy be such that {f,} € P,,.
Since b is regular, there is v such that v = v, for b values of a. If we define
B = {fo:a <b, {fu} € P,}, then B is a subsequence of {f, : o < b} with
cardinality b, so it is unbounded and with order type b. We can therefore use
Lemma [25 on B and find o < 8 < b such that fo < fz and {fa},{fs} € P,.
But the first condition means that {f,} and {fs} are incompatible, which is in
contradiction with P, being linked. Therefore, b = ;. ]

Remark. Tt is known to be consistent with ZFC that b > XN; (for example,
MA + =CH implies it). Hence, ~C Hs is consistent with ZFC'.
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3.2 The dominating number

Showing that 0 = N; would be a stronger result than b = ;. It is not known
whether it follows from C H, alone, but the stronger C'Hj already implies 0 = Nj.
In this section we show the proof of this implication.

Definition 27. For f,g € “w let A(f, g) be the least n € w such that f(n) # g(n).
If f =g, we put A(f,g) = o0.

As before, we need to come up with a good poset. Let
P ={X € [“w]™: for no distinct f,g,h € X is A(f,g) = A(f,h) = A(g, h)}.

In other words, P consists of such finite sets X, that no three functions from X
split for the first time at the same point. We order P by the reverse inclusion.

Lemma 28. P is ccc.

Proof. Let {X, : a < w;} be a system of elements of P. We show that two of its
elements are compatible. We can assume that for some n € w, |X,| = n for all
a. For each o let {fao0,..., fan—1} be an enumeration of elements of X,.

For each a we can find N € w such that foo [ N,..., fan1 [ N are all
distinct (in other words, A(fa, fa;) < N for all i < j < n). We can assume that
some choice of N works for all a. We can also assume that for all « < 8 < w;
and i <n, fo, [ N=fs, | N.

Now pick some distinct «, 8 < w;. We show that X, and Xg are compatible.
Assume not, then there are some f, g, h € X, U X distinct such that A(f,g) =
A(f,h) = A(g,h) = c. Neither of X, and Xj contains such three functions, so
(without loss of generality) f = fa:, ¢ = fa; and h = fz for some i,7,k < n,
i # j. Then A(f,g9) < N, so ¢ < N. Denote f' = fz, and ¢’ = f5;. We know
that f [ N=f' [ Nand g | N =¢ [ N. Hence, A(f',¢") = A(f,g9) = c. Notice
that if i = k (i.e. h = f), then f and h are equal below N, so A(f,h) > N. On
the other hand, if ¢ # k, then A(f’,h) = A(f,h) = ¢ < N. Same relations hold
for j. Now we distinguish 3 cases:

1. i=k #j. Then A(f,h) > N and A(g,h) < N, a contradiction.
2. i # k =i. Similarly, A(g,h) > N and A(f,h) < N, a contradiction.

3.4 # k # j. Then A(f',h) = ¢ and also A(¢’,h) = c¢. Thus, A(f',h) =
A(g',h) = A(f',¢') = ¢, which is a contradiction with f’,¢',h € Xp.

As we see, all choices lead to contradiction. O

Remark. The proof can be easily modified to show that P is in fact o-linked.
First we split P into countably many parts based on the cardinality of elements
(n from the proof). Then we split each part into countably many smaller parts
based on the value of N from the proof. Finally, we split each of these smaller
parts based on the value of (foo [ N, ..., famn—1 [ N). The last paragraph of the
proof shows that all of these final parts are linked.

Lemma 29. Let X C “w be such that for no distinct f,g,h € X is A(f,g9) =
A(f,h) = A(g,h). Then X is bounded.
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Proof. We show that for all n € w, {f(n) : f € X} is finite. We prove it by
induction on n. Let n € w, assume the lemma holds for all £ < n and we show it
for n. Since {f(k) : f € X} is finite for all k <n, M = {f [ n: f € X} is finite
as well. For all ¢ € M, the set {f(n): f € X, f | n =t} has cardinality at most
2. Otherwise, we would get three functions splitting for the first time at the same
point. Hence, |{f(n): f € X}| <2|M| < w.

Now, for n € w put g(n) = sup{f(n) : n € X}, this is a correct definition
because of the previous paragraph. Then clearly f <* g (even f < g) for all
feX. O

Theorem 30. CH; — 0 =1,

Proof. By Lemmal[2§| P is ccc, clearly |P| = ¢, so by C'Hj there is a decomposition
{P, : a <w} of P into 3-linked sets. For a <w; let X, ={f €“w:{f} € P.}.
Observe that Uy, Xo = “w. Since P, is 3-linked, X, satisfies the condition of
Lemma , so we find g, which dominates all elements of X,,. Then {g, : @ < w1}
is a dominating set of cardinality Nj. O]

3.3 The cofinality of £

In this section we look at C'H,,, the strongest of the considered axioms. It turns
out that CH, = cof(L£) = R;. Note that this already implies that all cardinal
characteristics from Cichon’s diagram are equal to Nj.

Let £ be the set of all finite unions of open intervals in R with rational
endpoints (thus |£] = ¥y). For the proof of the implication we will need the
following well-known property of Lebesgue measure which we state without proof.

Theorem 31 (regularity of Lebesgue measure). Let X C R be Lebesgue measur-
able with \(X) < oo and let € > 0.

1. There exists a compact set F C X such that \(F) > A\(X) — e.
2. There exists an open set G O X such that \(G) < \(X) +e.

3. There exists E € & such that N\(XAFE) < . Here, AAB stands for
(AN B)U (B\ A).

We consider the poset
P ={F CR: F is compact and A\(F) > 1}.
For a,b € P put a <bif a Cb. Notice that |P| = c.

Lemma 32. P is ccc.

Proof. We show it is o-linked. For each n € w let P, = {F EP:ANF)>1+ %},

50 P = Uye, Po. Forn € wand E € € put P p = {F € P, : \(FAE) < 1.
By the regularity of measure, Ugee Prn.r = P,. Now we show that each P, g is
linked.
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Fixn € wand F € €. For any Iy, Fy € P, p we see that

ME N Fy) = AF U F) — NFIAR)

> MNF) — MEAF,)
>1+2—MEAE)

1
> 1+~ — (A(RAE) + A(RAE))

>1+1 <1+1>—1
n on  2n)

so Fy N Fy € P. Hence, F} and F; are compatible and P, g is linked. O
Lemma 33. Let X C P be centered. Then A(NX) > 1.

Proof. N X is a compact set, hence measurable. Assume A (N X) < 1. By reg-
ularity of measure, we can find an open G 2O N X such that \(G) < 1. Now
consider the system Y = {F'\ G : FF € X}. Since X is centered, every finite
intersection of elements of X has measure more than 1. Hence, every finite inter-

section of elements of Y has positive measure. Since Y consists of compact sets,
it follows that Y # (). However, NY =N X \ G = 0, a contradiction. ]

For ACRand z € R define A+x ={a+x:a€ A}. For A,B C R put
A+B={a+b:ac Abe B}

Lemma 34. Let X C R have finite positive measure. Then the complement of
X 4+ Q has measure zero.

Proof. Denote Y = X +Q and Z =R\ Y. Fix ¢ > 0. We can find £ € & such
that A(E) > 0 and A(XAF) < $A(X)e. Then

MY NE) _AXNE)
NE) — MNE
AMX) = MXAE)
>
= AMX) + MXAE)
(1-5)Aax)
>
(1+5) AX)
_1-3
IR
>1—c¢

Call a set M C R with finite positive measure good, if )‘(/\i;/[]‘)/[) > 1 —¢. We know

that E is good. Since F € £, we can find n € N such that E is equal to a union
of finitely many intervals of the form (%, %), 1 € Z, and a finite set. It then

follows that for some ¢ € Z, (l %) is also good. Since Y =Y + ¢ for all g € Q,

this already implies that (%, %) is in fact good for all 7 € Z. But then interval
(0,1), being a finite union of good intervals plus finitely many points, must be

good as well.
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We proved that A(Y N (0,1)) > 1 — <. Since this holds for all ¢ > 0, it
must be the case that A(Y N (0,1)) = 1 and hence A(Z N (0,1)) = 0. Similarly,
AMZ N (n,n+1)) =0 for all n € Z. By o-additivity of measure, we see that
MZ) =z AMZ N (n,n+1)) =0. O

Theorem 35. CH, — cof(L) =N

Proof. By Lemma [32| P is ccc, also |P| = ¢, so by CH,, we get a decomposition
P = Ua<w, Po with P, centered. By Lemma every X, = P, has measure
at least 1. By Lemma 34 every Y, = R\ (X, + Q) has measure zero. We claim
that every null set N C R is a subset of Y,, for some a < wy. It is enough to show
it for N measurable with measure zero.

Choose N C R such that A(N) = 0. The set N + Q = Uyeq(N + q) is
a countable union of zero measure sets, hence it has also measure zero. Let
M = 10,2] \ (N 4+ Q), then \(M) = 2. By regularity of measure, we find a
compact F' C M such that A(F) > 1. Since F' does not intersect N + Q, N does
not intersect F' + Q. We have F' € P, so let a < wy be such that F' € P,. Then
XoCF,80Xo+QCF+Qand Y, DR\ (F+Q) 2 N. We see that each null
set is included in some Y, so indeed cof(L) = V. O

3.4 The cofinality of ¢

Note that by Koénig's inequality, ¢ > ¢. On the other hand ¢® = ¢, hence
cf(c) > Ny. Of course, cf(c) < ¢. From this perspective, cf(¢) can be also thought
of as a cardinal characteristic of the continuum. In this section we show that
CH; = cf(c) = N.

Fix some f : “w — “w. We will study the poset

Py = {X € [Fw]™ : (Va,y,2 € X) (Az,y) < Az, 2) =
min{A(z,y), A(f(2), f())} < min{A(z, 2), A(f(2), f(2))}) }

This is a modified version of the poset from [7, p. 844, (16)], which seems to
contain a mistake in its defintion.

As usual, we need to show that the poset is ccc. The next proof is very similar
to the proof of Lemma [28] As in Lemma it can be easily modified to show
that Py is even o-linked.

Lemma 36. Py is ccc.

Proof. Let {X, : @ < w;} be a system of elements of P;. Assume that for some

n, all X, have cardinality n. For all a, let {za0,...,Zan—1} be an enumeration
of elements of X,,.
We can assume that thereis N € wsuch that forall a, o0 [ N,...,2an-1 [ N

are all distinct. Similarly, we can assume that whenever f(z,;) # f(zq;) for
some ¢ < j < n, then also f(za:) [ N # f(zs;) [ N. We can also assume that
(Tao I N, ... Tamn-1 [ N, f(zao) [ N,..., f(Zan-1) [ N) does not depend on a.
Pick some distinct o, 8 < w;. We show that X,, Xz are compatible. If
they were not, we could find z,y, 2z € X, U Xz such that A(x,y) < A(z,2) and

min{A(z,y), A(f(x), f(y)} > min{A(z,2),A(f(x), f(2))}. This implies that
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A(z,y) > A(f(z), f(2)). It can be easily checked that x,y, z must be all distinct.
Without loss of generality let z € X,,.

Note that if ¢ € X,, then t = x,,; for some ¢ < n. In such case, by ¢’ we
denote zg,. If t € Xp, by t' we mean ¢. It is easy to see that for ¢t € X, N Xp
these definitions are compatible.

The idea is that 2’,9/, 2’ behave the same way as x,y, z below N, but since
2’y 2" € Xg, they can not satisfy the condition which z,y, z are supposed to
satisfy. The precise argument goes as follows.

/

1. Assume A(2',y') # A(z,y). This can happen only if y = z/. Then
A(z,y) > N, so also A(z,z) > N. Therefore, z is equal to either x or
y, a contradiction.

2. If A(2',2") # A(z,z), then z = 2/. Then A(f(x), f(z)) > N, so also
A(z,y) > N, so y is either z or z, a contradiction.

3. A(f(x), f(y) # A(f(«), f(y')) can happen only if N' < A(f(x), f(y)) < o0
and A(f(«), f(y')) = .

4. It A(f(x), f(2)) # A(f(2)), f(2')), then A(f(x), f(z)) > N, hence also
A(z,y) > N, thus y = 2/, but this we already refuted.

We see that all relevant expressions are preserved when we replace z,y, 2z with
x', Yy, 7, except possibly for A(f(z), f(y)) which can become larger. Because of
2’y 2 € Xz we have

Al y) < A, 7)) =
min{A(z",y"), A(f(2), f(y')} <min{A(",2), A(f(2), £(z)},

so the same must hold for x,y, z, a contradiction. O

Lemma 37. Let X C “w be such that for all x,y,z € X, Ax,y) < A(z, z)
implies min{A(z,y), A(f(z), f(y))} < min{A(z,z2),A(f(x), f(2))}. Then f is

continuous on X.

Proof. Tt is enough to show that for each [a] € <“w, M, = f~![a]N X is an open
set in X. Pick some x € M, and we find an open neighbourhood of x which is
also included in M,.

We claim there is b € <“w such that x € [b] and [b] N X C M,. Assume not,
then for each n € w we can find y, € X \ M, such that A(z,y,) > n (otherwise
we could set b = = [ n). We can assume that (A(z,¥y)),c, 1S an increasing
sequence. Then, (min {A(z, y,), A(f(2), f(¥n))}),e, is an increasing sequence as
well, so we can find n € w such that A(f(z), f(y,)) > dom(a), hence f(y,) € [a].
But this means that y € M,, a contradiction. O]

We use the next theorem to prove CH; = cf(¢) = Ny, but the theorem is
an interesting consequence of C'H3 on its own.

Theorem 38. C'Hj3 implies that for each f : “w — “w, f can be expressed as a
union of Ny many continuous functions.
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Proof. Consider the poset P;. By Lemma [36] Py is ccc. |Py| = ¢, so by CHj
we have a decomposition P = U,,, P into 3-linked sets. For o < w; put
X, =UP,. It follows from P, being 3-linked that X, satisfies the condition of
Lemma[37] hence f | X, is a continuous function. However, for all z € “w we have
{z} € P, so {z} must be included in some P,. This imples that Uy, Xo = “w,
so {f | Xo:a < w} gives us a decomposition of X into N; many continuous
functions. O

Theorem 39. CH; = cf(c) =

Proof. We just need to find f : “w — “w such that f is not continuous on any
set of cardinality ¢. Then, by Theorem [38, we will get a decomposition of “w into
N; sets of cardinality smaller than c.

Every continuous function from a subset of “w to “w can be extended to
a continuous function on a Gy set (i.e. a countable intersection of open sets) —
see 6 chapter 4]. Since the space “w has a countable basis, there are only ¢ many
G subsets of “w. Let A be some subset of “w. Since “w has a countable basis,
there is a countable D C A, which is dense in A. Every continuous function from
A to “w is fully determined by its values on D. Hence, there are at most ¢ = ¢
continuous functions from A to “w. It follows that there are at most ¢ continuous
functions from Gy subsets of “w to “w.

Let {x4 : @ < ¢} be an enumeration of elements of “w and {f, : @ < ¢} be an
enumeration of all continuous functions from Gg subsets of “w to “w. For each
a < ¢ the set M, = {fs(za) : B < a,z, € dom(fs)} has cardinality |a| < c.
Hence, we can always find y € “w \ M,. Let f(z,) be any such y. This way we
obtained a function f : “w — “w such that for all § < ¢, {x € “w: f(x) = fz(x)}
is a subset of {z, : @ < }. In particular, f agrees with fs in less than ¢ points.

Let X C “w be such that f | X is continuous. Then, there is f < ¢ such
that f | X C fz. Since f agrees with fz in less than ¢ points, it follows that
|X| < ¢. This means that sets {X, : @ < w;} from the proof of Theorem
cover the whole space “w, but each of them has cardinalty smaller than ¢. Hence,
cf(c) < Wy, so in fact cf(c) = N;. O
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4. Decompositions of two ccc
posets

In this chapter we will look at posets described in [§] and attempt to obtain new
consequences of the weaker forms of C'H by applying them to these posets. We
show that the first of these posets can be decomposed into N; centered sets in
ZFC (hence the weaker forms does not give us any new results there) and the
existence of the decomposition of the second one is related to a certain combina-
torial statement.

4.1 Finite antichains in pseudotrees

Poset (T, <) is a pseudotree, if for each x € T the set {y € T : y < x} is linearly
ordered by <. For a given pseudotree T, we will be interested in the poset

P(T) ={X € [T]*¥ : x £ y for all distinct z,y € X}.

P(T') is ordered by reverse inclusion.

The first poset from [§] is of this form. In this section we show that for the
posets constructed this way the weaker forms of C'H give no new information.
That is, we prove that if P(7) is ccc and has cardinaly at most ¢, then it can be
always decomposed into N; centered sets.

Notice that P C P(T) is centered iff |J P contains no two distinct comparable
elements.

Lemma 40. Let X be a set of cardinality at most c. Then there exists a countable
system F C X2 such that for all Y € [X]|~* and f : Y — 2 there is F € F
satisfying F [ Y = f.

Proof. Without loss of generality assume X C “w. For eachn € w, f :"2 — 2
and g € “w let F, ¢(g) = f (g [ n). Let F consist of all such functions £, y. We
claim that F satisfies the required property.

Choose some Y € [X]|<“ and g : Y — 2. Let {fo,..., fr_1} be an enumeration
of elements of Y. Pick n € w such that fy [ n,..., fr_1 [ n are all distinct. Then
we can find h : "2 — 2 such that for all i < k, h(f; [ n) = g(fi). It follows that
FonlY=y. O

Lemma 41. Let T be a pseudotree such that |T| < ¢ and sizes of all chains in T
are bounded by a fized natural number. Then P(T') is o-centered.

Proof. We proceed by induction on the length of the longest chain in 7. For
the length 0 (i.e. 7" = () the lemma is obvious. Now let A be the set of all
minimal elements of T"and B = T\ A. By the induction hypothesis, P(B) can
be decomposed into Xy centered sets. Let {@Q, : n € w} be such decomposition.
Now we need to decompose P(T") into Ng centered sets.

Apply Lemma 40| on the set A to get a countable system F C 42. For a € A
let B, ={b€ B:a<b}. For eachn <w and F € F put

Tor={a€A:F(a)=0}U(JQuNU{Ba: Fla) =1}).
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We show that sets P, p = [T), ]~ give us a decomposition of P(7") into centered
sets.

1. P, r is a centered subset of P(T"). For that we need to show that no two
distinct elements of T}, p are comparable. Let a,b € T, p, a # b. Clearly if
a,b € A, then they are incomparable. If a,b € T, rN B C @, then (since
@, is centered) they are also incomparable. Finally let a € A and b € B.
Since 7' is a pseudotree, b has a unique predecessor a’ in A and to show that
a and b are incomparable, we just have to show that a’ # a. However, it
follows from the definition of T, r that F(a) = 0 and F(a’) =1, so a’ # a.

2. UP,r =P(T). Let p ={ao,...,ak-1,b0...,b0i_1} € P(T) with a; € A for
i < kand b; € B for j <. Since {by,...,b_1} € P(B), we can find n such
that {bo,...,bi-1} € Q. For each j < I let a} be the unique predecessor
of bj in A. Since p € P(T), a; # a for all i < k, j < I. Now we use the
property of F to find F' € F such that F(a;) = 0 for all i and F(a}) = 1
for all j. Then p C T, p,s0p € P, p. O

Theorem 42. Let T' be a pseudotree of size at most ¢. If P(T) is cce, then P(T)
can be decomposed into Ny centered sets.

Proof. By Zorn’s lemma let f be a maximal (with respect to inclusion) partial
function from 7' to w; such that:

1. the domain of f is downwards closed (i.e. if a € dom(f) and b < a, then
also b € dom(f)),

2. for each a € wy, no two distinct elements of f~!(a) are comparable.

Assume x € T and x is not in the domain of f. Since T is a pseudotree, the set
{{y} : y < x} is an antichain in P(T'), thus countable, so x has only countably
many predecessors. We extend f by defining it at all predecessors of x (includ-
ing x). The only requirement is that they all need to map into different values,
which can be done, because there are only countably many of them. The resulting
function will satisfy requirements above, so it contradicts the maximality of f.
Hence, f is defined on all of T'.

For each M € [w]<% consider Ty; = f~'[M]. Ty is a pseudotree, in which
sizes of all chains are bounded by a natural number. By Lemma P (Tyy) is
o-centered. Notice that the system of posets {P(Th) : M € [w;]<“} covers the
whole P(T"). This means we decomposed P(T") into 8; o-centered posets, which
also gives a decomposition into N; centered sets. O]

Remark. 1f we consider arbitrary posets instead of psuedotrees, the statement is
no longer provable. The poset considered in Section has the correct form, it is
cce, but existence of its decomposition into ¥; linked sets implies b = Ny, which
is not provable in ZFC.

4.2 o-ideal-independent systems

In this section we are interested in systems with the following property.
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Definition 43. Let X be a set. The system A C P(X) will be called o-ideal-
independent, if for each A € [A]* and B € A\ A we have B € U A.

The problem of decomposition of the second poset from [§] turns out to be
related to the following statement:

(*) There exists a o-ideal-independent system A C P(w;) such that |A| = c.

If the continuum hypothesis holds, then (k) is clearly true — simply take A to
contain all singletons of w;. (x) also holds if ¢ = Ny, as we show in a moment.
Interesting examples of o-ideal-independent systems are given by AD systems.

Definition 44. Let  be an infinite cardinal. A system A C [k|" is AD (shorthand
for almost disjoint ), of for all A,B € A, A# B — |ANB| < k. A system
is MAD (maximal almost disjoint), if it is AD and also mazimal with respect to
inclusion.

By a straghtforward application of Zorn’s lemma, every AD system can be
expanded into a MAD system.

Lemma 45. Fvery AD system on w, is o-ideal-independent.

Proof. Let A C P(wy) be AD. Let A € [A]* and B € A\ A. Then BNUA =
Ucea BN C, which is a countable union of countable sets, thus countable. But

|B| = w1, so B # BNUA, therefore B Z |J A. O

If we talked about system of pairwise disjoint uncountable subsets of wq, then
clearly any such system has cardinality at most 8. Interestingly, if we relax the
disjointness condition by allowing countable intersections (as in the definition of
the AD system), the situation changes.

Lemma 46. There exists an AD system on wy of cardinality Rs.

Proof. Clearly there exists an AD system with cardinality 8; — we can decompose
wy into Ny disjoint uncountable sets. Extend this AD system to a MAD system.
We show that resulting MAD system has cardinality at least N,.

Assume not, so the MAD system has cardinality 8;. Enumerate its elements
as {A, : @ <wp}. By Lemma , for each v < wy we can pick z, € Ay \Up<q 45
Then X = {2z, : @ < w;} is an uncountable set such that X N A, = {z,} for all
«. Hence X could be added to the MAD system, contradicting its maximality.

Therefore our MAD system has cardinality at least Ny, We can take a sub-
system having cardinality exactly N,. ]

Corollary. ¢ <Ny = ()

It is consistent with Z F'C' that there exists an AD system on w; of cardinality
281 but it is also consistent that ¢ > N, and there is no AD system on w; of
cardinality larger than Ny. We do not know whether —(%) is consistent with
ZFC. Clearly, (x) is consistent, because it follows from C'H.
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4.2.1 Todorcevi¢ orderings

The following construction is known as Todorcevi¢ ordering. It was introduced
in [§] and further studied in [I]. The poset T(R) mentioned in the first chapter
is a special case of this construction.

Definition 47. Let X be a Hausdorff topological space. The Todorcevi¢ ordering
T(X) consists of all sets F C X, which are a finite union of converging sequences
including their limit points. For Fy,Fy € T(X) put Fy < Fy iff F} O Fy and
FINF,=F,.

Clearly a subset of T(X) is linked iff it is centered. Thus C'Hy and C'H,, give
the same consequences when applied to Todorcevié¢ orderings.

The following two theorems show the relation between () and decompositions
of posets constructed this way.

Theorem 48. Let X be a Hausdorff space of size ¢. If (x) holds, then T(X) can
be decomposed into Ny centered subsets.

Proof. Let A C P(w;) be a o-ideal-independent system of cardinality c¢. Let
{A, : © € X} be an enumeration of all elements of A. For each m € [w;]<* let

Bn,={FeT(X):Vze F)(zx € F' < mnNA,=0)}.
We show that {B,, : m € [w;]<“} is a decomposition of T(X) into centered sets.

1. B,, is linked (and thus centered). Let F,G € B,. It follows from the
definition of B,, that ' N (G\ G') = (F\ F')NG = . Thus, FUG is
below both F' and G.

2. UB,, = T(X). Let F € T(X). F\ F'is countable, so for each x € F’ we
can pick o, € A, \ (Uyepp Ay). Put m = {a, : v € F'}, then F € B,,,.

[l
Theorem 49. C H, implies that either (x) or cov(B) = Xy holds.

Proof. Assume cov(B) > X;. We consider the poset T(R). This poset is ccc
by Theorem [6], so by C'Hy it can be decomposed into N; linked subsets. Let
{Ba : @ < wi} be such decomposition. For o« < wy let B, = Upep, F'. Let
7wy X Q% — w; be an arbitrary injection (remember that Q denotes the set of
all rational numbers). For x € R put

A, ={m(a,p,q):a<wi; p,qEQ; p<zx<gq; x€ B}

We show that {A, : © € R} is a o-ideal-independent system.

Assume by contradiction that there is a sequence {x,},<, of real numbers
and z € R such that x # x,, for each n and A, C U, e, Az,. Fix an increasing
sequence {p,}n<w and a decreasing sequence {¢,}n<. of rational numbers such
that lim, ,oo pp = lim, vo0 ¢y = 2. Let S = {a <w; : x € B,}. S is nonempty,
because we can find F' € T(R) such that 2 € F’ and this F must be included in
some B,. For each o € S and n € w we have 7(a, py, ¢n) € Az, so there is m such
that w(a, pn, qn) € A,,,. Let fo(n) be an arbitrary such m. Now {f, : a € S} is
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a system of functions from w to w of size at most X;. Since cov(B) > Ny, we can
use Lemma (19| to find f € “w such that for each o € S we have f(n) = f,(n) for
some n € w. We will also require the f to be such that for each n € w there is
a € S such that f(n) = f,(n) (this can be done, because S is nonempty).

Let n € w. Since f(n) = fuo(n) for some a, we have 7(, pn, ¢n) € Az, 5O
P < Tfm) < ¢n- Hence, lim, o 5y = v and F' = {@ () }new U{x} is an element
of T(R). Let a be such that F' € B, and let n be such that f(n) = f,(n). From
the definition of fu, m(@,pn,¢n) € Az, Therefore there is G € B, such that
Ty € G'. However, F' € B, and xyp,) € F \ F’, so F is incompatible with G
and B, is not linked, a contradiction. O
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Conclusion

In this thesis we introduced the reader to the weaker forms of the continuum
hypothesis. In the first two chapters we described the basic theory of ccc posets
and cardinal characteristics of the continuum, which was required to present
the results related to the weaker forms of C'"H. In the third chapter we gave
detailed exposition of proofs of consequences of C'H,, and C'H,, regarding cardinal
characteristics, which were described in [7]. In the fourth chapter we attempted
to obtain new results by considering two posets from [8]. While the first one was
shown to not lead to any new results, the second one leads to the principle (x)
which might be of independent interest.

The result of Section gives us a class of posets for which the statements
of CH, and C'H, are provably true. One could search for other classes of posets
for which ccc already implies existence of the decomposition. In Section we
introduced the statement (x) and showed CHy = (%) V cov(B) = W;. It
would be interesting to know whether —(x) is consistent with ZFC and whether
the result of Theorem [49| can not be strengthened to either CHy == () or
CHy; = cov(B) = X;. All results mentioned in this thesis are related to either
CH,, CH3 or CH,, — interesting consequences of C'H,, for n > 4 are still waiting
to be discovered.
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