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S C QT takové, ze pro x € QT\{1} plati x € S préveé tehdy, kdyz 1/x & S
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Chapter 1

Introduction

Congruence-simple semirings are characterized in [1] (see 2.9). Only the
subsemirings of R* have not yet been classified up to isomorphism. Even
the subsemirings of Q have not been classified yet. The aim of this work is
to begin the classification of the subsemirings of Q.

In the third chapter we prove that every such semiring is p-divisible for
a prime p (i.e., v,(q) > 0 for all ¢ € SN (0,1)), which is a useful property
for the classification.

In the fourth chapter we characterize the full congruence-simple semirings
(i.e., such semirings that if € Q*\{1} then = € S if and only if 1/z ¢ 5).
These semirings seem to be a good starting point for the general classification
- every full subsemiring S C Q% is a maximal one (i.e.,if SCT C Q" and T
is a congruence-simple semiring, then 7= S or T = Q") and it seems that
there are almost no other maximal subsemirings of Q. The methods used
for the characterization can be to some extent used also in the general case,
unfortunately we have not even succeeded in characterizing the maximal
semirings yet.

Many examples of congruence-simple subsemirings of Q" can be obtained
as intersections of the (defined) semirings T, (z), in fact every known (at least
to the author) example of a congruence-simple subsemiring of Q" is of this
form. Each of the semirings T,(x) is maximal.



Chapter 2

Some known facts about
semirings

2.1 Definition A semiring S is a non-empty set with two binary oper-
ations - addition (+) and multiplication (-) such that

i) both operations are associative, i.e. (a +b) + ¢ = a + (b + ¢) and
(a-b)-c=a-(b-c) forall a,b,c €S,

ii) the addition is commutative, i.e. a + b = b+ a for all a, b,

iii) the multiplication is distributive over the addition, i.e. (a +b) - ¢ =
a-c+b-candc-(a+b)=c-a+c-bforallabces.

A semiring is commutative if moreover

iv) the multiplication is commutative, i.e. a-b="0-a for all a,b € S.

We will be dealing only with commutative semirings, and so ”semiring”
will always mean a commutative semiring.

2.2 Definition Let S be a semiring. The semiring is said to be
a) additively idempotent if a + a = a for each a € S,

b) multiplicatively idempotent if a - a = a for each a € S,

c¢) additively cancellative if for all a,b,c € S a + b = a + ¢ implies b = c.
d) multiplicatively cancellative if for all a,b,c € S a-b = a - ¢ implies
b=c.

2.3 Definition Let S be a semiring. A (binary) relation » C § x S is a
congruence of S if



i) r is an equivalence (i.e. r is reflexive ((a, a) € r), symmetric (if (a,b) € r
then (b,a) € r), and transitive (if (a,b), (b,c) € r then (a,c) € 1)),
ii) if (a,b) € r and ¢ € S then (a+ ¢,b+ ¢) € r and (ac,bc) € 7.

2.4 Definition Let S be a semiring. A non-empty subset I of S is an
ideal of S'if ST C I and I + 1 C I. A non-empty subset [ of S is a bi-ideal
of Sif SICTand S+ 1 C 1.

2.5 Definition Let S be a semiring. The semiring is said to be

a) congruence-simple if S is non-trivial and idg, S x S are the only
congruences of .S,

b) ideal-simple if S is non-trivial and I = S for every ideal of S containing
at least two elements.

¢) bi-ideal-simple if S is non-trivial and I = S for every bi-ideal of S
containing at least two elements.

2.6 Theorem [1, 8.2] Let S be a non-trivial semiring that is additively
and multiplicatively cancellative. Then S is congruence-simple if and only if
S satisfies the following three conditions:

i) For all a,b € S there exists c € S and n € N such that b+ ¢ = na
(i.e., S is archimedian).

ii) For all a,b,c,d € S;a # b there exist e, f € S such that ae+bf +c =
af +be+d (i.e., S is conical).

iii) For all a,b € S there exist ¢,d € S such that a = bc+ d (i.e., S is
bi-ideal-simple).

2.7 [1, 3.2] Let G(-) be an abelian group, o € G. Put V(G) = GU{o} and
define x4y = y+x =0, 24z =zxrandzo = oxr = oforall z,y € V(G),z # y.
V(G) is clearly an additively idempotent semiring,.

2.8 [1, 5.1] Let A be a non-zero subsemigroup of R(+). Denote W (A) =
W (@, %) the following (additively idempotent and multiplicatively cancella-
tive) semiring: W(A) = A, a® b =bda = min(a,b) and axb=b*xa =a+Db
for all a,b € A.



2.9 Theorem [1, 10.1] A semiring S, |S| > 3, is congruence-simple if
and only if S is isomorphic to one of the following semirings:

(1) the semirings V(G) for an abelian group G,

(2) the semirings W (A) for a subsemigroup A of R(+) such that ANR™
D#ANR-,

(3) fields,

(4) zero-multiplication rings of finite prime order,

(5) the subsemirings S of RY satisfying the conditions of 2.6.

2.10 Lemma [1, 9.1] A subsemiring S of Qt is archimedian and conical
if and only if for every n € N there exists m € N such that % € S for every
k>m.

2.11 Lemma [1, 9.4] Let a,b,c,d € N be such that a < b,c < d and
ged(a,b) = ged(e,d) = ged(a,c) = 1. Then 1/s € S where s is the least

common multiple of b and d and S is the subsemiring of Q% generated by
bd

2.12 Theorem [1, 9.5] Let S be a congruence-simple subsemiring of Q*
such that 1 € S. Then S = Q™.



Chapter 3

p-divisible semirings

3.1 Definition Let p be a prime number, ¢ € Q \ {0}. Let n € N be
such that ¢ = p"%, where r € Z,s € N, p{r, p{ s. We define the p-valuation
of g as v,(q) = n.

Forn = pi*---pp* (p; are pairwise different primes) define that n divides
q (n|q)if vy, (q) > «a; for all i and that n does not divide ¢ (n t ¢) otherwise.

3.2 Lemma. Let p be a prime number and qi, . . .,q, € Q\{0}. If v,(¢)
are pairwise different then v,(q1 + ...+ g,) = min{v,(q;)}.

Proof. For i € {1,2,...,n} denote k; = v,(¢;) and let ¢; = pki’;—z, where
ri € Z,s; €N, p{ry, pts;. Let k=min{k;} = k;.
Then ¢t + g2 + ... 4+ ¢u = P Y00, pki_kz—j = pk(% + pzi;éjpki_k_l%),

and so v,(q1 + ...+ ¢,) = k. O

3.3 Lemma Let py,...,pp be prime numbers and aq,...ar € QN (0,1)
such that p; ¥ a; fori =1,...k, k € N. Let S be a semiring generated by
aiy,...ax. Then there exists b € SN (0,1) such that p;1b for alli=1,... k.

Proof. Let n € N be such that n > k and a] < m for all @ =

1,...,k.Put by = a®(p1--pic1 - Diz1 - -pr)' € S. Now, b; < a?(py...pr)" <
al(pr...pp) <t b=b+...+b<landbe SN(0,1).



vy, (b)) = n-vy,(a;) +j for j # i and vy, (b;) = n - vy, (a;) for all i =
1,...,k. For I # m clearly v,,(b) # v,,(bm), and so from 3.2 follows that
sz'(b) = min{vpi<bj)} < VPi(bi) =n: sz'(a’i) <0. O

3.4 Lemma Let S C Q" be a semiring. If for all £, € SN (0,1)
(ged(k,l) = ged(m,n) = 1) is ged(k,m) > 1 then there exists a prime p
such that p | a for all a € SN (0,1).

Proof. Let z € SN (0,1), 2 = ¥ (ged(k,l) = 1) and let k = p{*...p%"
where p; are pairwise different primes. Assume for contradiction that for
every i = 1,...,n there exists x; € SN (0,1) such that p; t ;. From 3.3
follows the existence of t € SN (0, 1) such that p;{t foralli=1,...,n. But
t=7, ged(z,y) = 1, p; f « for i = 1,...,n, which is a contradiction with

ged(z, k) > 1. O

3.5 Lemma Let S C QT be a semiring, 1 € S. Then there exists a prime
p such that p | a for alla € SN (0,1).

Proof. Let &, ™ € §n(0,1), ged(k, 1) = 1 = ged(m, n). If ged(k, m) = 1 then
by 2.11 % € S and also s - % =1 € 5, where s is the least common multiple
of [ and n. Thus ged(k,m) > 1 and the statement follows from 3.4. O

3.6 Definition Let S C Q% be a semiring. If there exists d € N\ {1}
such that d | a for all a € SN (0,1) then we call S d-divisible semiring.

3.7 Theorem Let S C QT be a congruence-simple semiring. Then there
exists a prime p such that S is p-divisible.
Proof. If 1 € S then by 2.12 S =Q%. So 1 ¢ S and we can use 3.5. O
3.8 Lemma a) Let p be a prime and i € Z. Then {q| q¢ € Q,v,(q) =i}
s a dense set.

b) Let p,q be primes and i,j € Z. Then {q | ¢ € Q,v,(q) =i,v,(q) =7}
1S a dense set.

Proof. Easy. O
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Chapter 4

Full congruence-simple
semirings

4.1 Definition Let S C Q" be a semiring. If 2 € S & = ¢ S for all
z € QT \ {1} then S is said to be full.

4.2 Let S C Q7 be a congruence-simple semiring. It follows from 2.6 and
2.10 that for all n € N there exists m € N such that % € Sforall Kk > m. Let
m be the minimal number satisfying this condition, denote ag(n) = ’”T_l
Then ag(n) is the least number satisfying:

1) n-ag(n) € N.

2) If £ > ag(n) then £ € S.

4.2.1 Lemma If S is full then 1 & S.

Proof. By 2.12if 1 € S then S = Q" and also 1,2 € S. O

4.2.2 Lemma If S is full then ag(n) > 1 for alln € N.

Proof. Easy, because = ¢ S. O

4.2.3 Lemma Let d € N\ {1} and k € N. If d t k and S is full and
d-divisible, then ag(k) = 1.

11



Proof. If ag(k) > 1 then £ & S, and so k+1 € S, a contradiction with the
assumption that S is d- d1v181ble [

4.3 Let S be full p-divisible semiring for a prime p; denote 7' = SN (0, 1).
Then by 2.6 is S bi-ideal-simple and for all a,b € S there exist ¢, d € S such
that a =bc+d. If a < bthenceT.

Now, let V,(S) = min{v,(z),z € T} (V,(S) exists because T' # () and
vp(z) >0 forall z € T).

Furthemore, let’s define B,, = {&- € T'| s € N and pt s} for all r € N.
If > > ag(pr) then 2 € S and £ ¢ S, and so By, is finite for all 7 € N.

R = {pr | B, # 0} is non-empty; let S(pr) = min By, for pr € R. For
i > V,(S) put R; ={p'r | By, #0,ptr}.

4.3.1 Lemma R; # 0 fori > V,(S).

Proof. For i = V,(S) is R; # 0 by definition (see 3.5) and there exists
pvp(s)r
E——~¢cR;,pfrandpfs.

Teti > V »(S). Then - > p¥r®) =L and by 3.8a) there exists & €
QN (p¥» 7L, %), vip(%) = 0 and ged(u,v) = 1.
Then1>p“>%andso%>l.
p t rv, and so by 4.2.3 ag(rv) = 1 and by 4.2 P VP(S)S“ € S and also
pu _ Vp(S>r Vs pu g
UThus ET;:ldR%Q) O

4.3.2 Lemma Let p be a prime and % € T, r,s € N and p{ s. Then for
all t € N such that p{t and 1 > 5 > 2 is B € T

Proof. The case of t = s is trivial, and so let t # s.
B> 2 507 >1,ptftand by 423 ag(t) = 1. This implies € S and

1>pr E.2el. 0J

4.4 Let S be full p-divisible semiring for a prime p; let T', R, R;, By, V,,(.5)
and ((pr) be as in 4.3.

As shown in 4.3.2, for pr € R is By, = {&',s € N,p{s and £ > B(pr)}.

For i > V,(S) we can define ¢; = mf{ﬁ(p 'r) | p'r € R;}. By4 31R; #0

and so ¢; is a real number.

12



4.4.1 Lemma Let i > V,(S) and v € QN (0,1) such that x # c; and
vp(x) = 1. Then x € S if and only if v > c;.

Proof. Let x € T, x # ¢;, vp(z) =i and = p'Z, p{ 7, pts. Then p'r € R;,
and so x > B(p'r) > c;. Because x # ¢;, it is ¥ > ¢;.

On the other hand, let z € QN (0,1), z > ¢;, vp(x) =7 and = = p'L,
where p 1 r and p { s. From the definition of c; follows that there exists
p'u € R; such that o > ﬁ(p‘u) = p“ >c;. Then £ > % and 22 > 1. p { su

r
S v
— U/.TUES D

v

implies ag(su) =1 and 22 € S. Then also z = £~ -

4.4.2 Lemma Ifi > V,(5) then c; > 0.

Proof. Clearly ¢; > 0. Assume that ¢; = 0. By 4.4.1 %i € T and for all r > p’,
pfr,is 5 ¢ 5, a contradiction with the definition of as(p') (see 4.2). O

4.4.3 Lemma Ifi,j > V,(5), then c;c; = c;y;.

Proof. 1) c;c; > ¢4y

c;, = inf{bpir;pir € R;} and so there exists a sequence xy € {bpi,,,pir €
R;} such that lim z; = c;. Similarly there exists a sequence y;, € {byis,p’s €
R;} such that limy; = c;.

Now, v,(2ryk) = + j, TrYr > Ciy; and c;cj > Cipj.

2) cicj < ¢y

M; = {q¢,q € Q,v,(q) = i} is a dense set in Q (see 3.8a)). So there
exists a sequence zp € M;,0 < xp < c¢;, k € N, such that limz, = c;.
Similarly there exists a sequence y, € {¢,¢ € Q,v,(¢) = j}, k € N, such
that 0 < yx < c¢; and limy;, = c;.

Now, by 4.4.1 xp,yx € T, (because S is full) - il € S, thus K e s,
and so xryr € T.

oy € QN (0,1), vy(xpyr) =i+ 7, by 4.4.1 2y, < ¢4, and so ¢;c; <
Citj- O

4.5 Let S be full p-divisible semiring for a prime p; let V,(S5) be as in
4.3 and c; as in 4.4.
c;™ = cl,, and so there exists € R such that ¢; = 2 for all i > V,(9).

Let’s denote X,,(5) = .

13



4.5.1 Lemma Let there exist i > V,(S) such that c; € S. If ¢c; € Q for
some j > V,(S) then c; € S. all j > V,(5).

Proof. If ¢; € Q\ S, then é € S and also ci = % € S, a contradiction with
Ciyj = C‘Z €s. O]

4.5.2 Lemma One of the following statements holds:

a) Let i > V,(S) and x € QN (0,1), v,(x) =1i. Then x € S if and only
if v > c;.

b) Let i > V,(S) and x € QN (0,1), v,(xz) =i. Then x € S if and only
Zf.l‘ > C;.

Proof. Easy from 4.4.1 and 4.5.1. O

4.5.3 Lemma One of the following statements holds:

a) Let x € QN (0,1). Then x € S if and only if v,(x) > V,(S) and
x> X, (9)v@),

b) Let x € QN (0,1). Then x € S if and only if vy(x) > V,(5) and
x> X, (9)v@).

Proof. Combine 4.5.2 and 4.3. U

4.5.4 Lemma One of the following statements holds:

a) Let x € QN (1,00). Then x € S if and only if vy,(z) > 1 —V,(S) or
x> X, (9)v@),

b) Let € QN (1,00). Then x € S if and only if v,(z) > 1 —V,(S) or
2> X,(S)e)]

Proof. Easy from 4.5.3 and the fact that S is full. OJ

4.6 Statement There is no full pg-divisible semiring S for p,q primes,
pFq

Proof. Let S be a full pg-divisible semiring. Then S is full p-divisible semiring.

{z € Q,v,(z) = V,(5) and v,(zr) = 0} is a dense set according to
3.8b), and so there exists ¢t € Q such that v,(t) = V,(5), v,(t) = 0 and
(X,(9))»® <t < 1. It follows from 4.5.3 that t € S.

14



But S is also full g-divisible semiring and ¢ ¢ S again by 4.5.3 - a
contradiction. O

4.7 Let p be a prime, x € (0,1) and k € N. Define

Uk(z) = {t € QN(0,1),v,(t) > kand t > z*W}U{t € QN(1,0),v,(t) >
1 —kort>av®}

VE(z) = {t € QN(0,1),v,(t) > kand t > 2vr®Yu{t € QN (1, 00),v,(t) >
1—kort>av®}

Up(x) = Up(z) and V,(z) = V(z).

4.7.1 Lemma If k > 2 then Ul(x) (resp. Vi(x)) is not a semiring.

Proof. By 3.8a) there exists 3 € (z¥,1) N Q such that v,(8) = b and there
also exists a € (1, %) N Q such that v,(a) =1 —b.

a,f € Uk(x) (resp. o, f € Vi(z)). But vp(aff) = 1 and o~ § & Ul(x)
(resp. a - 3 € V¥(x)), a contradiction. O

4.7.2 Theorem Let S be a full congruence simple subsemiring of Q.
Then there exists a prime p and x € (0,1) such that S = U,(x) or S =V, (x).
Proof. Combine 3.7, 4.3, 4.5, 4.5.3, 4.5.4 and 4.7.1. O

4.7.3 Observation U,(z) = {t € QN (0,1),t > 2@} U {t € Qn

(1,00),t > xvr®},
VE(@) ={t e QN (0,1),t > 2D} U{t € QN (1,00),¢ > z¥*V}.

4.7.4 Lemma U,(x) (resp. V,(z)) is a semiring.

Proof. Easy. [

4.7.5 Lemma U, (z) (resp. V,(z)) is archimedean and conical.

Proof. By 2.10 we must prove that for every n € N there exists m € N such
that % € S for every k > m.
Let m > z‘,:w For k > m it holds that % > m o5 V() > pvelk) |

n

2=V = zv»(2) and so ke Uy(z) (resp. £ € V,(2)). O

15



4.7.6 Lemma If there exists a € Uy(z) (resp. a € V,(x)) such that
a=z""@ then U,(z) (resp. V,(z)) is not bi-ideal simple.

Proof. By 2.6 if S = U,(x) (resp. S = U,(x)) is bi-ideal simple, then there
exists ¢ € S such that a — ac € S. Since a — ac > z¥r(@=2) = gVr(@) gvp(l=c)
it follows that 1 — ¢ > 2v*(1=9) If S =V, (z) then 1 —c € Sandso 1 € S, a
contradiction.

SoS =U,(z),1—c =219 ¢ S c € S but then v,(c) > 1, v,(1—c) =
0and 1 —c = 2" = 1, a contradiction. O

4.7.7 The following conditions are equivalent:
1)x=p- (%)%, where k,l € N, ptk, ptl, i € Z.
2) There exists a € Uy(x) such that a = x¥»(@.
3) There exists a € Vy(x) such that a = xVr(a),

Proof. Easy. O

4.8 Let p be a prime and = € (0,1). Denote T,(z) = {t € Q*, ¢ > 2¥»")}.

4.8.1 T, (z) is congruence-simple semiring.

Proof. The proof that T,(z) is archimedean and conical semiring is similar
to the proofs of 4.7.4 and 4.7.5.

According to 2.6 we must prove that T,(z) is bi-ideal-simple, i.e. that
for all a,b € T,(z) there exists ¢ € T,(z) such that a — be € T,(z).

w=a—x"" > 0. Let i € N be such that i > v,(a) —v,(b) and Y>>t
(2" \, 0 for i — oo, and so there exists such 7).

According to 3.8a) there exists ¢ € Q such that v,(c) =7 and ¥ > ¢ >
2t = 2¥7(9) and so ¢ € T,(z).

vy(c) =1 > v,(a) — v,(b) and so v,(a) < v,(bc) and by 3.2 v,(a — bc) =
v,(a). Then a — bec > a —w = V(@ = g¥»(47%) and a — be € T, (). O

4.8.2 Lemma If T,(z) = T,(y), than p = q and = = y.

Proof. Easy (use 4.6). O
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4.9 Corollary a) Let S be a full congruence-simple subsemiring of QF.
Then there exists a prime p and x € (0,1), x # p - (%)l fork,l €N, p1tk,
p1l andi € Z such that S = Ty(x). The choice of p and x is unique.

b) Let p be a prime and x € (0,1) such that x # p- (%)l forkl e N, ptk,
ptl andi € Z. Then Ty(z) is a full congruence simple semiring.

Proof. Combine 4.7.2, 4.7.6, 4.7.7, 4.8.1 and 4.8.2. O

4.10 Remark It is not hard to observe that if pq,ps,...,p, are primes
and 1, 29,...,2, € (0,1) then (;_, Tp,(z;) is a congruence-simple semir-
ing. It follows from 4.7.6 and 4.7.7 that the semiring T,(x) is a maximal
congruence-simple subsemiring of Q* (ie., if S C T C QF and T is a
congruence-simple semiring, then T'= S or T = Q™).

Also, if {g; | © € I} are primes and {y; € (0,1) | i € I} for some index
set I and S = (,c; Ty, (i) is a congruence-simple semiring, then there exist
primes pi,ps, ..., pp and 1, T, ..., x, € (0,1) such that S = (., Tp, (z;).

Thus, by taking the intersections of finitely many of T, (x) we get congruence-
simple semirings; every known (at least to the author) example of a congruence-
simple subsemiring of Q* is of this form.
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