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Introduction

Unique factorization

The Fundamental Theorem of Arithmetic states that the ring Z is a unique fac-
torization domain, meaning that except for zero and the units of Z, every element
of Z can be written as a product of irreducible elements of Z in exactly one way,
apart from reordering of the factors and multiplication by units.

Let K be a number field, that is, a finite extension of Q. The subring Ok of
K, consisting of those elements of K that satisfy a monic polynomial equation
over Z, plays the same role as Z when viewed as a subring of Q. We can now ask
the question whether the ring Ok is a unique factorization domain.

It turns out that this is in general not the case. Nonetheless, the ideals of Ok
still enjoy the property of unique factorization. By this we mean that every ideal
of Ok can be expressed as a product of prime ideals in exactly one way, apart
from reordering of the factors.

The failure of the unique factorization of the elements of O is measured by
the ideal class group Clk of K which is defined as follows. Define an equivalence
relation on the set of all nonzero ideals of O by saying that two ideals a and
b are equivalent if (a)a = (f)b for some nonzero a, € Ok. Then it can be
shown that the equivalence classes of this relation form an abelian group with
multiplication coming from multiplication of ideals, the identity element being
the equivalence class of principal ideals.

The ring Ok is a unique factorization domain if and only if the group Clk is
trivial. The order of Clg is called the class number of K, and it is denoted by
hi. The class number hy is always finite.

For a given number field K it is relatively easy to compute its class number.
However, it is very hard to determine the general properties of hx as a function
of K. For example, it is not known whether there exists infinitely many number
fields K such that hx = 1.

Let us now restrict our attention on the number fields of degree 2 over Q.
These come in two types: either having two embeddings into R, or none. In the
former case, they are called real quadratic fields, and in the latter, imaginary
quadratic fields. It is conjectured that there are infinitely many real quadratic
fields with class number one.

By contrast, there are only 9 imaginary quadratic fields with class number
one. More precisely, there are given by

Q(v—n), where n € {1,2,3,7,11,19,43,67,163}.

This was first proved by Kurt Heegner [Heeb2] in 1952 (150 years after it was
surmised by Gauss in [GC86]). It is perhaps surprising that his proof (and also
similar ones due to Baran, Chen, Kenku, and Siegel) involves little arithmetic of
quadratic fields themselves. The formulation of this problem actually gives no
indication of the crucial tools and objects used in its solution, which are class field
theory, complex multiplication of elliptic curves, modular functions, and rational
points on modular curves.



The object of this work is an exposition of the main ideas of Heegner’s proof.
This was done before in [Cox11], [Kez], [Boo], [Shal4], [Sch10], [Birll], [Mey70],
[Deu68|, and [Sta69]. We have followed Stark’s paper [Sta69] which is exceptional
in that it does not use any unproved assertions from class field theory. Stark
points out that Heegner’s proof actually does not even require any algebraic
number theory.

Kurt Heegner

Photo of Kurt Heegner taken at the terrace of mother’s house in Berlin in the
1930s. Taken from [cva] where it is attributed to Fritz Heegner.

Heegner’s solution of the class number one problem was at first thought to be
incorrect because of the unclear way his paper was written, apparent dependence
on an unproved result of Weber, and perhaps even unwillingness of other math-
ematicians to read an article by a nonprofessional mathematician. Stark writes
in the first appendix to [Stall] that

“I believe I am the modern rediscoverer of Heegner’s paper. I came
across it in Math Reviews somewhere in academic 1962-63 while work-
ing on my PhD thesis. The last sentence of the review [of the Heeg-
ner’s paper] is a thesis killer!”

He further states that

“Fortunately for me and my thesis, my thesis advisor, DH Lehmer,
vaguely remembered that Heegner was incorrect, but that he was go-
ing to attend a conference in Boulder in the summer of 1963 and verify
with the experts that was the case. He returned and confirmed once
again that "the experts” said Heegner’s proof was incorrect. Lehmer



did not tell me who "the experts” were and I never found out. How-
ever, two of my three main suspects in the whole affair were at the
Boulder meeting.”

J.-P. Serre write in his article [Ser85, p. 8], titled A = b? — 4ac, that

“The next progress came in 1952 when K. Heegner published a proof
that [the tenth imaginary quadratic field with class number 1] does not
exist. However, this proof used properties of modular functions which
he stated without enough justification. People could not understand
his work, and did not believe it (I tried myself once to follow his
arguments, but got nowhere .. ). Hence, the question of the existence
of [the tenth imaginary quadratic field with class number 1] was still
considered as open.”

S. Chowla in his chapter in the Seminar on Complex Multiplication [BCHG66,
VI-2] writes, without giving any reason or argument, that

“It should also be remarked here that a recent claim by Kurt Heegner,
(M.Z. 1954) to have solved this problem, seems unjustified.”

The website of the Foundation for German communication and related technolgies
[cva] states that

“Kurt Heegner was born on 16 December 1893 and he died in 1965.
In the year 1920 he received his Ph.D. at Jena University on: Uber
den Zwischenkreisrohrensender. Particularly in the 1920s and

1930s he published quite some papers on valve oscillators. He even
jointly prepared a paper with Watanabe of Japan.”

This website also describes Heegner’s work in electronics, especially in oscillators,
giving a list of his patents. It states that he was mainly a private tutor (Privat
Dozent) in Mathematics, and detailing Heegner’s struggles to obtain revenue
from his patents. The website further cites certain Bechmann (according to the
website, Germany’s leading experts on quartz resonators) as saying: “Herr Dr.
Heegner redete unklar und unverstindlich wie immer ...".

Birch [Bir04, 3.] says of Heegner that “Heegner was a fine mathematician,
with a rather low-grade post in a gymnasium in Fast Berlin”, and that

“In his famous, very eccentrically written, paper he begins with a
historical introduction concerning the congruence number problem,
then he quotes various things from Weber and proves some highly
surprising theorems showing that the congruence number problem is
soluble for certain families of [positive integers|; and then he suddenly
(correctly but over succinctly) solves the classical class number one
problem. Unhappily, in 1952 there was noone left who was sufficiently
expert in Weber’s Algebra to appreciate Heegner’s achievement.”

But Birch says also that

“Heegner’s paper was written in an amateurish and rather mystical
style, so perhaps it was not surprising that at the time noone tried
very hard to understand it.”



In the report of the 2008 Oberwolfach conference on history of mathematics
[DCS09, p. 1354], Patterson, Schappacher, and Opolka note

“Heegner appears from the records as a not very socially adept but
upright person. He was known around Steglitz where, especially in
his later years his appearance became somewhat eccentric. He had
a long white beard, a long white pigtail and clothes which had been
once good but had become old and worn. He was apparently known
as the ‘Jesus of Steglitz’ and, because of his character and his courage
during the war, generally respected.”

Here, Steglitz is the part of Berlin where Heegner have lived since 1932. After he
became ill in 1950, he have lived in poverty, helped out by his sister Lotte. He
died in 1965, “alone and it may have been three days or so before he was found”,
according to [DCS09, p. 1356].

Later, Birch, building on Heegner’s ideas, introduced the important notion
of Heegner points. These are points on modular curves obtained as images of
quadratic irrationalities in the upper half-plane. By the Modularity Theorem,
every elliptic curve over rational numbers is an image of a modular curve by a
rational map, so we can consider the images of Heegner points on elliptic curves.
These have sometimes infinite order, or are at least exceptionally large. Heegner
points were used in Kolyvagin’s work on the Birch-Swinnerton-Dyer conjecture.
For more information on Heegner points see [Gro84].

To give an illustration, Heegner in his article proved that if p = —1 (mod 8)
is a prime, then the equation y?> = —p(z* — 64) has infinitely many rational
solutions. This implies that the elliptic curve y? = z(z? + p?) has rank 1. Using
similar ideas, Satgé proved in [Sat87] that if n/2 is a prime and n = 4 (mod 9),
then n = 2% + 9® for some z,y € Q.

For additional information on Heegner see Schappacher’s presentations [Schb]
and [Scha] from talks given in Paris and Madrid, respectively.

This work

In the mentioned article [Sta69], titled On the “gap” in a theorem of Heegner,
Stark claims that, in fact, the only problem with Heegner’s proof is reliance on a
theorem in Weber’s Lehrbuch der Algebra [Web08] whose proof is incomplete. For-
tunately, this can remedied very easily, even using the original Weber’s method,
as Stark indeed does in his paper. We will look at Weber’s methods in detail in
Chapter 3.

The contested result of Weber concerns the Schlafli’s modular function §. This
function is defined by f(7) = e ™7/24 ], 1 (1 + ™"~ for 7 in the upper half-
plane $. Let 7 now be such that K = Q(7) is an imaginary quadratic field
and 7 € $. Weber "proves” that f(7)? € K(j(7)), and conjectures that actually
f(1) € K(j(7)), under certain congruence conditions on the minimal polynomial
of 7. (Here j is the modular invariant.) Heegner uses only the former result in his
solution of the class number one problem. However, in his article, he also proves



other things (which are of independent interest), and there he uses the stronger
result that f(7) € K(j(7)).

Weber’s conjecture was proved by Birch [Bir69b] in 1969. Note that Weber
published his conjecture at the end of 19th century. However, it was Shimura who
developed a fully satisfactory formalism for dealing with this type of questions. In
his book Introduction to the Arithmetic Theory of Automorphic Functions [Shi94]
he proved what is now known as the Shimura’s reciprocity law.

Alice Gee in her PhD thesis [Gee99] deduced from the Shimura’s reciprocity
law an explicit criterion, which, given a modular function f and a point 7 € KN$H,
allows us to decide whether f(7) € K(j(7)) by a simple calculation.

In Chapter 3 we give a direct and elementary proof of Gee’s criterion (under
certain minor restriction on the point 7). Our proof is based on the formalism
used by Lang [Lan87] in his proof of the Shimura’s reciprocity law. We have also
used a simple but important result from the appendix of [Ser90] (appearing also
in [Che99] and [Bar10]) which restricts the image of the Galois representation of
an elliptic curve (over C) with complex multiplication.

This proof of Gee’s criterion is author’s contribution to the thesis. Note that
there is no connection explicitly pointed out in the literature, between Gee’s cri-
terion and the approach taken in [Che99] and [Bar10]. While Gee uses Shimura’s
results, Baran and Chen use the so-called modular interpretation of the points
on modular curves. We have just worked with function fields. The second con-
tribution of the author is a systematic treatment of the Weber’s transformation
equations for modular functions, and subsequent exposition of Weber’s method
of determining a class invariant in two particular cases.

In Chapter 4 we give an exposition of the main ideas of Siegel’s solution of
the class number problem. Siegel’s proof is a variation of Heegner’s proof, but
Siegel uses modular functions of level 5, while Heegner uses modular functions of
level 24. Siegel’s proof is also, in a certain respect, easier to understand. This
is because we get the resulting diophantine equation directly from the relation
between modular functions (that is, the modular curve). By contrast, in Heegner’s
proof we must perform additional contortions, real understanding of which would
require far more work.



1. Preliminaries

1.1 Notation

Let A be a ring. We denote by A* the group of units of A. We denote by Ms(A)
the ring of 2-by-2 matrices with entries in A. We define GLy(A) = My(A)* and
SLy(A) = {a € GLy(A): det(a) = 1}. If A C R then we define GL3 (A) = {a €
GL2(A): det(a) > 0}. We denote the 2-by-2 identity matrix by 1.

We define the upper half-plane by $ = {7 € C: S(7) > 0} and we let ¢ = ™"
for 7 € $. We denote the n-th root of unity e>™/™ by (,. Let k be a field. We
denote by k((X)) the field of formal Laurent series in the variable X.

1.2 Imaginary quadratic fields

An imaginary quadratic field K is an extension of Q of degree 2 having no
embedding into R. When K is viewed as a subfield of C, then the latter condition
is equivalent to requiring that K NR = Q. Next we define the ring of integers
of K as

O ={a € K:a®+sa+t=0 for some s,t € Z}.

In other words O is the integral closure of Z in K, and so it is indeed a subring of
K. For a € K we define its norm by N(«) = aa and its trace by tr(a) = a+a.
For a detailed discussion of the rings of integers, norms, and traces see [Con,
2.3.

Proposition 1.2.1. Let K = Q(v/—m) be an imaginary quadratic field, where
m is a positive squarefree integer. Then Ok = Zw] = [w, 1], where

" {\/—m if m # 3 (mod 4),

@ m = 3 (mod 4).

Alternatively, we may take w = %ﬂ which works in both cases.
Proof. See [Con, 3., Theorem 3.4., p. 2. ]

Proposition 1.2.2. Let K be an imaginary quadratic field. Write K = Q(v/—m)
with m squarefree. Let O = Z|w|, where w is as in Proposition 1.2.1. Let f(X)
be the minimal polynomial of w over Q, so that

X2+ m if m # 3 (mod 4),
f(X):{Xz X 4 ldm _
- X+ " m=3 (mod 4).
Let f(X) be the reduction of f(X) modulo p. Then
(1) If f(X) is irreducible in (Z/pZ)|X], then (p) is a prime ideal in Ok, and
we say that p is inert in K.
(2) If f(X) = (X —e)(X — ), where ¢, € Z/pZ are distinct, then (p) = pp,
where p and p are distinct prime ideals, and we say that p splits in K.
(3) If f(X) = (X —c)?, where c € Z/pZ, then (p) = p* for some prime ideal p,
and we say that p is ramified in K.

7



Proof. See [Con, 8., Theorem 8.3., p. 20]. ]

Proposition 1.2.3. Let K be an imaginary quadratic field such that hyg = 1.
Write K = Q(v/—m) with m squarefree.

(1) Let p be a prime which splits or ramifies in K. Then p > m/4.

(2) If m > 8 then m = 3 (mod 8).

(8) If m > 16 then m is a prime.

Proof. Let p be a prime which splits or ramifies in K. Then (p) = pip2, where
p1, P2 are prime ideals in Ok. Since hx = 1, every ideal in O is principal, so
p1 = (m) and py = (my) for some 71, 1o € Ok. We have either m; = 75 or m; = 7,
according to whether p splits or ramifies. In any case we have N(m) = N(m).
From (p) = (mm) we see that p = mmou, where u is a unit in Ok. Taking
norms we obtain p? = N(m)N(m) = N(m)? or p = N(m). Let w = ™Y=" 5o
Ok = |w, 1]. Write m = a + bw, where a,b € Z. We have

p=N(m) = (a+bw)(a+bw) =a®+ (w+ D)ab + wib?,

2 b 2
:a2—|—mab—|—m +mb2:<a+m> +@b2,

4 2 4

and, since b # 0, (1) follows. By (1) the prime 2 is inert in K if m > 8. Since
the polynomial X2 + m is always reducible modulo 2, by Proposition 1.2.2 we
must have m = 3 (mod 4), and moreover the polynomial X? — X + 4™ must be
irreducible modulo 2. This means that m = 3 (mod 8). Finally, if m is composite,
then m has a prime divisor p such that p < y/m. Proposition 1.2.2 tells us that

p ramifies, so we have p > m/4. Therefore \/m > m/4, proving (3). O

Corollary 1.2.4. The notation being as in Proposition 1.2.3, we have (%) =-1
for all primes 2 < p < m/4.

Proposition 1.2.5. Let K be an imaginary quadratic field. Then the class num-
ber hx is equal to the number of triples (a,b,c) € Z3 satisfying the following
properties:

(1) a,b,c are relatively prime.

(2) dr = b* — 4ac.

(8) —a<b<a<cor0<b<a=c.

Proof. See [Cox11, §2.,A., Theorem 2.13., p. 29]. O

Proposition 1.2.5 gives us an algorithm for computing the class number. The
following proposition provides an “explicit formula” for the class number of an
imaginary quadratic field. It is apparently hopeless to get a lower bound from
this formula.

Proposition 1.2.6. Let K = Q(\/—p) with a prime p such that p = 3 (mod 8).
Then
1 n
0<n<p/2 p

Proof. See [Zag81, §9, Satz 4, p. 82]. Zagier also considers the other cases modulo
8. The proof is rather involved; one needs to compute the value of certain L-series
at 1 in two ways. O



By a lattice A we mean a set of the shape
A = [wy,wo] = {mwy + nwy : m,n € Z},

where wy,wy are complex numbers whose ratio is not real. We call (wy,ws) a
basis for A. Two lattices A and A’ are said to be homothetic if A’ = uA for
some p € C*.

Proposition 1.2.7. Let A = [wy,ws] and N = [wi,w}] be lattices. Assume that
wi/wy € 9 and wi/wh € 5. Then A = N if and only if

()= ) porsome (& 3) €5

Proof. Easy. See [DS05, 1.3, Lemma 1.3.1., p. 25]. O
Consider a lattice A and let
Opn={X e C: A CA}L

The set O, is called the order of the lattice A. It is clear that homothetic
lattices have the same orders. Consequently we may restrict ourselves to lattices

of the form [7, 1], where usually 7 € $. We use the following notation: A, = [r,1]
and O, = O, ..

Proposition 1.2.8. Let 7,w € . The lattices A, and A, are homothetic if and
only if T = yw for some v € SLy(Z). Let T,w € C. Then A, = A, if and only if
THweZ.

Proof. Easy calculation. n

Let us now investigate the structure of the orders O,. One can embed O,
into My(Z) as follows. Define a map by

€0 O — Ma(Z),
A — e-(N),

where the matrix €,()\) is determined by the action of A on the basis (7, 1) of the

lattice A,, that is,
T T
)\<1> _ eT()\)<1>. (1.1)

We say that 7 € $ is a CM point if Q(7) is an imaginary quadratic field. If
A1? 4+ BT+ C = 0, where A, B, C are integers such that (A, B,C) = 1, then we
call this equation the minimal equation for 7.

Proposition 1.2.9. Let 7 € ) be a CM point with minimal equation

AT + Br+C =0.

& (0;) = {8((1) ?) —i—t(g1 _BC) it e Z}.

9
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Proof. Let A € O, and write €,(\) = (¢%). Eliminating A from (1.1) yields

e+ (d—a)T —b=0. (1.2)
Comparing (1.2) with A7? + BT + C = 0 and remembering that (A, B,C) = 1,
we obtain
(a b> B <a —tC >
c d) \tA a+1tB
for some t € Z. This is the desired result. ]

The proof of Proposition 1.2.9 shows that if 7 € § is not a CM point, then
necessarily O, = Z. On the other hand, if 7 is a CM point with minimal equation
A71? + BT+ C = 0, then writing a = ¢! (91 *BC) we see that O, = [«, 1]. By the
second part of Proposition 1.2.8 we have O, = [3,1] if and only if § = +a + s,
where s € Z.

Writing e-(A) = (2%) in (1.1) we can express A as follows

N — (a+d)\+ad — be = 0.

Therefore we always have O, C Ok, where K = Q(7). Consider now an arbitrary
subring O of Ok. Then O is a free Z-module of rank 1 or 2. In the former case
we have O = Z. In the latter case, the ring O is called a quadratic order (or
simply an order) in K. proposition 1.2.9 shows that the order of a lattice is a
quadratic order in the corresponding imaginary quadratic field. Conversely any
quadratic order is an order of some lattice (for example itself).

Proposition 1.2.10. Let O be an order in an imaginary quadratic field K. Write
Ok = |w, 1]. Then there exists a unique positive integer f such that O = [fw,1].

Proof. See [Cox11, §7.,A., Lemma 7.2., p. 133]. ]

The integer f of Proposition 1.2.10 is called the conductor of the order O.
If we view Ok and O as Z-modules, then we have (Ok : O,) = f.

Let 7 € $ be a CM point. We define the discriminant D, of the order O,
by D, = (fw — fw)?. The second part of Proposition 1.2.8 shows that D, is well
defined.

Proposition 1.2.11. Let At?> + BT + C = 0 be the minimal equation for CM
point T € §. Then D, = B?> —4AC.

Proof. Let a = €;* (g _BC) so that O, = [, 1]. Now we use (1.1) with A = « to
obtain
o’ — Ba + AC = 0.

Therefore D, = (o — @)? = (o + @)? — 4o = B? — 4AC. O
1.3 Elliptic functions

Let A be a lattice. We say that a meromorphic function f on C is an elliptic
function with respect to the lattice A, if f(z + w) = f(z) whenever z € C and

10



w € A. We define the Weierstrass elliptic function with respect to the lattice

A by
o) =3t 2 (( Ik 73)

0#£weA
The function g, is holomorphic on C\ A and has a pole of second order at every
point of A. We define Ga,(A) = Fgppen w " for n > 2, and go(A) = 60G4(A),
g93(A) = 140G (A).

Proposition 1.3.1. Let A be a lattice.
(1) The Laurent series expansion about origin of o is

p Z 2n _'_ G2n+22

(2) The function o, satisfies the differential equation

@/AQ = 4@?\ — g2(AN)pa — g3(A).

(3) Let A(A) = go(A)® —27g3(A)2. Then A(A) # 0.

(4) The field of all elliptic functions with respect to A is equal to C(px, Q).
The field of all even elliptic functions with respect to A is equal to C(gpy).

(5) Let n > 2 be an integer. Then G, (A) is a polynomial in ga(A) and g3(A)
with rational coefficients.

(6) Let z,w € C. We have pa(z) = pa(w) if and only if z = tw (mod A).

Proof. See [Cox11, §10., p. 181] or [Lan87, Chapter 1]. ]

Proposition 1.3.2. Let A be a lattice corresponding to an order O in an imagi-
nary quadratic field K. Let L be a subfield of C containing go(A) and g3(A). Then
for every a € O we have pp(az) = Ra(pa(z)), where R, is a rational function
with coefficients in K - L.

Proof. Let p = pa and pq(2) = pa(az). We know that an even elliptic function
with respect to the lattice A is expressible rationally via @. Because OA C A
and p is even, there is a rational function R, € C(X) such that p, = R.(p). We
know that the Laurent expansions of ¢ and g, are of the form

Pa(2) = + Z (2n + 1) Por1(g2(A), g3(A)) 2",

o222

p(2) = 25 + D20+ 1) Pasa(ga(A). s (A2,

where P,,1(X,Y) € Q[X.Y] for every n > 1. Therefore p, € (K - L)((z)) and
o € L((2)). Now let 0 € Aut(C/K - L). Then o extends to an automorphism
C((z)) — C((#)) by acting on the coefficients of the formal Laurent series. Every
such automorphism o fixes p and p,. Consequently, we have R? = R,, for every
o € Aut(C/K - L). Therefore the coefficients of R, must lie in K - L. O

In general, an elliptic curve is a smooth projective curve of genus 1. For us
an elliptic curve F will we be the curve given by an equation of the form

y? =42 — gor — g3, g2, 93 €C, g5 — 2792 #0, (1.3)

11



together with a point at infinity. In other words,
E= {[27, Y, Z] S ]P)Z((C) y2z - 43:3 - 923722 - 9323}‘

We see from this, that the point at infinity of F is [0, 1,0]. Let A be a lattice and
let Ep be the curve defined by the equation

y* = 42® — go(A)z — g5(A).

Proposition 1.3.1 shows that Ej is an elliptic curve and there is a bijection

O: C/N — Ey
A {[m<z>,m<z>,u itz ¢ A, (1.4)
[07170] if z€A.

Conversely, if E, g2, g3 are as in (3.25), then there exists a lattice A such that
g2 = g2(A) and g3 = g3(A) and we have a bijection ®: C/A — E as in (1.4).
This is the content of the Uniformization Theorem for elliptic curves. See [Sil09,
VIL5.].

It is well known that an elliptic curve can be given the structure of an abelian
group in such a way that the group operations are rational maps of the curve.
If the elliptic curve F) is considered as a group, then the bijection ® of (1.4)
becomes an isomorphism of groups.

We let E[N] be the subgroup of an elliptic curve E consisting of points of E
whose order is finite and divides N. We have
ANz 1z
EANI= 0 = 3z vz

The j-invariant of an elliptic curve E: y? = 42® — gox — g5 is defined as

9

J(E) = 1728572 .
) g — 2793

Let 7 € § and A, = [1,1] and let E, = F,_ be the corresponding elliptic curve.
We set

i(7) = j(Ar) = j(Er).
Thus the j-invariant can be viewed as a function on the upper-half plane, lattices,
or elliptic curves.

Proposition 1.3.3. Let Ay and Ay be lattices. Then Ay and Ay are homothetic
if and only if j(A1) = j(Ay). Similarly, if By and Ey are elliptic curves, then Ey
and Ey are isomorphic if and only if j(E1) = j(Es).

Proof. see [Cox11, §14., A., 14.4.]. ]

Let A be a lattice. Then the complex torus C/A, is both a Riemann surface
and an abelian group. Therefore we can consider holomorphic homomorphisms
between such tori. If A} and Ay are lattices, then the holomorphic homomorphism
from A; to Ay are given by multiplication by A such that AA; C A,. Isomorphism
occurs if and only if AA; = Ag. For proofs see for example [Sil09, VI.4.].

Holomorphic homomorphisms and isomorphisms of complex tori correspond
to isogenies and isomorphisms of elliptic curves. Let A be such that AA, C A,
and let [A]: A, — C/A,: w+ A, — A+ A,. Then we have the commutative
diagram
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C/A, — E,

lP\] J/RA

C/A, — E,

where R, is the corresponding isogeny (that is, a homomorphism which is a
rational map). Conversely, for an isogeny we get a multiplication map of lattices.

Suppose now that E; has an endomorphism which is not multiplication by an
integer. Then for some A € Z we have AN, C A,, or

AT =art + b,
A=cT+d,

where a, b, c,d € Z. Thus
cr* +(d—a)T —b=0, TES,

meaning that Q(7) is an imaginary quadratic field. Note that A is an algebraic
integer. By Section 1.2 we have End(E,) = O for some order O in Q(7). By
the Uniformization Theorem the same is true for any elliptic curve over C with
a nontrivial endomorphism.

Theorem 1.3.4. Let E be an elliptic curve with compler multiplication by a
quadratic order O. Then j(E) is an algebraic number of degree at most h(O).

Proof. We may assume that £ = E, for some 7 € §). Suppose that
By =4a° — go(7)z — g3(7)

has CM by O. Let o be any automorphism of C. Then the elliptic curve

g

E7: y2 = 42° — 92(7)7x — g3(7)
has also CM by O, because the map

End(E,) — End(E?)
pr—ocopoo !

is an isomorphism. By the Uniformization Theorem we can find w € ) such that
E? = E,. The corresponding lattices A, and A, are proper ideals of the order
O. They are homothetic if and only if j(E,) = j(E,). We have j(E,) = j(E?) =
Jj(E;)?. There are exactly h(O) classes of proper ideals of O, implying that there
are exactly h(QO) distinct values of the corresponding j-invariants. Therefore
J(E;) has at most h(O) conjugates. O

It can be shown that the degree of j(E) is ezactly h(O) if E has CM by the
order O. In fact, the value j(E,) generates the Hilbert class field of the imaginary
quadratic field Q(7). See for example [Deu58, 10.,11.].
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2. Modular functions

In this chapter we describe the basic theory of modular functions. The references

are [Lan87, 6.], [Shi94, 6.], and [DSO05, 7.].

2.1 The modular group

The group GLj (R) acts on the upper half-plane § as follows. Let 7 € $ and
v=(2%) € GL3 (R). Then the action of 7 is given by

ar +b
ct+d

(7, 7) —> y7, where ~T =

The formula 3(y7) = det(y)/|er + d|* shows that v7 € ), so that this action is
well defined.

The subgroup SLy(Z) of GL3 (R) is called the modular group. Let I' be a
subgroup of GLJ (R). We define the stabilizer of a point 7 € § in the subgroup
Cbyl,={yeTl:~vr =1} Let

11 0 —1
TZ(O 1) and Sz(l 0).

Proposition 2.1.1. (1) SLy(Z) is generated by the matrices T and S.

(2) We have SLy(Z); = (S) and SLy(Z)¢, = (ST).

(8) We have SLa(Z), = {£1} for T € 9, ¢ SLo(Z)i, & SLa(Z) (5.

(4) Let F = {1 € : |R(7)| < 1/2 and |7| > 1}. Then for every T € $) there
exist v € SLo(Z) such that 7 lies in F, the closure of F in $. No two
points of F are equivalent, and if 71,75 € F are such that 1, = 1o for
some v € SLo(Z), then either v = £T and 71 — 19 = £1, or v = £S5 and
71| = || = 1.

Let N be a positive integer. We define I'(NV) to be the kernel of the natural
map SLo(Z) — SLy(Z/NZ). The group I'(N) is called the principal congru-
ence subgroup of level N. A subgroup I' of SLy(Z) is called a congruence
subgroup if I'(N) C T" for some N.

Let T" be a congruence subgroup of SLy(Z). We let T'\$ = {I'r: 7 € $H}.
Quotients of this form are called modular curves, and they are denoted by
Y (). A modular curve Y(I') can be given the structure of a Riemann surface.
We may compactify Y (I') by adding a finite number of points which are called
cusps of Y(I') (or of I'). The resulting compact Riemann surface is denoted by
X(T') (and is also called a modular curve).

We define X (N) = X(I'(N)). The meromorphic functions on X (N) are called
modular functions of level N. One may apply the general theory of compact
Riemann surfaces to conclude that the field of modular functions of level N has
transcendence degree 1 over C, thus determining a smooth projective algebraic
curve over C. This justifies the latter part of the name modular curve.

The arithmetic interest in modular curves comes from the fact that the equa-
tions of modular curves can be defined over Q (or possibly over a finite extension
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of Q). Therefore it makes sense to consider rational points on modular curves.
Further, modular curves serve as a moduli space for elliptic curves, meaning that
there is a bijection between the points of a modular curve and certain isomor-
phism classes of elliptic curves.

However, we shall not use modular curves here. In the next two sections
we will consider modular functions as meromorphic functions on $ which are
invariant under the action of some congruence subgroup of SLy(Z).

2.2 Modular functions

We first define modular functions. Let f be a meromorphic function on $. Sup-
pose that f is invariant under the action of SLy(Z) on ), that is, f(y7) = f(7)
for all v € SLy(Z) and all 7 € $. Then, in particular, f(7 + 1) = f(7) for every
7 € 9. Therefore we may write f(7) = f(q), where ¢ = ™7 and f is meromor-
phic inside the unit disc, except possibly at the origin. Let the Laurent series
expansion about the origin of the function f be f(q) = > >0 @nq". We say that
f is a modular function (or more precisely a modular function of level 1)
if the Laurent series expansion of the associated function f contains only a finite
number of polar terms, that is f(q) = > n>ne Onq"™, where ng € Z.

We call 3, a,g" the Fourier expansion of the modular function f, and
the coefficients a,, the Fourier coefficients of f.

Proposition 2.2.1. The map

9 — {lattices} — {elliptic curves over C}
T— A — B,

induces a bijection

{lattices} ~{elliptic curves over C}

SLy(Z)\$

homothety " isomorphism over C

Proposition 2.2.2. (1) The Fourier coefficients of j are integers.

(2) The map T — j(T) induces a bijection SLa(Z)\$H — C. In other words, the
function j maps $ onto C, and we have j(11) = j(1) for some 11,7 € $
if and only if 1 = y19, where v € SLy(Z).

(8) Every modular function is a rational function in j.

(4) Every modular function that is holomorphic on $) is a polynomial in j.

(5) If a modular function is holomorphic on $) and also holomorphic at infinity,
then it is constant.

2.3 Modular functions of higher level

Definition 2.3.1. A function f: $ — C is called modular of level N if
(1) f is meromorphic on $),

(2) f(AT) = f(7) for every A € T'(N),
(3) The function f o~y is meromorphic at infinity for every v € SLy(Z).
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Definition 2.3.2. Let N be a positive integer, and let v and s be integers not
both divisible by N. We define

o) - 20, (T2,

The functions f ](\;’S) are called the Fricke functions (after Robert Fricke). It is

easy to see that the function f](vr’s) depends only on the residue of (r, s) modulo
N.

Prop051t10n 2.3.3. Let 7 € $ be not congruent to i or (3 modulo SLy(Z). Sup-
pose that fy (i) (1) = ](\?2’82)(7'). Then (r1,51) = £(rq, s2) (mod N).

Proposition 2.3.4. The functions f](\;”s) are modular of level N. The modular
group acts on them as a group of permutations: fj\;’s) (y1) = fj(\;’S)W(T) for every

v € SLy(Z).

Proposition 2.3.5. Let N be a positive integer. There is a natural exact sequence
1 — I'(N) — SLy(Z) — SLo(Z/NZ) — 1.

Proof. See for example [DS05, Exercise 1.2.2., p. 21] or [Lan87, §1.,p. 61]. ]

Proposition 2.3.6. Let N be a positive integer and let QQ = ¢"/. We have for
TES

1570) =P (5 + e 2 L™ @G+ Q7 - 2)),
( QCN m=1n=1

where P is a power series with integer coefficients.

Lemma 2.3.7. Let o € GLy(Z/NZ) be such that ua = e u for every u € sy,
where €, = £1. Then o = £1.

Lemma 2.3.8. Let 7 € 91, and let « € GLo(Z/NZ) be such that fA*(1) = fi(7)
for all uw € sy. Then o = +1.

Lemma 2.3.9. Let o € GLo(Z/NZ) be such that fN* = fr for allu € sy. Then
o = =x1.

We define

Fnc = C(j, f(rs :(r,8) € sn),
Fx =Q, f§ : (r.5) € sw).

Theorem 2.3.10. The field extension Fnc/C(j) is Galois, and
Gal(Fyc/C(j)) = SLao(Z/NZ) /{£1}.

Moreover, the field Fn ¢ coincides with the field of all modular functions of level
N.
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Proof. Let Ry be the field of modular functions of level N, and consider the
homomorphism

0: SLy(Z) — Aut(Ryc),
v 0(v),

where the automorphism () acts on Ry ¢ by f — fo~. To show that this is a
well defined homomorphism, we must show that f o~ is an element of Ry c. The
group I'(N) is a normal subgroup of SLy(Z), so if a € I'(IV), then there exists
o' € T(N) such that ya = /7, and thus foyoa = foa’ oy = fo~. The other
conditions for f € to be in Ry ¢ are satisfied automatically.

Now we determine the kernel of the homomorphism 6. By the definition of
Ry ¢ we have £1I'(N) C kerf. To prove the opposite inclusion, suppose that
~v € kerf. Let 7 be the image of 7 in SLy(Z/NZ). We know that fU"* € Ryc
and f](vr’s) oy = fj(\;’sﬁ for all (r,s) € sy. We apply Lemma 2.3.9 to obtain 7 = +1.
Therefore ker § = £I'(N), and there is an injection

SLy(Z/NZ)/{+1} = SLy(Z)/ £ T(N) — Aut(Rnc).

Let Gy denote the image SLo(Z/NZ)/{£1} in Aut(Ryc). Then Gy is a finite
group of automorphisms of Ry ¢ whose fixed field is the field of modular functions
of level N invariant under the full SLy(Z), that is, the field C(j). Therefore the
extension Ry c/C(j) is Galois and the corresponding Galois group is Gy (see
[Mil18, Theorem 3.10 (c), p. 38]).

It remains to prove that Fiy¢c = Ryc. By Lemma 2.3.9 every automorphism
fixing the functions f](\;’s) for all (r,s) € sy must be induced by a matrix in
+I'(V). Therefore the subgroup corresponding to the subextension Ry c/Fy ¢ is
trivial, and so Fyc = Ry as asserted. O

Theorem 2.3.11. The field extension Fxn/Q(j) is Galois, and

Gal(Fn/Q(j)) & GLo(Z/NZ) /{£1}.

Proof. Every automorphism of the field Q((y) extends to an automorphism of
Q(¢w)((¢*N)) by acting on the coefficients of the formal Laurent series. We
know that Gal(Q(¢y)/Q) = (Z/NZ)™ (see [Mill8, Theorem 5.10, p. 63]). For
d € (Z/NZ)" let 04 denote the automorphism of Q((x) determined by (3 = 4.
Proposition 2.3.6 implies that the extension of o4 to Q(Cx)((¢*/Y)) (which we
). (r,s) € sy} by
( f](\q,"’s))"d = f("d3)_ Since the Fourier coefficients of j lie in Q, the automorphism
04 restricts to an automorphism Fy — Fy which we will again denote by oy.
Consequently, we get an injection

will denote by the same symbol) acts on the functions { f](\q,"’s

(Z/NZ)" — Aut(Fy/Q()),

d— oy.

On the other hand, the group SLy(Z/NZ) acts on { I : (r,s) € sy} by fU% o
v = fr7 where 7 € SLy(Z/NZ) and v is a lift of ¥ € SLy(Z/NZ) to SLy(Z).
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We can now use the exact sequence of Proposition 2.3.5 to combine these two
actions, obtaining an injection

GLy(Z/NZ)/{£1} — Aut(Fy). (2.1)

More precisely, if A € GLy(Z/NZ) then the matrix A can be uniquely represented
as A= (}9)a, where a = det A and «a € SLy(Z/NZ). Hence the automorphism
corresponding to the matrix A is g, o a.

Let G be the image of GLy(Z/NZ)/{£1} in Aut(Fy) (see (2.1)). Then G
is a finite group of automorphisms of Fy. The fixed field of GG consists of those
functions f in Fy which are invariant both under the action of SLy(Z/NZ) and
the action of (Z/NZ)™. The former condition requires f to be of level one. The
latter requires f to lie in Q(j) by virtue of Proposition 2.2.2, (1). Therefore the
fixed field of Gy is Q(j), implying that the extension Fi/Q(j) is Galois with
Galois group Gy = GLy(Z/NZ)/{£1} (see [Mill8, Theorem 5.10, p. 63]). O

Proposition 2.3.12. We have CN Fy = Q(¢xn). In particular (n is an element
Of FN-

Proof. Let k = CN Fy. We have C(j) - Fx = Fnc because Fyc = C(j, fﬁs) :
(r,s) € sy). Note that k(j) = C(j) N Fy. Therefore (see [Mill8, Proposition
3.18, p. 40])

Gal(Fy/k(j)) = Gal(Fnc/C(j)) = SLa(Z/NZ) /{£1}.
In particular [Fiy : k(j)] = # SLa(Z/NZ)/{£1}, and so
[k(j) : Q)] = # GLo(Z/NZ)/ SLo(Z/NZ) = # (Z/NZ)* .

Consequently, [k : Q] = # (Z/NZ)™ = [Q(¢y) : Q]. On the other hand, we have
k C Q(Cy) because Fiy C k((¢"/V)). Thus k = Q((y) as asserted. O

Proposition 2.3.13. The field F consists of all modular functions of level N
whose Fourier coefficients lie in the field Q((y).

Proof. Since the extension Fy¢/C(j) is finite and separable there exists an el-
ement gy € Fyc such that Fyc = C(j, gn) (see [Mill8, Theorem 5.1, p. 59]).
Moreover, we can choose the function gy to be a linear combination of fg’s)
with rational coefficients, assuring that gy has Fourier coefficients in Q((y) (see
[Mil18, Remark 5.2, p. 60]). Now let h € Fyy ¢ and suppose that the Fourier coef-
ficients of h lie in (. We can write h = R(j, gn), where R is a rational function.
All three functions h, j, and gy have Fourier coefficients in Q((y). Therefore
comparing the coefficients of each power of ¢'/V in the relation h = R(j, gn), we
obtain a system of linear equations with coefficients in Q({x) whose solution are
the coefficients of R. Thus R has coefficients in Q((y), so h € Q((wn,j,gn) = Fn
(see Proposition 2.3.12), and we are done. O

2.4 Transformation equations
We define
/\/lm:{(g i) :7’>0,rt:m,0§5<t}.
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The set M,, is a set of representatives for the left action of SLy(Z) on the set
of 2-by-2 matrices with integer entries and determinant equal to m. If f is a
modular function, let I'(f) be the exact subgroup of SLy(Z) under which the
function f is invariant. Let o be a 2-by-2 matrix with positive determinant. We
define

R%r(f) = {AQB: A Be F(f)}

The group I'(f) acts on the set R, p(s) from right and left. We denote by

L(fN\Rar(p)

any set of representatives for the left action.

Theorem 2.4.1. Let f € Fnc be such that C(j) C C(f), and let o« € M,,. The
minimal polynomial of the function f o a over the field C(f) is

11 (X — foM). (2.2)

MEeT(f)\Ra,r(f)

Proof. From the definition of the set R, (s we see that the Galois group
Gal(Fnc/C(f)) = n(f)

acts on the roots of the polynomial (2.2). We must show that it acts transi-
tively. Let My, My € R,r(p. Write M} = AjaB; and My = AsaB,, where
Ay, Ag, By, By € T'(f). We observe that the automorphism given by the ma-
trix By 'By € T'n(f) maps the function f o M; = f o« o B; to the function
foMy= foao By This concludes the proof. m

Lemma 2.4.2. Let f € Fy and v € SLy(Z). Let o4 € Gal(Fy/Q(j)) be the
automorphism induced by d € (Z/NZ)*. Let D = (}9). Let7¥ be the image of ~
in SLo(Z/NZ). Let ' be a lift of the matrizv D™D to SLy(Z). Then we have

(foy)™ = f7"0or" (2.3)

Proof. Since the field Fly is generated over Q(j) by the Fricke functions f](\f’s) , it
is sufficient to prove the relation (2.3) for them. Let (r,s) € sy. By Proposi-
tion 2.3.4 and Theorem 2.3.11 we have

(f5°

o r,s)yD r,s) D~ ,8)\ o
o) = XU = [ = (f) o
This completes the proof. n

Lemma 2.4.3. Suppose that f € Fyn has rational Fourier coefficients. Suppose
that (m,N) = 1. Let M € M,, be a diagonal matriz. Let M be the image of
M in GLy(Z/NZ). Then the group Tn(f) is stable under conjugation by M. In

other words, we have M Tn(f)M C Tn(f).

Proof. Write M = (29), where a,b € (Z/NZ)*. Since M = a (}9)7" (39), it is
sufficient to prove the lemma for matrices of the type (}9) where d € (Z/NZ)*.
Let A € Ty(f). As the matrix A’ = (19)7' A(}9) has determinant equal to 1,
it is an element of SLy(Z/NZ). Furthermore, since the function f has rational
Fourier coefficients, it is fixed, for every d € (Z/NZ)*, by the automorphism
oq in Gal(Fy/Q(j)) corresponding to the matrix (}9), (see Theorem 2.3.11).
Therefore A" € I'n(f). O
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Theorem 2.4.4. Let [ € Fy and o € M,,. Assume that (N,m) =1 and that
both f and f o a have rational Fourier coefficients. The minimal polynomial of
the function f o« over the field Q(f) is

11 (X —foM). (2.4)

MEeT(f)\Ra,r(y)

Proof. By Theorem 2.4.1 the polynomial (2.4) is the minimal polynomial of f o«
over C(f). Therefore to show that it is defined over Q(f) we must show that the
set

{f oM : M e Ra,l“(f)}

is stable under the Galois action induced by (Z/mNZ)*. Let d € (Z/mNZ)*,
D = (}Y), and let 04 € Gal(F,,n/Q(j)) be the corresponding automorphism.
Take M € Rar(p. Then M = AaB for some A, B € I'(f). Since the function
f o « has rational Fourier coefficients, Lemma 2.4.2 applies to it, and we obtain

(fo M)’ = (foaoB)™
= (foa)’oB where B is a lift of D"'BD to SLy(Z),

= foaoB because f o« has rational Fourier coefficients.

But according to Lemma 2.4.3 the matrix B’ is an element of I'(f). Therefore
aB' € R, r(f), and we are done. ]

2.5 Examples of modular functions

Definition 2.5.1. We define

Y2(7) = j(7)"2,

the cube root being chosen in such a way that vo has rational Fourier coefficients.

It is easy to see that the function 7, is well-defined because all zeros of the
j-invariant have order 3. The function =, is called the Weber modular function.
For more details see [Cox11, §12,A, p. 249].

Proposition 2.5.2. Let S = (Y ') and T = ({1). We have

ToS =1, Mol =C( 7
Proof. See [Cox11, §12,A, Proposition 12.3. p. 250]. O

Definition 2.5.3. We define

1
77<7_> = (271_)1/2

A,

the 24-th root being chosen in such a way that n(7) is positive for T € $ purely
imaginary. The function n is called the Dedekind eta function.

Proposition 2.5.4. Let S = (Y ') and T = ({ 1). We have
n(ST) = (=i7)"*n(r),  0(T'T) = Caan(7).
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Proof. See [Cox11, §12,B, Corollary 12.19, p. 259]. O
Definition 2.5.5. We define

_amo(4)) _no(§9) _ 5n0(39)
=Gl T h= T s ﬁ—n

These functions are called the Schlédfli’'s modular functions (after Ludwig
Schléfli). Note that they are holomorphic and nonzero on $.

Proposition 2.5.6. Let S = (V') and T = ({ }). We have

(F, F1, F2) 0 S = (f, f2, 1),

(fa flv f?) ol = (C4_81f17 C4_81fa Q%Sf?)
Proof. See [Cox11, §12,B, Corollary 12.19, p. 259]. ]
Proposition 2.5.7. We have

a b a0—Aac-+cCi _a2C a b
Yo © <C d) = 3b +ed d’yg for (C d) € SLQ(Z).

Proof. See [Cox11, §12,A, Proposition 12.3. p. 250]. O
Proposition 2.5.8. We have

a b cd+2ad—ac—bd—2d? a b
f3 o (c d) — 126d+2 d bd—2d f3 fOT (C d) c F(f24>

Proof. See [Web08, §40, p. 134]. ]
Proposition 2.5.9. We have

2116

s
Proof. See [Cox11, §12,B, Theorem 12.17., p. 257]. O
Proposition 2.5.10. We have for 7 € $
f1(27)Fa(7) = V2.
Proof. See [Cox11, §12,B, Exercise 12.9]. O

Proposition 2.5.11. Let ,w € $ and a € {3,24}. We have f(7)* = f(w)* if
and only if T = Aw where A € T'(§*).

Using the above general transformation formulas, we can easily compute the
exact subgroups of SLy(Z) under which the functions s, f* and §** are invariant.

Proposition 2.5.12. We have
a b a b 0 = x t
[(y2) = {(c d) € SLy(Z) : (c d) <* 0) or (t *) for some t (mod 3)}

Proposition 2.5.13. We have

Yo =

(%) = {(i b) eI :a+d=0 (mod 16) or b = ¢ (mod 16)}.

d
((1) (1)) or <(1] (1)> (mod 2)}

Proposition 2.5.14. We have
24y a b fa b
r( >—{(C " esL@: (*h)
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3. Class invariants

3.1 Integrality of the j-invariant

In this section we prove that j(7) is an algebraic integer whenever 7 is a CM
point. We give the classical analytic proof. There are also at least two different
algebraic proofs, but they are more difficult. See [Rob73, II1,3.], and especially
[Sill1, II.,§6., p. 140]. We have followed [Lan87, 5,§2, Theorem 3 and 4, p. 55-57]
and [Shi94, 4.6., p. 107).

Lemma 3.1.1. Let f be a modular function of level one holomorphic on $. Write
f = —_nanq". Suppose that the Fourier coefficients a, are algebraic integers.
Then f = P(j), where P is a polynomial whose coefficients are algebraic integers.

Proof. By Proposition 2.2.2, (1) we have
1 oo
j==+> cad",
q n=0

where the coefficients ¢, are integers. Subtracting a suitable multiple of a power
of the j-invariant from the function f we obtain

N _ [ A=N 1 N_dNA
f—a_nj" = qT+ —a_y 64—00—{—--- _qule...’

where the coefficients d,, are algebraic integers. Continuing in this manner we
eliminate all polar terms contained in the Fourier expansion of f. Thus there
is a polynomial P, whose coefficients are algebraic integers, and such that the
function f — P(j) is holomorphic at infinity. Since f was assumed holomorphic
on ), Proposition 2.2.2, (5) implies that f — P(j) = ¢ for some ¢ € C. The
number ¢ must be algebraic because it is equal to the constant coefficient of the
Fourier expansion of the function f — P(j). O

Let m > 1 be an integer. There is only one orbit in SLy(Z)\M,,/SLy(Z),
namely SLy(Z) (7 9) SLy(Z). Therefore for every o € M,, the minimal polyno-
mial of the function joa over the field Q(j) is the same as the minimal polynomial

of jo(7Y9). Consequently, for a fixed m, there is only one modular polynomial
for j of order m. We denote it by &/ (X,Y).

Proposition 3.1.2. Let m be a positive integer. The polynomial ® (X,Y) has
integer coefficients.

Proof. The set

is a set of representatives for SLy(Z)\.M,,. Therefore

®.(X,5) = [ (X—joM).

MGSm,l
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We see that the coefficients of the polynomial ®J (X, j) are the elementary sym-
metric polynomials in the functions jo (7)) = >0° C;Scnqr%, where the ¢,
are integers. This reveals to us that the Fourier coefficients of the coefficients
of ®J (X, j) are algebraic integers. Thus Lemma 3.1.1 shows that ®J (X,Y") has
algebraic coefficients. However, the function jo (7 ¢) has rational Fourier coeffi-
cients, and so by Theorem 2.4.4 the polynomial ®/ (X,Y") has rational coefficients.
Therefore they must be in fact integers. O

Proposition 3.1.3. Suppose that m is not a square. Then the leading coefficient
of the polynomial ®I (X, X) is +1.

Proof. The leading coefficient of ®/ (X, X) is equal to the coefficient of the lowest
polar term in the Fourier expansion of ®J (7, 7). On the other hand,

®.(,0)= [l (G—ioM),

MeSm 1

and the polar part of the Fourier expansion of j — jo (%) is ¢7' — Cflsq_”2/”.
Since m is not a square, cancellation cannot occur, and so the leading Fourier
coefficient of j —jo (¢ {) is a root of unity. Consequently the leading coefficient of
®J (X, X) is also a root of unity. By Proposition 3.1.2 it is an integer. Therefore
it must be +£1. O

Theorem 3.1.4. Let 7 be a CM point. Then j(T) is an algebraic integer.

Proof. Let K = Q(7). First, we prove the theorem in the case when O, is the
maximal order of K. Then one can choose an element p of O, such that its norm
N(p) is a squarefree integer m > 1. Indeed, if K = Q(%), then take yp = 1+ 1,
and if K = Q(v/—m) with m > 1 squarefree, then take y = y/—m. Since
multiplication by elements of O, preserves the lattice [, 1], we have

()= )0 (3.)

where the matrix M = (2%) has integral entries. A little calculation shows that
p? — (a+d)pu+ad — be = 0.

In other words det M = m. Moreover, because m is squarefree, the matrix M is
primitive. Now (3.1) implies M7 = 7. Therefore j(M ) = j(7), and consequently
®J (7(7),j(1)) = 0. By the effect of Proposition 3.1.2 and Proposition 3.1.3 the
polynomial ®/ (X, X) has integer coefficients while the leading one is +1. This
shows that j(7) is an algebraic integer.

Now we resolve the case when O, is not the maximal order of K. Let O, be
the maximal order of K. Then since (w, 1) is a basis for K over Q, there exists
a matrix o € GLJ (Q) such that 7 = aw. We may assume that o has integral
entries and that it is primitive. Accordingly we have @7 (j(7),j(w)) = 0 and
n = det v is not a square. Therefore by Proposition 3.1.2 and Proposition 3.1.3
j(7) is integral over Z[j(w)]. But we already proved the theorem for maximal
orders, so j(w) is integral over Z, implying the integrality of j(7). O
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3.2 Weber’s determination of class invariants

In this section we show how to prove Weber’s theorems on class invariants. We
follow Weber’s book Lehrnuch der Algebra [Web08] and Stark’s article [Sta69].
From Section 2.4 we know that if both the modular functions f and f o « have
rational coefficients Fourier and Q(j) C Q(f), then the minimal polynomial of
foaover Q(f) is

O(X) = II &-foM).

MEeT(f)\Ra,r(s)

We will always take o = (™ ;). Write
P(X) = X =51 (/)X 4 (1) sa(f),

where the coefficients s; are rational functions in f. If f is holomorphic on $,
then s; are polynomials in f. This is the case for functions which we will be
interested in. We may therefore consider the polynomial in two variables and
with rational coefficients

Dr(X,Y) = (X)) = X — 51 (V)X 4 (=1)4sy(Y).
We have in particular

¢r(X, f(1)) = I[I (X—fMr).

MeT(f)\Ra,r(p)

The important thing now is that ®,(f(7), f(r)) = 0 for some 7 if and only if
f(1) = f(MrT) for some M € R, r(s. For functions which we will be interested
in, the latter statement is equivalent to 7 = AM7 for some A € I'(f), M € Ry r(p)-
What this injectivity means is that the function f is a uniformizer of a modular
curve of genus 0, that is, it gives a bijection between the modular curve and the
projective line.

For the modular functions v, and ! the transformation polynomials can be
described more explicitly. Let n, d be relatively prime positive integers. We define

S(n,d) = {(6 i) cr > 0,7t =n,(rt,s) :1,d]s,0§s<dt}.

Then our transformation polynomials for the matrix o = (" ;) are

$e(X.72(r)) = J[ (X —f(M7)),

MeS(n,3)

opa (X, 74(r)) = [ (X —f(M7)).

MeS(n,16)
We give two proofs of Weber’s theorem concerning §4.

Theorem 3.2.1. Let p be a positive integer and let 0, = /—p. Then (0,)** €
Q(5(6p)).

Proof. Let T = (}1) and S = ({ '). The numbers

F(0,), §(T0,)*, §(TSTH,)*
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are the roots of the equation

(X —16)° — j(0,)X = 0. (3.2)
Note that (? ’07’) 6, = 0,. Since ((1) P ) = ( ) we obtain another equa-
tion for f(7)**, namely @ (§(6,), §(6,)) = 0, Where a, = (6’ ?)

Let M € M, be a matrix fixing 6,. Comparison of the relations (0 *p) 0, =0,
and M6, = 0, shows that there are integers s and u such that M = (5 ~Pv).
Consequently det M = 5% + pu®. But we assumed that det M = p, so we must
have s = 0 and u = 1. Therefore there is only one matrix (modulo +1) in M,
fixing 0,.

We contend that the numbers §(76,)** and f(T'ST#6,)** cannot be roots of the
equation @4 (X, X) = 0. To prove this, it is sufficient to demonstrate that there
is no matrix N in I'(f*4) (g ?) [ (§) fixing 76, or T'STH,.

The relation NT'0,, = 10, leads to

T-'NTO, = 0,. (3.3)
Similarly, NT'ST8, = T'ST6, implies
T'ST'T'NTSTO, =0,. (3.4)

Since N € F(f24)( ) L(f1), we have N = (}9) or (9}) (mod 2). Therefore
the matrices in (3.3) and (3.4) are congruent to ({ 9) or (§ 1) modulo 2. However,
we have just proved that the only matrix in M,, fixing 0, is £ (g (1)) which is a
contradiction.

Consequently, the equations (3.2) and ®p4(X, X) = 0 have only the root
£(6,)** in common. Because they have both coefficients in Q(j(6,)) we must have

F(0,)** € Qi(6,))- O

Lemma 3.2.2. Let n be a positive integer such that n = —1 (mod 3). Suppose
that the number w € § satisfies w? + Bw + C = 0, where B,C are integers. If
Y2 (w) # 0 4s a root of the polynomial ®.,(X, X), then B =0 (mod 3).

Proof. If ®.,(72 (w),72 (w)) = 0 and v, (w) # 0 then by our observations above

there exists (p7) € S(n,3) such that 72 (w) = 72 (“‘“LS). The transformation

formula for v, implies
aw+b rw+s

cw+d t

with ad — bc = 1, and
ab — ac+ cd — a*cd = 0 (mod 3). (3.5)
This gives us a second quadratic equation
rew? + (dr —ta+ cs)w + (sd — bt) =0

Comparing it with w? + Bw + ¢ = 0, we obtain

cr =u, (3.6)
dr —ta + cs =Bu,
sd — bt =Clu,
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where u is an integer. Since (7,3) = 1, the number w is divisible by 3 if and only
if ¢ is.

Suppose that this were the case. The determinant condition implies ad =
1 (mod 3). In particular, the numbers a and d are not divisible by 3. Because s
is divisible by 3, we see from (3.7) that dr = ta (mod 3). Therefore ad = rt =
n = —1 (mod 3), a contradiction.

Hence the numbers ¢, u are not divisible by 3. Multiplying the congruence
(3.5) by ¢, we obtain

alad —1) —a+d — a*d = 0 (mod 3),
a+d=0 (mod 3).
Since rt = —1 (mod 3) we have also t = —r (mod 3). Consequently
Bu=dr—ta+cs=r(a+d)+cs =0 (mod 3).
But u is not divisible by 3 so B =0 (mod 3). O

Theorem 3.2.3. Suppose that the negative discriminant D = —p is not divisible

by 3. Then 72 (v—p) € Q(j(v/=p)).

Proof. Let 6 = \/—p.
Assume first that p = —1 (mod 3). We have 6% +p = 0 so (ég) 6= (9,")0.
The function 7, is invariant under (9 ') and (62) € S(p,3). We cannot have

0 = €>™/3 (mod I'(y)) because f pertains to a discriminant not divisible by
3 and the discriminant corresponding to e*™/3 is —3. Therefore the number
2z =2 (0/p) = 72 (0) is a root of the equation ®., (X, X) = 0, where the matrix

is (7).

The three roots of the polynomial
S(X) = X — j(0)
are given by
12 (0), PPy () =@ +1), Pp@)=1(0-1).

We claim that the numbers 75 (6 + 1) ,72 (# — 1) cannot be roots of the polyno-
mial ®,, (X, X). Since # 41,0 —1 =6 (mod I'(72)), the values

N@+1),  n@@-1)

do not vanish. The quadratic equations for 8 + 1 and 6 — 1 are

@+1)*=20+1)+p+1=0,
0—124+20—-1)+p+1=0.

By Lemma 3.2.2, the numbers 5 (0 4+ 1), (0 — 1) cannot be roots of the
polynomial ®., (X, X). Thus the polynomials S(X) and ., (X, X) with coefhi-
cients in Q(j(#)) have only the root 7, (6) in common. Therefore, by Euclidean
algorithm, v (0) € Q(j5(9)).
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On the other hand, when p = 1 (mod 3) we cannot use the transformation
polynomial with n = p. In this case, however, we may set n = p+4 = —1 (mod 3).
Since 6% + p = 0 we also have

(1 p+2> _9+p+2_9+1_(1 1)0
0 p+4)” p+4 642 \1 2
and <(1)§IZ> € S(p+4,3). We know that the function 7, is invariant under the

p+4
polynomial ®.,(X, X). Now we proceed as in the first part of the proof. ]

transformation (11). Therefore the number v, (M) = 7, (#) is a root of the

Theorem 3.2.4. Suppose that the negative discriminant D = —p is not divisible
by 3. Set T = _3%‘/_7’. Then v, (1) € Q (5(7)).

Proof. Set N = 9%”. The quadratic equations for the numbers 7,7+ 1,7 — 1 are

T +37+ N =0, (3.9)
(T+12+(r+1)+N=0, (3.10)
(r—1245(r—1)+N+4=0. (3.11)

If N=p=1 (mod 3) then we rewrite (3.9) as

(1 1) _T+1_T+N—1_(1 N—l)
12" 752° N—2 —\o N-2)"

Note that N > 4 and (é %:%) € S(N — 2,3). The function v, is invariant under

(13). Therefore by Theorem the number (1) = 7o (7}7131) is a root of the
transformation equation ®.,(X,X) (with determinant N — 2), since N —2 =
—1 (mod 3). By Lemma 3.2.2 we can exclude the roots 7+ 1 and 7 — 1. Now we
complete the argument as in the proof of Theorem 3.2.3.

When N = p = —1 (mod 3) then we write (3.9) as

(3 2)7__ 3r+2 71+12N—-18 (1 12N — 18)7_
4 3)°  4r+3  16N-27  \0 16N -27)"

In this case we observe that the function 7, is invariant under the transformation
(22), and that ((1) %g%:;?) € S(16N — 27,3). Since 16N — 27 = —1 (mod 3) we
can use the transformation equation with n = 16 N — 27 as in the first part of the
proof. O

Theorem 3.2.5. Let D = —p =1 (mod 4) be a negative discriminant. Then

H(v=p)" €@ (v=7)-

Proof. Let # = \/—p. Then 6% + p = 0 so that
0 1 10 0 —1
i S (R Y Py
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Since f2* is invariant under T'(§2*), we have §(M6)** = §(6)**, where M =
((1) 2) € S (p,16). Now we the transformation equation ®pa(X, X)) with determi-

nant n = p to find that §(0)** is a root of
P (X, X) = 0. (3.12)
On the other hand, the roots of the cubic equation
(z—16)°—j(0)z=0 (3.13)

are given by

r= O, fer (1)

The equations (3.12) and (3.13) share the root f (8)** and we will now demonstrate
that this is their only common root, i.e. f (6 +1)**,§(1 —1/6)** are not roots of
$21(X, X)) = 0. For this purpose, we need the following lemma.

Lemma 3.2.6. Let w € $) satisfy the quadratic equation Aw? + Bw + C = 0
with integral coefficients. Suppose further that (A, B,C) = 1, and that B,C
are divisible by 2. Then the number f(w)24 cannot be a root of the equation
Ppa (X, X) =0=0, where p=3 (mod 4) is the determinant.

= 0. According to the

Proof. Assume on the contrary, that ®pa(f(w)*,f(w)**)
,X), we have

remarks below the definition of the polynomial ®s(X

rw + s>24

) =5 (™

with rt = p, and s divisible by 16. Since {24 is injective modulo I'(f**) we have,
for some (2%) € (),

a b\ _ (r s aw+b rw+s
(C d>w_<0 t)w’ cw+d ot

In this way we get another quadratic equation for w
crw? + (cs + dr — at)w + ds — bt = 0.

If we now compare this equation with Aw? + Bw + C = 0, taking into account
that (A, B,C) = 1, we receive

cr =Au, (3.14)
cs + dr — at =Bu, (3.15)
ds — bt =Cl, (3.16)

where u is an integer. Since s is divisible by 16, C' is even and t is odd, we
infer from (3.16) that b is even. By the characterization of the group I'(f*),
the number ¢ must be also even and the numbers d,a must be odd. Because
A is odd, we see from (3.14) that 2 | u. Therefore appealing to (3.15), we now
have dr = at (mod 4). But the numbers d,r, a,t are all odd, so that this is the
same as rt = ad (mod 4). The determinant condition ad — bc = 1 implies that
ad =1 (mod 4). Hence p =1t = ad =1 (mod 4). This is a contradiction. O
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The quadratic equations satisfied by the numbers § + 1 and 1 — 1/6 are

O+1)*=2p@+1)+p+1=0,

1\? 1
p(1—0> —2p(1—0)+p+1—0.

Thus the requirements of Lemma 3.2.6 are fulfilled and therefore §+1 and 1—1/6
cannot be roots of the equation ®pa(X, X) = 0.

Consequently the equations (4.1.5) and (3.13) with coefficients in Q (j(0))
have only the root § (6)** in common. Therefore using the Euclidean algorithm the
number f (0)** may be expressed rationally in terms of j(0), i.e. §(6)** € Q (j(0)),
and the theorem is hereby proved. O

Theorem 3.2.7. Let D = —p =5 (mod 8) be a negative discriminant. Then

6 .
P(v=p) €Q(i(v=n)).
Proof. Set 6 = \/—p. Then (68) 6= (97")0, where ((1)2) € S(p,16). There-
fore, reasoning as in the proof of the previous theorem, f(%)g = f(0)3 and

Dpa(F(0)°,(0)°) = 0, determinant being p. Recall that §(6 +2) = e~ 12§ (6).
This means that the roots of the polynomial

S(X) = X* — ()"

are given by z = § (0 + 2k)* = e~ T §(0)%, for k = 0,...,7. Next we investigate
the common roots of the polynomials S(x) and ®yes (2,2). In other words, the
question is, for which 0 < k£ < 7 it is true that

Dpa (F (0 + 2k)° ,§ (0 + 2k)%) = 0. (3.17)

Suppose that for some 0 < k < 7 the equation (3.17) is true. Let 0, = 6 + 2k.
Then by definition of the transformation equation we have

rl + s>3

t

f(ek)3=f<

with (3 ¢) € S(p, 16) so that rt = p and 16 | s. By injectivity we obtain
aby +b  rbp+s

cp+d  t (3.18)
where (%) € T'(§*) has the following property
ac+ bd + 2d*> — 2ad — 2cd = 0 (mod 16). (3.19)
The relation (3.18) can be rewritten as
crli + (cs + dr — at)fy + ds — bt = 0. (3.20)

On the other hand, since 6% 4 p = 0, the number 6, = 0 + 2k also satisfies

07 — 4k0), + p + 4k*> = 0. (3.21)
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We claim that k£ must be divisible by 4. Comparing the coefficients of the
equations (3.20) and (3.21) we get

cr =u, (3.22)
cs + dr — at =4ku, (3.23)
ds — bt =(p + 4k*)u. (3.24)

where u is an integer. By the characterization of T'(f*) we have

(¢a)=(51) or (Y¢) (mod 2).
Suppose that the numbers a, d are both odd. Then, since s is divisible by 16, from
(3.23) we have dr = at (mod 4). Because rt = p = 3 (mod 4) and, in this case,
ad =1 (mod 4), this leads to a contradiction. Therefore (25%) = (9}) (mod 2).

The determinant condition ad — bec = 1 implies b = —c¢ (mod 4). Now we use
(3.19) to deduce

ac+ bd — 2cd = 0 (mod 8),

d

cg —|—b§ —cd =0 (mod 4),
d

cg —cg—chO (mod 4),

a—d—2d=0 (mod 8).
Hence a4+ d = 0 (mod 8). Next p=rt = 3 (mod 8) whence ¢ = 3r (mod 8).
Consequently
dr —at =dr — 3ar =r(a+d—4a) =0 (mod 8).
Now s is divisible by 16 and u is odd, therefore we infer from (3.23) that k is even.
Combining (3.22) and (3.24) we obtain —bt = pcr (mod 8) or —bc = 1 (mod 8).

Thus b = —c¢ (mod 8) and ad = 0 (mod 8). But we also have ac + bd = 0 (mod 4)
and b = —c (mod 4) so that « =d =0 (mod 4). By (3.19) we have

a d
c§+b§ —dc =0 (mod 8),
d
bcg +62§ — dbc =0 (mod 8),
a d
—§+§+d:O (m0d8)

3d —a =0 (mod 16).
Write t = 3r + 8¢, where /¢ is an integer. Then
dr —at = r(d — 3a) — 80a = 0 (mod 16).

Subsequently, since u is odd, k is divisible by 4 and the claim is thereby proved.
This means that the number f (8;)° = f (6 + 2k)* can be a root of the equation
P21 (x,2) = 0 only for k = 0,4. We know that §(A)* is a common root of the

polynomials S(X) and ®pa (X, X) with coefficients in Q (f (6)24). If this is their
only common root, then f(#)*® € Q (f (9)24> C Q(j(#)) and we are done. If

not, then the common roots of S(x) and ®ps(X, X) are precisely the numbers
§()° and (0 +8)° = —f(A)®. In consequence their greatest common divisor is

X2 —§(6)" so that 1 (6)° € Q((6)") € Qi(6)). =
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Theorem 3.2.8. Let D = —p =5 (mod 8) be a negative discriminant not divis-

ible by 3. Then f(v/=p)* € Q(j (v=D))-

Proof. Let 6 = /—p. The premises of Theorems 3.2.3, 3.2.5, and 3.2.7 are
fulfilled. Therefore the numbers

72 (9> ) f (0)24 ) f (0)6
lie in the field Q (5 (#)). But 72 () does not vanish, and we have

F(6)* —16
V2 (9)

Therefore £ (0)° € Q (j (A)). Consequently §(6)* = §(0)° /5(0)° € Q(j (6)). O

F(0)° =

3.3 A sufficient criterion for class invariants

Let o, be the Weierstrass elliptic function corresponding to the lattice A, = [, 1].
Consider the elliptic curve

275 (7) 275(T)

By = a0 - - ' 2
YR T m -t ) -1 (3.29)
We have the following analytic isomorphism
1 if A,
@TC/ATHETZ—FATH (07 70)7 1 ZE :
(p(2),¢'(2),1), otherwise.
Consequently
N 7 Z
~ N T ~
E.[N]| = e el A
and
End(E,[N]) & M, (Z/NZ),
Aut(E,[N]) = GLy(Z/N7Z).
The choice of basis
P =®.(t/N+A;),
1 v ) (3.26)

Py=®.(1/N +A,),
for E,[N], gives us a representation
prr: End(E.[N]) — M, (Z/NZ),

determined by the relation
pN,T((p) (P2 - PQSO :

oy — {Z/NZ x Z.JNZ} \ {(0,0)}.

+1

We let

31



We have

z(rP, + sPy) = zi:; o, (7"7'];1[— 3)

for (r,s) € sy. Conversely, the z-coordinate of every point in E.[N] arises in this
way because the function @, is even.

Proposition 3.3.1. Let R be an integral domain integrally closed in its field of
fractions K. Let L be a Galois extension of K with group G. Let S be the integral
closure of R in L. Let m be a maximal ideal in R and M a maximal ideal of S
lying above m. Let

Doy = {0 € G: oM =M}

be the decomposition group of M. Let R = R/m and S = S/M. Suppose that
the extension S/R is separable. Then the extension S/R is Galois, and there is
a surjective homomorphism

G — Gal(S/R): 0 —> 7.

Here is
7:S —S:s+M— 57+ M.

Proof. See [Lan87, 8, §3, Proposition 4, p. 103]. ]

Let k be a subfield of C. Then the extension k - Fy/k(j) is Galois, and,
denoting its group by Gy, we see that Gy is isomorphic to a subgroup of
GLy(Z/NZ)/{£1}. Now let

o, ={f € k(j) : f analytic at 7},
O, ={f €k-Fy: f analytic at 7}.

Let 7 be a CM point and S; = N, O,

Lemma 3.3.2. (1) The integral closure of 0, in k- Fy is equal to S-.
(2) Let M, = {f € S, : f(y7) = 0}, where v € SLy(Z). Then M, is a
maximal ideal in S,.

Proof. Let f € S;. Then f* +a,_1f* '+ ... 4 ap = 0 for some a; € o,. Hence

(foy)"=—ana(fon)" —...—ao

for all v € SLy(Z). Consequently the functions f o cannot have a pole at 7
because all coefficients a; are analytic at 7. Thus S; C N,9O.,. Conversely, let
f € N,O,;. Then the functions f o~ are all analytic at 7, hence they lie in o,.
This means that the coefficients of the minimal polynomial of f over k(j), which
is given by [],(X — f o7), actually lie in o,. This proves (1).

We will prove that the ideal 9., is maximal. Let g € S; \9M,.. Let vq,..., v
be the nonzero values of g attained at the points a7, where o runs through
SLo(Z). Note that there is at least one such value because g(y7) # 0. Let L be
a Galois extension of k- Q((y) containing the values v;. Let

G =1I1I(g =),

i=1
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where o runs through all automorphisms in Gal(L/k - Q(¢y)). Then G € M.,
and for every a € SLy(Z) we have

Ujs if g(OéT) =,
iH;:l sz’07 if g(OéT) = 0.

(G +g)(ar) = {

In particular (G + g)(at) # 0 for all & € SLy(Z). Therefore the function G + ¢
is invertible in S.. Consequently M., + S;g = S; and so the ideal M., is
maximal. O

We are now in a position to apply Proposition 3.3.1 with maximal ideals

M, ={feS,: f(r) =0},
m, ={f €o0,: f(r) =0},

and corresponding residue fields

Se/My = k(f(7): f €57),
o /m, = k(j(7)).

Finally, let

By-=k(f(r): f€S5),

and

Fx(r) = k(j(r), f¥7(7) : (1,5) € sw),
DN,E)J?T = {O’ ceGy:oM. = ?JJIT}

The following commutative diagram illustrates our situation.

RN,T — ST/E)DTT ST kFN
FN,T
k(](T)) A— OT/mT 0r k(])

Proposition 3.3.1 provides a surjective homomorphism
DanT — GN,T: o+—0.
We will now show that actually Ry, = F,. We need two simple lemmas.

Lemma 3.3.3. Let a € GLy(Z/NZ) be such that ua = e,u for every u € sy,
where ¢, = £1. Then oo = £1.

Lemma 3.3.4. Let 7 € 91, and let & € GLy(Z/NZ) be such that fi*(7) = fr(7)
for allu € sy. Then a = +1.
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Proposition 3.3.5. Let 7 € $,. Then Ry, = Fyn ..

Proof Let H = Gal(Ry,/Fy.). Take @ € H. Then (fi(7))7 = fi(r) for all
u € Sy. Let o be the inverse image of & in Dygp,, and let o, be the matrix
representing the automorphism o of k- Fiy in GLo(Z/NZ). We have (f%(7))” =
(fx)7(1) = fx* (1) for all u € sy. It follows therefore that fy(7) = fy*(7) for
all w € Sy. Thus, according to Lemma 3.3.3, we have a, = £1. Consequently,
o is the identity automorphism, and so is @. Therefore H is trivial, and so

RN,T = FN,T- O

The next proposition shows that the representations py and py . are compat-
ible.

Proposition 3.3.6. The diagram

Dypm, = GLo(Z/NZ)/{*1}

J T

p

Gnr — " GLy(Z/NZ)
s commutative.

Proof. Let 0 € Dy on.. We see that

On the other hand we have
(NI = () () = 1577 ().

Therefore £ (r) = f0P8@ (1) for all (r,s) € sy. Lemma 3.3.3 now
implies that py (@) = £pn(0) which completes the proof. O

Let us return to the elliptic curve E. defined in (3.25). Choose 7 € $); such
that K = Q(7) is an imaginary quadratic field, and let O be the order in K
corresponding to the lattice A, = [7,1]. We know that the E, has complex multi-
plication by O meaning that End(E,) =2 O. For A € O denote the corresponding
multiplication map on C/A, by [A], so that [A\](z + A) = Az + A. For every such
A there is a unique endomorphism of E, with the property that the diagram

c/A, 2 ¢/a,

|2 |-

E. % E.
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is commutative. According to Proposition 1.3.2, we have p(Az) = R(p(2)), where
R is a rational function depending on A and with coefficients in K (j(7)). Differ-
entiating we get ©'(A\2) = A1/ (2)R'(p(z)). Therefore

©o[A(z+A) = (R(p(2), A9 (2) R (p(2)), 1),

and
Ne(z,y) = (R(x), \"'yR'(z),1).

Now we have the commutative diagram

O End(E,)

| |

O/NO —— End(FE,[N])

Consequently we get a homomorphism (O/NO)* — Aut(E.[N]). This homo-
morphism is easily seen to be injective. The choice of basis in (3.26) gives us
therefore an embedding of (O/NO)* into GL2(Z/NZ). Let us denote by Wy,
its image.

We will now assume that the point 7 € $; satisfy the following properties:
Q(7) = K, the order of A, is O, and At> + Br + C = 0 with A, B,C € Z
relatively prime.

Proposition 3.3.7. We have

Wy, = GLo(Z/NZ) N {SG) ?) +t<21 _BC) st Z/NZ}.

Proof. Let A € O be such that A + NO is invertible. Write

A(D — M, (D (3.27)

where M) € My(Z). Let (2%) be the image of M, in GLy(Z/NZ). Then

AT ar +b A ct+d
W—l—A— i + A, N+A_ I

+ A.

Next
Mg, (P)=®o0[)o <I>_1(P1)

:@TO[A](;[+A)

at +b
o (20

=abP, +0P;.

Similarly, [A g, (P2) = c¢P; + dPs. Therefore py - ([NEg,) = (¢4). Now from (3.27)
we compute that My7 = 7. Thus ¢7? 4+ (d — a)7 — b = 0. Comparing this with
A7% + BT 4+ C = 0 we obtain the desired form for our matrix. O
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Let Cy ., be the centralizer of Wy, in GLyo(Z/NZ), that is,
Cnr={a € GLy(Z/NZ): aM = Mo for all M € Wy . }.
Proposition 3.3.8. We have py(Gn..) C Cn+.
Proof. Let o € Gn,. We have
70 Nk, (2,) = (R(x), A 'y R (x))
N, 07 (@,y) = [Np. (27, y7) = (R(z

Therefore 7 o [\|g, = [\|g, 0@ and so

(R(27), A"y R (27))
), ATy R (7))

Ql

PN (@)pn((AE,) = pnr([AE ) o - ().
Hence pn () lies in Cy ;. O
Proposition 3.3.9. We have Cy, = Wy ..

Proof. We will prove the proposition under the assumption that (A, N) = 1. Let

(2%) € Cn,r. Then
G o 5) -0 ) )

Consequently, bA = —cC and aA + ¢B = dA. Since A is invertible modulo NV,

C C C
b——OZ7 d—a‘l‘Bz, C—AZ
Hence (¢4) =a(39)+ 45 () O

Theorem 3.3.10. Suppose that f € Fy is analytic at a CM point T € $1. Let
K = Q(7) be the corresponding imaginary quadratic field. Then f(1) € K(j(7))
provided that the group Wi, acts trivially on f.

Proof. Let @ € Gn ;. Let o be the inverse image of & in G'y. By Proposition 3.3.6
we have pn -(7) = £pn(0). On the other hand, Proposition 3.3.8 and Proposi-
tion 3.3.9 imply that py () € Wy ,. Suppose that Wy , acts trivially on f. We
see that

JGY = 17(7) = /5 0) = 5-O1) = f(r).
Thus f(7) € K(j(7)) as asserted. O

This criterion can be used to prove Weber’s results on class invariants. See
[Gee99, 6.,8.] for details.

3.4 Heegner’s proof

Proposition 3.4.1. Let p be a positive integer and let
-1+ \/__p
— 0, =/ —D.

Suppose that the class number of O, is equal to 1. Then the number j(0,) is
algebraic of degree 3.

Ty =
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Proof. Note that j(6,) = j(27,). Consider the modular polynomial ®3(X,Y) €
Z[X,Y]. We have

20X, 5t) = (=500 (X =5 () ) (x5 (F))

Because the class number of O, is 1, the number j(7,) is a rational integer. Since
D4(j(6,),7()) = 0, we see that j(6,) is a root of a cubic polynomial with integer
coefficients. Therefore to prove that j(6,) is of degree 3, we must prove that j(6,)
is neither rational or quadratic.

If j(6,) were quadratic, then one of the remaining roots of ®5(X, j(7,)) would
be rational. However, for p > 16 the arguments (£1+ /—p)/4 lie inside the fun-
damental domain for SLy(Z), and so the corresponding values of the j-invariant
are not even real (the j-invariant is a bijection mapping the imaginary axis and
the boundary of the fundamental domain onto the real axis; this is easy to see
directly from the Fourier expansion of j, see [Apo, 2.7, p. 40]).

If j(0,) were rational, then by Theorem 3.1.4 it would actually be a rational
integer. Let t = €™ so that 2 = €™ . Then

1
j(r,) = n + 744 4 196884t + 21493760t> 4+ O(t),
) 1
§(0,) = 5+ T 196884t + O(t*).
Eliminating polar and constant terms we obtain

§(mp)? — 14885 (7,) + 160512 — j(6,) = 42987520t + O(t?). (3.28)

The left hand side of (3.28) is supposedly a rational integer. However, for p
sufficiently large, the right hand side of (3.28) is strictly between 0 and 1.
According to Stark, p > 60 is large enough. If we wanted to verify this,
we would need some explicit bound on the coefficients of the j-invariant. Write
j = Yus_1cnq". Then it is easy to show that ¢, < e*™V™ for n > 1 (see [hde]).
This provides a bound of a required type. O

Theorem 3.4.2 (Heegner). Let K be an imaginary quadratic field such that
h(Ok)=1, Dg=5(mod8), Dk #0 (mod 3).

Then
Dy € {—11,-19,—-43, —67,—163}.
Proof. Write p = —Dg, so that p = 3 (mod 8), and let
—3++/—D
0=V 7= g = Ga(n)
We claim that

(3.29)

To see this recall that

fi(m+1) = Cs'§(7),
T+ 1) = G Fa(7),
f1(27)fa(1) = V2,
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for every 7 € §. Consequently

thus proving (3.29). Let
Ky = Q((6,))-

By Proposition 3.4.1 the extension K,/Q is of degree 3. Weber’s theorem on the
function f now implies that K, = Q(f(6,)?). Therefore by (3.29) K, = Q(a,).
Note that K, = Q(oy).

From Proposition 2.5.9 and the fact that the j-invariant is a cube follows that
the minimal equation of the number 042 over Q is

2* — yo(1,)x — 16 = 0. (3.30)

Let
B4 ar’+br+c=0, abceZ, (3.31)

be the minimal equation of o, over Q. Transposing the terms of even degree and
squaring, we get

(2% + bx)? = (—c — az?)?,

2%+ (2b — a*)z* + (b* — 2ac)z® — ¢ = 0.
Consequently, the number ozz is a solution to the cubic equation

23+ sx? +tr +u=0,

where
s =2b—ad?,
t = b* — 2ac, (3.32)
u=—c.

Repeating this process, we find that ozé satisfies the cubic equation
2+ (2t — sH)a® + (1* — 2su)x — u® = 0. (3.33)

But the minimal polynomial for ozé is unique, and from (3.30) we already know
it to be
2* — y(7,)x — 16 = 0. (3.34)

Comparing the coefficients of (3.33) and (3.34) we obtain

0 =2t — s
—2(7,) = t* — 2su, (3.35)
—u? = —16.
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Since ¢* = 16, it follows that ¢ = £2. Replacing a, by —a, preserves aé, and
by (3.31) takes (a,b,c) to (—a,b, —c). Therefore we may assume that ¢ = 2.
Substituting into (3.35) from (3.32) yields

0 = 2(b* — 4a) — (2b — a*)?, (3.36)
—vo(1,) = (b* — 4a)® + 8(2b — a?). (3.37)

From the first equation of (3.35) we see that s and ¢ are even. Therefore by (3.32)

so are a and b. We let ; )
x=-2  y=2-%
2 2

Equation (3.36) can now be rewritten as

2X (X3 +1)=Y2 (3.38)

This equation can be easily solved in integers (see [Kez, Proposition 6.6., p.
34] and [Cox11, §12.,E, Proposition 12.37., p. 273]). The only solutions are
(X,Y)=1(0,0),(-1,0),(1,+£2), and (2, £6).

In the following table we list the corresponding values of a, b, and 5(7,) (using
(3.37)).

X [ Y [a=—2X | b=2Y +4X2 | (7)) = (1> — 4a)? — 8(2b — a?)
0] 0 0 0 0
~1] 0 2 4 —96

1] 2 —2 8 —5280

1| -2 =2 0 —32

2 | 6 —4 28 —640320

2 | —6| —4 4 —960

We have thus proved that j(7,) can attain only 6 distinct values. By virtue of
Proposition 2.2.2, (2) the point 7, is therefore restricted to 6 orbits of SLy(Z)\$.
Consequently there are only 5 possibilities for K, one being disqualified because
we assumed that the discriminant is not divisible by 3. But we already know that
the imaginary quadratic fields corresponding to the listed discriminants have class
number equal to 1. The proof is complete. For the actual computation of the
values of 72(7,) see [Kez, Theorem 6.5., p. 32] and [Cox11, §12..D, p. 263]. O
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4. Siegel’s proof

In this chapter we will give an exposition of Siegel’s proof that there are exactly
9 imaginary quadratic fields with class number 1. We follow the article [Sie68§].
For an approach using covering relations between Riemann surfaces and moduli
spaces of elliptic curves see Imin Chen’s article [Che99).

4.1 The Dirichlet-Kronecker formula

Let 7 =x + iy € H, so y > 0. Define the function

S

! Y

E(r,s) = —_—
( ’ ) mne” |m7__|_n|25’

Re(s) > 1,

Here the sum is over all (0,0) # (m,n) € Z?. The function E(7,s) has analytic
continuation as a function of s to the entire complex plane except for a simple
pole at s = 1, and it satisfies a functional equation similar to that of the Riemann
zeta function. The next theorem determines the residue and the constant term of
the Laurent expansion of F(7,s) at s = 1. Recall that the Dedekind eta function
is defined as follows

nr)=¢*[[1-q"), q=e"". (4.1)
n=1

Theorem 4.1.1 (Kronecker first limit formula). Let 7 = z + iy € ) and let y be
the Euler’s constant. Then for s near 1 we have

E(r,s) = u T+ 27 (7 —log 2 — log(y*/? |77(7')|2)) +O0(s—1).

S —

Proof. See [Web08, §141., p. 526], [DIT18], [Lan87, 20.], [SR80, 1.], and also
[DS05, 4.10.]. O

As the first application of the Kronecker limit formula we will prove the func-
tional equation of the Dedekind n-function.

Theorem 4.1.2. We have

U] <aT+ b) = e(a,b, ¢, d)Ver +dn(r), (Ccl b) € SkalZ). e 20

ct+d d

where €(a, b, c,d) is a 24-th root of unity, and the square root is positive on the
positive real axis.

Proof. We claim that E(y7,s) = E(r,s) if v € SLy(Z). Recall that

Im(7) if = (a b
c

m(y7) = == d) € SLy(2).
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Now we compute

/ Im(y7)? r Im(7)*% [er + d]_25
E(yT,8)= Y ——— = ) 2
m,neL |m(77—) + 7’L| m,ne”L ‘mgis +n

r Im(7)% |er + d|_28
2s

- Z at+b
m,ne” ‘m—CTer +n

/ Im(7)* |er +d| %
maez |(ma +ne)T + (mb + nd)|25 leT + d|_25

The map (m,n) — (m, n)y is a bijection of Z? preserving (0,0). For Re(s) > 1
the sum defining E(7,s) converges absolutely (see [DS05, 4.10, p. 148]) and so
we can rearrange the terms in the sum as we like. Hence E(v7,s) = E(7,s). Let

h(r) =y n(7)?, T=z+1y, y>0.

Comparing constant coefficients of the Laurent expansions in E(y7,s) = E(T,s)
we get by Theorem 4.1.1 the relation h(y7) = h(7), or

ler +d| 7y In(yr) )P =y 2 (),
n(yr)| = ler +d)" n(7)] . (4.2)

Let

n(y7)
0= e ayy
Then f is analytic on ), and (4.2) implies that |f(7)] = 1 for all 7 € $. The
maximum modulus principle states that an analytic function cannot attain its
local maximum on its domain, unless it is locally constant. Therefore f is constant
on $:
f(r) =¢€(a,b,c,d), le(a, b, c,d)| = 1.

We have proved
n(vyt) = ela,b,c,d)Ver +dn(r),

where ¢(a, b, c,d) is a constant with absolute value equal to 1. To prove that
e(a, b, c,d) is actually a 24-nth of unity we can restrict ourselves to 7' = (} 1) and
—S = (97"), because the modular group is generated by those two matrices. By
definition (4.1) we have n(T'7) = (oan(7), so e(T) = (o4. Next put 7 = it,t > 0
and v = S in (4.2) to obtain

[ (/)] = /2 n(it)| .

By definition (4.1) the n-function is real and positive on the positive imaginary
axis, hence
n(i/t) = t"2n(it),  t>0. (4.3)

But the n-function is analytic on ), so (4.3) is true for all ¢ such that Im(i/t) > 0,
Im(it) > 0, and Re(¢t) > 0. On setting t = —iT we get £(5) = 1. Therefore
e(a,b,c,d) is a 24-root of unity and the proof is complete. This proof is due to
Siegel (see [SR80, 1.1, p. 15]). For other proofs see [SR80, 1.1, p. 17], [Apo, 3.],
[Cox11, 12.19., p. 236], [Web08, §38., p. 124], [DS05, 1.2.5, p. 20], and [Ser12,
VII, Thm. 6]. O
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Let K be a imaginary quadratic field, dx its discriminant. Let f be a positive
integer and consider the order Oy = Z + fOg in K. With O are associated the
following groups:

P(Oy) = the group generated by principal ideals of Oy,
I(Oy, f) = the group generated by ideals of Oy prime to f,
POy, f

where o € Ok satisfies a =t (mod fOp) for some t € Z prime to f,
Cly = 1(Oy)/P(Oy) the class group of Oy.

We have the isomorphisms

o1, = 105 0) o T

P(Oy, f)  Pra(f)

The first isomorphism is induced by the inclusion 1(Oy) <= I(Oy, f), the second
is induced by the isomorphism I(Oy, f) = Ix(f): af — a;Ok. Let f’ be a
divisor of f. Since Prz(f) C Pxz(f'), the inclusion Ik (f) — Ix(f’) induces a
surjective homomorphism

Ix(f) I (f")
Pez(f)  Pra(f)

This gives us a surjective homomorphism

wf’f/: le — le/ .

For proofs of these statements, see [Cox11, §7.,C. D.].

When 7 € § is CM point we can relate the Eisenstein series to the partial
zeta function corresponding to the ideal class of the fractional ideal |7, 1] in Cly =
Ix(f)/Pxz(f). The partial zeta-function is defined as

1
Cf(S, C) = Z s
aclx(f) N(Cl)
[a}:C» agoK

This defines an analytic function in some half-plane. We shall not deal here with
convergence issues.

Proposition 4.1.3. Let Oy be the order of K with conductor f, 7o € $ be a CM
point representing the ideal class C' of Cly, and wy the number of units in O.
We have

s1d s/2
Blreys) = LA S (71072, (C)).

S
2 '

42



Proof. Let ¢; = [a, 5] be a proper ideal of Oy = O, which is prime to f, where
f is the conductor of 7¢, such that o/ = 7 and [¢] = C. In the following sums
we shall always omit the terms with zero denominator. We have

B(re,s) = B(a/8,5) = m(a /)" |5 X

o |ma 4+ |
Let 0 # v € ¢. Since v € Of = Z + fOk, we have v = t (mod fOk) for
some t € Z. Let d > be the greatest common divisor of f and ¢ in Z. Then
dOk = fOx +tOg = fOx +7O0k. Write v = ~'d, f = f'd, t = t'd, where
't € Z and v € Op. We now rearrange the sum over 0 # v € ¢; according to
the greatest common divisor of v and f.

1 1 1
'mzvn \moz + n6’28 B yeCy |7| % (7; d ‘ ‘ B % d?> ’y/dfz/d ”}//d|25
s 1
=3 TS

I O "=

Since v € ¢f, we have 7O = cray for some Oy-ideal ay depending on . Multiply-
ing by Ok we obtain YO = ca, where ¢ = ¢;Ok and a = ayOk are ideals in Ok
The ideal ¢y is prime to f and so ¢ is also prime to f. Consequently ¢ is prime to
d, a divisor of f. Since d divides 7, the ideal dOg divides ca. Therefore dOf di-
vides a. Write a = dOkd’. Then Ok = cd’, and a’ is prime to f’ since 7' is. We
can write 7' = ¢’ (mod f'Ok) because v =t (mod fOk). Thus, as (t', f') = 1, we
have v'Ok € Py z(f'). Tt follows that [a/] = C~ in Ix(f")/Prz(f'). Conversely,
if o € I(f) and [@'] = C~ in Ix(f")/Prz(f"), then there exists v € Pk z(f")
such that YOk = ca’. If u is a unit in Oy, then to 7' and wy’ corresponds the
same ideal a'.
1 1

> == wp(f/H* >

mn [ma +nf| f’\f voremean VOO

25
N( s 2w (f'/]) 2
I'f aclg(f'),la]=C1
aCOgk

N(a)®
We have proved that

I
E(1¢,s) =

w(/ 0V 13§~ ey

N{(c) FIf el (f'),[a]=C~1
agOK

N(a)*

It remains to calculate the factor in the front. The norm N(c) can be calculated
from the basis [, ] as follows.

Aw)72 |det (35)]  |aB a8
Fldel  fldgl  fldg]?

N(c) =

Next

S

= 2°Im(a/B)°.

e _|os

s ‘O[B
181* B

™| e
wll 9
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Hence

m(a/8)° B _ £ ldx] ™" S
== s Im(a/B)° |B]7 = —F—
e e G
This proof is based on [Mey57, 11.,§4.]. ]

Now consider a homomorphism x: Ix(f) — C* which is trivial on Pk z(f),
or equivalently a homomorphism y: Cl; — C*. Thus if C is the ideal class of
ain Ix(f)/Prz(f), then x(C) = x([a]) = x(a). We can extend x to all ideals
of Ok by setting x(a) = 0 if a is not prime to f. The L-series of conductor f
associated with x is defined as

x(a)

Li(s,x) = . -

alk (f)

aQOK

This series converges absolutely and locally uniformly in some half-plane, and the

function L¢(s, x) has analytic continuation to the entire complex plane, except

for a simple pole at s = 1 when x is the trivial character. Arranging the ideals
in the sum according to their ideal class we obtain

= Y x(C)¢(s,C).

CGle

Let f’ be a divisor of f. Consider a character xy: Cl; — C*. The character x
factors through ¢ s if and only if y is trivial on ker¢s ;. A character x: Cly —
C* is called primitive if it does not factor through )y s for any divisor f’ of f,
except for f' = f.

Proposition 4.1.4. Let wy be the number of units in Oy and let x: Cly — C*
be a primitive character. We have

2 ldg | _ -
waLf(SaX)— > X(O)E(1¢, ).

CEle

Proof. Note that Y(C) = x(C~1). By Proposition 4.1.3 we have

s|d s/2
> (€ E(e) = TS g (1757 S 00 s (07)
ceCly 71/ CeCly
_ fo k] 2
—TZ (L0 D0 x(C) (s, hrp(C))
f'f CeCly
s|d s/2
S S Y G0 Y )
I'f C'eCly Cew”,( D)
Let
Sppr= > x(C)
Cev ()
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If f' = f then v s is the identity map, and so Sy = x(C). We claim that if
1 < f' < fthen Sy =0. Let Cy € w;},(C”). We have

Srp=x(Co) >, x(D). (4.4)

Deker )y pr

Since x is a primitive character of Cly, there exists Dy € kertysp such that
X(Dp) # 1. On multiplying (4.4) by x(Dy) we obtain

X(Do)Sy,pr = x(Co) Z X(DoD) = x(Co) Z xX(D1) = Sppr.
DEkerdeyf/ D1€kerwf7f/
It follows that (x(Do) — 1)Syp = 0. But x(Do) # 0, so Sy, = 0, proving our
claim. If we now look at our sum, we see that the only nonzero contribution
comes from f’ = f. This completes the proof. This proof is based on [Mey57,
I1..§4.]. Meyer in turn credits Dedekind [Ded00]. O

Proposition 4.1.5. Let x be a primitive character of Cly. In the case f =1
suppose also that x is nontrivial. In a neighbourhood of s =1 we have

1 fo|dgl? 1/2 2
oW —Li(s.X) = = 3 X(O)log (uel” In(re)[*) + O(s — 1).
@ ceCly

In particular, since L¢(s,x) is analytic at s = 1, we have

1 w
5= ldxl"? L) = = 32 x(O)log (! In(re)*)
CEle
Proof. By Proposition 4.1.4 we have
fs d 5/2 B
w50 = Y RO EGres).

CEC]f

By virtue of the Kronecker limit formula (Theorem 4.1.1), the right-hand side of
this expression is

> x(0) (5 + 27 (7~ o2 ~ log(ul* In(re) 7)) + Ofs = 1))
CeCly

Since x Is a nontrivial character, we have 3 ccc, X(C) = 0. Therefore

o, L1l

5 Lslsix) = =2 3 X(C)log( yel In(7e)|*) + O(s — 1).

Cele

This is the first relation. Note that the character sum does not cause the error
terms to cancel, because each of them depends on the corresponding ideal class.
We obtain the second relation by letting s tend to 1. O

For any field discriminant D, or D = 1, the Kronecker symbol yp is defined
as

D
Xo(p) = () , podd prime,
p

0, if D=0 (mod 4),
xp(2) =<1, if D=1 (mod 8),
—1, if D=5 (mod 8),

xp(PT - pe) = xp(P)™ - xp(pK)™
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Theorem 4.1.6. The function xp is periodic modulo |D|, so we can extend it to
a real Dirichlet character xp: Z — {£1}. The character xp is primitive, and
conversely every every real primitive Dirichlet character is of this form. We have

(—1) = 1, if D >0,
AU EN 21 D <o,

The value of the character xp at a prime p determines the decomposition of the
ideal pOy into prime ideals in the quadratic field K = Q(v/D):

xp(p) =11  if pOx =pp,p #p,
0 if pOx = p*

If Dy and Dy are relatively prime discriminants of quadratic fields, then DiDs is
also a discriminant of a quadratic field and Xp,p, = XD, XD>-

Proof. See [Zag81, §5., Satz 4; §11., Satz 1]. O

With the character xp is associated its L-series

Lp(s) = i XD(S”), Re(s) > 0.

n

For Re(s) > 1 we have an Euler product representation

o) =TI (1 LX), xo?) ) 1 (1 B xD<p>>‘1.

" ps p25 " ps

Now we use the Kronecker symbol xp to define certain real characters of Cl; =
Ix(f)/Pxkz(f), the so called genus characters. First we restrict ourselves to the
case of Clg = Ix/Pg. Write dxg = gt, where ¢ > 0 and ¢ < 0 are either
discriminants of quadratic fields, or g = 1 and ¢ = dg. For a nonzero prime ideal
p of Ok define

(N (V)9 =1,
XoelP) = {xtw(p)) it (N(p), 1) = 1.

Theorem 4.1.7. Let K be an imaginary quadratic field and dg its discriminant.

(1) The function x4, is a well defined real character of Clg.

(2) There is a bijective correspondence between the real characters of Clyx and
the decompositions of the discriminant dy, of the form dx = gt, where g > 0
and t < 0 are either discriminants of quadratic fields, or g =1 and t = d.
The decomposition dix = gt corresponds to the character xg;.

(3) We have the following decomposition of L-series

L(s, xgt) = Lg(s)Li(s).

Proof. See [Zag81, §21., Satz 2]. ]
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Now we need a generalization of the character x, ;. Let f be a positive integer
and write f2dy = (fg)(ft), where g and ¢ are as above. Then we define for prime
ideals p of Ok prime to f

I xpg(N(p)) if (N(p),9) =1,
Xi0.1(0) = {Xftav(p)) if (N(p),t) = 1.

Note that the norm N(p) is prime to at least one of the discriminants g,¢. See
[Zag81, p. 40].

Proposition 4.1.8. The function X 4.5+ is a primitive character of the class group

Cly = I (f)/ Prz(f)-

Proof. (1) Xfg.5t is well defined. We must prove that x,(N(p)) = xp(N(p))
where p is a prime ideal which is prime to both of the discriminants g and
t. If N(p) = p? then

Xre(N(0) = x74(0°) = X1g(P)* = 1 = x5 (p)* = x1:(P°) = x1:(N(p)),

so in this case the definition is valid. If N(p) = p, then since p is prime to
the discriminant gt, we have pOx = pp with p # p. Therefore x,(p) = 1,

B (@ 30
or Xrg(N(P)) = Xs9(p) = x5:(P) = Xse(N (p))-
(2) Xpope i trivial on Pys(f). Let aOx € Prs(f). Then N(aOx) = N(a) =

aa. By definition of Pk z(f), we have o = a (mod fOg) for some a € Z
prime to f. Hence N(aOk) = a? (mod f). Next, we have

_ 2?4y gt
N 4

f 2
a= 56—1—32/\/9_7 x,y € 7, N(aOk) % (mod g, ).

Since (f, gt) = 1, there exists ¢ € Z such that
t =a (mod f),
t=2z/2 (mod g,t).
Using the fact that (f,gt) = 1 one more time, we get
N(aOg) =t* (mod fg, ft).

Without loss of generality we may suppose that « and g are relatively prime.
Then

Xf4.71(@0K) = X4(N(aOk)) = x14(t) = x14(t)* = 1.

(3) Xfg.rt is primitive. We will prove this only in the case when f is a prime inert
in K, as this is the only case which we will use. We must exhibit an element
aOk € Pgz(l) = Pg such that xys, 11(aOk) = —1. Take a = f + \/gt.
Then N(a) = f% — gt, and

Xfa.1t(@OK) = X (N () = x5 (N(@))xg(N () = x5(f* — gt)xo(f* — gt)
= xr(=1)xs(gt)xg(f?) = xs(gt),
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because by Theorem 4.1.6 we have xr, = xfx, and xs(—1) = 1. Since
f =1 (mod 4), Quadratic Reciprocity implies

2 1 if f=1 ds8
pY_(/ . podd, (2] = AN ' / (mod 8), (4.5)
f p f 2 —1 if f =5 (mod 8).
If gt = 2% - - p* is the prime factorization of gt, then according to the
definition of the Kronecker symbol and (4.5) we have

vr=(3) ) - G) -G (5) ()

= (gft> = Xgt(f) = —L.

as f is inert in K. Therefore x, s:(0Ok) = —1, meaning that the character
X fg.f¢ is primitive. For the general case, see Siegel’s remarks in [Sie68].

]
Proposition 4.1.9. We have the decompostion
L(s, Xsg.st) = Lyg(s)Lye(s).
Proof. We compare the local factors in
Xrost(P))
Li(, Xrgpt) = (1—M> 4.6
f( fg ft> 1;[ N(p)® ( )
and
Xra(@)\ X))
L) =TT (1= 2220 ) (1 2200 (@)
p

Here we set x4, 7¢(p) = 0 if p and f are not relatively prime. Let K = Q(\/gt)
and write pZ = p NZ. For every local factor in the Euler product there are three
possibilities for the value of x4 r(p):

(1) xfg.t(p) = —1. We know that p does not divide f and at least one of the
discriminants g and ¢. We may suppose that p does not divide g, as the
other case is dealt with similarly. Next N(p) = p or p?, but it cannot be
p?, because x,(N(p)) = —1. Therefore N(p) = p, and so either pOx = pp
with p # p or pOg = p>.

(a) pOx = pp and p #p. We have xy4,1(P) = X1g(N(P)) = x74(p) = —L.
Thus the contribution of p and p to the product (4.6) is

-1 N\ -1 -2
(1 3 ng,ft(P)> (1 B ng,ft(p>> _ (1 N 1) ‘
N(p)* N(p)* P’
On the other hand, since p does not divide ¢, we have x 1:(p) = xf4(p) =
—1 and so the contribution of p to the product (4.7) is

() () ))
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(b) pOg = p%. The contribution to the product (4.6) coming from p is

(52) -2)

Since p is ramified and p does not divide g, p must divide ¢, and so
Xrt(p) = 0. As xs4(p) = —1, the contribution of p to the product (4.7)

) ()

(2) Xfg.5t(p) = 1. We have two possibilities for the norm N (p):
(a) N(p) = p. In this case the proof is the same as in the case (1),(a), but
the contributions will have minus sign.
(b) N(p) = p?. In this case we have pOf = p, 50 x4 (p) = 1. Observe that

Xrg(P)X5e(P) = (‘E’) (f) = (f) (f) = 1.

It follows that {xr,(p), x:(p)} = {1, —1}. Therefore
-1 -1 -1 -1
52)"- ()"~ 002) -
- Melt P (- ) = (14— (1-—
( N(p)® p* P’ P

which shows that the contribution of p and p to the respective products

(4.6) and (4.7) is the same.
(3) Xfg.pt(p) = 0. In this case p divides f so xf4(p) = x:(p) = 0. Consequently

the contribution to the products (4.6) and (4.7) is 1.

Note that the Euler product representations are valid for Re(s) > 1, as are our
manipulations with the individual factors because of absolute convergence. By
analytic continuation our decomposition is valid for all s, except possibly for
s = 1, this occurs when x4 7 is the trivial character and its L-series has a simple
pole at s = 1. O

Theorem 4.1.10 (Dirichlet class number formula). Let K be a quadratic field
and dg its discriminants. If dg < 0 we have

27ThK
Ly (1)= ———,
dK( ) #Ol><(|dK’1/2
If dg > 0 we have
2hi logeg
Loy (1) = I 0BEK
dg

where e 1s a fundamental unit in Ok such that e > 1.

Proof. See [Zag81, §8., Satz 5. O
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Theorem 4.1.11 (Dirichlet-Kronecker formula). Let K = Q(\/gt) be an imag-
inary quadratic field with discriminant dgi. Consider the decomposition f?dx =
fgft, where f >0 and g > 0 are either discriminants of real quadratic fields, or
f=1and g=1 (in the case f =1, we suppose that g # 1 to prevent X g4 st from
being the trivial character), and t < 0 is a discriminant of an imaginary quadratic
field. Let hy, and hy be the class numbers of the quadratic fields Q(v/fg) and
Q(V/ft), respectively. Further let wy, ¢ be the number of units in the order Oy of
conductor f in K = Q(\/gt), and w1 the number of units in the mazimal order
(the ring of integers) O = OQ(\/E) of the imaginary quadratic field Q(ft). We
have

-1

Wyt fWey  hpghpe 1/2 9| ~Xfg.£t(C)

St = ]I ‘yc n(7c) :
CGle

In particular, if the only units in OQ(\/ﬁ) and Og( gy are {1}, then

hygh 1/2 —Xfq,1t(C)
e =TI Jue*nrey?| "
CeCly

Proof. As the character xy, ¢+ is primitive and in the case f = 1 nontrivial, we
may apply Proposition 4.1.5 to obtain
1wy, 1/2 1/2 2
=L fg 2 Ly (1 X ) = — . x(C)log (v In(re) ).
2m 2 CeCly

Using the decomposition of L-series provided by Proposition 4.1.9 we get
1 w
— L fg 2 12 Ly () Ep(1) = = > X(C)log (ye!? In(7e) ) -
2m 2 CeCly

The right-hand side, according to the Dirichlet class number formula (Theo-
rem 4.1.10) for discriminants fg > 0 and ft < 0, is

i%fglﬂ |t|1/2 _ 2hgglog ey, ) 2mhp _
o 2 F1/2g1/2 Wi f1? ]t|1/2
This simplifies to
z"ujii hyohseloges,.
Taking the exponential we get the desired formula. O]

4.2 Class number 1 and an inert conductor f

Theorem 4.2.1. Let K be an imaginary quadratic field, dg its discriminant, Oy
the order of conductor f in K, and hy the class number of Of. Then

. hKf _XdK(p>
hf‘[@;éz@?]ﬂ(l 7 )

In particular, if f is a prime which is inert in K, hx = 1, and dg < —4, then
we have hy = f + 1.
f+1 if dg < —4,
(f+1) ifdg =—4,
(f+1) ifdg =-3.

hy =

W N
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Proof. See [Cox11, §7., D., Thm. 7.24., p. 132]. The second statement follows
from Theorem 4.1.6 which says that a prime p is inert in K if and only if x4, (p) =
—1, and from the fact that a proper order can contain only the trivial units
+1. O

From now on we shall assume that K = Q(y/—p), where p = 3 (mod 4) is a
prime, that f is a prime inert in K, and that the class number of K is equal to 1.
Our decomposition f2dyx = fgft is therefore necessarily f?(—p) = f-1- f(—p),
that is, g = 1 and t = —p. Now consider the matrices

0B wn ()

Ry ={oy: kmod f} U {au}
The set Ry is a set of representatives for the left action of SLy(Z) on the set

and the set

sz (Z) of 2-by-2 matrices with integral entries and determinant equal to f:
SLo(Z)\M{(Z) = {SLy(Z)a: o € Ry}
Note that #R; = f + 1.

Proposition 4.2.2. Let 7 € SN K. Then the fractional ideals [aT, 1], where
a € Ry, are proper ideals of Oy.

Proof. We may assume that Ok = [7, 1], for otherwise, as hx = 1, there exists
v € SLy(Z) and w € $ such that 7 = yw and Ok = [1,w], so our fractional ideals
are [ayw, 1] = [yd'w, 1] = Nd'w, 1], where 7/ € SLy(Z), o/ € Ry, and A € K*.
We have accordingly [T, 1] = [f7,1] = Oy and this is trivially a proper ideal
of Oy. Define

Mk = {)\ e K: )\[OékT, 1] - [OékT, 1}}
We want to show that M, = O;. To show that O C Mj, it suffices to show that

f1 € My. The fractional ideal [y, 1] is proper if and only if the ideal [T + k, f]
is proper. Let 72 + B7 + C = 0 be the minimal equation of 7. We have

(fr)f = FP(r+ k) — (k)
fr(r+k)=(fk—Bf)(t+k)— (C+k*—EkB)f,

meaning that fr € M. Conversely, let A € M. We know that A is an algebraic
integer, so we can write A = a + b7, where a,b € Z. We have

(a+br)(t+k)=x(r+k)+yf, x,y € Z,
(a—x+br)(t+k) =0 (mod fOk).

Since fOk is a prime ideal, f must divide 7 + k or a — x + br. But f cannot
divide 7 + k, because otherwise 7 = —k + fa, for some o € Ok, or 7 € Oy, a
contradiction. Therefore a — x + br = 0 (mod fOk). Again, because fOk is
a prime ideal, b is either invertible modulo f, or it is divisible by f. If b were
invertible modulo f, then 7 = (z — a)b™' (mod fOk), and we have contradiction
as before. Thus b is divisible by f, and so A € Oy, proving that M; C Oy. m
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Proposition 4.2.3. Let 7 € HN K. Further let ay, o, € Ry, and X € K™ be
such that NagT, 1] = [, 1]. Then A € Of.

Proof. As before we may assume that O = [7,1]. By symmetry, it is sufficient
to prove that A € Og. We have

T+k_ T+7r

A =a + b,
f f
T+
A=c +d,
/

where a, b, c,d € Z, ad — bc = 1, implying

(c(r+r)+df)(T+k)=((1+7)+bf)f,
c(t+r)(t+k)=0 (mod fOk).

Since fOf is a prime ideal, we have ¢ = ft for some t € 7Z, similarly as in the
proof of Proposition 4.2.2. Therefore A = t(7 4+ r) + d is an element of Og. [

Proposition 4.2.4. Let 7 € H N K. Let oy, 00 € Ry. Let X € K™ be such that
Mo, 1] = [T, 1]. Then A € O U fOf. If dx < —4 then the lattices [ayT, 1]
and [T, 1] are not homothetic.

Proof. As before we may assume that Ox = [7,1]. Let A € K* be such that
Aoy, 1] = [aseT, 1]. Then

T+k

A =afr+0b,
A=cfr+d, (4.8)
where a, b, c,d € Z, ad — bc = 1, implying

(cfr+d)(t+ k)= (afT+b)f,
d(t+ k) =0 (mod fOk).

Since fOf is a prime ideal, we have, as before, d = ft for some ¢t € Z. Now (4.8)
implies that A = f) for some X € Q. On the other hand, we have

+k
AT =d
f
+k
) — + a,
f

or f = (—c(7 + k) + a)\, meaning that A divides f. Therefore either A = uf
for some u € O, or A € O, because of the first part of the proof, or because
fOk is a prime ideal. If dx < —4 then X is a nonzero integer. Consequently,
f = (—=c(t +k)+a)X is a linear equation for 7, unless ¢ = 0. But if ¢ = 0, then
1 =ad — bc = aft, a contradiction. O

Proposition 4.2.5. Let 7 € HNK and let ay, oo € Ry. Then [oyT, 1] = [T, 1]
if and only if k = r (mod f).
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Proof. It k = r (mod f) then clearly [t + k, f] = [+, f]. If [T, 1] = [a,7, 1]
then

a(t +r)+bf,
c(t +r) + df.

T+ k
f

for some a,b,c,d € Z, ad — bc = 1. Since 7 € §, we must have ¢ = 0, and so
d = 1. The condition ad — bc = 1 implies that a = 1. Therefore the first equation
isk=r+bf. m

The four previous propositions give together the following theorem.

Theorem 4.2.6. Let dx < —4. The fractional ideals [aT,1],a € Ry form a
complete set of representatives of the f + 1 ideal classes in Cly.

We have g = 1 and ¢ = —p, so our genus character is x_sp. Let ¢, = [a;T, 1]
and ¢ = [T, 1]. We want a way to calculate the values of xf_y,([cx]) and
Xf—fp([¢so]). The character xys_g, was defined using norms of ideals in Ix(f),
that is, norms relatively prime to f. According to [Cox11, §7., C., 7.20.] these
are the same norms as the norms of ideals in I(Oy, f). Again, by [Cox11, §7., B.,
7.17.], the norms of ideals in I(Oy, f) are exactly the numbers relatively prime
to f represented by the quadratic forms corresponding to these ideals. We have
fer = [T +k, f] and ¢, = [fT,1]. let AT+ BT+ C = 0 be the minimal equation
for 7, that is, A, B,C € Z and (A, B,C') = 1. Suppose that A is not divisible by
f. The corresponding quadratic forms are

Qr(,y) = (2(r + k) +y)(@(T + k) +yf)
=2*(k* = BA 'k +CA™") (mod f),

Qoo(z,y) = (zfT +y)(xfT +y) =y~ (mod f).
Let Q(k) = A(Ak? — Bk + C'). We have

Xr.-rp(lex]) = xr(Q(F)),
Xf,—fp([e]) = Xf(yz) = 1.

Note that Q(k) is not divisible by f, because
4Q(k) = (2Ak — B)? — (B? — 4A0),

and f is inert in K, so x;(B* — 4AC) = xs(dx) = —1. Note also that we have
by Quadratic Reciprocity (as in the proof of Proposition 4.1.8)

e = (o) = (47):

Theorem 4.2.7. Let K = Q(\/—p) be an imaginary quadratic field, where p =
3 (mod 4) is a prime such that p > 3. Suppose that hiy = 1. Let T € H N K, and
let AT> + Bt + C = 0 be the minimal equation for T, that is, A,B,C € Z and
(A,B,C)=1. Let f =1 (mod 4) be a prime inert in K and not dividing A. Let
Q. (k) = Q(k) be as above. Then
<7’ + k)
n
f

f—1 —x5(Qr(k))

heh_p/2 _ -1
ef = () T

k=0

(4.9)
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Proof. We have by Theorem 4.1.11

heh—pp

—xr—n(C
el )2‘ xf,—fp(C)

() (7
CeCly
f-1
— Tm(0rse7) 2 [ no)| 72 T Tm(cr) 5 QEN/2 ()| 720 Q)

Thus the product

I Infau)| 2@

is multiplied by the factor
£ ()72 ()| 2 £12 a0 X0 @) ()2 Ko e @
But 7} x#(Q(k)) = —1, so this is equal to

P Im(r) ™ ()72 () = £ ()]

Taking the positive square roots we obtain our formula. O

Note that, since f and p are distinct primes, the class number h_y, is even.
This follows from the existence of genus characters. See [Zag81, §12.] for details.
Note also that if f divides B, then, since f is inert in K, C' is a quadratic
nonresidue modulo f, and so Q(0) = —1, meaning that the factor |n(agr)| =
In(7/f)| is in the numerator of the product in (4.9).

The formula (4.9) leads us to consider the modular function

f—1 .k —x7(Qr(k))
op(r) = fn(fr) 7 I n ( —}_ ) :
k=0

It is easy to see that the 24-th power

T4 k —Xf (Qr(k))
)

is a modular function of level f. Note that the function ¢ has no zeros and no
poles in the upper half-plane. Modular functions of this type are called modular
units. They are the subject of the book of Kubert and Lang titled Modular Units
[KL81]. According to their Theorem 1.1 [KL81, 4., §1., p. 82|, if £ > 3 is a prime
and g is a modular function such that ¢* is a modular unit of level £%, then ¢ is a
modular function of level ¢*. Applying this to our function ¢;, we conclude that
¢ is a modular function of level f. It is not clear (to the author) whether there
is a more direct proof of this. The theorem of Kubert and Lang was pointed out
by J. Rouse.

or() = FRA(F) HA(

In the case of f = 5 it is possible to prove a weaker version of the formula (4.9)
directly without using the Kronecker limit formula or the class number formula.
The function ¢5 has Fourier coefficients in Q(v/5) (see the proof of Theorem 4.4.3),
so a minor modification of the criterion for class invariants (Theorem 3.3.10)
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implies that the value ¢5(7) is an element of K(v/5) if the coefficients of the
minimal equation for 7 have suitable reduction modulo 5. If 7 has suitable real
part, then the value ¢5(7) will be real, so ¢5(7) € Q(v/5). Now by an elementary
theorem of Deuring [Deub8, 22., p. 42| the values at 7 of the eta-quotients
occurring in (4.9) are algebraic units. But all units in Og 5, are generated by
€5, S0 ¢5(7) = £2* for some integer m. Since €5 > 1, if a lower bound on |¢5(7)]
was to be obtained, for example coming from the known Fourier expansion of the
eta function, we could show that m is positive. This weaker version would be
sufficient for the application in the class number problem.

Serre in the appendix to his book Lectures on the Mordell-Weil Theorem
[Ser90, A.7., p. 197] gives an abstract way of constructing the function gbff‘. Serre
writes that sometimes the 24-th root ¢; can be used, but he does not specify
what sometimes means.

Another question is, for which f does the function ¢, have Fourier coefficients
in Q(v/f)? If they are not in Q(v/f) then in which extension they lie?

4.3 Specialization to f =5

In the following sections we will as before assume that K = Q(,/—p) is an imagi-
nary quadratic field with class number 1, p being a prime such that p = 3 (mod 4).
We shall now specialize f = 5. The assumption that 5 is inert in K means

“1=0 = () = (2).

implying that p = 2,3 (mod 5). Note that this in agreement with Proposi-
tion 1.2.3 which says that primes ¢ such that 2 < ¢ < p/4 are inert in K =
Q(y/—p) if K has class number 1. For Ok we choose the basis [w, 1], where

w:f?’z\/—_ﬁ

We have wwo = (f*p* + p)/4, so the function Q. (k) of the previous section is
Q. (k) = k? — p (mod 5), and

wieum) = (49 - (552).

Note that it does not matter which set of representatives modulo f we choose in
(4.9); we choose —2,—1,0, 1,2 following Siegel. We have

Qw(l) = Qw(4) =1 Qw(o) = Qw@) = Qw(?’) = -1 ifp=2 (mOd 5)a
Qu(2)=Qu(3) =1 Qu0)=Q,(1)=Q.(4) =-1 ifp=3(mod5).

Since hs = 1, the formula

(
Mmp __ _5—1/2 N (%)

4.9) takes the following form

: ) CE) 2 (o s
5 77(5&))77(%“)7](%_1)7 b= ( )7
£q” 5712 7 (%> 7 (W?H) 7 (WT_l) , if p =3 (mod 5). 4.10



Here m, = h_5,/2 is a positive integer, because as remarked above, the class
number h_y, is even by genus theory [Zag81|. Next

1445
2

€5

is the fundamental unit of (’)Q( NG normalized in such a way that e5 > 1. It
remains to justify the discarding of the absolute values. Let

z+k
5 )
where z € C and k € Z. Observe that

2y = Zoo = DZ.

—w—k w-95p—k w-—k
5 5 5
The definition of the eta function

77(7_) — e27ri7/24 H (1 . e?m"rn)

—Wg =

—P=W— P

n=1
implies
n(r+1) = Cun(r),
n(r) =n(-7)
Therefore

Next we have
2miwy = mip — 5 twpt/?,
Wiwe, = Ti25p — brp*/?,
implying that
1— 627riw0n —1— (_1)n6—5717rp1/2n > O,
1—

1 — 627riwoon (_1)n6757rp1/2n > 0.

In the case of p = 3 (mod 5) the right hand side of our formula (4.10) is therefore

; 2
2m1/24) (wo w1 +w—1—Weo —wa—w—_2) ?LO:l(l B e?wzwon) |?7(w1>’

6( oo 2MiWoon 2
n:l(l —¢€ * ) |77(CU2)|

The argument of the exponential factor is equal to

271 271
i (WO_%O):M<W_5W>

24
2w 2 <5p + \/—p>

3 3 5 = —mip+ 5_17rp1/2.

Hence the exponential factor is negative, meaning that we are done with absolute
values. In the case of p = 2 (mod 5) the proof is identical.
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4.4 Modular functions of level 5

Following Siegel we now define two modular functions by

—12 N(mo)n(m)n(7-1) v = =12 (7)1 (7)1 (7—2)
sy YT T mn(r)

p(r) = =5

where, as before,

T+k
5 )

In the previous section we have proved the following theorem.

Theorem 4.4.1. Let K = Q(\/—p) be an imaginary quadratic field with class

number 1, p > 3 being a prime such that p =3 (mod 4). Let Ox = |w, 1], where
w = %, and let € = g5 = 1+T‘/5 Then

o {ww) if p=2 (mod 5),

Tk = Q5T = Too = QlooT = OT.

p(w) ifp=3 (mod 5),
where m,, is a positive integer depending on p.

According to Siegel, the functions ¢ and ¢ are modular of level 5. He writes
“Ps ist auch leicht festzustellen, dafi die Funktionen [p, 1] bei der Kongruenz-
gruppe finfter Stufe simtlich invariant sind/.]”. However, we will not use this
fact in this section.

Now we will investigate the behaviour of the functions ¢ and ¢ under the
transformation by the generators of the modular group

(s

We will again use the notation

w0 e

It is easily computed that

apT = a1, Toy, = gy, T = TP 0y,
S = Sag, Sap = S,

a1 S = —-ST°Sa_y, a_1S =8T5Say,

@S = —ST?*ST %S, a_9S = —ST2ST?Sa_,,

s ) ()
STS—<5 ) ostos=(1 )
om2ap—2a_ [—2 —1) o2 2_<2 —1>
stesTis = (), —sTesTis = (5 ).
Using these relations we further compute that
n(aaTr)n(aaTr)n(aeTr)  nla—a7)n(aer)n(e-1T)
n(a—2T7)n(ceTT)n(as ) n(TazT)n(onT)n(TosoT)
_ 6 n(a—e7)n(aoT)n(a_17)
# n(aar)n(arT)n(asT)

—\/ggpoT:

Y
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and similarly

e o ronlaa)nas)n(am)
V0o T = G e n(aw)
B0 TH = (L9 n(car)n(onT)n(a_s7)
Vaoo T = G e namr)
(0407)77(0427)77(0617'>
(04 17)77<04—2T)77(04007)7

Y

—\/§¢0T4 C24
woT° = o.

The transformation by S is pain in the neck, due to the transformation formula
n(ST) = v/ —iTn(r). We compute that

n(a_187) = n(ST°Say7) = \/—iT5Say7 - (T °Say7)
= C{f\/—zT 5Sant - n(SanT) = CM \ =T 2SayTv—tay7 - n(aqT)

=@%f7w% nent) = VT - nlaar),
1

T+ 1

VT

n(an ST) = C24\/T n(ar) = §24\/— n(a17)

1
CMﬁ ’
= C2_41\/; ’ 77(@—17-)’
N(ST) = N(SUsT) = V—=100oT * N(oT) = V=157 - (QoT)
= \/__Z\/5 : n(aooT) = \/__Z\/a : n(aooT) = <2_43\/§ : 77(04007—),

1 1
M(QeeST) = @4777(@0527) = G—="(a07)
NG \/E

= oy \/—\/7 (@07) = Cop’ \f n(aoT),

n(a15%7) =

and

n(aaST) = n(ST*ST 2SayT) = C224\/—2T2ST—250@7' (ST 2SayT)
= \/—iT2ST—QSa27\/—iT—QSagT -n(SasT)
= \/—iT2ST—250z27\/—iT—QSOcQT\/ —taaT - n(aeT)

. OT 27+ 1 T =2
- \/_Z% +1 \/_Z—r + 2\/_1 5 nlaar)
= V=ivT - n(aaT) = G*VT - n(asT),
n(a_2ST) = (ST 2ST?*Sa_y7) = C{f\/—iT—ZSTQSa_ﬂ -n(ST?*Sa_y7)
= \/—iT_QSTQSa_QT\/—iTQSa_QT -n(Sa_aT)
= \/—iT_QST2Sa_27'\/—iTQSa_QT\/—ioz_QT “n(a_oT)

_\/ 57T \/ ,27—1\/ T+ 2
T ) TV Ty )
= V=iv/T nla_er) = GAVT - n(aseT).
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We now use the formulas just obtained to determine how the function ¢ trans-
forms under transformations of the form ST*.
B _ n(a-1m)n(aa)n(aor)
Vo) = amar o)
. _ (a1 57)n(a1 S7)n(aeST)
V) = S TIm(a25 (0 57)
GV () Gdt VT (e T) G VT - (aseT)
VT - a2T) G VT - m(aaT) it 7/5 - n(aoT)
_ n(a17)n(e—17)n(aoeT)
n(a—a7)n(aeT)n(aoT) ’
_ _ (e TT)n(e1T1)n(asxT'T)
VST = P rnasTr (g T
_ nlar)n(aa)n(TauT)
(T aer)n(ar)n(o-17)
_ 4 n(aoT)n(a—27)n(0T)
“ n(aer)n(car)n(e-r)’
o (aoTT)n(aoTT)n(axTT)
—VBe(ST?r) = G (e TT)n(a TT)n(a_1T7)
e Tn(Tay)n(Thant)
2 nlan)n(aor)n(asr)
_ on(amim)n(enT)n(asT)
“ n(arm)n(aor)n(a—o7)

_ (a1 TT)n(aTT)n(sT'T)
* n(ar Tr)m(aoTr)n(a—oTT)
_ onle—em)n(aaT)n(TaseT)
# n(aor)n(a—17)n(TasT)
__nlaam)n(aar)n(anT)
# 77((0407)77()0717)77(;12(7)7 )
4 oI T)n(anTT)n(ascT'T
VoRlSTIn) = G P T ()
_1o(Taer)n(aor)n(TPacT)
# n(a17)n(a—e7)n(as)
_—a NaaT)n(0T)n(asT)
> n(a_1m)n(a—e7)n(ant)

—Vbp(ST?7)

We now define 10 functions as follows. For 0 < k < 4 set
or(T) = p(T"7),
‘Pk+4(7) = SD(ST4T)-
The calculations above and some little more work show how the matrices T and

S act on the functions ¢ = ¢q,..., 9. We have recorded the corresponding
permutations of these functions in the following table.
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Yo ¥Y1 P2 ¥3 Y4 Y5 P P7 P8 P9
S|ps w8 Y3 P2 P71 Yo Ps P4 P1 Pg
T |1 @2 w3 @1 QYo Y6 P17 P8 P9 Ps5

Next step is to determine the values ¢ ((3) for 0 < k < 9. Note that

—14+/-3
2 Y

C3 = <284 =
STC?) = <37
TG=CG+1l=—G =0 =0,

We substitute 7 = T'(3 into the following formulas which were obtained earlier,
n(a187) = G VT - nlent),  n(aST) = Gy VT - nla ),
M00S7) = VBT nlaner), n(asST) = Gy - nleor),
N(aaST) = GVT - n(aer),  ma—2ST) = GPVT - m(aseT),
obtaining
n(a-1G3) = Cif’\/g (1T ¢s) = Coin(anTCs) = Coi'n(eds),
n(a1Gs) = <2_41\/g N(a1TC) = Gun(a1T¢3) = (unla—aGs),
naods) = Git/56k - 1(0eTG) = GVE - 1(0TG) = V5 - nlasGs),

4
N(seCs) = Cz_f\/% ‘(T (3) = Czll\}g (T (3) = Cg_le\}g “n(a1G3),

n(asts) = GG m(@eTG) = Galm(aaTGa) = Gr'mlana),
n(a_2C3) = C;lg\/g n(—aTCs) = g na—2T¢s) = n(aas).
Following Siegel we now set
n(aoGs) = (a, n(a-23) = b, ba~! =,
so that
n(ai1s) = Cab, n(aals) = b,
n(ea1Gs) = G'a, n(@eGs) = <2742571/2@-
We are now able to compute the values ¢((3) in terms of ¢. For example

1 nla—1Gs)n(ands)n(aots)

vo((3) = _\/gn(a_2<3)77(0z2€3)77(0400€3)
1 GlaGdGia g 1
\/3 b2C2_425*1/2a 24 3 )

o1(Cs) = 1 gnla—aG)n(aoGs)n(a—1Gs)
V5 n(aaGs)n(ans)n(acseds)
e’ bC224aC2_41a -1
= ——=Cu —2-_1/2 = (3¢ .
V5 0CbCyy"571%a
The remaining values are calculated in similar way. We record them in the fol-
lowing table.
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$0(Cs) | ¢1(§3) $2(Cs) | D3(Cs) | DalCs)

EE

05(Cs) | D6(Cs) | 7(Cs) | 9s(Gs) | @@

Gt |Gl [ Glet e | Cac
To calculate the value of ¢ we use the case of p = 3. For p = 3 we have

15 + /=3
Ww=——
2

= (3+ 8.

We would now like use Theorem 4.2.7 or Theorem 4.4.1, but these theorems are
not quite true when p = 3 due to additional units. However, the formula of Theo-
rem 4.1.11 remains valid. According to Theorem 4.2.1 there are 2 ideal classes, so
there will be one eta-factor in the numerator and one in the denominator. After
taking the third powers and a little calculation, we get our function on the right
hand side, that is, €3 = ¢(w). We therefore have

e = p(w) = @o(¢s +8) = wo(Gs + 3) = w3(C3) = ¢,

Next h_15 = 2m_3 and h_15 = 2, so €3 = ¢*. To prove that € = c, it suffices to
prove that c is real. We have

e MasG)n(a—aCs)n(ails)
Pela) = \/5§24 n(aaCs)n(aoCs)n(a—1(3) ’

and similarly as in Section 4.3 we compute
Y () o, (LG o, (et
N5 )="\75) ="\ "5 ) "5
G+2\_ [ G+2\  f —G-1+2) (-1
s )= s )7 5 A
1
2

(3 — 2

(s = T— = —5 iy
e = 56 = —2 203
N(se(3) _ e%(—ﬂﬂﬁf) 2 (1 — (—1)nemV3n/5)
n(aals) > (1-— (_1>n6_ﬂ5\/gn)
o MoeCs) ey T, (1= (= 1) ™V3/5)
nlaGs) c 7 % (1— (—1)ne—5V3n)

Therefore the number pg((3) = ¢ is real, and so ¢ = £. We have thus determined
all values of @i (7) for 0 < k <9, and we obtain the following theorem.

Theorem 4.4.2.

TT(X = ulG)) = (X =€) (X =) (X* 27X + =)
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Theorem 4.4.3. The functions (1), ¥(7), and j(T) satisfy the following rela-
tions.

(p(r) = &%) ((p(r) = &) (1) + e (1) + 7)) + 575 2j(r)p(r) = 0,

((r) = =) ((W(r) = e )W) +ev(r) + )+ 572j(r)d(r)° = 0.
Proof. Consider the polynomial

9

kl:[(X - on(T)) = Xlo - (I)l(T)Xg + -+ @10(7’).

The functions ®;(7), being the elementary symmetric polynomials in @ (7), are
modular functions of level 1 holomorphic on §. In particular, the functions ®;(7)
have Fourier expansions of the form

i(r)= > alPq". (4.11)

n=—N

On the other hand, from the definition of ¢x(7) we see that

27 22 d'(rk) T7r+d<()]2)57_>
51/2C;)Z€ 24 ( r=—2 5

SOk(T) _ (1 +Zoo C(k n/5)
where ¢*) € Q((5), v € {0, £4, 46,410}, The numbers d®, d®) € {£1} indicate

if the corresponding factor n(a,7), or n(aw7), is in the numerator or in the
denominator of the defining product for ¢ (7). Next we have

2 T—r 1 2
> dﬁ"?)T+dg’g)5T: % S rd® + Z d® 4+ 5% | 7

B dk+(f—5)r—d —Ur if0<k <4,

- dk+(—g+5)7':dk+g7' if5< k<9,
where dj, is a constant. This is because if 0 < k < 4 then the factor n(as7) is in
the denominator and there are three factors of the type n(«,7) in the numerator,
and two in the denominator. Similarly if 5 < k& < 9 then n(ay7) is in the

numerator, and there are two remaining factors in the numerator, and three in
the denominator. Therefore we have

o(r) = =512 T (1 4+ 02 ), (4.12)

according to whether 0 < k <4 or 5 < k <9. We claim that ®;(7) is a constant
function if ¢ # 5. To prove this, write

D, (T) = Z ¢ko (T) T ¢k5i71(7—)

ko, ki—1
, 5
= Z Ck07"-7ki—1q(ak0+akl+ +ak171)/ + 0(1)
ko,...ski—1

=z( S kﬂ)qm/wm

Qg iy +Fag, =
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where ¢k, € C, and by (4.12), ai;, € {£1}. Consider the term in the
sum above with minimal m = M. If M were nonnegative, then ®;(7) would be
holomorphic at infinity and consequently constant. Therefore we may assume that
M < 0. Since the Fourier expansion is uniquely determined, (4.11) shows that
M is divisible by 5. Since 1 <4 < 10 and ay, € {£1}, we have M € {5, -10}.
If M = —10, then ¢ = 10, and a;, = —1 for all 1 < j < 10, which is impossible,
because ay; = 1 for 5 values of j. We must therefore have M = —5. This means
that among the ay,, the value —1 must occur at least 5 times. But there cannot
be more than 5 terms in the sum for M, because any other term would make the
sum greater than —5. Therefore M < 0 only for i = 5. We have therefore

CI)5<7') = H QOk(T) + 0(1) = H <_5_1/2C§Z+qu_1/5 + O(].)) + O(].)
k=0 k=0

4
_ _5—5/2C2%:k:o ”’ﬁ'qu—l + 0(1).
The exponent of (o4 is easily calculated to be
! 6 2 2 6
ka+dk:(0—6—10+10+6)+<0——++> :0.
k=0
Therefore

(1)5(7') =
5%2®s5(7) + j(7)

—5752¢7 + 0(1),
O(1).

Hence the function 5°2®5(7) + j(7) is constant, let us say C. Then —®5(7) =
57°/2C + 575/2j(7). We can now write

[T(X = (7)) = P(X) +57/%j(r) X,
k=0

where P € C[X]. Setting 7 = (3, we obtain

[T(X = @r(és) = P(X) +5772j(¢5) X°.

k=0
But j(¢3) = 0 and we already know the left-hand side. Consequently
? 3
P(X) = TI(X = () = (X =) (X —e)(X2+ ' X +e72)) .

k=0

It follows that

IO = ou(m) = (X = %) (X = )(X> + X +72)) +57/2j(7)X".

k=0

We now substitute X = ¢(7) = ¢o(7) to find that
0 = (¢(r) — &) ((0(r) = (1) + e p(7) +£72))" + 57/25(r)p(7)".
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This is the first desired relation. We claim that the functions

o(1) = _i n(a_17)n(arm)n(cgT) (r) = _i n(aoT)n(aaT)n(a_sT)
VB n(a—ar)n(aar)(0cT)’ VB n(aseT)n(en)n(a)

have Fourier coefficients in Q(\/S) We have

L (=P =G (1 = ¢P)

(0= g i )

sy UGG )
n=1

VB AU (@ G+ R )

Write (X —G) (X —¢) =X?+—-X+1land (X —G)(X —¢3)=X?-bX + 1.
Then

X'+ X+ X4+ X +1=(X2—aX +1)(X?—bX +1)
= X'~ (a+b)X?*+ (ab+2)X* — (a +b)X + 1.

Comparing coefficients, we see that a and b are roots of Y?+Y —1, so {a, b} = {(5+
4, 2+¢E) = {743}, Therefore Q(v5) € Q((5), and in fact Q(v/5) = RNQ((s).

Because the automorphism o of Q({;) determined by o({5) = (2 interchanges a
and b, we have o(v/5) = —/5. The numbers ¢ + ;™ and (2" + (5 *" are fixed
under complex conjugation, so they are real, and consequently lie in @(\/3) This
proves that o(7) € Q(v/5)((¢"/?)). Next we show that (7)” = —¢(7). We have
oG +G") =G+ G and o(G" + G7) =+ G Write

=
2

I
8

= (G+G+ ) =3 end™”,
n=0

3
Il
_

Ne}

=
[

8

(1= (" + &2 + ) =Y dug™”.
n=0

i
I

There exists a sequence of polynomials P, € Z[ X7, ..., X,] such that

Cn:Pn<C5+C5_1a>CgL+C5_n)7
dp = Po(G + G572 G+ G,

for all n > 1. Thus o(¢,) = d, for all n > 1. Consequently, f(7)7 = g(7),
which in turn implies that ¢(7)7 = — (7). We now apply the automorphism o
on the relation between o(7) and j(7). Since o(¢) = —¢, 0(v/5) = —V/5, and
j(1)7 = j(7), we obtain

0= (—(r) + ) ((=(r) + )W) — 2u(r) +27)° = 52 (r) (—(r))".

This is the second desired relation. O

4.5 The diophantine equation

Since hx = 1, we have j(w) € Ok (we know already that j(w) is a cube in Z, but
we follow Siegel’s reasoning). We know that j(w) = —¢®, where ¢ € O. We also
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know that j(w) is real, so that ¢> = ¢3. Since K is an imaginary quadratic field,
complex conjugation is an automorphism of K, and so § € Ok, meaning that
q/q € K is a third root of unity. If p > 3, which we will assume from now on, then
K does not contain y/—3, meaning that ¢/g = 1,q = g. Therefore ¢ is real and
therefore a rational integer. The function j(7) attains every negative real value
exactly once on the border of the fundamental domain for SLy(Z). Consequently,
to distinct values of p will correspond distinct positive values of q.
Let m = m,,. From Theorem 4.4.1 and Theorem 4.4.3 we have

i(5’" — %) (5(5’” — e (¥ 4 emF ¢ 5:F2))3 = 3™ (4.13)

V5 T '
according to whether p = 3 (mod 5) or p = 2 (mod 5). If p = 3 (mod 5), then,
since the right-hand side is positive, so must be the left-hand side, and as ¢ > 1
we must have m > 3. Suppose that m were even. Then after conjugating, we
would have

1 3
T (~—m F3 -m F1 —2m _ _—mzl +2 _ 3.—5m
\/5(5 +e )(5(5 +eT)(e £ +e )) =q e,
and therefore also e72™ — e+ 4+ ¢%2 < (), a contradiction in both cases. We set
m = 2¢ £ 3 according to the sign in p = +3 (mod 5), where /¢ is a positive integer.
Let v sz be the valuation corresponding to the irreducible element V5 of the ring

of integers of Q(y/5) (which is a UFD). Then, from (4.13) we have
v+ ) — 14 3u (5(5_m 4 eFh)(e72m — gmmEl 4 eﬂ)) = 3v,5(q).

Therefore v z(e™™ + ) = 1 (mod 3), and since v z(e " +e¥%) > 0, this implies
v 5(e7™+eT%) > 1 Thus the first factor in (4.13) is divisible by /5. Now multiply
(4.13) by e~ to obtain

i(55 — e (5(5’" — et (g¥m 4 gmF 4 stZ))

V5
Therefore the number %(66 — &%) is a cube in Og(vs) and is positive. We
have €% — 1 = e™3(e™ — &) = 0 (mod V/5), or € = 1 (mod V/5). But €2 =
H14v5)? = (10 — 4+ 2v/5) = —1 (mod v/5). So (—1)* =1 (mod v/5), meaning
that ¢ is even. Let ¢ = 2L and ¥ = %(:c + yv/5), where x,y, L € Z. We have
N(gb) = N(e)¥ = (=1)%. On the other hand, N(cl) = elel = 1(2? — 5¢2). Here
the horizontal line denotes the nontrivial automorphism of Q(y/5). Therefore

3
— S3(364).

r? —5y? = (—1)"4. (4.14)
Note that e72/ = (—1)?F¢2L. It follows that

1 (85 _8_5) _ 1 (&% — 2Ly — \}5 ((:c+y\/3)2 B (x — y\/5)2> o

4 4
Since the integer zy is a cube in a € O@(\/E) it is also a cube in Z. This can

be seen as follows. Let a € Oy be a root of the T3 — zy. Then @ is also a
root of this polynomial. Therefore 7% — xy has a quadratic factor with rational
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coefficients. Consequently, it has a linear factor with rational coefficients. But
Z is integrally closed, so we get a root in Z. The equation (4.14) implies that
ged(z,y) = 1 or ged(z,y) = 2. Note that if ged(z,y) = 2, then exactly one of z
and y is divisible by 4. We therefore have three cases, according to the greatest
common divisor of x and y, and from (4.14) we get the corresponding equations:
L (z,y) = (v, v?) u® — 50° = 44,

I (z,9) = (4u®, 20°) 4ub — 50° = +1,

L (z,y) = (2u®,40?) u® —200° = £1,
with u,v odd. Note that since xy is positive, v and v have equal sign.

Proposition 4.5.1. The element 2 is irreducible in OQ(\/g). The set
{0,6,8* =146, =1+ 2¢}
is a complete set of representatives for Og 5 /(2)-

Proposition 4.5.2. Let u,v be odd integers having equal sign such that u®—5v% =
—4. Thenu=v=1.

Proof. Rewrite the equation as

2+ VBu!) (2 — Vo) = (—u2)".
The two factors on the left side are relatively prime. For if a irreducible 7 €
OQ( V5) divides them both, it divides also their sum 4, and so 7 = 2. But then
V503 = 0 (mod 2), which is impossible, because v is odd, and /5 = 0 (mod 2)

implies 5 = 0 (mod 4). (Alternatively, since v was assumed to be odd, so must
be the factors on the left side). Therefore, since (’)@( v5) s a UFD, we have

r—l—\/gs
b= —F5

2+ Vb5ud = &9, 5

where g,7,s € Z.

The numbers v, 1 are relatively prime to 2, so by Proposition 4.5.1, v3, 3 =
1 (mod 2). Thus ¢ = 2+ +/5=1 (mod 2). Therefore by Proposition 4.5.1
g =0 (mod 3). We may assume that g = 0. Then

16 + 8\/51}3 =7+ 3\/57"23 + 15rs% + 5\/533.

or
16 = r(r* + 15s?),
8v? = s(3r% + 5s?).

Therefore r = s = 1 and v = 1. Consequently u% = 1, or u = 1. O]

Let

g_%+%ﬁ
N 2

If d,, = (zn, yn), then x,, = d,u, and y, = d,v,, so taking norm we get 4(—1)" =
d2 N (u,, + v,V/5), meaning that d,, € {1,2}. Furthermore

TnyYn €L, T, =y, (mod 2), n>1.

1
gl — g7, z? — 5y = (—1)"4.

TplYn = %(
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Proposition 4.5.2 tells us that if (z,,y,) = 1, n is odd, and z,y, is a cube,
thenn=1,¢"=¢,and x, =y, = 1.
Now consider n = 2k even, so that

2 2 4 ’

279y, = T} + By, Yok = TpYk-

2
2k _ Dok + Y2 V5 (eh)2 = (afk + yk\/g) _ (22 + 5y?) + 2zy6V/D

Suppose that (zag,yer) = 1 and that zoryor is a cube. Then (zx,yx) = 1, and
Yk is a cube. Repeating this procedure, we must arrive at some ng = 2k, where
ko is odd. But then ky = 1, and ng = 2. This is a contradiction, because by our
assumption x,, is a cube; but on the other hand, ™ = ¢? = %, SO Tp, = 3
which is not a cube in Og (we have already shown that if a rational integer
is a cube in Oz then it is a cube in 7).

Now consider the case of (z,,y,) = 2, T,y, cube, and z, = 4ud y, = 203,
with u, and v, odd. Then 4u8 — 5v5 = (—1)", and reducing modulo 4, we see
that n must be odd. Write

(2ud — V5ud) (2ud + V5ud) = —1. (4.15)

Since £ is a fundamental unit we have 2u? + /bv? = &* for some k. Using
(4.15) we obtain —1 = ekek = (—1)ke=Fck = (—1)’“, meaning that £ is odd. Also
eF =2u® + /5v2 =1 (mod 2), so k = 3r, r € Z by Proposition 4.5.1. Then

5T _ Ty + yr\/5 —8_T . Ty — yr\/3
- 2 ) - 2 )
1
2 — 5yt = —4, Ty = —= (" — %),

V5
ud — VP =~ 2P VB =

dud =¥ — e = (" —eT) (e + e+ 1)
=y (2 +5) +1)
= (G + @) +1) =l +3)
WEE = ¥ 4 eI = (&7 e ) (X e 1)
= 5y, (;(ﬂcf +5y7) — ) V5y, ( ((5y7 —4) + 5y7) — 1)
= V5y,(5y; — 3).

Thus 4u? = z,.(z? + 3) and 203 = y,(5y? — 3). Since u,, and v, are odd, we
have (xr,y ) € {1,2}. We claim that z,,y, are not divisible by 3. Otherwise,
e — e = (mod 3), or e —&™ 2 = 0 (mod 3), € = 1 (mod 3). But
gt = 7+3‘f = —1 (mod 3), so e*” = (—1)" = —1 (mod 3), because r is odd, which
is a contradlctlon. Therefore z,,y, are not divisible by 3. It follows that either
(xr,y,) = 1 and z,,y, are odd, or (z,,y,) = 2 and x, = 4u,, y. = 2v,, where
Uy, v are odd. In the former case, x, and g, are cubes, sor =1, z, =1, y. = 1,
3 =2+5,50 u, =v, =1, , =4, y, = 2. In the latter case, u,, v, are cubes.
If 7 is smallest such r, then r = 3 and k = 9. But & = 38 + 17/5, which is a
contradiction, because 17 is not a cube in OQ( VE)-
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In the last case we have (2, yn) = 2, T,¥, is a cube, and z,, = 2u>, y,, = 403,
with u,, and v, odd. This is resolved similarly, for more details see Siegel’s article
[Sie68].

Alternatively and more succinctly, we may reduce the solving of the diophan-
tine equation (4.13) to the determination of cubes in the Fibonacci sequence. Let
Fooy=F+ F,4q, Fy =0, and F; = 1. We have for ¢ even

We are interested for which positive even ¢ the number Fj is a cube. According
to the results of [LF69], this is the case only for ¢ = 2,6. Hence

my=m=2(—3=1,9 if p=2 (mod 5),
my=m=20+3="7,15 if p=3 (mod 5),

We have therefore proved the following result.

Theorem 4.5.3. Let p > 3 be a prime such that p = 3 (mod 4). Suppose that
the imaginary quadratic field K = Q(\/—p) has class number 1. Let

_tVop
v F

p
Then ¥(w,) = &,& if p =2 (mod 5), and p(w,) =", if p=3 (mod 5).

Now it is easy to prove that there are exactly 9 imaginary quadratic fields
with class number 1. By Theorem 4.4.3 the j-invariant is rationally expressible
via both of the functions ¢ and . Therefore, by Theorem 4.5.3, there are 4
possible values for j(w,). On the other hand, the function j is injective modulo
SLy(Z), so the value j(w,) uniquely determines p and the corresponding imaginary
quadratic field. Of the 9 discriminants

{—3,—4,—7,—8,—11,—19, —43, —67, —163}

corresponding to quadratic imaginary quadratic fields with class number 1, only
4 primes p > 3 satisfy p = 2 (mod 3), namely 7,43,67,163. Therefore these are
the discriminants of the quadratic imaginary fields corresponding to the values
g,e% and €7, . We can also calculate the corresponding values of the j-invariant
using the relations of Theorem 4.4.3.

To conclude, we mention the final remark of Siegel.

“Es ist bemerkenswert, dal den sdmtlichen Loésungen der diophantine Gle-
ichung (4.13) auch wieder imaginir quadratische Koérper mit der Klassenzahl
1 entsprechen; man mag in einer solchen Tatsache je nach Temperament etwa
wie LEIBNIZ und HILBERT einen Ausdruck préstabilierter Harmonie oder wie
DEDEKIND eine schéone Sparsamkeit erblicken.”
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