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Abstract: This thesis studies ultrafilters and their various applications in topol-
ogy, social choice theory and construction of a nonstandard universe.

First of all, we introduce basic properties of ultrafilters and show how to use them
to construct nonstandard framework.

Next, we prove Arrow’s impossibility theorem which states that every electoral
system with a finite set of voters satisfying certain natural conditions necessarily
admits at least one dictator who determines the society’s preferences. However,
if the set of voters is infinite, this is not true anymore and ultrafilters play a
key role in the proof. We present two counterexamples in the infinite case using
nonstandard framework.

A similar theorem holds in the case where the preferences are real functions.
Again, we show two examples of electoral systems that are not dictatorial — one
using Banach limits and the other using hyperfinite sums.

Finally, we use the ultrafilters to construct the Cech-Stone compactification of
natural numbers. We show that the nonstandard enlargement of natural numbers
equipped with suitable topology is the Cech-Stone compactification of the set of
natural numbers.
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Introduction

This thesis studies ultrafilters and their various applications. The first applica-
tion that we show and that reappears throughout this work is the construction
of nonstandard framework. Nonstandard framework is a mathematical approach
that embeds a so-called universe that contains common mathematical objects
(such as sets, relations, functions, ...) into another (enlarged) universe. This
enlarged universe contains special elements which can be used to describe clas-
sical definitions and results more intuitively. Some are of the opinion that this
approach was already used many centuries ago for example by Newton or Leibniz.
However, their efforts struggled with the lack of precise definitions and rigour.
Abraham Robinson is considered to be a founder of modern nonstandard analysis.
He summarized his contribution in the book Non-standard Analysis (Robinson
[1966]).

Another application of ultrafilters may be found in the social choice theory.
The most famous theorem of this field is known as Arrow’s impossibility theorem
and states that every electoral system with a finite set of voters satisfying certain
natural conditions necessarily admits at least one dictator who determines the
society’s preferences. However, if the set of voters is infinite, this is not true
anymore and ultrafilters play a key role in the proof.

In the first part of this thesis, the basics of ultrafilters and nonstandard frame-
work are presented. The definitions and theorems about ultrafilters are studied
in the topology and may be found in many handbooks on topology, for example
in General Topology (Willard [2004]). The introduction of nonstandard analy-
sis relies mostly on the book Lectures on the Hyperreals (Goldblatt| [2012]) with
several proofs that were not given in detail in the book.

The second and third part focus on the social choice theory. In the second
chapter, we consider the case where individual preferences are binary relations.
The proof of Arrow’s impossibility theorem from Hansson| [1976] is given followed
by two nonstandard counterexamples in the case where the set of voters is infinite.

Similarly, in the third chapter two methods of construction of a non-dictatorial
system are given in the case where the preferences are real functions determining
not only which preference is better than the other, but also quantifying how
much it is preferred. In this case, one method is standard and uses Banach
limits, whereas the other one is nonstandard making use of hyperfinite sums.

The final chapter studies the Cech-Stone compactification of the set of natural
numbers. First, necessary definitions and statements are given. Next, we use
the ultrafilters to construct the Cech-Stone compactification of natural numbers.
Finally, we show that the nonstandard enlargement of natural numbers equipped
with suitable topology is the Cech-Stone compactification. This theorem comes
from [Di Nasso| [2015] and we fill in some additional details that were missing in
the original paper.



1. Preliminaries

1.1 Ultrafilters

Ultrafilters are special collections of sets. They may be seen as “large sets” since
they contain all supersets of their elements. As we will see later, they are used
in definitions where certain condition should hold for “almost all” elements, or,
in other words, for elements of some “large set”. First, we introduce the basic
properties of ultrafilters.

Definition 1.1.1. Let X be a nonempty set. A filter on X is a collection
F CP(X) such that:

(i) F#0,

(ii) O & F,

(i) K,Le F=KNLEeF,

(iv) ((Ke F)NKCL))=LeF.
It is an wultrafilter if moreover

(V) VK CX:(KeF)V(X\KeF).

Remark. Tt follows from conditions and that for every subset K of X
exactly one of the sets K and X \ K is in the ultrafilter F.

Lemma 1.1.2. A filter F is an ultrafilter if and only if it is mazimal, i.e. there
is no filter G such that F ; g.

Proof. First, suppose that the condition of Definition holds and for
contradiction suppose that there exists a filter G such that F ; G. Take S € G\ F.
Then S ¢ F, so necessarily X \ S € F. Hence, X \ S € G. From condition
we get ) = SN (X \S) € G which contradicts condition [(ii)}

Conversely, suppose that F is maximal and for K C X, K ¢ F and X\K ¢ F.
It holds that KNF # () for all F' € F, because otherwise F' C (X \ K) and X \ K
would be in F. Hence, we can define

U ={ACX:3A,.. A€ (FU{K}), An---A, C A}.

Then U is an ultrafilter and F is its proper subcollection. That contradicts the
maximality of F. O

Lemma 1.1.3. Let U be an ultrafilter and A, B sets such that AUB € U. Then
Ael, orBel.

Proof. Suppose that A ¢ U. From Definition |[1.1.1{v)| and |(iii)| we get AY € U
and A° N (AU B) € U. We can write the set B as

B=(ANB)U(AN(AUB)),

so from Definition [L.1.1{(iv)| it follows that B € U since it is a superset of
AN (AUB). O



Definition 1.1.4. We say that an ultrafilter F is principal or fixed if
N uU+o.

UeF

A filter that is not fized is called non-principal or free.

Remark. From Lemma we get that if an ultrafilter contains a finite set, then
it also contains a one-element set and therefore is principal. Such an ultrafilter is
of the form {U C X : a € U} for some a € X. This holds because it contains the
singleton {a}, so by Definition the ultrafilter comprises all its supersets.
On the other hand, if a set does not contain a, then its complement does, hence
it cannot lie in the ultrafilter.

Moreover, all principal ultrafilters are of the form {U C X : a € U} for some
a € X. If a principal ultrafilter F contains a finite set, then the claim follows from
the previous paragraph. Suppose that F is a principal ultrafiter and I = Nyer U
is an infinite set. Let a € I. Then either the set I\ {a} or (X \ I)U {a} is in F.
However, both options contradict the definition of I.

Theorem 1.1.5. If X is a nonempty finite set, then every ultrafilter on X is of
the form {U C X :a € U}, and so is fized.

Proof. This follows from the previous remark — the set X belongs to F and is
finite, therefore the ultrafilter is fixed. n

Definition 1.1.6. Let F be a family of nonempty sets. We say that F has the
finite intersection property (FIP) if whenever I is a finite index set and
Viel: A, € F we have

M A #0.

iel
The Zorn’s lemma, as stated below, is equivalent to the axiom of choice and

is needed in the theory of ultrafilters. The definitions of terms used in the lemma
can be found in appendix [A.]]

Theorem 1.1.7 (Zorn’s lemma). If a partially ordered set (P, <) has the property
that every chain in P has an upper bound in P, then the set P contains a <-
maximal element.

Theorem 1.1.8. Let X be a set and let A C P(X) have the finite intersection
property. Then there is an ultrafilter U on X such that A CU.

Proof. Since A has the finite intersection property, the collection
A:{BQX:EIAI,...,AkEA, AlﬂﬂAkgB}

is a filter generated by A. Consider all filters on X that contain A and order
them by set inclusion. To use Zorn’s lemma, we need to show that every chain
has an upper bound, i.e. that for every linearly ordered set of filters {F, : x € I'}
the union

U7

zel

is a filter. The first two properties of Definition [I.1.1] are trivial. For the third
one, take K,L € U,y Fr. Then there exist x,y € I such that K € F, and
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L € F,. From the linear order, either 7, C F, or F, C F,. Without loss of
generality, suppose that it is the first case. Then K, L € F, and also KN L € F,
because F, is a filter.

Similarly, if K € U,erFr and K C L, then there exist x € I such that
K e F,, therefore L € F, C Uyer Fu-

Hence, by Theorem [I.1.7] there exists a maximal filter containing A and by
Lemma it is an ultrafilter. O

Theorem 1.1.9. If X is infinite, then there exists a free ultrafilter on X.
Proof. Take a collection of all cofinite subsets of X, i.e.
A={AC X : X\ Ais finite}.

Then A has the finite intersection property, so by Theorem [I.1.§] there is an
ultrafilter &/ on X such that A C U. If U was fixed, then it would be of the
form {U C X : a € U} for some a € X. But the set X \ {a} is cofinite, so it is
contained in U. Hence, the set {a} is not in U for any a € X. Therefore, U is
free. O

1.2 Nonstandard Framework

In this section, we will establish the framework for a nonstandard approach.
First, we present the axiomatic approach. Then we introduce the ultrapower
construction which may be more intuitive. Both constructions were taken from

Goldblatt| [2012], Chapters 13 and 14.

1.2.1 General Construction
Definition 1.2.1. A set X is called transitive if a € A € X implies a € X.
Definition 1.2.2. A universe is a set U satisfying:

(i) U is strongly transitive, i.e. for any set A € U there exists a transitive
set B € U such that AC B C U;

(i) if a,b € U, then {a,b} € U;
(iii) if A, B € U, then AUB € U;
(iv) if A is a set in U, then P(A) € U.

If a set X belongs to U, we then say that U is a universe over X.

Example. Let X be a set containing real numbers. For any n € N we define:

Up(X) = X
Un1(X) = Un(X) UP (Un(X)) .

The superstructure over X is defined as
UX) = [J Un(X).
n=0

5



An equivalent definition of U, ;1(X) is
U,41(X) = XU P(U,(X)).
The members of X are called individuals since they have no elements:
Ve eX):(z#ADANVyeUX)):y&ax).

All other members of U(X) are sets. We define a rank of an entity a € U(X) as
the least n such that a € U, (X)

We claim that the superstructure U(X) is a universe over X. From the induc-
tive definition, we have U, (X) € U,;+1(X) C U(X). In particular, X € U(X).

To prove the strong transitivity, we observe that for every n € N, U,,;(X)
is transitive: if a € A € U,1(X) = XU P(U,(X)), then either A € X or
A € P(U,(X)). In the latter case, we get a € U,(X) C U,,41(X). The case A € X
is not possible since members of X are individuals but a € A.

Now, if A € U(X), then A € U,(X) for some n € N, so we can define
B =U,+1(X) to be a transitive set such that A C B C U(X).

The other conditions hold due to the following properties:

(i) If a,b € U, (X), then {a, b} is a subset of U, (X), so it belongs to U, (X).
(ii) If A, B € U,(X), then AU B € U,,1(X).

(iii) If A € U,(X), then subsets of A belong to U,,+1(X) and the power set P(A)
itself is a member of U, o(X).

A

All members of U are individuals or sets. However, the sets are enough to
describe many other mathematical structures. For example, an ordered pair (a, b)
can be expressed as the set {{a}, {a,b}}. The m-tuples can be defined inductively
as (ay,...,an41) = ({a1,...,am), amy1). An m-ary relation is a set of m-tuples
and a function can be expressed as a set of ordered pairs (a, f(a)).

Further, we need to define the language associated with the universe U, de-
noted Ly.

The primary component of Ly are terms. All variables and members of U
(called constants) are terms. Moreover, given terms 7i,..., 7y, 7,0, the tuple
(T1,, ..., Tm) and function-value 7(o) are also Ly-terms.

Atomic formulae are of the form 7 = o or 7 € ¢ for Ly-terms 7, 0.

Each atomic formula is an Ly-formula. If 1) and ¢ are Ly-formulae, then so
are o A, NV, ¢, ¢ — P and ¢ <> 1. In addition, if 7 is an Ly-term and z is a
variable not occurring in 7, then (Va € 7)¢ and (3 € 7)¢ are also Ly-formulae.
A sentence is a formula whose variables are bound by existential or universal
quantifiers.

If U5 U is a mapping between two universes, then we can replace all oc-
currences of constants a € U in Ly-formula ¢ by *a and get an Lyy-formula

*¢'

Definition 1.2.3. A nonstandard framework for a set X is a universe U
over X together with o transfer map U = U’ such that:

(i) *a = a for all a € X,



(ii) *0 =0,
(iii) a sentence ¢ is true if and only if *¢ is true.
The last property is called the transfer principle.
Definition 1.2.4. An element a € U is called:
(i) standard, if it is of the form *b for some b € U;
(i) mnonstandard, if it is not standard;
(711) internal, if a € *A for some A € U;
(iv) external, if it is not internal.

As we will see later, internal sets are very important because if we have a
true sentence describing the certain property for all subsets of a set A, then it
transfers to a true sentence describing the property of all internal subsets of *A.
Similarly, a sentence that holds for all functions in the standard universe transfers
to a sentence that holds for all internal functions in the nonstandard universe.

Definition 1.2.5. We say that a universe U is an enlargement of o universe U
relative to = if whenever A € U is a collection of sets with the finite intersection

property, then
N *B #0.

BeA

The enlargements will play an important role in Section and Chapter [4]
Not every nonstandard framework is an enlargement. However, the following the-
orem holds and will be proved once the ultrapower construction of a nonstandard
framework is introduced.

Theorem 1.2.6 (Enlargement theorem, Goldblatt| [2012]). For an infinite set X
there exists an enlargement of U(X) that is of the form U(*X).

1.2.2 Ultrapower Construction

Let I be an infinite set. In most of this work, I = N would be sufficient. However,
in Section and Chapter [4 the enlargement is needed, hence more complicated
set is used — this is shown in the proof of Theorem [1.2.6]

Let U(X)! be a set of all functions from I to U(X). For constants a € U(X)
we denote a; the constant function with value a. For two functions f, g € U(X)!
we denote

[f=gll={eel:f()=g(i)}
Let F be a non-principal ultrafilter on I. This ultrafilter serves as an indica-
tion of “large sets”. Two functions from U(X)! can be identified if they agree on
a “large set”, i.e.

[[f =gl eF.

In other words, two functions are identified if f(z) = g(i) for “almost all” i € I.
For this, we need the ultrafilter F to be non-principal, because otherwise a one-
element set would belong to F and we would identify functions that agree only
on one element, which does not correspond to the intuition about “large sets”.

7



In fact, [[f = ¢]] is an equivalence relation. The only non-trivial condition is
transitivity and it holds due to Definition [1.1.1{(iii)|
In the same way, we define:
[fegl={icl:f)egl}
[fedl=lf call={icl: f@i)€a},
Zn ={f € UX)": [[f € Un(X)]] € F},
Z:U{Zn:TLEN}.

For f € Z, we denote

fl={9€ Z:[[f=9ll € F}
and
Y = {[f]: f € Zo}.

We define inductively U, (Y): For f € Zy, [f] € Up(Y) = Y was already defined.
Suppose that for all f € Z,, [f] is defined and [f] € U, (Y). Then for g € Z,,11\ Z,
we define

9] ={[f1: f € Znand [[f € g]] € F} € Unpa(Y).

Then the superstructure over Y takes the form

U(Y) = [ Un(Y).

neN

We have two natural maps:
a — ay from U(X) to Z.

and
f = [f] from Z to U(Y).

Their composition is a map * : a — [a;] from U(X) to U(Y).
If a € X, then *a € Y. If a has a rank n + 1, then

‘a={[f]: fe€Z,and [[f € a]] € F}.
Accordingly,
Un(X) = {lf]: [[f € Un(X)]] € F} = {[/] : f has rank <n}.

In particular,

X=Alf]:lf eX]e F} =Y.

Hence,
U(Y) = U("X),

so the map = goes from U(X) to U(*X). In order to show that U(X) together
with the map U(X) - U(*X) is a nonstandard framework, it remains to verify
the transfer principle and to check that *() = (). The latter holds since

D=Alf]:lf €] eF}=0

The transfer principle holds due to Lo§’s Theorem:

8



Theorem 1.2.7 (Lo$, Goldblatt| [2012]). For any Lyx)-formula p(x1, ..., xp)
and any fi,..., f, € Z the sentence

*@([fl]a Tt [fp])

is true if and only if

{i eI:p(fi(i),..., [fo(2)) is true} € F.

Altogether, U(X) = U(*X) is a transfer map.
We can now construct a special ultrafilter such that if we follow the ultrapower
construction with this ultrafilter, we get an enlargement.

Proof of Theorem[1.2.6. Let I = Pr(U(X)) be a set of all finite subsets of U(X).
For A € I we define
[,={Bel:ACB)

Then the collection {4 : A € I} has the finite intersection property because for
any Aq,..., A, € I we can define B=A; U---UA,. For this B we have

By Theorem there exists an ultrafilter U containing the collection {14 : A € I}.

This ultrafilter is non-principal: for contradiction suppose that there exists

Ve U

el

From the definition of ¢/, this means that for every A € I, a finite subset of U(X),
the set V isin [4,i.e. A C V and V € I. On the one hand, we have that V' is a
finite subset of U(X), on the other hand

JAcv

Ael

and U A is infinite. That is the contradiction. Hence, U is a non-principal
Ael
ultrafilter.

We want to prove that the superstructure U(*X) associated with U is an
enlargement. Let A € U(X) be a collection of sets with the finite intersection
property. For any ¢ € I, the intersection

iNA:={iNa:ac A}
may be empty or finite. If it is finite, then by the FIP the intersection

acA
is not empty, hence it contains an element x. We define a function f:

ﬂ”:V i A =0

x otherwise



Then f has bounded rank since

f(i) € |J aand A € U(X),

acA

so [f] € U(*X). We claim that

[f] € ﬂ *a.

acA
Take a € A. By the ultrafilter construction,
(fle*a<= {iel: f(i)ca} el

The set {a} is finite, so {a} € I. Thus, from the construction of the ultrafilter

U, we have
I{a}:{beI:agb}eu.

If a C b, then @ = bNa and b N a is one of the sets whose intersection is A,
therefore f(b) € (bNa) = a. Hence,

{iel:fi)ea}2{bel:aCblelU
and from Definition ,
{iel:f(i)eal el
as well. Thus, the proof is completed. O

Example. Take I = N and U a non-principal ultrafilter over N. The result of
the ultrapower construction is a universe U(*X) whose elements are sequences.
For easier understanding, consider the set of real numbers. First, we build the
set of sequences of real numbers

RY = {(rp)nen : Vn € N: 1, € R}
We identify two sequences of real numbers, r = (1,,),, and s = (sy,)n, if
[s=r]]={neN:r,=s,} €U.
This defines the equivalence classes
[r] = {s € RN : [[r = s]] € U}.

We use the notation [(7,)s], [rn] or [r] to denote the equivalence class of the
sequence 1 = (7, )nen. Then we can write

R={[r] :r € RN}

The elements of R are embedded into *R using constant sequences, i.e. if r € R,
then *r = [(r),]. An example of a nonstandard hyperreal number is an element
of *R defined by the sequence w = (1,2,3,4,...). For every r € R the set
[[(r)n = w]] has at most one element, so it cannot belong to U.

10



The order on *R is defined in the following way:

o] < [sn] e [[r<s]]={neN:r,<s,} el

[rn] > [sn] & [[r>s]]={neN:r,>s,} €U

and similarly for other inequalities. We have, [(r),] < [w] because the set
[[(r)n < w]] is finite for every r € R, hence also not in U.

We define addition and multiplication in a natural way:

] + [8n] = [(n + 80 )n]

(7] - [Sn] = [("n - S )n)-

The subsets of *R are sequences of subsets of R. If [(A4,),] € *R and [r,] € *R,
then
r] €A < [[redll={neN:r, €A} elU.

So, if A C R, then
*A=A{[r] e 'R:[[r € A]] e U].

A function f: R — R extends to *f : "R — *R as
flra]) = [(Fra))al = [(f(r1), f(r2), f(rs), .. )]

Then
“f(ra) = [sn) © {n eN: f(r,) = s,} € U.

In general, if we have a sequence of functions f, : A, — R, then we can define
the function [f,] : [A,] = *R by the formula

[fal([ra]) = [fu(ra)],

[Fal([ra]) = [s0] © {n € N: fo(r,) = s,} € U.

All elements obtained by the construction mentioned above are internal. An ex-
ample of an external subset of *R is the set N.

1.2.3 Properties of the Transfer Principle
Lemma 1.2.8. Let K and L be subsets of X. Then the following properties hold:

(i) *(KNL)=*KN*L,
(i) *(KUL)="KU*L,
(iii) * (K \ L) ="K \ "L,
(iv) K C L& *K C*L,
(v) *K = {*k : k € K} if K is finite,
(vi) *P(K) C P("K).

Proof. We will use the transfer principle applied on appropriately chosen formu-
lae.

11



(i) The formula
VeeX):[re KNL& (xe KNz € L)
transfers to

Ve X):[ze"(KNL)< (xe* KNz e™L).

(ii) The transferred version of the formula
VeeX):[re KUL< (xe KVuzel)

} VeeX):[zre"(KUL) < (xe*KVvxe™l).

(iii) The formula describing the set difference is
VeeX):[zre K\Le (zxe KNz gL).
Its *-transform is

VeeX):[ze”(K\L)& (re* KNz ¢ L).

(iv) The set inclusion is described by the formula
VzeX):[zxe K=xel
By transfer, the formula
Ve e™X):[xr €K =z €L

holds.

(v) If K ={ki,ko,..., k,} is finite, then we can write the formula
VeeX):zeKs (r=kVe=kV---Vr=k,)|.
It transfers to

VeeX):zre'Ke (=" Ve="kV ---Vo="k,).

(vi) For every set K C X, the following formula defines its power set:
(Vxe P(K))(Vyex):ye K.
By transfer, the set *P(K) is defined by
(Vx e "P(K))(Vy € z) 1y € *K,

so *P(K) C P(*K). From the previous part, if K is finite then P(*K) =
*P(K) because *K can be identified with K.

12



Lemma 1.2.9.
"P(K)={AC*K : A is internal}.

Proof. If A € *P(K) € U, then it is obviously internal. Conversely, take A an
internal subset of */K. Because it is internal, there exists B € U such that A € *B.
The following sentence describes subsets of K:

VyeB):[(Vxey: € K)=yecP(K).
If transfers to
Vye™B): (Ve ey: v €"K)=ye"PK).
Since A € *B and A C *K, we get that A € *P(K). O

If the set K is infinite, then P(*K') contains external entities, hence

"P(K) C P("K).

1.2.4 Arithmetic of Hyperreals
Definition 1.2.10. A hyperreal number a is called:

(i) infinitesimal if for alle € RT we have |a| < €. The set of all infinitesimal
numbers is denoted by I;

(ii) limited if there ezist r,s € R such that r < a <'s;
(7ii) unlimited if it is not limited, i. e. either
Vr € R:a > r (positive unlimited)

or
Vr € R:a < r (negative unlimited).

FExample. If we consider the ultrapower construction with the non-principal ultra-
filter U over N, then the hyperreal numbers are equivalence classes of sequences
of real numbers. The sequence
111
(1a777"')
2°34

is one example of an infinitesimal number. Indeed, for every ¢ € R* there exists
1

n € N such that — < e. But the set {i € N : i < n} is finite, hence cannot be
n

in Y. So its complement, the set {i € N:4i > n} is in U and for all its elements

1
we have — < e. This exactly means that the sequence defines an infinitesimal
i

number.
Similarly, the sequence
(1,2,3,4,...)

is a positive unlimited hyperreal number.

13



Definition 1.2.11. We say that a hyperreal number a is infinitely close to a
hyperreal number b (and denote a ~b) if a — b € 1.

Remark. ~ is an equivalence relation on *R.

Lemma 1.2.12. FEvery limited hyperreal number r is infinitely close to exactly
one real number, called standard part of r and denoted st(r).

Proof. Define a set R = {z € R : x < r}. Since r is limited, there exist real
numbers s,t € R such that s < r < t,so s € R and t is an upper bound of R.
Therefore, there exists the supremum of R, ro = supR.

To prove that ro = st(r), let e € RT. Then r < rq+¢ and r > ry — £ because
otherwise 7y — ¢ would be an upper bound of R lower than ry. Altogether,
|r — ro| < e. Since € was arbitrary, we can conclude that ro = st(r).

If there are two real numbers s,t € R, both infinitely close to r, then, by
transitivity of ~, also s ~ ¢. This by definition means that

Vee RT :|s—t| <e.
Hence, s =t and the standard part is unique. O
Lemma 1.2.13. Let x,y be limited hyperreal numbers. Then the following hold:
(i) st(z +y) = st(x) + st(y),
(i) st(x-y) = st(x) - st(y),
(ii7) © <y = st(x) < st(y).
Proof.
(i) Let ¢ € RT. Then

|z —st(z)| < % and |y —st(y)| < %
We have

(2 +y) = (st(z) +st(y))] < [z —st()] + |y —st(y)] <e,

so the sum of standard parts of x and y is infinitely close to the standard
part of x + y. Since st(z) + st(y) is real and the standard part is unique,
we can conclude that st(z + y) = st(x) + st(y).

(ii) Let ¢ € R*. The hyperreal numbers x and y are limited, so there exist
K,L € R such that |x| < K and |st(y)| < L. From the definition of the
standard part, we know that

and |y —st(y)| < —

— st <
2 st() -

2. K
We compute:
[(z - y) = (st(z) - st(y))] < |z -y —z-st(y)| + |z - st(y) — st(z) - st(y)|

= |z - |y —st(y)] + Ist(y)] - [ — st(z)|
<K-ly—st(y)|+L-|z—st(z) <e

Hence, st(z - y) = st(x) - st(y).

14



(iii) If st(x) > st(y), then there exists ¢ € R* such that st(z) — st(y) > . As

before, we know form the definition that
|z — st(z)| < g and |y —st(y)| < %

We estimate

r—y = (v —st(x)) + (st(z) —st(y)) + (st(y) —y) > —

3

—+e—-=0.

DO ™

2
On the other hand, we know that z —y < 0 since z < y, so we have

0 <2 —1y <0 and that is a contradiction.

15
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2. Ordinal Preference Relations

In this chapter, we deal with a part of the social choice theory. We suppose that
every member of a society (a voter) has an individual preference on the set of
alternatives. In this chapter, the preferences are special binary relations. So, for
example, the first voter prefers an alternative A over B but also prefers C over A.
The goal is to establish one preference relation (election result) that represents all
the individual relations and satisfies certain properties that a reasonable electoral
system should satisfy.

2.1 Definitions

Let A be the set of alternatives, |A| > 3. Let V be the set of voters. Without
loss of generality suppose throughout this thesis that V' C N.

Definition 2.1.1. We say that a binary relation P C A X A is a weak order
on A if it is:

(i) asymmetric, i.e. Va,b € A: (a,b) € P = (b,a) & P,
(ii) megatively transitive, i.e.

Va,b,c € A:[(a,b) € PA(b,c) € Pl = (a,c) & P.

Remark. We will denote the fact that a is related to b by P by (a,b) € P or aPb.
Lemma 2.1.2. If P is a weak order on A, then it holds:
(i) Ya,b,c € A: aPb= (aPcV cPb),
(ii) P is transitive, i.e. Ya,b,c € A: (aPbAbPc) = aPc,
(iii) Ya,b,c € A : [(=bPa AN bPc)V (aPb A —cPb)| = aPc.
Proof.
(i) This is just the inversion of negative transitivity.

(ii) Suppose that aPb and bPc. Applying|(i)|on aPb and ¢ we get aPc or cPb.
But from asymmetry of P and bPc we have —cPb, so aPc must hold.

(iii) Suppose that =bPa A bPc (the other part can be proven in the same way).
From |(i){applied on bPc and a we have bPa or aPc. Since we already know
—bPa, aPc is valid.

[]

Let &2 denote the set of all weak orders on A and be called the set of pref-
erences. Then & C P(Ax A) and F = {f : V — 22} denotes the set of all
situations.

A set of social welfare functions is the set ¥ = {o : FF — Z}.
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Definition 2.1.3. Let f,g € F be situations, a,b € A alternatives, v € V and
let U CV be a set. We say that:

(i) (a,b) € f(U) if Vo e U: (a,b) € f(v),
(i) f(v) = g(v) on{a,b} if (a,b) € f(v) & (a,b) € g(v),
(iii) f =g on{a,b} if VoeV: f(v)=g(v) on{a,b}.

Definition 2.1.4. Let o be a social welfare function. A subset U C 'V is o-
decisive if
Va, b€ AVf € F: (a,b) € f(U)= (a,b) € oa(f).

Definition 2.1.5 (Arrow’s conditions).
(i) Unanimity: Ya,b € AVf € F:(a,b) € f(V)= (a,b) € a(f),
(ii) Independence of irrelevant alternatives:

Va,be AVf,ge F: f=gon{a,b} = o(f)=o0c(g) on{a,b}.

(iii) Non-dictatorship:

PveVVfeFVabe A:(a,b) € f(v) = (a,b) € a(f).

Remark. If the non-dictatorship condition is not satisfied, then any such v € V'
is called a dictator. In the view of decisive sets, a dictator is a singleton that is
decisive.

The unanimity condition states that if everyone prefers one alternative to an-
other, also society’s aggregation should prefer it. The independence of irrelevant
alternatives condition says that the relation between two alternatives should de-
pend only on individual relations between these two alternatives and nothing else.
So, for example, if we remove or add one alternative, this should not change so-
ciety’s preference between the other alternatives. The non-dictatorship condition
states that no individual dictates his preferences, no matter what the rest of the
voters prefer.

2.2 Arrow’s Impossibility Theorem

Theorem 2.2.1 (Arrow’s theorem). If the set of voters is finite and |A| > 3,
then there is no social welfare function satisfying Arrow’s conditions (Unanimity,
Independence of irrelevant alternatives and Non-dictatorship).

This theorem first appeared in |Arrow| [1950]. It is a consequence of the next
statement and the properties of ultrafilters stated in Section [L.1}

Theorem 2.2.2. Let o be a social welfare function that satisfies Unanimity and
Independence of irrelevant alternatives. Then the o-decisive subsets of V' form
an ultrafilter.

Proof. In this proof we will proceed as in Hansson| [1976]. Let F denote the set
of all o-decisive sets. We need to check the conditions from Definition [L.1.1k
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(i)
(i)

(iii)

(iv)

Due to the Unanimity condition, V' € F so F # ().

If the empty set was decisive then for any alternatives a,b € A and for any
situation f € F' it would hold simultaneously (a, b) € o(f) and (b,a) € o(f).
That’s in contradiction to the asymmetry of o(f).

Take K, L € F and fix a,b € A and f € F such that
Yoe KNL:(a,b)e f(v).

To prove that (a,b) € o(f), we define other situation g € F such that
the relation between a and b is the same as in f. Moreover, take another
alternative z € A and define its relations with a and b in ¢ in the following
way:

¢ (a,0) € g(v), (be) € g(v) i v e K\ L,
e (a,c) € g(v),(c,b) €gv)ifve KNL,
e (c,a) € g(v),(c,b) € g(v) ifvel\K.

Now we have (a,c) € o(g) because Vv € K : (a,c) € g(v) and K € F
as well as (¢,b) € o(g) due to the fact that Yo € L : (¢,b) € g(v) and
L € F. By transitivity, (a,b) € o(g). Finally, because of the Independence
of irrelevant alternatives condition, (a,b) € o(f).

This condition is trivial by the following sequence of implications:
(a,b) € f(L) £=5 (a,b) € f(K) =5 (a,b) € o ().

We denote the fact that X is decisive for x over y by D(X, z,y), i.e

D(X,z,y) =VfeF:[(z,y) € f(X) = (z,y) €o(f)]-

The set X being decisive means that D(X, z,y) holds for every z,y € A.
Note that
D(X,z,y) = ~D(X,y,z). (2.1)

First, we need the following lemma.

Lemma 2.2.3.

ﬁD(XC,x,y) = [(Vz#£y: DX, z,2)) N(Vz#2: D(X,y,2))]

Proof. We prove ~D(X%, z,y) = (Vz # y : D(X, z,7)), the other part is
similar. If D(XY, x,y) is false then it means that there exists f € F such
that

(Vo e X (2,9) € f(0)) A (2,9) & o (f).
Fix an alternative z € A, z # y and a situation g € F. We need to prove
the following implication:

Vv e X:(z,2) €g(v) = (2,2) € a(g).

We construct the situation h € F' such that:
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(a) the relation between = and y is the same as in f,

(b) the relation between x and z is the same as in g,
(¢) (z,9) € h(V)

It is possible because the only conflict would appear if (y,z) € h(v) and
(z,2) € h(v) for some v € V. If v € X then (z,y) € f(v), so the first part
cannot be satisfyied due to asymmetry and the definition of h. Similarly, if
v € X then (z,x) € g(v) and the second part is not possible.

We know that for v € X : (z,y) € o(f). Due to Independence of irrelevant
alternatives, we have (x,y) & o(h).

Because of Unanimity, (z,y) € o(h), hence, using the property of
Lemma [2.1.2] (z,) € o(h). We can conclude that (z,z) € o(g), again due
to the Independence of irrelevant alternatives condition and that finishes
the proof. n

Let the set K C V be given. Either the complement K¢ is in F and we
are done, or it isn’t and then there exist alternatives x,y € A such that
-D(KY, z,y). By the first part of Lemma [2.2.3] we get that

(Vz #y: D(K, z,2)).
It follows from ([2.1]) that
(Vz #y: -D(K, x,2)),

so altogether
(Vz: =D(K®, z,2)).

We may see that this is similar to our assumption apart from z being ar-
bitrary. If we follow the same procedure but apply the second part of
Lemma [2.2.3| we get

(Vw, z : ~D(K, w, 2)).

By using Lemma [2.2.3| once again we get
(Vw, z : D(K, z,w))

since there are at least three alternatives. We can conclude that D(K, z, w)
holds for every w, z € A, therefore K is decisive.

Hence, F is an ultrafilter. O]

Proof of Theorem |2.2.1. By Theorem we know that the set of all decisive
subsets of V' forms an ultrafilter. Since V' is finite, Theorem implies that it
is of the form {U C V : a € U} for some a € V. Hence, a is the dictator. O

19



2.3 Non-dictatorship Via Ultrafilters

Theorem 2.3.1. If the set of voters is countably infinite and |A| > 3, then
there exists a social welfare function satisfying Unanimity and Independence of
irrelevant alternatives such that no finite set of voters is decisive.

Proof. Let U be a non-principal ultrafilter on the set V. Let X be a set containing
R, the set of voters V' and the set of alternatives A, let U(X) be a universe and
U(X) = U(X)" be the embedding into the nonstandard universe obtained by the
ultrapower construction described in Section [1.2.2] Similarly as in Example on
page [0, we can describe the involved structures as “sequences” of elements of
U(X) or, more properly, elements of U(X)". In this section, [[a = b]] denotes the
set {v € V : a, = b,} and similarly for other relation symbols surrounded by [[]].
We will work with the following entities:

o The set of voters: *V = {[v,] € *N: [[v € V]| e U};
o The set of alternatives: *A = {[a,| € *R : [[a € A]] e U};

e A weak order P C A x A transfers to *P C *A x *A :

([ay],[by]) € *P < {v €V : (ay,b,) € P} € U;

o The set of weak orders (preferences): *&2 € *P(A x A) is a set of inter-
nal subsets of *A x *A that satisfy transferred asymmetry and negative
transitivity, i.e.

Va,b € *A: (a,b) € *P = (b,a) ¢ *P

and
Va,b,c € *A:[(a,b) € *P N (b,c) € *P] = (a,c) € *P;

o The situation is a function from the set of voters V' to the set of preferences
P, so the set of all situations (denoted *F') is a set of all internal functions
from *V to *&. For [f,] € *F we have

V([an], [ba]) € *A x *AV[v,] € *V :
((lan], [bn]) € [fal([vn]) & {n € V i (an,by) € fulva)} €U);

o The set of all social welfare functions ¥ = {0 : ' — £} transfers to
*L={0:*F - *2 : 0 is internal}.

We need to transfer also the assumptions:
The Unanimity condition

Va,b e AVf € F:(a,b) € f(V)= (a,b) € a(f)
transfers to *-Unanimity:

Va,be "AVf e *F Vv € *V : (a,b) € f(v)] = (a,b) € *a(f). (2.2)
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The Independence of irrelevant alternatives
Va,b € AVf,ge F: f=gon{a,b} = 0o(f)=0c(g)on{a,b}

transfers to *-Independence of irrelevant alternatives:

Va,b € "AVf,ge*F : f=gon {a,b} = *o(f) ="0(g) on {a,b}. (2.3)
The o-decisivness of U C V

Va,be AVfe F:(NVueU: (a,b) € f(u)) = (a,b) € a(f)
transfers to the definition of a *o-decisive subset *U C *V:
Va,be *AVf e F: (Vue™U: (a,b) € f(u)) = (a,b) € "o(f). (2.4)

Next, we can define a special social welfare function @ for which we check the
assumptions and show that no finite U C V' can be g-decisive. The non-existence
of a dictator will directly follow.

Given [f,] € *F, we define 7 : *F —— *2:

a([fa]) = [(fa(n))nev]:

Then it holds that

Vian], [bn] € *A: ([an], [bn]) € O([fn]) & {n € V2 (an, bn) € fo(n)} € U.
We check the assumptions:

« Asymmetry: If ([a,], [bn]) € @([f2]), then
{neV:(anb,) € fuln)} €U.
But every f,(n) is asymmetric, so
{neV:(anbn) € fuln)} S{n eV :(bn,an) & fu(n)},

hence

{neV:(b,,a,) & fu(n)} €U.

The complement of an element of the ultrafilter cannot belong to this ul-
trafilter, so

neV:(b,a,) € fa(n)y ={neV:(by,a,) & fn(n)}° € U.

Hence, ([b,], [a.]) € 7([f2])-
o Negative transitivity: If

{neV:(anby) & fuln)t €U

and
{(neV:(byco) & fu(n)} €U,
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then

{n eV :(an,b,) & fu(m)}N{n eV :(by,cn) & fu(n)} €U.

For elements of this intersection we have (a,,c,) € f.(n), so

{neV:(an,cy) & fuln)} 2

2{n eV i(anby) & fan)yN{n €V : (b, cn) € fu(n)},

hence ([an],[cn]) & T([fn]). Together with the previous part, this implies
that o is a weak order.

o *-Unanimity: Suppose that

V[an], [bn] € "AV[fn] € "F V[on] € "V ([an], [ba]) € [ful([on]).
By the definition, it is equivalent to
Vv, € Vi {n eV : (an,by,) € fulv,)} €U.
In particular, [v,] = (1,2,3,...) € *V, hence
{neV:(a,b,) € fu(n)} €U,

which is by the definition exactly ([a,], [bn]) € @([fa]), so (2.2) holds.

o *-Independence of irrelevant alternatives: Suppose that

V{an], [b,] € "AV[f,],[gs] € “F : [fo] = [gs] on {[ax], [ba]},
ie. Vv, € *V:
(lan], [bn]) € [fal([vn]) < ([an], [ba]) € [g2]([vn])

and
([bn]; [an]) € [ful([vn]) < ([bn], [an]) € [gn]([vn]),
i. e. Vv, € *V:

(NEV (A by) € fulva)} EUS (N EV : (an,by) € gu(va)} €U
and
eV (bpan) € fulva)} EUS (N EV : (by,ay) € gul(va)} EU.
It holds in particular for [v,] = (1,2,3,...) € *V, hence
(lan]; [bn]) € T([fn]) < ([an], [bn]) € T([gn])

and
([bn], [an]) € T([fn]) & ([bn], [an]) € T([gn]),
so ([2.3)) is satisfied.
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Now let us consider a finite set of voters, U C V| |U| = n for some n € N, and
check whether it can be decisive. Since U is finite, we have *U = U. As stated
above, U is g-decisive if

V[an], [bn] € "AV[fu] € "F: (Yu € U - ([an], [ba]) € [fal(w)) = ([an]; [ba]) € T([f1])-

We want to prove that U is not decisive, it means proving the negated statement

Flan], [bn] € "AI[fn] € "F Vu € *U : ([an), [bn]) € [ful(u) A ([an], [bn]) € T([f0])-

Let us define [a,], [b,] € *A and [f,] € *F in the following way:

1. If A is finite, we denote A = {ay, as,as,...,ay} for some N € N. We define
feF:

fv) = {{(az‘Jrl,ai),i e{1,2,...,N}}U{(a,an)} ifvelU
{(ai,ai1),i € {1,2,...,N}}U{(an,a1)} ifveV\U

Take
J=1(f)nl
a=1(ag,...,an,a1,a9,...,aN,a1,...)]
b=[(a1,a9,a3,...,aN,a1,az,...,aN,0a1,...)].

2. If Aisinfinite, then, by the axiom of choice, there exists a linear order on the
set A. We denote elements of A according to this order A = {ay, as,as,...}
where a; < as < az < ... We define f € F":

) = {(aiy1,0:),1€{1,2,...}} ifvelU
T (s ain) i € {1,2,. .3 ifveV\U
Take f = [(f)n], @ = [(ans1)n], b = [(an)n].
Then a,b € *A and f € *F. Moreover, (a,b) € f(U) because
VoeU:{neV:(ayb,) € flv)f={neV:(a1,a,) € f(v)} =V.
In addition,
{neV:(by,a,) € f(n)} ={neV:(a,an1) € f(n)} =V \U.

Because U is finite, it holds that V' \ U € U, hence (b,a) € (f). By asym-
metry, (a,b) € @(f) which completes the proof of nondecisiveness of any finite
UCV.

To finish the proof in the standard universe, we define o € ¥ in the following
way:

Va,b e AVf e F:(a,b) €o(f)< (a,b)ea(f).

It follows from this definition, the transfer principle and properties of @ that o is
the sought-for social welfare function. m
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Remark. Note that v = (1,2,3,...) € *V \ V is “the dictator” for the social
welfare function . However, it is not in V', so it not a dictator in the sense of
Definition [2.1.5(iii)|

Moreover, by applying the transfer principle on the original Arrow’s theorem
(formulation from Kirman and Sondermann [1972]) we get the existence of a
nonstandard dictator for every internal social welfare function. Without loss of
generality suppose that V' C N. Then every finite set in V' is bounded by some
n € N.

<3n€NVv€V:v§n>:> V is finite
—|<E|0€E: [Fa,b,c€ A:=(a=b)AN—=(a=c)A=(b=c)] |A| >3
ANVfeFIpe Z:o(f)=rp] o is a function

A[Va,be AVf e F: (VweV:(ab) e f(v) = (a,b) €a(f) unanimity
A[Va,be AVf,ge F: f=gon{a,b} = o(f)=0(g) on{a,b}] IIA

A= [Fvy € VVa,be AVf € F: (a,b) € f(vg) = (a,b) € a(f)]) non-dictatorship

The transferred formula is:

(EInG*NVUE*V:vSn):

—|<306*Z:[EIa,b,cE*A:ﬁ(a:b)/\—'(a:c)/\—'(b:c)]

ANVfe*FApe P o(f) =]
N[Va,b € "AVf € *F : (Yo € "V : (a,b) € f(v)) = (a,b) € o(f)]
A[Va,b e *AVf, g€ *F . f =gon {a,b} = o(f) = o(g) on {a,b}]

A= [Ty € *VVa,b € *AYf € *F : (a,b) € f(v) = (a,b) € 0(f)]>

The first part means that *V is a hyperfinite set. This transferred formula implies:

Vo € "X
[Gn € *"NVv € "V : v <n)j
Al[Ja,b,c € *A:=(a=0b) AN=(a=c)AN=(b=c)]
NYVfe FAlpe P o(f) =1
AVa,be*AVf € *F: (Vv € *V : (a,b) € f(v)) = (a,b) € o(f)]
AVa,be*AVf,ge*F: f =gond{a,b} = o(f) =0c(g) on {a,b}]
= [Jug € *VVa,b € "AVf € *F : (a,b) € f(vo) = (a,b) € a(f)],
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i.e. a nonstandard dictator exists. If V is finite, then V' = *V, thus the dictator
is one of the voters. If V is infinite, then *V \ V' # () and the dictator may not
be one of the voters. This result is similar to the “invisible dictator” in |[Kirman
and Sondermann| [1972]. They find the “invisible dictator” in the Cech-Stone
compactification of V. He may not be one of the voters but he dictates the
results. As we will see in Section [4.3] nonstandard and invisible dictators are in
fact the same.

Furthermore, in |[Kirman and Sondermann| [1972], they show a stronger claim:
they show that to every member v of the Cech-Stone compactification of V' there
exists a social welfare function such that v is its (invisible) dictator.

2.4 Non-dictatorship Via Concurrence

In this part, another method of nonstandard analysis is used to prove Theo-

rem [2.3.11

Definition 2.4.1 (Goldblatt [2012]). A binary relation R is called concurrent
or finitely satisfiable if for any finite subset {xy,--- ,x,} C dom(R) there
exists an element y € range(R) with z; Ry for everyi € {1,--- ,n}.

Theorem 2.4.2 (Goldblatt| [2012], Theorem 14.2.1). If U = U’ is a universe
embedding, then the following are equivalent.

(i) U is an enlargement of U relative to —.

(ii) For any concurrent relation R € U there exists an entity b € U’ such that
*r(*R)b for all v € dom(R).

Proof of Theorem[2.3.1 Suppose that U € Pr(V) (U is a finite subset of V') and
o € 3. We define a relation R C Pp(V) x X : (U,0) € R < 0 satisfies unanimity
and independence of irrelevant alternatives and U is not o-decisive.

We want to prove that for every finite M C Pp(V) :

JoeXVU e M: (U,0) € R.

If M C Pp(V), then N = | J {v € U} is a finite set. We define o to be a social

UeM
welfare function satisfying unanimity and independence of irrelevant alternatives

such that it doesn’t take elements of N into account, i.e o(f) = o(g) whenever

[ Ivww= g [v\wv. One example of such a function may be the dictatorship of
some v € V\ N (ie. Vf e F:o(f) = f(v)).

A set U € M is not o-decisive because we can redefine some fixed f € F"

_ {f@) ifveV\U
{(a,b) : (b,a) € o(f)} ifvelU

Clearly f lvin= f lw, therefore o(f) = o(f). It holds that
Ja,b € A: (a,b) € f(U) A (b,a) € F(UY) A (a,b) & o(f).

so U € M is not o-decisive.
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By Theorem 2.4.2) 35 € *X VU € Pp(V): *U = U is not o-decisive. There-
fore, no finite subset of V' is g-decisive. We can complete the proof in the standard
universe in the same way as in the first proof of Theorem by defining o € ¥
as follows:

Va,b e AVf € F: (a,b) € o(f) < (a,b) € (f).

26



3. Cardinal Preference Relations

In this chapter, the preference relations are real functions. It is an extension
of the ordinal preferences because with functions we can express how much we
prefer one alternative over another, so the aggregation procedure can take this
into account and chose the alternative that is overall well-rated even if it is not
always the most preferred.

3.1 Definitions

Let A be a (finite nonempty) set of alternatives, 4 < |A| < co. Let R? denote
a set of functions from A to R. Let V' = {1,2,...} be a finite or infinite set of
society members (voters).

Definition 3.1.1. A set X C R? is called a cardinal preference relation
over A if the following conditions are satisfied:

(i) X #0,
(i) Yo,y € XJa € RT3 € RVa € A : z(a) = ay(a) + B,
(iii) Yo € RWa e R'WB eR: 2z € X = y(a) = ax(a) + € X,a € A.

An element x € X is called a (cardinal) utility over A.

Let = (or Z4) denote a set of all cardinal preference relations over A. Then
= is a partition of nonempty subsets of R4 (ie. = C P(RA), = UierX;,
An element (X1, X5, ...) € EVI will be called a cardinal profile and denoted by
X.

A cardinal welfare function, or a cardinal collective choice rule, or
procedure for aggregation of cardinal preferences is a function f: =Vl — =,

Remark. A cardinal preference relation defined in the previous definition is some-
times referred to as “cardinal in the sense of von Neumann-Morgenstern” as there
are multiple ways how to define cardinal preference relations.

Definition 3.1.2. Let X be a cardinal preference relation. We say that an ele-
ment x € X is a zero-one normalized representative of X, if

(i) for each least preferred alternative a € A we have x(a) = 0,

(ii) for each most preferred alternative a € A strictly preferred to the least one
we have z(a) = 1.

Definition 3.1.3. Let f be a cardinal welfare function. We say that:

 f satisfies cardinal independence of irrelevant alternatives (CIAA)

if:
VBCA,|B|=3vX,Y €2V X[p=Y|p = f(X)|z = fY)]5,
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o [ satisfies unanimity (U) if:
V{a,b} c A,VX € =Vl
(Vi e VVz; € X;: xi(a) > x;(b) = y(a) > y(b) for some (or all) y € f(X)),

o f is cardinally dictatorial if there is j € V such that for all X € EIVI
we have f(X) = X;.

Remark. If |B] = 2 then there is a bijection from ordinal to cardinal profiles
restricted to B.

In the following definition, we constrain the set of voters to be finite since this
definition is only required for Theorem which assumes that the set of voters
is finite.

Definition 3.1.4. Suppose that |V| =n < co. A sequence in = converges if a
sequence of its zero-one normalized representatives converges pointwise. A con-
vergence in Z" is defined as a convergence in coordinates. We say that a cardinal
welfare function f: Z" — Z is continuous if whenever a sequence of cardinal
profiles (X%, X% .. X¥))en converges to a cardinal profile (Y1,Ya,...,Y,), we
have

FOXE X5, XE) 2 F(,Ya, . ),

3.2 (Non-)dictatorship

The following theorem is an analogue of the Arrow’s Impossibility Theorem (The-
orem [2.2.1]) in the case where the preferences are real functions. The proof can
be found in Kalai and Schmeidler| [1977].

Theorem 3.2.1 (Cardinal impossibility theorem, |[Kalai and Schmeidler| [1977]).
If |A] > 4 and |V| < oo then a procedure for aggregation of cardinal preferences
is continuous and satisfies cardinal independence of irrelevant alternatives and
unanimity if and only if it is cardinally dictatorial.

Definition 3.2.2 (Vath [2006]). A linear functional f on lw (the space of bounded
sequences) is called a Banach limit or a Banach-Mazur limit, if it satisfies
the following properties:

(i) If © = (Tp)nen € oo S a constant sequence, i.e. ¥Yn € N : x, = ¢, then

flx) =c,
(ii) f is positive, i.e. f(x) > 0 whenever & = (,)nen € loo : Vn € Nz, >0,
(iii) f is shift invariant, i.e. f(x) = f(y) for x = (xn)nen and y = (Tp41)nen.

Notation. If x = (x,)nen € loo and f is a linear functional on /.., the following
types of notation will be used: f(x), f((zn)nen) or f((xn)n)-

Theorem 3.2.3. Let |A| > 4 and V' be countably infinite. Then there exists a
cardinal welfare function satisfying CIIA and U which is not cardinally dictatorial.
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Proof. For each cardinal profile X = (X, Xs,...) take its zero-one normalized
representatives (xy, Ta,...) and fix it throughout the proof.

Method 1.

Method 2.

Banach limit: We define a cardinal welfare function f at each point
a € A as a Banach limit of the sequence (z;(a));. To prove that f is
not cardinally dictatorial we need to prove that for every 7 € V there
exists a cardinal profile X such that f(X) # Xj, i. e.

Ve e f(X)Vy € X;Va e RTVBER Ja € A:yla) # ax(a) + B.
Fix : € V and a € A. We define X in the following way:
if b=
)=
1 ifb#a

and for j € V,j # @

1 ifb=
n)y=4 0%
0 ifb#a

Due to properties and |(i)| of Definition [3.2.2], we derive
\(427)ppplied 4 times
F)(@) = FUL L1 0 1) B g )

" i-th position’

FEX)B) = £((0,0,---,0, 1,0, )) EEwRIeteemes p g )

" i-th position’

Altogether,

1 ifb=a

0 ifb#a

We need to prove that f(X) is not a positive linear transformation of
x; for any 7 € V. Suppose that there exist « € RT and 8 € R such

that f(X) = ax; + 5. If we evaluate both functions at point a and at
any other point b, we get the system of equations

F(X)(b) = {

l=a-0+p3
O=a-1+7.
Its only solution is @« = —1, § = 1, which is a contradiction to a > 0.

So f(X) ¢ X; and f is not cardinally dictatorial.

Nonstandard proof: Let U be a non-principal ultrafilter on the set
V. Let U 5 U’ be the embedding into the nonstandard universe as
in the proof of the Theorem [2.3.1} Take arbitrary infinite N € *N.
We define a cardinal welfare function f at each point a € A as the
standard part of a sum of the zero-one normalized representatives at
*a divided by the number of voters:

0 =t vaa)).
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We can get the nonexistence of a cardinal dictator by the same car-

dinal profile as in the Fixi € V and a € A. Indeed,

N

f(X)(a) =st (; Z*xz(*a)> = st (N]\_fl) =1,

i=1
and for b € A, b # a:

N

P00 =t (3000 st () o

i=1

By the same reasoning as in [Method 1.| we get f(X) & X.
[

Remark. In fact, is a special case of because the function

f defined as
N

flx) =st <]1[ Z*x,) for x = (2;); € oo

=1

is a Banach limit. The linearity follows from the following properties from

Lemma [[.2.13}
1. st(z +y) = st(z) + st(y),
2. st(z-y) = st(x) - st(y).

We may easily check the conditions from Definition [3.2.2}
(i) if YVn € N: z,, = ¢, then

1

(@) = st (ij*c> st (;Nc> e

1N
(ii) if Vn € N : x, > 0 then (Nz*xz> > 0, so again by Lemma |1.2.13]

f(2) >0, -

(iif)
f((xi)i) = st <]1[ ﬁv:*ffz> = st (;, (*961 + iv:*wm - *$N+1>>

i=1 =1

Ty — "o 1 X,
= st <1NN+1> + st (N ; xi+1>
N
St( Z*%‘H) = f((7iz1):)
i=1

T — TNyl
N

More information on the relation between Banach limits and hyperfinite sums
can be found in [Vath| [2006].

=z =

~ (.

since
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Example. Another example of a Banach limit (and consequently of a non-
dictatorial social welfare function) is a limit along a non-principal ultrafilter ¢
(U-limit) of the sequence = = (z;)en, i.e. :

1TL
f(x):LER@VeGRJ“:{nEN:‘ani—L
i=1

<5}EZ/{.

The proof is again straightforward:
Let f(xz) =L, f(y) = K and fix € > 0. Then the sets

12 1 &
X:{nEN:‘in—L <€} andY:{nGN:|Zyi—K
ni= 2 izt

are in U and so is their intersection. For n € X NY we have

<&
2

n 1 n
Za:f%yl L+K)’ |n2xi—L‘+
=1 i—1

SM—‘

Hence,
1 n
{n eN: ’nz(%""%) —(L+K)| <

1
and f(z +y) = f(x) + f(y)-
Let f(x) = L and K € R. If K =0, then the equation

8}QXOY€Z/I

lZo-gci:o:o-L

n;3

holds for every n € N, so the condition f(0-x) = 0- L is satisfied. Now suppose
that K # 0 and fix € > 0. We know that the set
_ 6}
K|

1n
X:{nEN:|Zmi—L
n;3
<|K|( ) .
K|

is in U. For n € X the following equalities hold
<5-|K|} DX el.

1& 1 &

so we get that

1 n
{neN:‘ZK-xi—K-L
n.—

Therefore, f(K -x) = K - f(x).
We continue with the other conditions from Definition B.2.2

<€}:N,

(i) If Vi € N:a; = ¢, then

1n
V&ER*:{nEN:|Zx¢—c

n;3

so this condition is satisfied.
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(ii) Suppose that Vi € N: z; > 0 and f(z) < 0. We can find € € (0, —f(z)).
Then for this € we have
< 5} = 0.

1 n
{n eN: ‘anz — f(z)
This is a contradiction with the fact that () & U.

=1

(iii) Fix e > 0. First, we compute f ((x;); — (zi41)i):

l En: (25 — Tit1)

n;3

1
= ‘n (1 — Tny1)

— 0.
n—oo

So, we can find ng € N such that for every n € N, n > ny we have

1 n

- Z (2, — Ti41)

n;3

<e&.

The set {ng,no + 1,79 + 2, } is in U because its complement is a finite
set and U is non-principal, hence cannot contain any finite set. Altogether,
we showed that for arbitrary e € R™ the set

< }

{nEN:

is in U. Hence, f ((x;); — (zi41):) = 0 and by linearity we get f ((z;);) =
f((@it1),)-

n

Z (25 — Tit1)

i=1

S|

A
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4. The Cech-Stone
Compactification

4.1 Definitions

In this section, we introduce basic definitions from general topology. For more
details, see |Willard| [2004]. Throughout this chapter, suppose that R C X and
U(X) & U(*X) is an enlargement.

Definition 4.1.1. Given a set X, a family 7 C P(X) of subsets of X is a
topology if the following conditions hold:

(i) Xer,Der,
(i) UVer=UnVer,

(iii)) VCr= |JUer.
Uey

A topological space (X, 1) is a set X equipped with a topology 7. A set A C X
is called open if A € 7. It is closed if A € 7.

Definition 4.1.2. Let (X, 7) be a topological space. A base of the topology T is
a collection of sets B C 1 such that

T—{UB:SQB}.

BeS

Lemma 4.1.3. A family B is a base for a topology on X iff:

(i) X=U B,

BeB
(ii) VA, Be BYpe ANB3IC €B:pec CC ANB.

Proof. If B is a base of topology 7 on X, then X € 7, s0 X = U B. Moreover,
BeB
if A/B € B, then A, B € 7 and their intersection is in 7 as well, so there is a

subcollection § C B such that AN B = Uges. Therefore, if p € AN B, we can
find B € § such that p € B and that is the sought-for element of B.
Conversely, let B be a set with properties (i) and (ii). We define

T:{UB:SQB}.

BeS

Then X € 7 due to (i) and () € 7 because it is a union of empty subcollection of
B. If U,V € 7, then
U=JBad V=|JC
Beu cev
for some U,V C B. Then

UﬂV:<U A)ﬂ(U B): U U AnB)

Ael Bey AelU Bey
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By the property (ii) we can write

AnB= |J G,

peEANB

for C, € B, so

vav-U U UG
AU BV pe ANB
is a union of sets from B. Therefore, UNV € 7.
If V C 7, then Uyep Sy € S, so the union is also in 7. Altogether, 7 is a
topology on X. O

Definition 4.1.4. Let (X, 7) be a topological space and A C X. We define the
closure of A (and denote A) as the intersection of all nonempty closed supersets

of A. The set A is called dense if A= X.

Definition 4.1.5. A topological space (X, T) is called a Hausdorff space (or
Ty-space) if for every two distinct points x,y € X, x # y we can find U,V € T
such that UNV =0, 2 €U andy e V.

Definition 4.1.6. A space (X, 1) is compact if each open cover of X has a
finite subcover, i. e. for all T, € 7,1 € I with X C U;c; T, there exists a finite
set J C I such that X C U;c;T;.

Definition 4.1.7. A compactification of the topological space X is an ordered
pair (K,h) where K is a compact Hausdorff space and h is a homeomorphic
embedding of X as a dense subset of K, i.e. h(X) = K.

Definition 4.1.8. The Cech-Stone compactification of the topological space
X is a compactification (X, h) satisfying the universal property:
Let K be a compact Hausdorff space. Then any continuous map f : X — K
extends uniquely to a continuous map Bf : X — K, i.e. ﬁf‘X =f.

Theorem 4.1.9. The Cech-Stone compactification is unique up to a homeomor-
phism.

Proof. Suppose that (8;X,h1) and (52X, hy) are two Cech-Stone compactifica-
tions of a topological space X. Then (5, X is compact, so by the universal property
there exists a unique continuous map f; : /1 X — (X such that hy = f; o hy.
Analogously, there exists a continuous map f5 : fo X — (51X such that by = fy0hs.
Then

fiofo=(haohi")o(hiohy')=id

B2 X
and
fQOfl:(hQ_Ith)O(thhQ_l):id .
p1X
Hence, f; is a continuous map with a continuous inverse fs, so it is a homeomor-
phism. O

Definition 4.1.10. A point x is called a limit of a filter F if every neighbour-
hood of x belongs to F. We then say that the filter F converges to x.
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Lemma 4.1.11. FEvery filter in a Hausdorff topological space (X, T) has at most
one limit.

Proof. Take a filter F and suppose that there exist two different limit points
x,y € X of F. Since X is Hausdorff, there exists a neighbourhood U € 7 of z
and a neighbourhood V' € 7 of y with an empty intersection. Because both x and
y are limits of F, necessarily U € F and V € F. Hence, their intersection must
also lie in F but this is a contradiction to the fact that () & F. O]

Definition 4.1.12. We say that a point x € *X is infinitely close to y € *X
if for every open set O C X the following condition holds:

ye*O=xe*0.

The following theorem is known as Robinson’s Compactness Criterion and
comes from |Robinson|, 1966, Theorem 4.1.13.

Theorem 4.1.13. A set A C X is compact if and only if every point of *A is
infinitely close to some (standard) point of A.

Proof. Suppose that A is compact and for contradiction suppose that there exist
a point x € *A that is not infinitely close to any y € A. Therefore, for every
y € A we can find an open set O, such that y € *O, and = ¢ *O,,. Then

{0, :ye A}
is an open cover of A. Since A is compact, we can find a finite subcover, i.e.
ACO,UO0,U---UQO,,.
By Lemma we get
TACT (0, U0,U---U0,,)="0, U 0, U---U"0,,.

Hence, x € *O,, for some i € {1,...,n} which contradicts the construction of the
sets O,.

Conversely, suppose that A is not compact. It means that there exists an
open cover T = {T; € 7 : i € I} such that no finite subset covers A. We define a
binary relation R on T x A:

TRr < x &T.

Then R is finitely satisfiable, so by Theorem [2.4.2] there exists z € *A such
that = ¢ *T for all T € T. If we take any y € A, then y € T C *T for some
T €T but x € *T. Hence, x is not infinitely close to any y € A and the proof is
completed. O

Theorem 4.1.14. For a topological space (X, T), the following are equivalent:
(i) X is compact,
(ii) each ultrafilter in X converges.

Proof.

35



Method 1.

Method 2.

The first method is the standard one. For the implication (i) = (i7)
suppose that X is compact and that there is an ultrafilter ¢/ in X that
is not convergent, i.e.

Vee XU, eT:U, ¢ U.

The collection {U, : © € X} is an open cover of X, so there exists a
finite subcover {Uy,...U,}. Take any A € U. Then we can express A
as

A=AnUU---UU,) =(AnU)U---UANT,).

From Lemma we get that there exists unique i € {1,...,n} such
that ANU; € U. Necessarily, U; € U and that is in contradiction to
the definition of U;.

To prove the other implication, suppose that {U; : i € I} is an open
cover of X that does not have a finite subcover. Then the collection

(X\Ui:iel}

has the finite intersection property. By Theorem [[.1.8] there exists
an ultrafilter U satisfying {X \ U; : i € I} C U. By the assumption,
there exists z € X such that U converges to . But then = € U; for
some i € I, so U; is a neighbourhood of z and necessarily U; € U.
However, that is not possible since X \ U; € U.

In the non-standard proof, we make use of Theorem and, in
fact, we prove the equivalence

Every point of z € *X is infinitely close to some y € X <

& every ultrafilter in X converges.
First, suppose that
Vee ' XJyeXVier:ye" T=xe™T

and let U be an ultrafilter in X. The ultrafilter &/ has the finite
intersection property, so from the definition of an enlargement,

N U 0.

Uelu

Take x € ﬂ *U. By assumption, there exists y € X that is infinitely
veu
close to x. Hence, for every neighbourhood U of y we have

y €U =xeU.

Our aim is to show that U converges to y. Let U be a neighbourhood
of y. Then also x € *U. We can conclude that U € U, because
otherwise X \ U € U but x € * (X \ U). So, every neighbourhood of
y is in U and y is a limit of U.

36



4.2

Next, suppose that every ultrafilter in X converges and suppose that
X is not compact, i.e. there exists x € *X such that for all y € X
there exists U, € 7 such that y € *U, and = ¢ *U,. Then, similarly
as in the standard proof, the collection

(X\U,:yeX}

has the finite intersection property, so it is contained in some ultrafilter
U. But this ultrafilter doesn’t converge because for every y € X the
neighbourhood U, is not in &. Hence, the proof is finished.

]

Construction of The Cech-Stone Compacti-
fication Via Ultrafilters

Let us consider the space of natural numbers equipped with the discrete topology,
i.e. the one-element sets {n}, n € N form the basis of the topology. We define
the space

BN :={U : U is ultrafilter on N}.

The basis of its topology are the sets of the form

X={UepN: X ecl}for X CN.

Lemma 4.2.1. For every A, B C N it holds that:

(iii)
(iv)

AUB= AU B,
ANB=AnNB,
AC = AC,

A= A=0.

Proof. (i) We need to prove two inclusions. First, take U € AUB. By the

definition, it means that A U B € U. From the properties of ultrafilters
(Lemma [1.1.3) we have A € U, or B € U, in other words U € A, or U € B.

Now take U € AU B. It means that U belongs either in A, or B. Without
loss of generality suppose that U € A. So we have A € U and by closedness
of ultrafilters under supersets (Definition [1.1.1{(iv)|) we have AU B € U, so

UeAUB.

The proof is similar to the first part. If U € A/ﬂ\B, then AN B € U, so
again by Definition Aeland Bel,ie U e AN B. The other

inclusion holds due to the closedness of ultrafilters under finite intersections

(Definition [1.1.1Kiii)]).
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(iii) For an ultrafilter U the following sequence of equivalences holds:

Uec A = Agu & A ey — U € AC,

where the implication = of (1) follows from Definition [1.1.1{v)| and the
other from Definition and [(ii)}, because 4 N AC = 0.

(iv) Let A be an empty set. By Definition [1.1.1{(ii)} no ultrafilter can contain
an empty set. Therefore, A is also an empty set. On the other hand,
suppose that A is not empty and fix an element a € A. We can define
U={X CN:ae X}. Clearly, U is a principal ultrafilter. Hence, A is not
empty.

O

Lemma 4.2.2. The family 6 = {)A( X C N} forms the basis of a topology on
ON.

Proof. We need to check the two conditions from Lemma [£.1.3}
(i) AN = [J B is trivial.

Be®

(ii) Take A,B € B, P € ANB. A and B are families of ultrafilters on N
of the form A and B for some A, B C N and P is an ultrafilter lying in
both of them. Hence, AN B # (). From Lemma [4.2.1(ii), we know that

ANB=ANB. Wecantake C=ANB. Then C € B and P € C = ANB.
Hence, B is the basis of a topology on SN. n

Remark. Lemma implies that the sets of the form X are open and closed
at the same time.

We can construct the embedding h : N — SN as follows: to every n € N we
assign the principal ultrafilter U,, = {M C N :n € M}. Clearly, the set SN\ h(N)
consists of free ultrafilters on N.

We also need to define the unique extension function. Let K be a compact
Hausdorff space and f : N — K a continuous map. Then the extension function
Bf : PN — K is defined as follows: for any ultrafilter & € SN, the image

fU)={XCK:fYX)eu}

is an ultrafilter (the proof will be given in Theorem [4.2.3)). Since K is compact
Hausdorff, by Theorem [4.1.14] this ultrafilter has a unique limit x € K. We define

prU) = .

Theorem 4.2.3. Space SN with the topology generated by *B is a Cech-Stone
compactification of the discrete space N.

Proof. We divide this proof into several parts.
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1. BN is a Hausdorff space: Take U,V € SN, U # V. Then there exists a
set A C N such that A € U but A ¢ V. Since V is an ultrafilter, we get
from Definition that N\ A € V. Moreover, N\ A & U. Define

U={WepN: AeW}landV ={W e gN: (N\ 4) e W}.

Clearly, U and V are open in the topology of SN, U4 € U, V € V and
UNV =0, so the space SN is Hausdorff.

2. pN is compact: Let {T;};c; be an open cover of N, i.e.
sNC UT.
i€l

Without loss of generality, suppose that every 7; is a member of the basis of
open sets. It means that for every T; we can find X; C N such that T; = X;.

For contradiction suppose that there is no finite subset J of I such that
{T;}ics is an open cover of SN. Denote by Pr(I) the finite subsets of I. In
other words, for every J € Pp(I) it holds that

ANZ JT.
e
Take
U={x7} .

We aim to show that U has the finite intersection property. Take F' € Pg(I).
Then, by Lemma 4.2.1, we have

- c
—\C
(ﬂ&ﬁ=ﬂ@0=ﬂmf=@m)%@
i€l ieF ieF ieF
and from part it follows that
N X7 #0,
ieF

so the family {X };c; has the finite intersection property.

By Theorem U is contained in some ultrafilter U’ € SN. By construc-
tion, U’ & U;er T3, but that is a contradiction since {7} };c; was supposed be
an open cover of SN.

3. The universal property: First, we show that
FU) = {X € K : f(X) eu}

is an ultrafilter if ¢/ is an ultrafilter. We check the conditions from LemmalL.2.1]
They follow from properties of preimages and properties of U:

(i) Tt is not empty because f~1(K) = X € U.
(ii) It does not contain an empty set since f~1(0) =0 & U.
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(iii) Take X,Y € f(U). Then both f~'(X) and f~'(Y) are contained in
U, so is their intersection. Hence,

FXNY)=f1X)nfi(Y)eu

and X NY € f(U).
(iv) If X € f(U) and X C Y, then

1Y) 2 fU(X) e,

soY € f(U).

(v) Suppose that X C K and X ¢ f(U). Then f~'(X) & U, therefore
(f~Y(X))Y e U. The proof is finished by the observation that

FHENX) = I\ fHX) =N\ fH(X).

Hence, f(U) is an ultrafilter. The limit of this ultrafilter is unique, so we
defined a unique function.

Next, we need to show that this function is continuous and that it is an
extension of f. Take n € N. To show that Sf is an extension of f, i.e.

f(n) = Bf(h(n)),

we need to show that every neighbourhood U of f(n) in K belongs to the
ultrafilter f(h(n)). This means that f~!(U) lies in the principal ultrafilter
generated by n. But this is obvious because f(n) € U, son € f~}(U) and

f~HU) belongs to h(n).

To prove the continuity of 5 f, take U C K an open neighbourhood of 3 f (i)
for some U € BN. We would like to find an open neighbourhood G of U
such that 5f(G) C U. Take V and open neighbourhood of 5 f (i) such that
V C U. Since Bf(U) is a limit of f(U), we have V € f(U). It means that
f~YV) € U. Define

G=f1(V)
Then G is an open neighbourhood of U in SN. Moreover, for every F € G
we have

Fe (V) fY(V)eF
Let W be an open neighbourhood of S f(F). Then W € f(F),so f~1 (W) € F.
We have
A vnw) =i v)ynfi(w) e F
hence VNI # (). We have proved that any open neighbourhood of 3 f(F)
has nonempty intersection with V. It follows that Sf(F) eV C U.

Hence, ff(G) C U and Sf is continuous.

. h:N— h(N) C 5N is a homeomorphism: By definition, it is a bijection.
Moreover, it is continuous because N is a discrete space. It remains to show
that f~! is continuous, i.e. for every open U C N, the set f(U) is open in the

topology of SN. We can express U as U = | | {n} for some (possibly infinite)
nel
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index set [.Then h(U) = | h(n). But h(n) is the principal ultrafilter, i.e.

nel
it is of the form h(n) = {n}, which is an open set. Altogether, h(U) is a
union of open sets, hence also open.

5. h(N) is dense in SN: Suppose that

BN\ h(N) # 0.
Take

U e N\ h(N).
Since U ¢ h(N), there exists V' a neighbourhood of ¢ in SN such that
V AK(N) = 0.

From the definition of a neighbourhood and the basis of the topology on
BN, there exists a set X C N such that X C V. This is a contradiction
because for every n € X the principal ultrafilter

h(n)={M CN:n¢€ M}
contains also the set X and hence lies in X , so it follows that

h(n) € VN h(N).

We proved that space SN with the topology generated by 8B is Hausdorff, com-
pact, satisfies the universal property and the mapping A is a homeomorphic em-
bedding of the space N into SN. Altogether, (8N, h) is the Cech-Stone compact-
ification of N. O

Remark. This construction of the Cech-Stone compactification is valid for every
discrete topological space. We restrict ourselves to the space of natural numbers
because of the following sections.

4.3 Relation to the Hypernatural Numbers

This part is mainly based on [Di Nasso [2015] with many details filled in.

Definition 4.3.1. The ultrafilter generated by a hypernatural number a € *N
is the family
Uy ={X CN:a e X}

Lemma 4.3.2. The family ., is an ultrafilter on N.

Proof. We need to check the conditions from Definition [I.1.1]
(i) The set N is always in i, because a € *N.
(ii) Since *@ = 0 and « & (), the empty set cannot lie in 4.

(iii) Let K, L € 4,. Then a € *K and « € *L, hence it is also in their intersec-
tion, which precisely means that K N L € §l,.
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(iv) Let K € U, and K C L. By the definition, @« € *K and *K C *L, so
«a € *L. Hence, L € 4,.

(v) Let K C N and suppose that K ¢ $,. It means that o ¢ *K. Therefore,
a€*N\*K="(N\K)and N\ K € i,.

Altogether, i, is an ultrafilter. O

Definition 4.3.3. We say that o, € *N are equivalent (and write o ~ [3) if
Uy = .

Remark. From the definition of the ultrafilter generated by a natural number, we
can easily deduce that

a~f<= VX CN:ae*X & geX).

Definition 4.3.4. We define the S-topology on *N in such a way that the family
{*A: A CN} forms a basis of open sets.
Remark. 1t is called S-topology because the open sets are the standard sets of *N.

Now, let us consider the quotient space *N/ ~. The topology on (*N) /~ is
the quotient topology, i.e. the set U € (*N) /~ is open if and only if

{n € *N: [n]. € U}

is open. If we consider the basis of S-topology, {*A : A C N}, then we can deduce
that the basis of the quotient topology consists of sets of the form

(*A) /~ for ACN.
For the sake of simplicity, we will call this topology also S-topology.

Theorem 4.3.5. If the model of nonstandard analysis is an enlargement, then
the space (*N) /~ equipped with the S-topology is the Cech-Stone compactification
of N, i.e. there exists a homeomorphism f: (*N) /~ — QN.

Proof. We define f(a) = 4,. We proved in Lemma that 4, is an ultrafilter,
hence, by Section [4.2] the mapping is well-defined. It is injective because every
equivalence class of *N generates different ultrafilter.

To prove surjectivity, let 44 € SN be an ultrafilter on N. We define

B={X:XelU}.

Then B has the FIP, since Nycp X € U for any finite FF C U, so Nxep X # 0.
From the enlargement property we get

N X #0.

XeB

Therefore, there exists a € *N such that VX € U : a € *X. But that is exactly
the definition of H,, so U = f([a]~) and f is surjective.

One equivalent definition of a homeomorphism is that it is a bijection such
that a set A is open if and only if f(A) is open. It is enough to prove that
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elements of bases of topologies map one to each other. Recall that the basis of
the quotient topology are the sets

(*fA) /~ for ACN
and the basis of the Cech-Stone topology are the sets
{UepN:AeU} for ACN.

Fix A C N and consider (*A) /~. For any a € (*A) /~, the image f(a) is an
ultrafilter 4. Hence,

F(CA)/~) ={ta:a € (FA) [~}

We may notice that this is actually equal to {4, : a € *A} — we do not add any
new ultrafilters since the elements in * A generate the same ultrafilters as elements
in (*A) /~. Moreover,

{Uy:a€e*A}={{XCN:ae*X}:a€"A}.
Now we prove
{Mo:a€e Ay ={U e pN: A e U}.
To prove the inclusion C, take b € *A and i, € {i, : a € *A}. Then

U ={XCN:be*X}

so A € U, and we already know that i, € SN.
On the other hand, take Y € {V € N : A € V}. We know that A € U and

that f is surjective, so there is some b € *N such that
AclU=f(b]l.)=U={XCN:bec*X}.

Hence, b € *A and the inclusion is proven.

We have shown that elements of the basis of topology on (*A) /~ are mapped
to elements of the basis of the Cech-Stone topology on SN. Therefore, the map
f is a homeomorphism and space (*N) /~ equipped with the S-topology is the
Cech-Stone compactification of N. O

Remark. We proved that if the model of nonstandard analysis is an enlargement,
then the quotient space of hypernatural numbers is the Cech-Stone compactifica-
tion of N. This justifies the observation in Section [2.3| that the nonstandard and
invisible dictators are in fact the same.
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Conclusion

We studied several applications of ultrafilters in nonstandard analysis, social
choice theory and topology.

First, we introduced ultrafilters and showed their properties. Then we de-
fined the nonstandard framework, used ultrafilters to establish the ultrapower
construction and proved some properties of the transfer principle and hyperreal
numbers.

Next, we studied the ordinal preference relations. The Arrow’s impossibility
theorem was proved using previously seen properties of ultrafilters — the sets of
decisive sets form an ultrafilter. If the set of voters is finite, then every ultra-
filter on this set is principal, so the dictator exists. On the other hand, if we
have infinitely many voters, then (assuming the axiom of choice) a non-principal
ultrafilter on this set exists, hence the system is non-dictatorial. We have seen
two nonstandard proofs of the existence of such non-dictatorial social welfare
functions in the infinite case.

We continued by defining the cardinal preference relations and established the
examples of a cardinal welfare function that is not cardinally dictatorial.

Finally, we studied a connection between the Cech-Stone compactification of
natural numbers and ultrafilters. We have seen that the set of all ultrafilters
on N with appropriately chosen topology is the Cech-Stone compactification of
N. Moreover, if the model of nonstandard analysis is an enlargement, then the
quotient space of hypernatural numbers with so-called S-topology is also the
Cech-Stone compactification of N.
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U(X) universe over the set X, Definition |1.2.2

*a nonstandard embedding of a, Definition |1.2.3
[f=9l] {iel: f(i)=g(i)}, Section|l.2.2

[f] the equivalence class of f

R the set of real numbers

N the set of natural numbers

I the set of infinitesimal numbers, Definition |1.2.10(i)

a~b a is infinitely close to b, Definition [1.2.11
st(z) the standard part of z, Lemma |1.2.12
P(X) the power set of a set X

A a set of alternatives

% a set of voters

F a set of situations

o a social welfare function

by a set of social welfare functions

X a set of preferences

X a cardinal profile, Section E‘

A closure of A, Definition 414

X the Cech-Stone compactification of X, Definition 4.1.8
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A. Appendix

A.1 Zorn’s lemma

Definition A.1.1. Let P be a set. We say that a binary relation < on a set P
is a partial order (and (P, <) is a partially ordered set) if it is:

(i) reflexive: Ya € P:a < a;
(ii) antisymmetric: Ya,b€ P:(a <bAb<a)=a=Db;
(iii) transitive: Ya,b,c€ P: (a <bAb<c¢)=a<c.

Definition A.1.2. Let (P, <) be a partially ordered set. A chain in P is a subset
S C P such that
VYa,be S:a<bVvb<a

(i. e. all its elements are comparable).

Definition A.1.3. An element u € P is an upper bound of a set S C P if for
all s € S we have s < u.

Definition A.1.4. An element m € P of a partially ordered set (P, <) is max-
imal if there is no element n € P such that m < n.
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